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Abstract

This thesis investigates two distinct but related optimization problems: bilevel and min-
max problems, in the context of evolutionary algorithms (EAs). Bilevel optimization
involves hierarchical decision-making, where decisions at the upper level are subject to
constraints defined by the solutions of an optimization problem at the lower level. These
problems are particularly challenging due to their nested structure, the need to solve mul-
tiple optimization problems simultaneously and hierarchically, and the ill-posedness that
arises when the lower level admits multiple optimal solutions. To address this ill-posedness,
bilevel problems can be analyzed through two approaches: optimistic and pessimistic. The
optimistic approach assumes that the lower-level decision-maker (follower) will select a
solution that is most favorable to the upper-level decision-maker (leader). In contrast,
the pessimistic approach assumes the follower selects the least favorable solution for the
leader, requiring the leader to optimize for the best achievable outcome under worst-case
conditions. This thesis introduces a d-perturbed formulation to tackle this ill-posedness,
ensuring a unique approximate solution in the lower level. The method is applied to a
differential evolution (DE), a type of EA. EAs, including DE, are particularly suited for
solving bilevel optimization problems due to their ability to efficiently explore complex,
high-dimensional, and non-convex spaces. Theoretical properties of the J-perturbed for-
mulation, including error bounds and proofs, are validated through computational studies.
Extensive experiments on benchmark test functions demonstrate the approach’s ability to
find both optimistic and pessimistic solutions. The methodology is then extended to mul-
tiobjective bilevel problems, where the upper level involves multiple objectives, and the
lower level retains a single objective. In these problems, the ill-posedness of the lower level
leads to two distinct Pareto fronts in the upper level. The optimistic Pareto front arises
when the follower selects solutions that maximize the leader’s benefit, while the pessimistic
Pareto front represents the best achievable trade-offs under the follower’s worst-case be-
havior. These distinct Pareto fronts highlight the impact of lower-level ambiguities on
upper-level objectives. The method is employed in the m-BLEAQ algorithm, an evolu-
tionary multiobjective bilevel algorithm, and computational experiments on test problems
validate its ability to accurately approximate both fronts. Min-max optimization is a spe-
cial case of bilevel optimization, where the leader seeks solutions against the worst-case
responses of the follower. These problems model robust optimization scenarios, where the
objective is to find solutions that perform reliably under the most unfavorable conditions
imposed by uncertainty. A differential evolution with estimation of distribution algorithm
(MMNDE-EDA) is proposed to solve min-max problems. This algorithm combines global
search capabilities with probabilistic modeling to efficiently estimate best worst-case so-
lutions. Experiments on standard min-max test functions and an engineering application
demonstrate the algorithm’s comparable performance to a state-of-the-art method. These
contributions advance theoretical understanding and provide novel methods for solving
hierarchical optimization problems, validated through computational experiments.
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Povzetek

Disertacija obravnava dva razli¢na, vendar povezana optimizacijska problema: dvonivojske
in minimaks probleme v kontekstu evolucijskih algoritmov (EA). Dvonivojska optimizacija
vklju¢uje hierarhi¢no odloc¢anje, pri katerem so odlocitve na zgornjem nivoju podvrzene
omejitvam, dolo¢enim z resitvami optimizacijskega problema na spodnjem nivoju. Ti pro-
blemi so posebej zahtevni zaradi svoje ugnezdene strukture, potrebe po socasnem in hierar-
hiénem reSevanju ve¢ optimizacijskih problemov ter zaradi slabo-pogojenosti, ki nastane,
kadar spodnji nivo dopusca ve¢ optimalnih resitev. Za obravnavo te slabo-pogojenosti je
mogocCe dvonivojske probleme analizirati z dvema pristopoma: optimisti¢nim in pesimistic-
nim. Optimisti¢ni pristop predpostavlja, da bo odlo¢evalec na spodnjem nivoju (sledilec)
izbral resitev, ki je najbolj ugodna za odlo¢evalca na zgornjem nivoju (vodjo). Nasprotno
pa pesimisti¢ni pristop predpostavlja, da sledilec izbere najmanj ugodno resitev za vodjo,
kar od vodje zahteva optimizacijo za najboljsi mozni izid v najslabsih okolis¢inah. Di-
sertacija uvaja d-perturbirano formulacijo za reSevanje slabo-pogojenosti, kar zagotavlja
priblizno enoli¢no resitev na spodnjem nivoju ob ustrezni izbiri parametra 6. Metoda se
uporablja v kombinaciji z diferencialno evolucijo (DE), vrsto EA. Evolucijski algoritmi,
vklju¢no z DE, so posebej primerni za reSevanje dvonivojskih optimizacijskih problemov
zaradi svoje sposobnosti ucinkovitega raziskovanja kompleksnih, visokodimenzionalnih in
nekonveksnih prostorov. Teoreti¢ne lastnosti d-perturbirane formulacije, vkljuéno z me-
jami napak in dokazi, so potrjene s pomocjo ra¢unalniskih studij. Obsezni eksperimenti
na testnih funkcijah potrjujejo sposobnost pristopa pri iskanju tako optimisti¢nih kot pe-
simisti¢nih resitev. Metodologija se razsiri tudi na veckriterijske dvonivojske probleme,
kjer zgornji nivo vkljucuje ve¢ ciljev, spodnji nivo pa ostaja enokriterijski. V teh proble-
mih slabo-pogojenost spodnjega nivoja vodi do dveh razliénih Pareto front na zgornjem
nivoju. Optimisti¢na Pareto fronta nastane, kadar sledilec izbere resitve, ki maksimizi-
rajo koristi za vodjo, medtem ko pesimisti¢na Pareto fronta predstavlja najboljse mozne
kompromise ob najslabSsem vedenju sledilca. Te razli¢ne Pareto fronte poudarjajo vpliv
nejasnosti spodnjega nivoja na cilje zgornjega nivoja. Metoda se uporablja v algoritmu m-
BLEAQ, evolucijskem veckriterijskem dvonivojskem algoritmu, racunalniski eksperimenti
na testnih problemih pa potrjujejo sposobnost algoritma za natanc¢no pribliZzevanje resi-
tvam obeh front. Minimaks optimizacija je poseben primer dvonivojske optimizacije, kjer
vodja iSCe resitve ob najslabsem odzivu sledilca. Ti problemi modelirajo scenarije robustne
optimizacije, kjer je cilj najti resitve, ki ostanejo uc¢inkovite tudi v najslabsih pogojih, ki
jih povzroca negotovost. Za reSevanje minimaks problemov je predlagan diferencialni evo-
lucijski algoritem z oceno porazdelitve (MMNDE-EDA). Ta algoritem zdruzuje globalne
iskalne sposobnosti s probabilistiénim modeliranjem za u¢inkovito oceno najboljgih resitev
ob najslab8ih odzivih. Poskusi na standardnih testnih funkcijah min-max in inZenirski
aplikaciji dokazujejo primerljivo u¢inkovitost algoritma v primerjavi s sodobno metodo. Ti
prispevki izboljSujejo teoreti¢no razumevanje in predstavljajo nove metode za reSevanje
hierarhi¢nih optimizacijskih problemov, potrjene s pomocjo ra¢unalniskih eksperimentov.
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Glossary

Bilevel Optimization A class of optimization problems where two levels of decision-
making are involved. The upper-level decision maker (the leader) is influenced by
the optimal decisions of the lower-level (the follower). The lower-level solution, which
is itself the result of an optimization problem, depends on the decisions made at the
upper level.

Estimation of Distribution Algorithms (EDAs) A class of evolutionary algorithms
that replace traditional crossover and mutation operators with probabilistic models
to estimate and sample new candidate solutions, using the distribution of previously
successful solutions.

Evolutionary Algorithms (EAs) A class of optimization algorithms inspired by nat-
ural selection, where candidate solutions evolve over generations through processes
like selection, mutation, and crossover to improve the objective function.

Follower(Lower level decision maker) The decision-maker in a bilevel optimization
or Stackelberg game who responds to the upper-level (leader)’s decision, optimizing
their own objective based on the leader’s choices.

Min-Max Optimization An optimization approach where the objective is to minimize
the worst-case scenario (the maximum value of a given objective function), often
used in robust optimization to account for uncertainty in the problem.

Multiobjective Bilevel Problems Bilevel optimization problems that involve multiple
objectives at one or both the upper and lower level.

Optimistic Bilevel Problem A type of bilevel optimization where the follower (at the
lower level) is assumed to make decisions that lead to the best possible outcome for
the leader (at the upper level), reflecting an optimistic scenario for the leader.

Optimistic Pareto Set The set of solutions in a multiobjective bilevel problem where
the leader assumes the best-case scenario for the follower’s responses, resulting in a
Pareto set that reflects the optimistic decision-making perspective.

Pareto Set A set of Pareto optimal solutions in a multiobjective optimization problem.
A solution is Pareto optimal if no other solution improves one objective without
worsening at least one other objective.

Pareto Front The image of the Pareto set in the objective space.

Pessimistic Bilevel Problem A type of bilevel optimization where the lower-level (fol-
lower) is assumed to make decisions that minimize the upper-level (leader)’s objec-
tive, reflecting a worst-case scenario for the leader.
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Pessimistic Pareto Set The set of solutions in a multiobjective bilevel problem where
the leader assumes the worst-case scenario for the follower’s responses, resulting in a
Pareto set that reflects the pessimistic decision-making perspective.

Perturbation Techniques Methods used to introduce controlled changes in optimization
problems, typically to explore solution spaces more effectively or to address issues
like non-uniqueness in solutions.

Robust Optimization An type of optimization that seeks solutions effective under a
range of possible scenarios, ensuring performance despite variability in data or model
parameters.

Stackelberg Game A strategic game where the leader makes the first move, and the
followers choose their strategies based on the leader’s decision.

Leader (Upper level decision maker) The decision-maker in a bilevel optimization or
Stackelberg game who makes the first move, setting the conditions for the follower
to respond.



Chapter 1

Introduction

“The science of operations, as derived from mathematics more especially, is a science of
itself, and has its own abstract truth and value”
Ada Lovelace, Notes on the Analytical Engine, 1843

This thesis proposes new methods for addressing ill-posed bilevel problems, including both
pessimistic and optimistic bilevel problems, and min-max problems, all within the frame-
work of evolutionary algorithms. In this chapter, we outline the background and moti-
vation, identify the research gap, provide an overview of the methodology, present the
hypotheses, and outline the objectives of the thesis. Additionally, we present the study’s
scope and thesis structure.

1.1 Background and Motivation

Every day, we make choices to achieve the best possible result—and that is what opti-
mization is all about. Derived from the Latin word optimum, meaning ‘the best’ or ‘most
favorable’, optimization is about finding the best solutions. Whether it is planning the
quickest route to work, prioritizing tasks based on urgency, or selecting the shortest line at
the grocery store by assessing both the cashier’s speed and the number of people in line,
we are constantly making small optimizations.

When we move from simple, everyday decisions to more complex problems, a clear
mathematical model becomes necessary. Before applying optimization techniques, we need
to define the objective function (what needs to be optimized), the decision variables (the
choices we can make), and the problem’s constraints (its limits and requirements). This
step is crucial because it provides a structured representation of the problem, enabling ef-
fective optimization. Without a solid model, we risk making decisions based on incomplete
information, which could lead to less effective or even incorrect solutions.

Many real-world applications are hierarchical by nature, making it necessary to model
these problems in such a way. This leads to a specific class of optimization problems
known as bilevel optimization. In bilevel optimization, an upper-level problem depends
on the solution of a lower-level problem, creating a nested structure. These problems are
particularly challenging, with even the simplest forms classified as NP-hard [1]. From the
perspective of game theory, bilevel optimization can be seen as a Stackelberg game, where
the upper-level decision-maker (the leader) chooses their strategy first, anticipating that
the lower-level decision-maker (the follower) will respond by optimizing their own objectives
given the leader’s choice. The leader takes this anticipated response into account in their
planning, using a first-mover advantage.

Basically, modeling an optimization problem means recognizing that decision-making
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in many circumstances is not usually straightforward, due to uncertainty. This uncertainty
can come from limited data, dynamic conditions, or unpredictable behaviors of the parties
involved. Even with a carefully articulated model, one cannot always exhibit a system’s
full complexity for all situations. To address this, robust optimization aims to find solu-
tions that perform well across a range of possible scenarios, particularly under worst-case
conditions [2]. This approach is often framed as a min-mazx problem, a type of bilevel opti-
mization [3], where the objective is to ensure good performance even in the least favorable
situations.

Classical optimization algorithms are well-established methods designed to solve spe-
cific types of problems, often with convergence guarantees under certain conditions. For
example, when the objective and constraints are all linear, then the problem can be solved
using the now-called linear-programming techniques [4]. Similarly, when the objective
function is quadratic, quadratic programming methods can be applied directly to solve the
problem. Gradient-based algorithms, such as gradient descent and the Newton method,
use derivative information to iteratively converge to optimal points, performing well for
smooth and differentiable functions [5]. Linear constrained problems are well-handled by
methods like the simplex algorithm and Lagrange multipliers, which effectively address
equality and inequality constraints [4]. Classical approaches are particularly useful for
problems with properties like convexity, which guarantees that any local minimum is also
a global minimum. However, these methods are less effective for complex, non-convex, or
non-differentiable objective functions, where alternative methods are required.

In this context, Evolutionary Algorithms (EAs) provide an alternative approach. In-
spired by natural selection, EAs use mechanisms such as selection, mutation, and crossover
to improve candidate solutions over time. These population-based heuristics are espe-
cially suitable for complex optimization problems with nonlinearity, nonconvexity, and
non-standard properties. EAs are also applicable to black-box optimization, where the
objective function’s mathematical properties are unknown or difficult to define [6]. A key
advantage of EAs is their ability to optimize the objective function directly without re-
quiring derivative information. Additionally, the flexible representation of solutions allows
EAs to adapt to a wide range of problem types, enabling effective optimization even when
the problem’s structure is not explicitly defined. Their population-based nature also helps
maintain solution diversity, reducing the risk of getting stuck in local optima. Although
EAs do not guarantee optimality due to their stochastic nature, they can adequately ap-
proximate solutions in many cases where conventional optimization techniques cannot even
be applied |7].

1.2 Research Gap and Problem Statement

As mentioned earlier, EAs are well-suited for complex optimization problems due to their
ability to handle nonlinearity, nonconvexity, and discontinuities, all of which are common in
bilevel optimization problems. Bilevel Evolutionary Algorithms (BLEAs) are evolutionary
algorithms specifically designed to solve bilevel optimization problems, in which one level
interacts with the other. EAs also do not require derivatives; thus, they are especially suit-
able for bilevel problems whose gradients are difficult or impossible to compute because of
the hierarchical structure. Besides, bilevel optimization problems often involve continuous
and discrete variables, which EAs handle effectively through their flexible representation
of solutions and their ability to apply the same operators, such as crossover and mutation,
to both variable types. They also excel at navigating complex, high-dimensional solution
spaces, incorporating constraints to ensure that solutions are feasible and aligned with
the problem’s structure. Examples of BLEAs include BIDE [8], NBLEA [9], a memetic
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approach [10], BLEAQ [11], and BL-CMA-ES [12].

Most existing BLEAs assume either a single lower-level optimal solution or adopt an
optimistic approach to solve bilevel optimization problems. When the lower-level problem
is multimodal—having several global optima—the problem becomes ill-posed, resulting
in a lack of a clear optimal response from the lower level, complicating the interactions.
The optimistic approach makes finding a solution easier because it assumes, in its solution
process, that the lower-level decision maker will also act optimally to favor the upper-
level. In contrast, a pessimistic approach optimizes for the worst-case scenario, accounting
for potential opposition from the lower level. Although more tractable, the optimistic
approach is based on the highly unrealistic assumption of cooperation among decision-
makers, especially without some form of reward for the lower level. While this pessimistic
approach is theoretically more conservative in trying to avoid risks and giving more robust
solutions under problem conditions, it deserves to hold a place of special worth in real-world
applications. Due to its much higher computational complexity, the BLEAs have driven less
attention to this approach despite its advantages. More efficient methods are necessary
to address pessimistic bilevel optimization, especially in applications where cooperation
cannot be guaranteed.

Meanwhile, EAs are also utilized for solving min-max problems, which represent special
cases of a bilevel optimization problem. In such problems, the upper level (designer)
optimizes against the worst-case response of the lower level (environment or nature), and
both levels commonly share the same objective function. The most widely adapted methods
in solving the min-max problems with EAs is the co-evolutionary strategy. This is achieved
with the simultaneous evolution of the populations in both the design and scenario spaces.
For example, a co-evolutionary genetic algorithm was introduced in [13], and particle swarm
optimization was used in [14]. While effective for symmetric min-max problems, these
methods struggle with asymmetric cases, and nested methods, which solve the lower-level
problem repeatedly during optimization, increase computational costs, highlighting the
need for more efficient approaches.

1.3 Overview of Methodology

This thesis adopts a structured methodology that combines a review of related work,
development of novel methods, theoretical analysis, and empirical validation to address
the challenges of bilevel and min-max optimization using evolutionary algorithms. We
begin by reviewing key methods and approaches in bilevel and min-max optimization,
focusing on evolutionary algorithms. This review helps identify research gaps, such as
the need for methods that ensure solution uniqueness in bilevel optimization and the high
computational cost of solving min-max problems.

Based on these findings, we propose a mathematical method called J-perturbation for
bilevel optimization, which ensures a unique approximate solution at the lower level. This
method is integrated with evolutionary algorithms to develop a perturbation-based bilevel
Differential Evolution (DE) algorithm. These methods allow the identification of both
optimistic and pessimistic solutions, enabling robust decision-making under ambiguity.
The J-perturbation method is extended to multiobjective bilevel optimization and applied
within the m-BLEAQ evolutionary algorithm, enabling the identification of optimistic and
pessimistic Pareto fronts at the upper level. These fronts represent the boundaries of
feasible solutions, considering cooperative and worst-case lower-level responses. For min-
max problems, we introduce a hybrid algorithm combining nested DE with Estimation of
Distribution Algorithms (EDAs), termed MMNDE-EDA. This approach uses probabilistic
modeling to reduce computational costs while maintaining solution quality.
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Mathematical proofs are provided to support the §-perturbation method, including er-
ror bounds for optimistic and pessimistic solutions. The proposed algorithms are validated
through computational experiments and benchmarking against state-of-the-art algorithms
when possible, demonstrating their performance.

1.4 Hypotheses
The hypotheses of this thesis are:

H1: EAs can be enhanced with perturbation methods to approximate both optimistic
and pessimistic solutions for ill-posed single-objective bilevel optimization problems.

H2: The integration of perturbation methods within EAs will enable them to effectively
identify both optimistic and pessimistic Pareto Fronts for multiobjective bilevel op-
timization problems.

H3: Implementing probabilistic Estimation of Distribution within nested EAs can reduce
the computational costs associated with solving min-max problems without sacrific-
ing solution quality.

1.5 Objectives

The main objectives of this research are as follows:

O1: Establish a foundational understanding of bilevel and min-max optimization methods
using evolutionary algorithms.

O1.1: Review key methods and approaches in bilevel optimization.

01.2: Examine existing evolutionary algorithm techniques in min-max optimization.

01.3: Identify gaps in the current research related to evolutionary algorithms in these
contexts.

02: Develop perturbation methods and their theoretical framework for bilevel optimiza-
tion problems.

02.1: Investigate perturbation techniques within evolutionary algorithms for single-
objective bilevel problems, including proofs and theoretical error bounds for
optimistic and pessimistic solutions.

02.2: Extend perturbation techniques to multiobjective bilevel optimization problems
for obtaining optimistic and pessimistic Pareto fronts.

03: Design and implement evolutionary algorithms for bilevel and min-max optimization.

03.1: Extend evolutionary algorithms with perturbation techniques to solve single-
objective bilevel problems effectively.

03.2: Integrate perturbation techniques into evolutionary algorithms to support mul-
tiobjective bilevel optimization, focusing on optimistic and pessimistic Pareto
fronts.

03.3: Implement a probabilistic Estimation of Distribution within nested evolution-
ary algorithms to reduce computational costs in min-max optimization while
maintaining solution quality.
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0O4: Evaluate and validate the proposed algorithms and perturbation methods.

04.1: Validate the theoretical error bounds for perturbation techniques in single-
objective bilevel optimization through computational studies.

04.2: Conduct benchmarking analyses of the proposed algorithms to assess their ef-
fectiveness across different bilevel and min-max optimization problems.

1.6 Scope of the Study

This study focuses on continuous bilevel optimization problems with non-unique lower-level
solutions, as well as multiobjective bilevel problems characterized by a multiobjective upper
level and a single-objective lower level with non-unique solutions. The main algorithms
used are nested DE and m-BLEAQ); however, the proposed techniques are applicable to
other evolutionary algorithms as well. Additionally, it addresses unconstrained continuous
min-max problems, for which the algorithms employed are nested DE and EDAs. The
probabilistic method is EA-independent and can be applied to other nested evolutionary
algorithms as well.

We treat all problems as black-box optimization problems, where only the input-output
evaluations are available, without access to the internal structure of the functions. Opti-
mization problems can be categorized by their solution methods, the number of objectives
they have, the types of their variables, such as integer or continuous, the number of levels
of decision-making, the presence of constraints or not, and the nature of their objective
function, such as if it is convex, nonconvex, or black-box. These categories are shown in
Figure 1.1. The grayed parts are the categories relevant to our thesis.

[Classical] [ApprM [C/V
l onvex ] [Nonconvex] [Black-Box]

[ Single ] [ Bilevel ] [Multilevel]

Optimization

[Evolutionary Algorithms]

[ Integer ] [ Mixed ] [Continuous] [Constrained][Unconstrained]

Objectives

[Single—objective] [Multi—objective]

Figure 1.1: Categories of optimization problems based on problem characteristics and
methods.

1.7 Structure of the Thesis

This thesis consists of seven chapters, including the current, introductory one. Figure 1.2
presents the chapter outline diagram.

Chapter 2 addresses bilevel optimization, covering definitions, mathematical formula-
tions, and real-world applications. It outlines the two approaches for handling ill-posedness,
namely the optimistic and pessimistic approaches, along with their mathematical defini-
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tions. The chapter also reviews classical methods for both optimistic and pessimistic
problems and discusses the different categories of bilevel evolutionary algorithms.

In Chapter 3, we propose the d-perturbed formulation of bilevel optimization prob-
lems, useful for efficiently managing multiple lower-level optimal solutions. This approach
ensures a single approximate optimal solution for any upper-level decision by employing
an appropriate perturbation strategy. The chapter includes proofs and theoretical error
bounds. We then apply the perturbation to a nested DE, and the computational stud-
ies validate the error bounds and showcase the efficacy of the approach on various test
functions.

In Chapter 4, we extend the §-perturbation method to approximate the optimistic
and pessimistic Pareto fronts in a certain type of multiobjective bilevel optimization prob-
lems. These problems have multiple objectives at the upper level and a single objective
at the lower level. To assess the method, we incorporate the pertubation into the exist-
ing m-BLEAQ algorithm. Computational experiments on test functions test its ability to
determine both optimistic and pessimistic fronts.

Chapter 5 transitions to min-max optimization, defining its fundamental concepts and
mathematical formulation. We show how it is used in robust optimization and review the
existing evolutionary algorithms that are developed for min-max problems.

Chapter 6 introduces a differential evolution with an estimation of distribution algo-
rithm for min-max optimization (MMNDE-EDA). This approach utilizes a nested structure
that combines differential evolution with a probabilistic model to estimate the best worst-
case solutions. The probabilistic model represents the distribution of the best solutions
found during the optimization process, incorporating a key characteristic of EDAs. By
sampling from this distribution, the algorithm uses information from previous iterations to
generate new candidate solutions in the lower level, saving function evaluations. We then
assess the influence of the model on the algorithm and compare the performance of the
proposed algorithm against a state-of-the-art algorithm on benchmark problems.

Chapter 7 provides a summary of the thesis, along with the scientific contributions and
the validation of the hypotheses. It also suggests potential directions for future work.

‘ Bilevel Optimization J [ Min-Max Optimization J

‘ Chapter 1 H Chapter 2 }—»‘ Chapter 3 }—»‘ Chapter 4 H Chapter 5 ]—»‘ Chapter 6 }—»‘ Chapter 7 ’

Figure 1.2: Chapter outline diagram.




Chapter 2

Bilevel Optimization: Definitions and
Existing Methods

In this chapter, we introduce bilevel optimization, starting with a historical overview and
its comnections to game theory. We present key applications to demonstrate their prac-
tical relevance. A formal mathematical definition, along with an example using linear
functions, clarifies core principles. The chapter also distinguishes between bilevel and biob-
jective problems and examines optimistic and pessimistic formulations, each supported by
a mathematical example. Additionally, we review methods for solving these problems, cov-
ering both classical and evolutionary approaches.

Connection to Thesis Objectives

This chapter addresses O1.1, O1.3.

2.1 A Little Bit of History

Although we may recognize optimization as a formal mathematical field today, the roots of
optimization problems can be traced back in time. Ancient civilizations were already deal-
ing with problems in resource allocation, land division, and trade logistics—decisions that
required finding the best use of limited resources. Though these early decision makers were
not working within a formalized field, they were solving optimization problems in some
way. For example, Euclid’s development of geometry in ancient Greece provided funda-
mental tools for spatial reasoning that would later support more structured mathematical
methods.

A more systematic approach to these types of problems began to emerge in the 17th
century with the development of calculus by Newton and Leibniz [16], [17]. Calculus
provided the mathematical tools necessary to rigorously study continuous change, and
Pierre de Fermat [18] soon applied these methods to finding maxima and minima, marking
an early step toward the optimization field as we know it today.

The 18th and 19th centuries brought further mathematical advances foundational to
optimization. Joseph-Louis Lagrange’s introduction of the method of Lagrange multipliers
made it possible to find extrema of functions under constraints—a technique that bridged
basic calculus with more structured mathematical approaches [19]. This work laid princi-

Parts of this chapter have been published in:
M. Antoniou and P. Korosec, “Multilevel optimisation,” in Optimization Under Uncertainty with Appli-
cations to Aerospace Engineering, Springer, 2021, pp. 307-331
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ples that later became essential for applications in economics and engineering. Similarly,
Karl Friedrich Gauss made significant contributions through his work on least squares,
which laid mathematical groundwork that would influence fields like convex analysis [20].
Linear programming! saw its first major breakthrough during World War II, with George
Dantzig’s development of the Simplex Method [21]. This method provided an efficient,
systematic way to solve linear optimization problems, giving rise to operations research as
a formal field and leading to widespread applications in industrial planning.

As optimization challenges grew more complex, new branches developed to handle non-
linear and integer problems. In this period, the Karush-Kuhn-Tucker (KKT) conditions
were developed, providing necessary conditions for optimality in constrained nonlinear
problems [22]. Around the same time, Richard Bellman introduced dynamic program-
ming, a framework that enabled complex problems to be broken into simpler, manageable
subproblems, greatly expanding the potential applications of optimization [23]. These
advances helped broaden optimization’s reach across diverse fields, from economics to en-
gineering and logistics.

During the late 20th century evolutionary algorithms (EAs) were first developed, which
took inspiration from biological evolution. John Holland’s work on genetic algorithms in
1975 was particularly influential [6]. His approach—modeling optimization as a process of
natural selection—provided a novel method for handling high-dimensional, nonlinear prob-
lems that traditional techniques struggled to solve. Around this time, convex optimization
progressed significantly, with notable advancements in designing efficient algorithms capa-
ble of handling large-scale problems [24].

As the 21st century progresses, the field of optimization has further diversified to ad-
dress increasingly complex and uncertain real-world problems. Stochastic and robust opti-
mization have gained attention, especially in areas like finance and supply chain manage-
ment, where variability and unpredictability are inherent [25]. Additionally, the integration
of optimization with machine learning has led to new methods for training models and mak-
ing predictions, underscoring the role of optimization in modern data science. Advances
in high-performance computing have made it possible to tackle large-scale optimization
problems through distributed and parallel processing, accelerating solution times.

Among the branches of optimization, bilevel optimization has emerged as a uniquely
challenging area. Unlike traditional single-level optimization, bilevel problems are defined
by a hierarchical structure in which two interconnected levels of decision-making occur.
The upper level, often called the “leader,” seeks to optimize an objective while anticipating
the optimal response of the lower level, or “follower.”? This interplay between levels requires
accounting for the follower’s reaction, introducing a dependency that greatly complicates
the solution process.

The origins of bilevel optimization’s hierarchical structure trace back to the leader-
follower dynamics introduced by Stackelberg in 1934 [26]. Stackelberg’s work in game
theory provided an early framework for modeling these interactions, particularly within
economic and competitive contexts. However, it was only in 1973 that bilevel optimization
was formally defined as a mathematical problem [27]. The term “Bilevel Programming”
was coined in 1977 [28], and since then, the field has evolved rapidly.

By the early 1990s, researchers had shown that bilevel optimization problems are NP-
hard [1], with strong NP-hardness established in 1994 [29]. This complexity implies that

'The term “programming” in optimization was first introduced in operations research during the 1940s.
Here, “programming” refers to the structured approach to formulating and solving optimization problems
under constraints, distinct from programming in computer science, which typically involves writing code
to execute tasks on a computer.

2In this thesis, upper level (for upper-level decision maker) and leader are used interchangeably, as are
lower level (for lower-level decision maker) and follower.
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even approximate solutions can be computationally challenging to obtain. Around this
same period, genetic algorithms were applied to bilevel optimization, signaling the potential
for evolutionary approaches in tackling the hierarchical nature of these problems [30].
Figure 2.1 shows the timeline of these early key developments in bilevel optimization.

The difficulty of solving bilevel problems lies in the need to solve two interconnected
optimization problems simultaneously, with the upper-level decision-maker needing to an-
ticipate the optimal reaction of the lower-level. This dependency renders standard op-
timization methods ineffective, leading to the development of specialized algorithms. In
recent decades, bilevel optimization has benefited from advancements in computational
power, along with heuristic and metaheuristic approaches, which have provided new ways
to explore the solution space. Methods such as particle swarm optimization offer an alter-
native to traditional approaches, enabling researchers to tackle increasingly complex bilevel
problems [31], [32]. Today, bilevel optimization techniques are applied across diverse fields,
from economics and engineering design to complex network and transportation planning,
where decision-making is inherently hierarchical.

The chapter is structured as follows: Section 2.2 explores connections to game theory,
highlighting the relevance of leader-follower dynamics. In Section 2.3, motivating examples
demonstrate practical applications of bilevel optimization across various fields. Section 2.4
addresses the mathematical foundations and complexity, covering formal definitions, linear
examples, distinctions between bilevel and biobjective problems, optimistic and pessimistic
formulations, computational complexity, and connections to other domains. Section 2.5
provides an overview of solution methods, discussing both classical approaches and evolu-
tionary algorithms for bilevel optimization. Finally, Section 2.6 summarizes the chapter’s
key points.

1994: Bilevel Problems proved to

be st ly NP-hard [29
1934: Stackelberg introduces a 1977: The term "Bilevel Pro- © strongly ard [29]

leader-follower game [26]

.

gramming" is first used [28]

1992: Bilevel Problems proved to
be NP-hard [1]

1973: The bilevel optimization Genetic algorithm for BOP is used
problem is formulated [27] for the first time [30]

Figure 2.1: Timeline of early developments in bilevel optimization.

2.2 Connections to Game Theory

Game theory, a subfield of applied mathematics, studies scenarios where decision-makers,
referred to as players, make interdependent decisions. In such settings, each player’s strat-
egy depends on the possible actions of others, as the outcome for one participant is shaped
by the combined decisions of all [33]. Game theory aims to identify optimal strategies for
participants, whether in cooperative or competitive environments, while analyzing poten-
tial outcomes.

The Stackelberg game is a key class within this framework, introduced by the Ger-
man economist Heinrich von Stackelberg in his 1934 work "Market Structure and Equilib-
rium" [34]. In a Stackelberg game, one player, the leader, makes the first move, and the
follower(s) respond according to their own objectives. This sequential structure leads to
a Stackelberg equilibrium, where both the leader’s and followers’ strategies are optimized
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based on the leader’s decision. Stackelberg games can be classified as either static—where
the interaction occurs at a single point in time—or dynamic, where decisions evolve over
multiple stages.

Bilevel optimization problems can be viewed as static, non-cooperative Stackelberg
games, as shown in Figure 2.2. In these problems, the leader, an upper-level decision-
maker, makes a decision x, which influences the strategies of the lower-level decision-maker,
the follower. The follower optimizes their strategy y*(z) in response to the leader’s choice,
and this strategy is fed back into the leader’s objective function F'(z,y*(z)). The solution
(x*,y*(x*)) represents a Stackelberg equilibrium, where the leader chooses the optimal
strategy x*, anticipating the follower’s best response y*(x*). In this hierarchical setup, the
leader’s strategy accounts for the follower’s optimal response, and the follower, having no
ability to improve their outcome given the leader’s decision, plays a reactionary role.

Leader is the first mover

Leader gj Leader anticipates
: F(z,y*(x)) & followers’ decisions
AN O
3 =
'8 ~ %
Q e
A Follower <,
f(z,y) B

\_ J
Follower responds optimally
to leader’s decision

Figure 2.2: Stackelberg Game Model. The leader makes the first decision, anticipating
the follower’s optimal response. The follower reacts accordingly, reflecting the hierarchical
structure of bilevel optimization.

While the standard bilevel optimization problem involves a single leader and a single
follower, the model can be extended to handle multiple followers [35]. In this case, each
follower makes their own decision based not only on the leader’s choice but also consider-
ing the decisions of other followers. This results in a game-theoretic context where each
follower’s optimal strategy depends on the leader’s choice and the strategies chosen by the
other followers. In such cases, the concept of Nash equilibrium becomes relevant. A Nash
equilibrium occurs when each follower’s strategy is the best response to the strategies of
others. For a Stackelberg game with multiple followers, given the leader’s decision x, the
followers’ strategies form a Nash equilibrium if for each follower i, their optimal decision

satisfies v (z) = argmin f;(x, v, y*,;(x)), Vi. Here, y}(x) represents the optimal decision of
Yi
follower ¢, while y* ,(z) denotes the strategies of all other followers except follower i. A Nash

equilibrium among followers occurs when no follower can improve their outcome by chang-
ing their strategy unilaterally, given the strategies of other followers. The leader, however,
remains unaffected by the competition among followers and optimizes their decision based
on the followers’” Nash equilibrium response. The structure of the game, including the
leader’s decision and the followers’ responses, is illustrated in Figure 2.3.

This framework can be further extended to cases with multiple leaders, multiple follow-
ers, or even more complex hierarchical structures, depending on the specific problem being
modeled. Such extensions allow for more realistic representations of real-world decision-
making, where multiple agents (leaders or followers) may interact in different ways [36]
[37].
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Figure 2.3: Stackelberg game with Nash equilibrium among followers. The leader chooses
x, and each follower optimizes their objective f;(x,y;,y—;) while treating other followers’
strategies as fixed. A Nash equilibrium is reached when no follower can improve their
outcome unilaterally. The equilibrium strategies y*(x) depend on the leader’s decision and
feed back into the leader’s objective F(x,yy,y5, ..., y}).

2.3 Applications of Bilevel Optimization: Motivating Exam-
ples

In this section, we will present a few motivating applications that have benefited from
the bilevel formulation. This list is, of course, not exhaustive but a nice starting point to
understand the importance of the field. In Figure 2.4, we show examples of applications
and their upper and lower levels (UL, LL). More specifically, bilevel problems can be found
in:

1. Transportation Systems: In transportation bi-level problems, the government or
network operator typically acts as the leader, making decisions on network design
and price setting. Meanwhile, network users function as followers, choosing specific
routes within the framework set by the operator. Such an approach is already well
studied, and one can find a review about bilevel programming in traffic planning
back in 1995 [38]. The study in [39] addresses a bi-level problem in transportation
networks. At the upper level, the network manager aims to enhance global efficiency
by mitigating traffic bottlenecks, while at the lower level, passengers minimize their
travel costs by selecting the shortest path. The study in [40] formulates a bilevel
vehicle routing problem with selective backhauls. At the upper level, the shipper
determines minimum-cost delivery routes and offers incentives to carriers for inte-
grated transportation. At the lower level, carriers decide which incentives to accept
and optimize backhaul routes. The overall goal is to maximize transportation effi-
ciency through coordinated inbound and outbound routes. Additional review papers
and relevant publications can be found in [41],[42],[43] and [44].

2. Toll setting: Closely related to transportation networks and price setting, the toll
setting problem is a classic example of bilevel modeling, allowing explicit considera-
tion of user behavior within the framework. A prominent study in this area is [45],
which examines toll optimization on a multicommodity transportation network with
arc capacity constraints. In this context, a highway authority, acting as the “leader,”
sets tolls on selected road segments. Meanwhile, network users, or “followers,” select
their routes, choosing the shortest (least costly) paths to connect their origins and
destinations. The leader’s aim is to maximize toll revenue, leading to the formulation
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of a bilevel program. Reviews and comparisons of methods for the bilevel toll setting
problem are available in [46], and an overview of its dynamic variant can be found
in [47].

. Engineering Design: Bilevel problems naturally form in numerous engineering de-

sign applications. In structural optimization, the truss topology optimization (shape)
can be the upper level and the size optimization the lower level [48], [49]. A study
in aerospace engineering [50], solved the stacking sequence of laminated composite
wing structures as a bilevel problem. At the upper level, global optimization de-
fines lamination parameters or assumes homogeneous material properties to satisfy
blending and manufacturing constraints. At the lower level, techniques such as ply
shuffling or layer permutations (using HyperShuffle or a genetic algorithm) alter the
stacking sequences based on these parameters to achieve optimal performance, as
demonstrated by tests on an 18-panel wing box. More about optimal engineering
design as bilevel problems can be found in [51], [52].

. Interdiction Problems: The interdiction problem is a central focus in discrete

bilevel optimization, often involving a leader who acts as a defender and seeks to
prevent a follower from accessing specific resources [53]. Many interdiction problems
are framed on graphs, where the follower tries to determine an optimal path, like
the shortest route from an origin to a destination, while the leader can interdict,
or disable, certain arcs in the graph to disrupt this path. The leader’s interdiction
capability is constrained by a limited budget, allowing only a select number of arcs
to be interdicted. This approach is applied in various fields, including cyber network
defense, where a risk-averse defender at the upper level optimally deploys security
countermeasures to minimize the expected maximum loss across attack scenarios
and mitigate the risk of significant losses from the most damaging attacks. In this
case, lower-level attackers adjust their strategies to maximize their impact within
their budget constraints, dynamically responding to the defender’s actions [54]. This
structure effectively captures the interaction between defensive and offensive strate-
gies, making it a valuable model for scenarios where resources must be protected
under budget constraints.

. Enviromental Policy: Environmental policy includes rules and efforts aimed at

conserving natural resources, minimizing pollution, and promoting sustainable de-
velopment. It combines legislation, incentives, and public participation to address
concerns such as climate change and biodiversity loss. Bilevel optimization models
frequently frame these policies, with a central authority as the upper-level leader
setting environmental objectives and followers (such as producers or power system
operators) adjusting their actions to meet these goals while pursuing their own objec-
tives [55]. For example, in a power system, the upper level could be an environmental
agency that establishes climate policies, while the lower level is the independent sys-
tem operator who runs the electricity market according to these policies [56]. Another
application uses a bilevel Stackelberg model for green procurement, with manufac-
turers at the top level lowering costs under carbon tax rules by selecting suppliers,
and suppliers at the lower level optimizing purchasing volumes. This strategy demon-
strates that varied sourcing boosts producers’ flexibility, while reliable, substantial
orders help suppliers cut emissions, supporting a greener supply chain [57].

. Energy Systems: Energy systems are the infrastructure, technology, and processes

involved in the production, distribution, and consumption of energy. These systems
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are critical for addressing societal demands, promoting economic activity, and ensur-
ing sustainability. Bilevel optimization can be applied to energy systems in a variety
of ways, including energy market design [58], resource allocation [59], demand-size
management [60], policy regulation [61], and hydrothermal scheduling to minimize
fuel costs and emissions [62]. For example, in [58|, the authors develop a bilevel
optimization model for a commercial virtual power plant (CVPP) active in the day-
ahead electricity market. At the upper level, the CVPP focuses on maximizing its
day-ahead profit while minimizing anticipated costs from real-time imbalances in
production and consumption. The lower level represents the independent system
operator’s task of clearing the market by balancing supply and demand, all while
factoring in uncertainties like variations in distributed energy resource production,
consumer load, and real-time market prices. The CVPP incorporates demand re-
sponse strategies to effectively adapt to market fluctuations and manage its risk
exposure.

7. Water Management: Water management is the process of planning and orga-
nizing how we use and protect our water resources so that they can be used in the
future as well as today. When it comes to water management issues, there are nat-
urally different levels of decision-makers. These include the government, utilities,
businesses, communities, and non-governmental organizations. Each of these groups
affects and interacts with the others within a set of rules and guidelines. In this
kind of research, a bilevel programming model is used to figure out how to divide up
regional water resources based on who owns the water rights in a river area [63]. At
the upper level, the model aims to maximize the best overall value for society. At the
lower level, it does the same for each subarea’s economy. The bilevel optimization
seeks to strike a balance between decision-makers to ensure equitable allocation of
water resources while also taking into account fuzzy random variables to manage
uncertainties. In [64], the authors introduce a bilevel optimization model designed to
allocate water resources among various stakeholders over a set time period. At the
upper level, a central authority is responsible for distributing water to different de-
mand points, keeping environmental and sustainability goals in mind while balancing
supply and demand. Meanwhile, at the lower level, managers of these demand points
make water allocation choices based on economic considerations. To help guide these
managers, the central authority can use tools like fees to encourage decisions that
align with broader goals, even for actions beyond its direct control. Additional stud-
ies exploring similar bilevel approaches in water resource management are available

in [65], [66], and [67].

8. Emergency Planning and Disaster Response: Efficient supply chains are vital
for delivering food, water, medicines, clothes, and other shelter materials to the com-
munity effectively in the event of natural disasters. Bilevel optimization has been
applied to model strategic and operational levels of decision-making in various con-
texts, such as relief and humanitarian logistics. For instance, [68] develops a bilevel
programming model to optimize the deliverability of relief supplies given damaged
infrastructure, very high demand over supply, and limited transport capacity. In this
model, an upper level minimizes distribution time while, at a lower level, allocation
fairness across multiple supply and demand sites is maximized. In fact, it was used
on the Wenchuan earthquake in 2008 by showing its practical effects in disasters.
Besides, [69] suggests a scheduling model for coordinating emergency workers on res-
cue missions as a bilevel game. The upper level is dedicated to the coordination of
disaster areas’ emergency responses, while the lower level takes into account the po-
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tential limited rationality of the behavior of victims so that fairness and effectiveness
in scheduling can be ensured for minimal loss while enhancing satisfaction. Other
works that are related to this topic are [70], [71] and [72], which provide more insight
into the applications of bilevel optimization in humanitarian logistics.

9. Principal-Agent: From the management control perspective, this is a classic prob-
lem of how to design compensation systems that align the principal’s objectives—
usually profit maximization—with the agent’s incentives, typically focused on mini-
mizing effort and risk. Bilevel optimization provides a strategic framework for mod-
eling such interactions. In this setting, the principal at the upper level optimizes the
compensation contract to create desired behaviors, while the agent at the lower level
chooses their effort level in response to the principal’s incentives. Such a hierarchical
decision process resolves conflicts and creates equilibria because it aligns the orga-
nization’s goals with the actions taken. More relevant studies can be found in [73],
[74], and [75].

10. Machine Learning: In recent years, bilevel optimization has attracted considerable
attention for solving different machine learning problems, among which the most pop-
ular is hyperparameter tuning. The work in [76] presents a bilevel optimization-based
hyperparameter tuning method that overcomes naive techniques like random search
and grid search for hyperparameters. This algorithm optimizes the hyperparameters
at the upper level to minimize the loss of the validation set, while at the lower level,
it minimizes the loss of the training set by approximating the optimal values for some
hyperparameter settings. Most adversarial learning methods also consider unsuper-
vised learning as a bilevel game between two competitors, including one generator
synthesizing samples from a distribution and one discriminator classifying samples
as real or fake |77], [78]. Parameter control in EAs has also benefited from bilevel ap-
proaches, as explored in |79], which applied a bilevel optimization framework to tune
parameters for two specific evolutionary algorithms: Differential Evolution (DE) and
the Nelder-Mead algorithm. By formulating the parameter tuning process as a bilevel
problem—where the upper level optimizes the algorithm’s parameters and the lower
level solves the actual optimization task—the study demonstrated that this approach
leads to more efficient and effective parameter settings, enhancing the performance
of these algorithms on various optimization problems. Additionally, parameter con-
trol has been addressed in [80], [81], where adaptive mechanisms dynamically adjust
parameters during the optimization process. These works focus on integrating surro-
gate models and feedback-driven strategies within evolutionary frameworks, leading
to improved convergence rates and computational efficiency in bilevel optimization.
Readers may refer to [82], [83], and [84] for further bilevel optimization applications
in machine learning.

2.4 Mathematical Foundations and Complexity

2.4.1 Mathematical Definition of Bilevel Optimization Problems

To understand bilevel optimization problems (BOPs), let us first define a standard opti-
mization problem:

Definition 2.1 (Standard Optimization Problem). A standard optimization problem
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Figure 2.4: Examples of applications with bilevel optimization formulation.

is formulated as follows:
min F(z)
rzeX
subject to
G(z) <0,

H(z) =0,

(2.1)

where F'(x) is the objective function to be minimized, G(z) < 0 represents inequality
constraints (with the notation G(x) used to denote one or more constraints for brevity),
H(z) = 0 represents equality constraints, and X denotes the domain of the decision vari-
ables.

In a BOP, we extend this setup to include two levels, where the leader must take into
account the optimal reaction of the follower. The leader’s feasible decisions are thus con-
strained by the follower’s response to any given choice. For simplicity, equality constraints
are omitted from the following bilevel formulation.

Definition 2.2 (Bilevel Optimization Problem). A bilevel optimization problem is
formulated as:

141 17?7 F
i (z,y)
subject to: G(z,y) <0, (2.2)
min f(x,y) ’
yey

subject to  g(x,y) <0,

where F'(z,y) is the leader’s objective function, G(z,y) < 0 represents the leader’s con-
straints, f(z,y) is the follower’s objective function, g(x,y) < 0 represents the follower’s
constraints, and X and Y are the respective domains of the leader’s and follower’s decision
variables. The notations G(z,y) and g(x,y) are used to denote one or more constraints
for brevity. The quotation marks in the upper-level minimization indicate ambiguity, as
explained later in this chapter.
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Figure 2.5 illustrates this structure, where the optimal leader decision z* and the cor-
responding follower response y* depend on each other through their respective objectives
and feasible regions.

r* Parameter
for the lower level problem

1
1
|
I
y* Feasible solution !
' for the upper level problem !

1

I

(z,y)

Figure 2.5: A sketch of a bilevel problem showing the inter-linkage between the upper and
lower levels.

Reaction Set and Lower-Level Optimal Value Function: In BOPs; the follower’s
optimal response to each leader decision x is represented by the reaction set W(x), which
includes all optimal values of y for a given x that are feasible. A solution is considered
feasible if it satisfies all the constraints of the optimization problem. Formally, the reaction
set is defined as:

U(z)={y €Y |y € argmin f(z,y") and g(x,y) < 0}. (2.3)
y'ey

When ¥(z) is a singleton, the follower has a unique optimal response for each leader
decision z, simplifying the bilevel optimization structure. However, when W(z) contains
multiple optimal responses for a given x, this means that |¥(x)| > 2, indicating that ¥(x)
is a set rather than a singleton, the leader faces uncertainty about the follower’s choice
within the reaction set, expressed in Definition 2.2 by the quotations in "min". To address
this ambiguity, two main approaches can be adopted, the optimistic and the pessimistic

approaches, which we will explain in detail in Section 2.4.4.
The lower-level optimal value function p(x) provides the minimum optimal value of
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f(z,y) for each leader decision x:

p(x) = min f(z,y). (2.4)
y€Y(2)
If these mappings 1(z) and ¢(x) are known, the bilevel optimization problem can be
rewritten as a single-level problem, simplifying the optimization.
Admissible and Reaction Sets, and the Inducible Region: The Lower-Level
Admissible Set S(x) represents all follower decisions that satisfy the follower’s constraints
for a given leader decision x:

S(x)={yeY |g(z,y) <0} (2.5)

Therefore we can say that the Reaction Set W(x), already defined above, includes all
admissible, optimal responses of the follower for each leader decision z:

U(z) = {y € S(x) | y € argmin f(z,y)}. (2.6)
y'eS(x)

The Inducible Region I captures all feasible pairs (x,y) where y € W(x) (follower optimal-
ity) and G(z,y) < 0 (leader constraints):

I'=A{(z,y) [y € ¥(x),G(x,y) <0} (2.7)

Constraints in Bilevel Problems: Bilevel problems can have constraints at both the
upper and lower level. Wiesemann et al. [85] proposed a categorization of bilevel problems
into dependent and independent bilevel problems. In dependent bilevel problems, the
lower-level constraints are characterized by the relationship g(x,y) < 0, where g is a
function of both x and y. In this case, the follower’s feasible region is influenced by the
leader’s decisions, leading to the condition S(z) # S(2') for some z,2’ € X, and the
upper-level variables that appear in the lower-level constraints are called linking variables.
In contrast, if the lower-level constraints are independent of the leader’s decision z, the
lower-level admissible set S(z) remains unaffected, meaning S(x) = S(z’) for all z,2" €
X. However, the follower’s optimal reaction set ¥(z), which depends on the lower-level
objective function f(z,y), may still vary if f(x,y) includes z.

In the same vein, upper-level constraints can be non-connecting or connecting (also
called coupling constraints). Non-connecting constraints are expressed as G(x) < 0 for
x € X and do not involve the lower-level decision variable y. Consequently, y has no
impact on the feasibility of the upper-level problem, as these constraints depend only on x;
however, y still affects the upper-level problem through the objective function. In contrast,
connecting constraints, also referred to as coupling constraints, take the form G(z,y) <0
for z € X and y € ¥(x). These constraints now depend also on the lower-level decisions
and integrate the optimal reaction of the lower-level problem. The presence of connecting
constraints has raised interesting questions in the bilevel optimization community. Some
researchers argue that these constraints can be simply shifted to the lower-level problem,
while others, such as Mersha et al. [86], contend that doing so undermines the fundamental
modeling concept of hierarchy in bilevel programming. In this thesis, we deal with the
general case where both levels can have any type of constraints.

2.4.2 Bilevel Optimization Problem: A Linear Example

To show the structure of a bilevel optimization problem, let us consider a linear example,
where both the objectives and constraints are linear. A general linear bilevel problem can
be written as:
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: F — T dT
Lo (xy)=cz+dy

subject to Ax + By < b, (2.8)
y € argminy € Y{f(x,y) =ely+nls | Cx + Dy < q},

where the leader seeks to minimize F(z,y) over their constraints, while the follower
minimizes f(z,y) within their own feasible region, determined by the constraints Cx+ Dy <
q.

Now, let’s look at a specific numerical example:

i F —r—8
i (z,y) =2 —8y

subject to y € argmin{f(z,y) =y |
—r—y < —4, (2.9)
—x+y <0,
3r +y < 10,
-3z +2y > -3}

In this example, the leader’s objective is F'(z,y) = x — 8y, while the follower’s ob-
jective is f(x,y) = y. Figure 2.6a illustrates the follower’s feasible region defined by
these constraints, along with the directions in which each level minimizes its objective.
In Figure 2.6b, the inducible region—the set of feasible solutions respecting the bilevel
structure—is represented by the line segments connecting points A, B, and C. Among
these points, point C, located at (2.56, 2.33), is the optimal solution to the bilevel prob-
lem, yielding objective values of FF = —16.08 for the leader and f = 2.33 for the follower.
Although points A and B are also feasible, they do not minimize the leader’s objective,
demonstrating the importance of the hierarchical structure in determining the bilevel so-
lution.

Y Y
2.5 D 2.5
2.4 2.4
2.3 C 23
\
\
22 V22
21 Imin y 21 Imin Y
2 2 A
1.9 1.9
Xmin r — 8y Xmin x — 8y
18 18
B B
T
2 21 22 23 24 25 26 2 21 22 23 24 25 26
(a) Follower’s feasible region. (b) Inducible region and optimal solution.

Figure 2.6: Example of a linear bilevel problem showing the follower’s feasible region and
inducible region.
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2.4.3 Bilevel vs. Biobjective Problems

Optimization problems can have more than one objective, leading to what is known as a
multiobjective optimization problem. We refer to a biobjective optimization problem when
there are two objectives, and we can formulate it as follows:

rgliyn (F(x,y), f(z,y))

)

subject to G(z,y) <0, (2.10)
g9(z,y) <0,

where F' and f are the two objectives to be optimized, x and y represent the decision
variables, and G and g are the constraints.

In single-objective optimization, comparing solutions is straightforward: one solution
is better or worse than another based on their objective values. However, in biobjective
optimization, comparisons are more complex and rely on the concept of dominance. As
defined by [87], a solution x; is said to dominate another solution x5 if z; is no worse than
x9 in all objectives and strictly better in at least one objective. Based on this principle,
the non-dominated set of solutions within the feasible region is called the Pareto set, and
its image in the objective spaces of these solutions is known as the Pareto front.

Researchers have explored the connections between bilevel and biobjective optimization
problems [88], [89]. While in certain specific cases a BOP can be reformulated as a biob-
jective problem, enabling solutions to be found using biobjective methods, this approach
does not apply universally. Notably, there is no guarantee that an optimal solution to a
BOP will lie on the Pareto-optimal front of a corresponding biobjective formulation.

To better understand the differences between BOPs and biobjective optimization prob-
lems, we present a comparison inspired by Talbi in [90]. Let us reformulate the previous
bilevel problem into a biobjective one as follows:

min (F(x,y) =z —8y, f(z,y)=1y)

2>0,4>0
subject to —x —y < —4,
—z+y<0, (2.11)
3z +y < 10,
— 3z + 2y > —3.

In this reformulation, F' and f represent the upper and lower level objectives, respec-
tively. However, we now optimize them independently within a single-level framework. Fig-
ure 2.7 compares the feasible decision spaces for the bilevel and biobjective formulations,
both of which yield the same trapezoidal region. Figure 2.7b displays the objective space
for the biobjective problem, where the red point marks the bilevel optimal solution. No-
tably, this solution is dominated by several alternatives—particularly those located within
the red-filled triangle shown in Figure 2.7a, which lie on the Pareto front. These observa-
tions illustrate that a BOP does not necessarily correspond to a biobjective formulation
with the same upper- and lower-level objectives. Consequently, the bilevel optimal solution
is not always Pareto-optimal in the biobjective problem, and vice versa. Therefore, refor-
mulating a bilevel problem as a biobjective one and applying Pareto dominance criteria
may not always lead to equivalent solutions.

2.4.4 Optimistic vs. Pessimistic Problems

In (2.2), the upper-level minimization problem is in quotation marks to indicate the inde-
terminacy that arises when there is more than one optimal solution at the lower level for a
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Figure 2.7: Comparison of feasible spaces in bilevel and biobjective optimization.

given upper-level decision vector. This creates ambiguity about which specific lower-level
solution should be taken into account in the upper-level optimization, leading to an ill-
posed problem due to the non-uniqueness of lower-level solutions. An ill-posed problem,
as defined by Hadamard, is one that violates at least one of the following conditions for
well-posedness: existence of a solution, uniqueness of the solution, or continuous (stable)
dependence of the solution on the input data (i.e., small changes in the input should not
cause disproportionately large changes in the solution) [91]. In this case, the violation is
the uniqueness condition. To address this, the upper-level decision maker can adopt one
of two positions: the optimistic or pessimistic stance. From a game theory perspective,
the optimistic case is referred to as a strong Stackelberg game, while the pessimistic case
is known as a weak Stackelberg game [92]. Let us consider the following example [93] to
demonstrate this:

min x? + Y
zeX,yev¥(x)
subject to = € [—1,1]

where V(z) = argmin(—zy)

y€[0,1]
The best response of the follower is given by:
[0,1], ifx=0,
U(z) =<0, if x <0,
1, if x > 0.
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When z = 0, the follower has a range of optimal responses and can choose any value of
y within this range. This results in multiple possible objective values for the upper-level
decision-maker.

Figures 2.8a and 2.8b show the 3-D plots of the upper and lower-level optimization
problems. The left subplot displays the upper-level objective, indicating the region where
the upper-level decision maker seeks to minimize F'(z,y). The right subplot represents the
lower-level objective, where the follower’s best responses are identified. With blue lines,
the optimal lower-level reaction set W(x) is depicted in both plots. At first glance, the
bilevel optimal solution might appear to be (Z,7) = (0,0). When examining ¥(x), we find
that for x =0, ¥(0) = {y : 0 <y < 1}. At = = 0, the optimal solution value for the lower
level is 0 for any y within that range. If the lower-level decision maker chooses y = 0,
the upper-level decision maker can achieve the optimal solution F(0,0) = 0. Instead, if
the lower-level decision maker selects y = 1, the upper-level decision maker results in the
less favorable outcome F'(0,1) = 1. Figures 2.8c shows the mapping of = to F(x,¥(x)),
indicating the region where the upper-level decision maker seeks to minimize their objective
function. Figure 2.8d depicts the mapping of z to ¥U(z), illustrating the follower’s reaction
set. In both figures the optimistic and the pessimistic solutions are shown in green and
red, respectively.

(a) Upper level Objective. (b) Lower level Objective.
F(x, ¥ ()) 1 4@
1 0.5
‘ ‘ ‘ T } z
-1 —0.5 0.5 1 -1 1
(¢) x-F(x,%(x)) mapping. (d) x-¥(x) mapping.

Figure 2.8: Example of an ill-posed bilevel problem.

Let us now provide the formal definitions of the two positions. As discussed, in the
optimistic scenario, the upper-level decision maker assumes that the lower-level decision
maker will select the best solution from the feasible solutions in ¥(z). One can formulate
the problem in the following way, where x € X and y € Y, with X and Y denoting the
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respective domains of the upper-level and lower-level decision variables:

min  F(z,y)
subject to  G(z,y) <0, (2.12)
y € ¥(z),

The lower-level decision maker’s choice function in this context (best-case for the upper
level) can be defined as:

Yo(x) = arg;nin{F(w, y):y € ¥(x)}

In the pessimistic scenario, the upper-level decision maker assumes that the lower-level
decision maker will choose the least favorable solution from the feasible set. One can
rewrite the bilevel problem as follows:

min  max F(z,y)

T yev(z)
subject to  G(z,y) <0, (2.13)
y € ¥(z),
g9(@,y) <0.

The lower-level decision maker’s choice function in this context (worst-case for the
upper level) can be expressed as:

Yp(x) = arginaX{F(m,y) cy € ¥(x)}

This in essence is a trilevel optimization problem, formulated as follows:

min  F(x,y)
x
subject to G(z,y) <0,
min f(z,y)
v (2.14)
subject to: max F(x,y)
y
g9(x,y) <0,
G(z,y) <0.

It is essential to recognize that the pessimistic position is generally less tractable than
the optimistic one. This is often due to the reformulations that can introduce non-convex
functions, resulting in problems that are not well-behaved, and because the pessimistic
position involves this trilevel structure [94].

2.4.5 Computational Complexity

Bilevel optimization problems are difficult to solve, even when F, f, X, Y, and ¥(x) are
convex. This complexity persists even in cases involving two linear levels. In fact, the
authors in [95] and [96] proved that these problems are NP-hard. Later research [97], [1]
proved that linear bilevel problems are not only NP-hard but also strongly NP-hard. Ad-
ditionally, it has been demonstrated in [98] and [29] that determining local optimality for a
specific solution—essentially checking whether a given point is a local minimum of a bilevel
problem—is also NP-hard. Furthermore, the number of local optimal solutions may grow
exponentially, as noted in [99]. Verifying bilevel feasibility becomes strongly NP-hard when
one loses the convexity property at either level.
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2.4.6 Connections with Other Domains

Bilevel optimization is not limited to one area of optimization; it intersects with various
fields and methods. By reformulating problems or exploring specific instances of bilevel
structures, we can apply it to different domains. The following are some of these key areas:

e Stackelberg Games: As previously mentioned, bilevel optimization can be viewed
through the lens of Stackelberg games, where the decision-making hierarchy between
the leader and follower reflects similar strategic interactions. This connection allows
for the application of game-theoretic concepts to analyze and solve bilevel problems,
and vice versa.

e Min-Max Problems: Min-max problems are a type of bilevel problem where F(x,y) =
—f(z,y). These problems often arise in optimization under uncertainty, where the
goal is to prepare for the worst-case scenario, instead of focusing on the most likely
conditions. This approach is closely related to robust optimization, and is discussed
further in Chapter 5.

e Generalized Semi-Infinite Problems: Generalized semi-infinite problems involve an
infinite number of constraints or variables. Bilevel optimization and semi-infinite
problems are related, particularly in two cases: (1) the optimistic case and (2) when
the lower-level rational set W(z) is a singleton. In these situations, the bilevel pro-
gram can be reformulated as a semi-infinite program using the lower-level optimal
value function ¢(z) = min{f(z,y) | g(x,y) < 0}. This transformation facilitates de-
composition while preserving dependence through infinite constraints. More about
semi-infinite programming can be found in [100]-[102].

e Set-Valued Optimization Problems: Set-valued optimization problems involve objec-
tive and constraint mappings that assign a set of possible values rather than a single
value to each decision variable [103]. These problems are closely linked to bilevel opti-
mization because the follower’s response set, U(x), is naturally a set-valued mapping.
For a given leader’s decision x, ¥(x) represents the set of all optimal solutions to the
follower’s problem. When ¥(x) contains multiple solutions, the leader faces ambigu-
ity and must adopt either an optimistic approach (assuming the follower selects the
leader-favorable solution) or a pessimistic approach (assuming the follower chooses
the least favorable solution). This relationship introduces an additional layer of com-
plexity to bilevel optimization, and the connections between these two fields have
been explored in [104], [105].

e Mathematical Problems with Equilibrium Constraints: Mathematical problems with
equilibrium constraints are characterized by optimization problems, where some con-
straints are defined as variational equalities that must satisfy equilibrium conditions.
Such problems can be expressed as follows:

1 F
Lin (z,y)
subject to  G(x,y) <0
Vyf(x, y) =0

When the function f(x,y) is convex, these problems can often be reformulated as
bilevel optimization problems. If the response set W(z) is a singleton for every leader
decision z, the equilibrium condition V, f(z,y) = 0 can be replaced by the follower’s
optimal response y = argmin{f(z,y) | g(x,y) < 0}.This transformation highlights
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the close connection between bilevel programming and mathematical programs with
equilibrium constraints. It provides a simpler way to formulate these problems, which
has proven useful in many studies. For a deeper look into these connections and the
related optimality conditions, Dempe’s annotated bibliography offers a great starting
point [106].

e Multilevel Problems vs. Multilevel Approaches: In the literature, “multilevel op-
timization” is sometimes used to refer to a specific type of optimization problem
and other times to an approach in optimization process. To avoid confusion, it’s
important to distinguish between the two: multilevel optimization problems refer
to hierarchical problems with multiple levels, with bilevel optimization being a spe-
cific case of two levels. Multilevel approaches, on the other hand, refer to methods
that integrate information from different scales or levels of a problem, such as vary-
ing model details, adjusting simulation fidelity, or considering spatial and temporal
factors. The terms “multilevel,” “multi-fidelity,” “multi-scale,” “multi-grid,” and “mul-
tistage” are often used interchangeably in this context. Examples include [107], [108],
[109], [110], [111], [112], and [113].

2.5 Overview of Methods

This section provides an overview of classical and evolutionary algorithms for solving single-
objective bilevel problems. Classical methods work well for problems where assumptions
include linearity and convexity. On the other hand, EAs are better at solving more chal-
lenging bilevel problems, such as with non-convexity, discrete variables, and nonlinear
objective functions.

2.5.1 Classical Methods for BOPs

Classical algorithms in bilevel optimization are developed to address either the optimistic
or pessimistic bilevel problem. Most research has focused on linear or convex functions,
where assumptions like differentiability and lower semicontinuity simplify analysis. This
has led to many classical methods that deal with the linear bilevel problem. The following
subsections provide an overview of methods for both optimistic and pessimistic approaches.

2.5.1.1 Methods for the Optimistic Approach

Methods Based on KKT Conditions: The Karush-Kuhn-Tucker (KKT) conditions
are essential for solving constrained optimization problems, extending the method of La-
grange multipliers to include inequality constraints. These conditions encompass essential
requirements, such as the gradients of the objective and constraint functions, feasibility
conditions, and complementary slackness. In bilevel optimization, KKT conditions are
applied on the lower-level problem to turn it into a set of constraints for the upper-level
problem. This turns the bilevel problem into a single-level problem, which works effectively
when the lower-level problem is smooth and convex [114], [115]. Further details, includ-
ing an example, are provided in Appendix A. Chenggen Shi et al. [116] extended the KKT
method for linear bilevel programming (BLP), particularly for problems with random linear
upper-level constraints, addressing cases that standard methods cannot solve. In addition
to this, a later study [117] combined goal programming, KKT conditions, and penalty
functions to provide a more complete method for linear BLPs. In a study on mixed-integer
bilevel linear programming (MIBLPP) [118], the problem is reformulated as a single-level
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one using KKT conditions when the lower-level continuous functions are convex and dif-
ferentiable with fixed integer values. This method splits the MIBLPP into a mixed-integer
program with complementarity constraints by separating the continuous and integer vari-
ables. This ensures the global and local minimizers align under specific conditions and
broadens the range of MIBLPP solutions, particularly in non-convex problems.

Descent methods: Descent methods iteratively adjust the current solution to reduce
the objective function. They work by calculating the gradient of the objective and updat-
ing the solution in the opposite direction, continuing this process until a stopping criterion
is satisfied to approach a local minimum. In bilevel optimization, a descent direction
must not only decrease the upper-level objective but also maintain feasibility by ensuring
the point remains optimal for the lower level. This requirement makes finding a descent
direction more complex, as it must balance improving the upper-level objective while pre-
serving lower-level optimality. For example, [119] used a gradient descent method to find
the minimum of a smooth convex function while following the constraints set by another
smooth convex function. This avoided the more complicated penalization subproblems
and projections that are common in constrained optimization. In another study, [29] in-
troduced two descent methods tailored for bilevel problems where the lower-level problem
involves strictly convex quadratic optimization, proposing both a pivot-based algorithm
and a modified steepest descent method. They addressed local optimality challenges and
demonstrated that verifying local optimality in bilevel programming is NP-hard.

Penalty function methods: Penalty function methods are optimization techniques
that transform constrained problems into unconstrained ones by embedding constraints
within the objective function through penalty terms. These methods involve solving a
series of penalized problems and adjusting penalty parameters iteratively to increasingly
enforce the constraints. In bilevel optimization, penalty function methods incorporate
terms from the lower-level problem’s constraints and objectives into the upper-level ob-
jective function. This reformulation simplifies the bilevel structure by converting it into a
single-level problem, making it more tractable for optimization. In particular, such meth-
ods work quite effectively for linear and quadratic bilevel problems where both levels have
well-defined structures that enable systematic penalty adjustments. They also behave well
for optimistic bilevel problems where the lower-level problem is strongly convex, which
guarantees a unique and well-behaved solution of the lower level that can be integrated
smoothly into the upper-level problem using penalties. For example, the objective penalty
method suggested in [120] works well for optimistic bilevel problems because it takes into
account the hierarchical structure by correctly including the lower-level solution in the
optimization at the upper level. Additional exact and inexact penalty methods in [121]
facilitate feasibility and optimality in optimistic bilevel cases. Further, [122] explores exact
penalization and necessary optimality conditions for generalized bilevel problems, focusing
on cases where the lower level is formulated as a variational inequality and the upper-level
objective is uniformly Lipschitz continuous.

Trust region: Trust region methods are a class of iterative techniques for nonlinear
optimization that require, in each step, the construction of a so-called “trust region” around
the current estimate of the optimum within which a simpler model—usually, quadratic—is
an adequate approximation of the objective function. The solution to this subproblem
defines, within the trust regions, the step to take. The region is expanded if the model is
good and reduced otherwise. In bilevel optimization, trust region methods are valuable for
handling the nested complexity of upper and lower-level objectives. They ensure each step
remains within a region where both objective models are reliable, effectively managing the
dependencies between the two levels. This can result in the convergence and balancing of
optimizations at both levels. It has been shown that trust region algorithms work well for
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nonlinear bilevel problems. They do this by improving the lower level solution with each
iteration, which then helps with more accurate optimization at the upper level [123] [124].

2.5.1.2 Methods for the Pessimistic Approach

Various solution methods have addressed pessimistic bilevel optimization. For a detailed
overview, readers may refer to two key resources: [125], which surveys methods and solution
approaches, and [126], which covers foundational models, definitions, and applications.
Key methods include:

Penalty Methods: In pessimistic bilevel programming, penalty methods simplify
the bilevel problem by transforming it into a single-level optimization problem, adding a
penalty term to the leader’s objective function. The general form of the penalized problem
is:

min sup {F(l‘, y) + k- f(SU, y)} )

zeX yeU(z)
where F'(z,y) is the leader’s objective, W(x) denotes the set of the follower’s optimal
solutions, and &(x,y) represents a penalty function that enforces the follower’s constraints
or optimality conditions. The penalty parameter k is iteratively adjusted to ensure that
the solutions of the penalized problem converge to those of the original pessimistic bilevel
problem.

The method by Aboussoror and Mansouri [127] introduces an exact penalty approach
for weak linear bilevel problems by incorporating a penalty term directly into the leader’s
objective. Their method addresses the duality gap in the follower’s problem by solving a
series of penalized problems that converge to the original solution as the penalty parameter
increases. Although this approach guarantees solution existence under specific conditions,
such as a polyhedral feasible region for the leader, it is primarily theoretical and does
not include computational results. Building on this, [128] extends the framework with
a new exact penalty method that integrates both upper and lower-level constraints and
optimality conditions. Unlike Aboussoror and Mansouri’s approach, which focuses on the
upper-level problem, this method directly incorporates both levels into a unified frame-
work. The authors provide theoretical proofs for solution existence and demonstrate the
method with numerical examples. Further refining this approach, [129] proposes a penalty
method for weak linear bilevel problems that, like earlier methods, adds a penalty term to
the objective. They ensure that the resulting penalized problem forms a finite polyhedral
constraint region, allowing the bilevel problem to be reformulated as a single-level opti-
mization problem using Kuhn-Tucker conditions. This paper includes theoretical proofs
and numerical examples to demonstrate practical implementation.

Kth-Best Algorithm: The Kth-Best algorithm is a method used to systematically
explore and evaluate multiple feasible solutions in an optimization problem, starting with
the best (optimal) solution. This approach is particularly useful in situations where the
optimal solution might depend on various scenarios or responses from a secondary decision-
maker, as in bilevel programming. In [130]|, Zheng, Fang, and Wan adapt this algorithm
to solve weak linear bilevel programming problems, where the leader needs to consider
different potential responses from the follower. Their method involves generating a set of
vertices representing feasible solutions for the leader’s problem and evaluating the corre-
sponding follower responses for each vertex. The algorithm ranks these vertices by solving
the leader’s problem under the assumption that the follower will choose the worst possible
response at each step. This iterative process continues by selecting the next-best vertex
that has not been dominated by previous solutions, ensuring that the final decision is ro-
bust. The authors provide theoretical validation for their approach and include a numerical
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example to demonstrate its application.

Approximation and Relaxation Methods: Approximation and relaxation meth-
ods are commonly used in optimization to simplify problems. By modifying constraints,
these techniques make the problems more tractable and improve computational efficiency.
A study by [85] examines the independent pessimistic bilevel problem, providing condi-
tions for the existence of solutions, analyzing its computational complexity, and propos-
ing convergent approximation methods and iterative algorithms. Their approach handles
non-convex instances with specific independence properties, using semi-infinite program-
ming discretization techniques to manage these complex cases, with computational results
demonstrated on benchmark instances. Dempe et al. expand the two-level optimal value
function method to include non-smooth data and give specific optimality conditions for pes-
simistic bilevel problems. This approximation method effectively manages the challenges
posed by non-smoothness [131]. Another approach in [132] applies the Scholtes relaxation
technique to pessimistic bilevel problems, extending its success from the optimistic case.
This method uses Slater’s qualification and differentiability assumptions to rewrite the
KKT problem and includes a relaxation algorithm that makes sure it converges to the best
solutions to the original problem. Theoretical results confirm the algorithm’s robustness
and parametric optimization feasibility. In pessimistic bilevel optimization, Lignola and
Morgan suggest viscosity solutions instead of exact solutions. These solutions use inner
regularizations to get closer to the lower-level solutions. This method allows the leader to
attain a security value under suitable conditions, providing a viable solution where exact
solutions are unattainable [133].

Perturbation Techniques: Perturbation techniques are often applied in bilevel opti-
mization, particularly to address ill-posed bilevel problems. Molodtsov’s seminal work [134]
from 1976 on non-antagonistic two-player games introduces a method for simplifying
decision processes in weak Stackelberg games by introducing a perturbation parameter
€. In this framework, the leader maximizes their payoff function F'(x,y) by selecting a
strategy x, while anticipating the follower’s response to maximize their own payoff func-
tion G(z,y). Molodtsov’s approach modifies the follower’s payoff, reformulating it as
Ge(r,y) = G(z,y) — eF(x,y), with the follower’s response set defined as S¢(x), which
consists of the follower’s optimal responses to the perturbed payoff. The leader’s problem
can then be expressed as:

te = max min F(x,y)

With continuity and compactness conditions, solutions to the perturbed problem con-
verge to the leader’s guaranteed payoff as € — 0. Since then, many bilevel optimization
applications have extended the concept. For example, Bialas [135] used the lower-level
perturbation in resource allocation problems [136]. Cao [137] extends the perturbation
approach to solve linear bilevel problems under partial cooperation, resulting in optimistic,
pessimistic, and intermediate solutions. Loridan [138]| uses Molodtsov’s approach to tackle
strong Stackelberg (optimistic) bilevel problems,while also addressing some relations to
pessimistic cases.

Expanding on the principles underlying these perturbation techniques, in Chapter 3, we
present a d-perturbation approach specifically designed for bilevel optimization problems
with multiple lower-level solutions. By applying a perturbation in both optimistic and
pessimistic formulation, this method ensures an (approximate) unique solution at the lower
level, making optimistic and pessimistic solutions tractable for iterative algorithms [139].

Reduction Methods: Reduction methods reformulate the bilevel problem into a
single-level form. A reduction method is suggested in [140] to solve pessimistic bilevel
optimization problems. It works by first creating a relaxation of the original problem
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that keeps its main structure. The method applies a two-step ‘“Relaxation-and-Correction”
scheme: initially relaxing the problem to simplify its structure and then reintroducing
constraints to ensure the solution meets the pessimistic criteria of the original problem.
Specifically, the author reformulates the pessimistic bilevel problem as a regular optimistic
bilevel programming problem, enabling solutions to be computed more readily. Numer-
ical examples demonstrate the effectiveness of this approach on linear pessimistic bilevel
problems. In the same way, [141] talks about a reduction method for pessimistic bilevel
optimization problems where the upper-level objective function is convex quadratic with
respect to the leader’s variables and concave quadratic with respect to the follower’s vari-
ables, but the lower-level objective function stays linear. This method reformulates the
problem by incorporating the follower’s optimal response into the leader’s objective or
constraints, resulting in a single-level nonconvex problem dependent solely on the leader’s
decision variables. The transformed problem is then solved using global search techniques
such as difference-of-convex programming. Despite the strong theoretical foundations of
this approach, its practical evaluation remains limited due to the limited availability of
computational experiments.

2.5.2 Evolutionary Algorithms for BOPs

Evolutionary Algorithms (EAs) have gained popularity for solving BOPs due to their
flexibility in handling complex search spaces. Unlike traditional methods, which rely on
assumptions like linearity or convexity, EAs do not require such assumptions and can
effectively tackle real-world problems.

Conducting a search on Scopus using the terms "hierarchical optimization", "two-level
optimization", "bi-level programming", "bi-level optimization", "evolutionary algorithms",
"genetic algorithms", "evolutionary strategies", "differential evolution", or "evolutionary
computation" reveals an increasing amount of research on these topics. The growth in the
number of publications, as represented in Figure 2.9, indicates the increase in interest in
EAs for solving problems related to BOP.

Sinha et al. [142] and Talbi [90] categorized BLEAs into four groups: single-level re-
duction, coevolutionary, nested, and surrogate-assisted. Building on these categories, we
adopt the same classification and introduce additional subcategories for the nested and
surrogate-assisted approaches, as shown in Figure 2.10, which are discussed further. The
references provided are illustrative examples and not exhaustive.

Cumulative Trend of Publications on EAs for Bilevel Optimization Over Time
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Figure 2.9: Number of cumulative publications on Evolutionary Algorithms for Bilevel
Optimization Problems over time in Scopus.
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Figure 2.10: Classification of Bilevel Evolutionary Algorithms (BLEAS).

Single-Level Reduction: This technique simplifies a bilevel optimization problem by
transforming it into a single-level optimization problem, making it solvable with traditional
evolutionary algorithms. The general approach is illustrated in Figure 2.11. Typically,
KKT conditions are applied to the lower-level problem, while the upper-level problem may
vary in complexity. An early example of this reduction is in [143], where a two-level mixed
zero-one programming problem is reformulated into a single-level problem using genetic
algorithms. In this case, the leader’s zero-one decision variables are encoded as bit strings,
and the follower’s continuous decision variables are optimized through linear programming
to compute Stackelberg solutions. Similarly, in [144], the bilevel programming problem is
transformed by applying KKT conditions to the lower-level problem, resulting in a single-
level formulation that is solved using a genetic algorithm. To improve computational
efficiency, the problem is further decomposed, and theorems are applied to reduce the
search space. A practical application of single-level reduction is presented in [145], where
the KKT method is used to optimize the sizing of battery energy storage systems and mi-
crogrid operations, employing a hybrid binary particle swarm optimization and quadratic
programming method for both binary and continuous decision variables. Further advance-
ments in [146] and [147| tackle nonlinear bilevel programming problems by converting them
into single-objective nonlinear programming problems. These methods utilize customized
crossover operators and constraint-handling schemes to address both linear and nonlinear
constraints, working well even when the leader’s objectives are non-differentiable. While
single-level reduction methods are versatile and widely applicable, they do have limita-
tions. A common assumption is that the lower-level problem is well-behaved (e.g., convex
and continuous), which may not always hold in real-world applications. Moreover, these
approaches can still require a high number of function evaluations, with methods like those
in [146] and [147] needing up to 100,000 evaluations, even for small-scale bilevel problems.

Bilevel Problem .
Upper level: F(x,y) Reformulate lower-level | Single-Level Problem
as constraints Solve F(z,y) with EAs

using KKT conditions, | with constraints from
{ Lower level: f(z,y) } duality, or other methods| reformulated f(z,y)

Figure 2.11: Singe level reduction method.

Co-evolutionary approaches: A co-evolutionary algorithm simulates the natural
process of species evolving together, where the evolution of each species depends on the
others. Unlike most evolutionary algorithms that operate with a single population, co-
evolutionary algorithms involve multiple populations evolving in parallel. Fach population
represents a distinct part of the problem, and they interact by sharing information about
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the progress made by the other populations. This interaction can either be competitive,
where the populations compete with each other to outperform each other, or cooperative,
where the populations collaborate to construct a single, globally superior solution. In the
context of bilevel optimization, co-evolutionary methods employ two disparate evolutionary
algorithms: one for the upper level and one for the lower level. During the optimization
process, the two algorithms interact, with the upper-level algorithm using feedback from the
lower level to optimize its decisions at each step, and the lower-level algorithm updating its
solution refinements based on changes in the upper level. Through such a process, evolution
balances the important interdependencies between the two levels, often improving overall
solution quality. Figure 2.12 illustrates the core concept of this approach.

A co-evolutionary method for solving bilevel optimization problems was introduced
in [148] with the development of BiGA (Bilevel Genetic Algorithm). This algorithm it-
eratively tackled two optimization tasks: the leader problem, which involved optimizing
all the x variables and a subset of the y variables associated with the optimal basis of
the follower’s problem, and the follower problem, where the x variables were fixed while
optimizing the remaining y variables. A basic genetic algorithm with full operators was
employed in a dual-population environment to solve both the leader and follower prob-
lems, demonstrating robust performance across different classes of bilevel optimization
problems. Additionally, [149] proposed CoBRA, a parallel co-evolutionary algorithm for
bilevel optimization, expanding on the ideas behind BiGA. CoBRA is a co-evolutionary
metaheuristic consisting of two evolving sub-populations, each corresponding to one level,
with periodic information exchange between them. Applied to a bilevel transportation
problem, CoBRA achieved better results than those obtained using a classical hierar-
chical approach. A further development in co-evolutionary bilevel optimization is seen
in [150], where the Energy-based Co-evolutionary Decomposition Algorithm (E-CODBA)
combines co-evolution, decomposition, and energy management principles to tackle the
challenges of bilevel optimization in discrete settings, particularly for complex problems
like the bilevel multi-depot vehicle routing problem. While E-CODBA reduces function
evaluations through its energy-based structure, its effectiveness is heavily dependent on the
precise calibration of energy management parameters, which can make it challenging to
adapt to different problem landscapes. To address some of these limitations, an extended
version called CODBA-LS incorporates a variable neighborhood search at the lower level
to improve convergence rates by enhancing the local search process [151]. CODBA-LS
achieves faster and often higher-quality solutions, especially in production-distribution ap-
plications within supply chain management. However, with the addition of local search,
CODBA-LS also inherits dependencies on heuristic tuning and structure-specific configu-
rations, which may restrict its adaptability to diverse bilevel problems and scalability for
larger instances.

Despite these advancements, co-evolutionary approaches in bilevel optimization still
face limitations. Managing multiple evolving populations increases both the complexity
and computational cost, especially as the problem scale grows. Additionally, ensuring
proper synchronization and interaction between populations is crucial, as poor coordination
can lead to suboptimal solutions or slow convergence. These challenges necessitate careful
design and tuning, which can reduce the flexibility of co-evolutionary approaches across
varied bilevel landscapes and larger-scale applications.

Nested methods: The nested method for bilevel optimization involves solving the
lower-level problem for each candidate solution of the upper-level problem. Essentially, for
every possible set of upper-level decision variables, the corresponding lower-level problem is
fully optimized. The solution of the lower-level problem is then used to evaluate the upper-
level objective function, with the lower-level problem embedded within the upper-level
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Figure 2.12: Co-evolutionary approach for solving BOPs. The two metaheuristics evolve
in parallel and cooperate via information exchange [90].

optimization (see Figure 2.13). This process ensures that upper-level decisions account
for the optimal reactions of the lower level, but it can be computationally expensive, as
the lower-level problem must be solved for every evaluation of the upper-level decision
variables.

Nested evolutionary approaches adapt this concept by integrating evolutionary algo-
rithms at one or both levels, resulting in three main variations:

e EA-Local Search: In this variation, an evolutionary algorithm optimizes the upper-
level problem, while a simpler local search or exact solver handles the lower-level
problem. This approach works well when the lower-level problem can be solved with
exact methods, such as linear programs. A classic example is GABBA, which em-
ploys a genetic algorithm for the upper-level decision vector while directly solving
the follower’s linear problem [152]. Another example is the genetic-algorithm-based
approach for bilevel transportation system planning models, which uses genetic algo-
rithms at the upper level and handles the lower-level problem with sensitivity analysi
[153]. More recently, [154] introduced a memetic algorithm at the upper level, com-
bined with global or local search techniques for the lower level, offering a flexible
solution when the lower level can be efficiently solved through exact or analytical
methods.

e EA-EA: In this form, evolutionary algorithms are applied to both the upper and
lower levels, making it suitable for bilevel problems where both levels are complex and
cannot be simplified with exact methods. Here, an evolutionary algorithm optimizes
the upper level, and a separate evolutionary algorithm solves the lower level for each
candidate solution. For example, a differential evolution (DE) method is applied at
both levels in [8] to handle bilevel programming problems, while the nested bilevel
evolutionary algorithm (N-BLEA) employs a steady-state genetic algorithm at both
levels [155]. Although EA-EA is effective for complex bilevel problems, it requires
considerable computational resources and scales poorly as the number of lower-level
optimizations grows with the upper-level variables, making it impractical for large
or highly complex problems.

e Evolutionary Algorithms with Interactions: These approaches employ some
kind of interaction between the upper and lower-level evolutionary algorithms, which
share information during the optimization process for better search exploration. As
an example, [12] proposed a covariance matrix adaptation evolution strategy-based
evolutionary bilevel optimization algorithm, in which the information from the upper-
level optimizer is shared with the lower-level optimizer to assist with the algorithm’s
search directions. Similarly, [156] proposed an evolutionary multitasking bilevel opti-
mization algorithm where an implicit information-sharing mechanism was inbuilt into
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the algorithm architecture. This form can lead to improved convergence rates and
solution accuracy. Moreover, the authors in [157| propose a transfer learning-based
parallel evolutionary algorithm (TLEA) framework for bilevel optimization, designed
to enhance lower-level search processes through a transfer learning strategy. They
implement and test two versions of TLEA—using covariance matrix adaptation and
differential evolution operators—demonstrating improved performance compared to
existing evolutionary bilevel optimization algorithms on benchmark problems.

In general, nested evolutionary methods can be quite useful for complex, real-world bilevel
optimization problems and surely serve as a baseline for more advanced techniques. How-
ever, they are computationally demanding and require careful tuning of the parameters for
the involved EAs.

Upper level
Optimization of
F(z,y)

Lower level
Optimization of

f(z,y)

Figure 2.13: An illustration of the nested evolutionary approach, where lower level is
optimized inside the upper level.

Surrogate-assisted methods: Surrogate-assisted evolutionary algorithms (SAEAs)
integrate surrogate models into the evolutionary process to reduce computational costs
by approximating expensive objective function evaluations. SAEAs use surrogate models,
also called meta-models, to approximate with statistical models the objective functions or
constraints. By training first the surrogates on limited number of real evaluations, they
then use them during the optimization. These models then are much faster than directly
solving the original problem. This makes them particularly useful for large-scale problems
and problems that require expensive simulations. The general flow of these algorithms is
illustrated in Figure 2.14, showing the classical EA loop enhanced with steps for training,
updating (optional), and refining a surrogate model. In bilevel optimization, surrogate-
assisted methods tackle the hefty computational burden of solving these nested problems.
By making evaluations more efficient and cutting down on the number of function evalu-
ations (FEs), these approaches streamline the process without losing sight of the critical
interactions between the upper and lower levels. This preservation of essential informa-
tion often translates into better overall optimization performance. Surrogate models, in
particular, can be integrated into the optimization framework in two key ways:

e Replacing the Upper-Level Objective Function and/or Lower-Level Ob-
jective Function: Many applications replace either the upper-level or lower-level
objective function using surrogate models, especially when they depend on expensive
simulations common in engineering design. For instance, [158] proposed a surrogate-
based bilevel shape optimization (SBSO) method that uses surrogate models to ap-
proximate the upper-level objective of maximizing the lift-to-drag ratio in blended-
wing body underwater gliders, thereby minimizing the need for costly CFD simula-
tions. This approach integrates Kriging-assisted teaching-learning-based optimiza-
tion (KTLBO) with the non-dominated sorting genetic algorithm II (NSGA-II) at
the upper level, combining surrogate modeling with heuristic techniques. Different
surrogate models can be combined to improve optimization efficiency at both levels.
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For example, [159] presents a bilevel surrogate-assisted evolutionary algorithm that
integrates two separate Kriging models: one as a surrogate for the upper-level objec-
tive and another for the W-mapping at the lower level. This approach minimizes the
need for repeated, expensive function evaluations by approximating both the upper-
level objective and the lower-level response, allowing the optimization to proceed
efficiently without exhaustive evaluations at each stage. Surrogate models are also
used to replace the lower-level objective function f(z,y), which can be especially
beneficial due to the nested nature of bilevel problems. Since the lower-level evalu-
ations occur within each upper-level iteration, computational demands can escalate
significantly when f(z,y) relies on costly simulations. This lets the EAs run faster
without having to do full evaluations at every iteration.

¢ Approximating Mappings: Surrogate models can also approximate mappings be-
tween the upper and lower levels, such as the reaction set mapping ¥ and the lower-
level optimal value function ¢. In [160], the authors present a DE approach assisted
by a surrogate model for bilevel programming. This method employs nested DE at
both levels, using a similarity-based surrogate model to approximate the ¥-mapping
at the lower level. The surrogate reduces the need for expensive lower-level optimiza-
tion, enabling faster convergence while retaining solution quality. Similarly, [161]
proposes an approximation method that uses Kriging with the W-mapping, applied
to the engineering design of a thin-walled pressure vessel, achieving improved solu-
tions compared to traditional methods. Additionally, kernel interpolation as a surro-
gate model within a DE framework facilitates efficient exploration by approximating
the interactions between decision variables across both levels [162]. The Surrogate-
Assisted Bilevel Algorithm (SABLA) proposed in [163]| uses the ¥-mapping to ap-
proximate lower-level optimal responses, employing multiple surrogates—specifically,
Response Surface Models (RSM) of orders 1 and 2 and Kriging—to model the lower-
level objectives and constraints. This method combines DE at both levels, with
the lower-level DE further refined by a local search. SABLA’s use of selective re-
evaluation and periodic updates of the surrogate models improves both optimization
accuracy and computational efficiency. The Bilevel Evolutionary Algorithm based on
Quadratic Approximations (BLEAQ), proposed in [164], employs quadratic approx-
imations (QA) at the lower level, combined with a steady-state Genetic Algorithm
(GA) at the upper level to improve the optimization process. BLEAQ uses the W-
mapping to capture the lower-level response in terms of the upper-level variables.
Later, [165] extended this approach to BLEAQ2, which iteratively approximates
both the rational reaction mapping ¥ and the optimal value function mapping ¢,
dynamically selecting one based on the problem characteristics to enhance efficiency
and adaptability. In a similar fashion, the BLEA-Krig method proposed in [166]
uses Kriging models with the U-mapping to approximate the lower-level response,
providing a flexible alternative to quadratic approximations for bilevel optimization
problems.

An extensive analysis of these surrogate-assisted strategies, where different nested variants
have been systematically tested was given by [167]. This included DE-DE (DE at both
levels), DE-SA (DE at the upper level and Surrogate-Assisted at the lower level), SA-SA
(Surrogate-Assisted at both levels), and SA-DE (Surrogate-Assisted at the upper level and
DE at the lower level). They noted that the choice of variant often depends on the relative
computational cost at each level, demonstrating how combinations of surrogate models
and evolutionary algorithms can be adjusted to deal with different bilevel optimization
problems. Later, in [168], a performance analysis was conducted comparing similar variants
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against a surrogate-free (141)-CMA-ES baseline, with results indicating that replacing
the lower-level objective with a surrogate yields the most significant performance gains
across benchmark problems. A list with all of the surrogate-assisted bilevel optimization
algorithms we discussed can be found in Table 2.1.

Table 2.1: Examples of Surrogate-Assisted Bilevel Optimization Algorithms.

Algorithm Surrogate Evolutionary Approximation Type
Model Algorithm
SBSO [158] Kriging NSGA-II, Surrogates at upper level
KTLBO
BL-SAEA [159] Kriging CMA-ES Surrogates at upper level, Lower-level ¥ mapping
SABLA [163] RSM, Kriging DE Lower-level ¥-mapping
SA-BIDE [160] k-NN DE Lower-level ¥-mapping
OSFAKM [161] Kriging GA Lower-level W-mapping, applied to thin-walled
pressure vessel design

BLEAQ [164] QA GA Lower-level U-mapping
BLEAQ?2 [165] QA GA Adaptive ¥- and ¢- mappings
BLEA-Krig [166] Kriging GA U- and ¢-mappings
SABO [162] RBF CMA-ES Surrogates at upper level, Lower-level U-mapping
Singh et al. [167] RSM, Kriging DE Systematic Study: Variants for both levels
Moradi et al. [168] GP, RBF CMA-ES Systematic Study: Variants for both levels

Start ’—» Generate Initial Population —>{ Evaluate Initial Population Train Surrogate Model

Convergence? Evaluate with Surrogate Crossover and Mutation Selection

4
1
1
|
1
|
1

Output Best Solution Refinement (Optional) | - -> Evaluate Exact Fitness - - > Update Surrogate Model

End

Figure 2.14: General flow of a SAEA.

After presenting the various categories and subcategories of BLEAS, one notable com-
monality across all these approaches is that they either make no specific assumption or
focus on the optimistic formulation of BOPs. To date, there appears to be no research
specifically applying EAs to the pessimistic formulation of single-objective BOPs. The ma-
jority of studies that have been done so far have focused on related types of problems, such
as multiobjective bilevel problems [169] semivectorial bilevel problems [170], and others
[171].
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2.6 Summary

In this chapter, we introduced the bilevel optimization problem, covering its definitions,
mathematical formulation, and example applications. We discussed challenges related to
ill-posedness due to lower-level non-unique solutions, and discussed both optimistic and
pessimistic formulations. We also reviewed both optimistic and pessimistic classical solu-
tion methods and EAs specifically designed for bilevel optimization. While research on EAs
has largely focused on optimistic solutions, relatively few approaches address pessimistic
formulations, motivating the contributions in the next chapter.

The following chapter proposes a d-perturbation method to handle both optimistic
and pessimistic bilevel problems, establishing theoretical proofs and error bounds. We
then integrate this method within EAs and validate it through computational testing on
benchmark problems.
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Chapter 3

0-Perturbation Method for
Optimistic and Pessimistic Bilevel
Optimization

Building on the foundational concepts and solution approaches for bilevel optimization
introduced in the previous chapter, this chapter addresses the challenge of ill-posedness due
to non-unique lower-level solutions. A perturbed formulation of bilevel optimization prob-
lems, referred to as the §-perturbed formulation, is analyzed, which is particularly useful
for cases with multiple lower-level optima. By employing a targeted perturbation strategy
for either the optimistic or pessimistic formulation, the lower-level problem yields only a
single (approximate) optimal solution for any given upper-level decision. This adjustment
enables evolutionary algorithms (EAs) and other iterative methods that solve the lower level
repeatedly to efficiently reach the desired bilevel optimal solution. The §-perturbed formu-
lation is derived by adding the upper-level objective to the lower-level objective, scaled by a
small positive or negative §. It is established that this formulation approximates the original
problem, providing a proof and error bound for the approximation, and demonstrating the
application of the d-perturbation scheme within EAs, specifically with a nested Differential
Evolution (DE) algorithm. This chapter is based on the work published in [139].

Connection to Thesis Objectives

This chapter addresses 02.1, 03.1, 03.2., O4.1, O4.2

3.1 Problem Definition

In bilevel optimization, decision-making happens in a hierarchical setup where the upper-
level decision-maker (the leader) must account for how the lower-level decision-maker (the
follower) will react to their choices [172|, [173]. This framework is common in real-world
scenarios across fields like economics, engineering, and transportation [174]-[176], where
one party governs a process and another adjusts in response. However, solving bilevel
optimization problems is challenging, particularly when the lower level has multiple opti-
mal solutions for a given upper-level decision. In this case, the leader’s problem involves
imperfect information due to this multiplicity of solutions, as they cannot fully predict

The content of this chapter have been published in M. Antoniou, A. Sinha, and G. Papa, “J-
perturbation of bilevel optimization problems: An error bound analysis,” Operations Research Perspectives,
p. 100315, 2024
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the follower’s response. To resolve this, two standard approaches are commonly used: the
optimistic approach, which assumes the follower will choose the solution most favorable
to the leader, and the pessimistic approach, which assumes the worst-case scenario for the
leader [126], [177].

Imagine a city’s traffic management system where the City Traffic Manager (Leader)
wants to minimize overall traffic congestion by adjusting traffic light timings and managing
road usage, while Drivers (Followers) aim to minimize their own travel time by choosing the
fastest available routes. For any given signal timing, drivers may have several routes that
take the same amount of time, giving them multiple equally good options. In the optimistic
approach, the Traffic Manager assumes that drivers will evenly distribute themselves across
these equally good routes, which would help balance the traffic and reduce congestion. For
example, the manager might adjust the green light timings on a busy road, expecting that
drivers will choose alternative routes, easing the overall congestion. This assumption is
based on the best-case scenario, where everything goes as planned, and drivers cooperate to
reduce traffic. On the other hand, in the pessimistic approach, the Traffic Manager assumes
the worst-case scenario: that drivers will concentrate on the same routes, leading to more
congestion on certain roads. To account for this, the Traffic Manager optimizes under
the worst-case assumption, meaning they plan and make decisions to minimize congestion
even if drivers do not spread out as expected. This could involve adding extra lanes,
implementing adaptive traffic signals, or providing real-time updates to drivers to prevent
overload on certain routes. The key difference here is that the optimistic approach assumes
drivers will cooperate and help reduce congestion, while the pessimistic approach plans for
the worst-case situation, ensuring that the system remains efficient no matter how drivers
behave.

Both the optimistic and pessimistic approaches make bilevel optimization computation-
ally expensive, with the pessimistic approach in fact resulting in a trilevel problem. The
pessimistic formulation requires evaluating the leader’s and follower’s strategies, as well as
considering the worst-case scenario, which significantly increases the problem’s complexity.
Efficiently solving these problems, particularly in non-convex settings, requires advanced
strategies to reduce the complexity and make the problem tractable for evolutionary and
population-based algorithms. More about these issues the reader can find in the previous
Chapter 2.

This chapter is organized as follows: Section 3.2 reviews the related work. In Sec-
tion 3.3, we define the bilevel optimization problem, discuss its mathematical properties,
and introduce the notation used throughout this work. Section 3.4 analyzes the proposed
d-perturbation method for ill-posed bilevel problems from both optimistic and pessimistic
perspectives, discussing error bounds and providing illustrative examples. In Section 3.5,
we describe the nested Differential Evolution (DE) approach in which the method was em-
ployed. Section 3.6 demonstrates how this nested Evolutionary Algorithm (EA) effectively
solves both optimistic and pessimistic formulations using the d-perturbation method, with
computational validation of the error bounds. Finally, Section 3.7 concludes the chapter.

3.2 Related Work

As discussed in Chapter 2, bilevel problems are known to be NP-hard, even in their sim-
plest formulations [1]. Classical methods employed to tackle these problems include the
KKT method [114], [178], gradient descent [179], [180], trust region methods [123], [181],
[182], and penalty methods [183]-[185]. For complex bilevel problems that cannot be sim-
plified mathematically, evolutionary algorithms (BLEAs) are often preferred. EAs, such
as genetic algorithms [186]-[188], differential evolution [189], [190], Bayesian optimization
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[191], and hybrid methods [192], [193], utilize efficient sampling strategies to converge to-
wards a bilevel optimal solution [163], [186]-[189], [192], [194]-[196]. However, many of
these EA-based methods can be computationally intensive due to their nested structure,
as they require solving lower-level optimization problems multiple times for each upper-
level solution. To address this, researchers have proposed methods to simplify the process
by approximating the reaction set mapping and lower-level optimal value function during
intermediate generations [160|, [166], [197].

Moreover, most of existing BLEAs either rely on a single solution from the lower level
or adopt an optimistic approach, which assumes cooperative behavior from the follower.
Research on the pessimistic formulation is limited because this approach introduces ad-
ditional complexity, effectively transforming the problem into a trilevel structure as we
mentioned above. To our knowledge, little research has specifically addressed the pes-
simistic formulation for single-objective bilevel problems. Existing studies have focused on
related bilevel problems, such as multiobjective bilevel problems [169], semivectorial bilevel
problems [170], [198], and other variants [171].

A thorough review of pessimistic bilevel problems is provided by [126], with relevant
classical methods discussed in [125] and optimality conditions explored by [177]. Classical
techniques, such as the k-th best algorithm [130] and penalty-based methods [127], [128],
have been applied to specific kinds of pessimistic bilevel problems. Approximation methods
have also been explored in [133], [199]. Perturbation-based approaches, originally proposed
by Molodtsov [134] for weak Stackelberg games, have been applied to resource control [135],
linear bilevel problems [136], and to find optimistic, pessimistic, and intermediate solutions
[137].

This thesis extends these approaches specifically to bilevel problems in both optimistic
and pessimistic perspectives and, for the first time [139], applies them within EAs, en-
abling the approximation of solutions for either optimistic or pessimistic bilevel problems.
Furthermore, this thesis presents a formal error bound analysis for the perturbation-based
formulation. By transforming lower-level problems with multiple solutions into problems
with unique approximate solutions, the perturbation-based method makes the optimization
process tractable for both optimistic and pessimistic bilevel problems.

3.3 Mathematical Definition

For the sake of clarity, we revisit some of the definitions regarding the bilevel optimization
problem provided in Section 2.4. In a bilevel problem, each level operates with its own
distinct objectives, constraints, and variables. There are two categories of decision variables
(vectors): upper-level decision vectors and lower-level decision vectors. The lower-level
optimization is essentially a parametric optimization problem, solved with respect to the
lower-level decision vectors while considering the upper-level decision vectors as parameters.
Importantly, the lower-level optimization problem acts as a constraint for the upper-level
optimization problem. For the upper-level objective function F' : R” x R™ — R and the
lower-level objective function f : R”™ x R™ — R, the bilevel problem is given by:

[43 1A F 3. 1
i (2, y) (3.1)
subject to (3.2)

y € argmin{ f(z,y) : gi(z,y) < 0,i=1,..., I}
y

Gj(z,y) <0, j=1,...,J (3.4)

where g; : R” xR™ — R denotes the lower level constraints, and G : R" xR™ — R denotes
the upper level constraints. For brevity,from now on, we let g and G respectively denote the
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total number of lower-level and upper-level constraints (although there could be multiple
constraints in each category). Equality constraints may also exist but have been omitted
for simplicity. Note that x € X and y € Y in the above definition denote that variables
can be real or integers, depending on X being R™ or Z" and Y being R™ or Z™. However,
in most of our discussions, we will avoid using the sets X and Y, and we will consider
the variables to be real and continuous unless explicitly stated to be integers. When the
feasible set of the lower level does not depend on the upper level decision variables, i.e.,
g(z,y) in (3.3) is reduced to g(y), the bilevel problem is referred to as an independent
bilevel problem [199].

Figure 3.1 illustrates a general bilevel problem involving nested optimization tasks. The
figure illustrates that for any given upper level decision vector, there exists a corresponding
lower level optimization problem to be addressed. This lower level problem, which is
parametric in nature, yields the rational and optimal response of the lower level participant
in response to any decision by the upper level participant. In this context, the upper level
decision vector is denoted as x, while the lower level decision vector is denoted as y. Pairs
(M, yM) and (22, 4?), where y(M) and y?) represent optimal responses to z(!) and 2,
respectively, are considered feasible solutions to the bilevel optimization problem, provided
that they also adhere to the other constraints of the problem. In bilevel problems, the leader
typically has knowledge of the follower’s optimization problem , while the follower observes
the leader’s decisions and subsequently optimizes its own strategies accordingly.
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Figure 3.1: A sketch of a bilevel problem showing the inter-linkage between the upper and
lower levels.

An equivalent formulation of the above problem can be stated in terms of set-valued
mappings, where ¥ : R” = R™ is a set-valued mapping.

U(z) :arg;nin{f(%y) :g(w,y) <0}

The bilevel optimization problem, in terms of W¥(x), can be expressed as a constrained
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optimization problem as follows:

“min”  F(z,y)
x’y

subject to
y € ¥(z)
G(z,y) <0

A summary of the terminologies commonly used in the context of bilevel optimization is
given in Table 3.1.

In the preceding two definitions, quotation marks are employed when describing the
upper level minimization problem due to an inherent ambiguity that rises when multiple
lower level optimal solutions exist for a given upper level decision vector. When con-
fronted with several lower level optimal solutions, it becomes unclear at the upper level
which specific optimal solution from the lower level should be employed. To address this
ambiguity, different positions that the leader can adopt can be defined. Two frequently

explored positions are the optimistic and pessimistic positions, which we discuss next.

Table 3.1: Important terminology and notations in bilevel optimization.

Name Symbol Description
Lower level reaction set ¥:R" =3 R™ U(z) = {y : y € argmin{f(z,y) : g(z,y) < 0}},
y
represents the lower level optimal solution(s) for an
upper level decision vector

Lower level feasible region (ad- S(x) S(z) = {y : g(z,y) < 0} represent the lower level

missible set) feasible region corresponding to a given upper level
decision vector.

Inducible region I=gphW¥ I ={(z,y) : (z,y) € ®,y € ¥(z)}, represents the
set of upper level decision vector and corresponding
lower level optimal solution(s)

Choice function P :R" - R™ 1 (z) represents the solution chosen by the follower for
any upper level decision vector. It becomes important
in case of multiple lower level optimal solutions.

Lower level optimal value func- ¢ :R" - R o(z) = min{f(z,y) : g(z,y) < 0} represents the min-

. y

tion imum lower level function value corresponding to a
given upper level decision vector.

Upper level pessimistic function k:R" — R k(z) = max{F(z,y) : g(z,y) < 0, f(z,y) > »(z)}

y

represents the maximum Upper level function value
corresponding to lower level decisions for a given up-
per level decision vector.

3.3.1 Optimistic and Pessimistic Approches

In an optimistic position, when faced with multiple lower level optimal solutions, the
leader anticipates that the follower will select the solution within the optimal set W (z) that
yields the best objective function value at the upper level. The follower’s choice function
in this context (best-case for leader) can be defined as follows:

to() = arg;nin{F(w, y):y € V(z)}
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This formulation assumes a degree of cooperation between both participants. The bilevel
optimization problem, operating under an optimistic position, is outlined below:

Iéli;l F(z,y) (3.5)
subject to
y= 7!)0(95) (36)
G(z,y) <0

The optimistic position is more tractable as compared to the pessimistic position; therefore,
most of the studies handle the optimistic version of the bilevel optimization problem. An
alternative way to write the optimistic position is through the use of the lower level optimal
value function ¢ mapping, defined as:

p(z) = m@}n{f(%y) :g(w,y) <0}

Lower level optimal value function mapping gives the optimal lower level function value
corresponding to any given upper level decision vector. In terms of ¢-mapping, the bilevel
problem can be written as follows:

rgi;l F(z,y) (3.8)
subject to
[z, y) < olx) (3.9)
g(z,y) <0 (3.10)
G(z,y) <0 (3.11)

In a pessimistic position, when faced with multiple optimal solutions at the lower
level, the leader seeks to optimize for the worst-case scenario. In other words, she assumes
that the follower might choose the solution from the optimal set that results in the least
favorable objective function value at the upper level. We can express the follower’s choice
function in this context (worst-case for leader) as follows:

Yp(z) = arg;nax{F(x,y) cy € U(x)}

This formulation does not assume any form of cooperation. The bilevel optimization
problem under a pessimistic position has been defined below:

I?iyn F(x,y) (3.12)
subject to

y = p(x) (3.13)

G(z,y) <0 (3.14)

The pessimistic position [177], [200], [201] is relatively less tractable when compared to the
optimistic position. The pessimistic formulation is guaranteed to have optimal solutions
under stronger assumptions compared to the optimistic formulation. In the case of the
optimistic position, we provide a formulation based on ¢ mapping, which is a popular
formulation and is commonly used in algorithms to solve the optimistic formulation. We
argue that it is possible to write an alternative formulation of the pessimistic position in
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Figure 3.2: Each shaded region in the left figure shows the feasible region of the lower level
optimization problem in the F-f space for a given zg,x1,x2 and x3. The left vertical part
of each of the shaded regions represent multiple lower level optimal solutions. The right
figure gives a graphical representation for the errors induced by dJ-perturbed lower level
objective function corresponding to x3.

terms of the p-mapping. However, it requires an additional constraint to ensure that the
upper level chooses the worst solution from the lower level’s optimal set for any given x.

Ig}yIl F(z,y) (3.15)
subject to
fz,y) < o(x) (3.16)
F(z,y) > k(z) (3.17)
9(z,y) <0 (3.18)
G(xz,y) <0 (3.19)

where k(z) = max{F(z,y) : g(w,y) <0, f(2,y) < p(2)}.

3.4 Mathematical Method: d-Perturbation for Bilevel Prob-
lems and Error Bound Analysis

Consider the bilevel problem (3.1)-(3.4) for which one may take an optimistic or a pes-
simistic position while solving it. It is proposed that the §-perturbed bilevel formulation
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for the optimistic position is given as follows:

min  F(z,y)
x’y

subject to

ye arg;nin{f(w,y) +0F(z,y) : g(x,y) <0}

G(z,y) <0
Similarly, the d-perturbed bilevel formulation for the pessimistic position is given as follows:

min  F(z,y)
x’y

subject to

y e arg;nin{f(:v, y) — 6F(z,y) : g(z,y) <0}

G(z,y) <0

In both the above formulations, ¢ is a small positive constant that leads to a minor pertur-
bation in the optimistic and the pessimistic bilevel problems. We explain the perturbations
visually through Figure 3.2. This figure shows a bilevel optimization problem with multiple
lower level optimal solutions on the left hand side. The feasible region of the lower level
is shown in gray for four decision vectors of the upper level, xg, x1,x2 and x3. Note that
there are multiple lower level optimal solutions for all of these four upper level decision
vectors. Among the multiple lower level optimal solutions, the optimistic and pessimistic
selections for xg, 1,z and x3 are marked in white and black circles, respectively. A dot-
ted line marks the paths traced by the optimistic and pessimistic lower level selections for
all upper level decision vectors, making it clear that xg represents the optimistic bilevel
optimum (as xy corresponds to minimum of F(z,y) for optimistic selection), while 3
represents the pessimistic bilevel optimum (as z3 corresponds to minimum of F(zx,y) for
pessimistic selection).

The perturbation of the lower level problem with ¢ slightly changes the optimistic and
pessimistic selections that have been shown on the right-hand side of Figure 3.2. Solving
this perturbed problem, therefore, leads to an approximate optimistic and pessimistic
bilevel optimum. In this work, we show the relationship between the choice of § and the
maximum error that it leads to when the d-perturbed formulation is solved instead of the
true bilevel (optimistic or pessimistic) formulation.

A summary of the terminology used for J-perturbation is provided in Table 3.2. In the
following subsections, we explore the d-perturbed formulation for the pessimistic position
first followed by the d-perturbed formulation for the optimistic position. The reason for
this is that the results obtained for the pessimistic case, can be easily extended to arrive
at the results for the optimistic case.

3.4.1 ¢-Perturbation of the Pessimistic Bilevel Problem

We consider the d-perturbation of the pessimistic bilevel problem in (3.15)-(3.19). We make
the assumption that all functions in the bilevel problem are continuous and the relaxed
feasible set ® = {(x,y) : G(z,y) < 0,g(x,y) < 0} is closed and bounded. We also assume
that there exists a feasible and bounded lower level optimal solution for any given upper
level decision vector. Let M be the maximum value of F(z,y) and m be the minimum
value of F(x,y) in the set ®. Note that (3.15)-(3.19) contains

k(z) = max{F(z,y) : G(z,y) <0, f(2,y) < p(2)} and ¢(z) = min{f(z,y) : g(z,y) < 0}
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Table 3.2: Terminology and notation in §- perturbation for bilevel optimization.

Name

Symbol

Description

Maximum Value of upper level
function

M = max{F(z,y) € ®}

Represents the maximum value of the up-
per level objective function F(z,y) over
the feasible set ®.

Minimum Value of upper level
function

m = min{F(z,y) € ®}

Represents the minimum value of the up-
per level objective function F(z,y) over
the feasible set ®.

Perturbation value §

6>0

¢ is a small non-negative perturbation
number.

Dual variable A

Afor f(z,y) < o(z,y)

Represents the dual variable for the con-
straint f(z,) < @ (@, y).

Optimistic lower-level solution

Perturbed Optimistic lower-

level solution

y° represents the specific follower decision
that leads to the optimistic upper-level so-
lution for a given leader decision.

yS represents the perturbed specific fol-
lower decision that leads to an approxi-
mate optimistic upper-level solution for a
given leader decision.

Pessimistic lower-level solution

Perturbed Pessimistic lower-

level solution

y? represents the specific follower decision
that leads to the pessimistic upper-level so-
lution for a given leader decision.

yf, represents the perturbed specific fol-
lower decision that leads to an approxi-
mate pessimistic upper-level solution for a
given leader decision.

Optimistic Choice Function

Perturbed Optimistic Choice
Function

: R

:R"

— R

— R

m

m

1°(x) represents the function that maps a
leader decision x to the follower decision
that leads to the optimistic upper-level so-
lution.

¥3(x) represents the perturbed function
that maps a leader decision x to the fol-
lower decision leading to an approximate
optimistic upper-level solution.

Pessimistic Choice Function

Perturbed Pessimistic Choice
Function

:R"

: R"

- R™

—R™

P (x) represents the function that maps
a leader decision x to the follower decision
that leads to the pessimistic upper-level so-
lution.

wg(x) represents the perturbed function
that maps a leader decision = to the fol-
lower decision leading to an approximate
pessimistic upper-level solution.

that are unknown a priori. From the definition of k(z) and ¢(z), for any feasible pessimistic
bilevel solution (x,y) the following holds:

f
F

(
(

xz,
x,

Y)
y)

AVARVAN

p(x)
k(z)

Introducing ¢ > 0, from (3.20) and (3.21) we can write the following:

f(z,y) —0F(z,y) < p(z) — k()
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Now let us consider d-perturbation of the lower level problem in (3.1)-(3.4):

y
subject to
g(z,y) <0

and we denote the optimal solution of the above perturbed problem as:
y* € argmin{f(z,y) — 0F (z,y) : g(x,y) < 0}
Yy

Since f(x,y?) — dF(x,yP) is the optimal function value of the above problem for any given
x, we can write the following for any y that is lower level feasible for the given x:

f(@,yP) = 6F (2,y") < f(z,y) — 6F (x,y) (3.23)
From (3.22) and (3.23), the following holds:
fl2,y") = 0F (2,y") < o(x) — 0k(x) (3.24)
From the definition of ¢(x), it is obvious that:
o(x) < f(a,y") (3.25)
Therefore, from (3.24) and (3.25), we can write:
k(z) < F(z,y") (3.26)
From (3.24) and (3.25), we can also write the following:
p() < flz,y7) < @(x) + 6[F(z,y") — k(z)] (3.27)
p(z) < f2,y") < p(x) + 0[M —m] (3.28)

Note that as 6 — 0, f(x,y?) — ¢(x) . Therefore, the error in ¢(z) is bounded by 6[M —m]
for all z.

Let us write the following problems for the ease of discussion:
F(z,y") = max  F(z,y")
Y

subject to
9(z,y")

Y 0
f(z,y)

<
< f(z,y)

k(x) = max F(z,y)

subject to

l(x) = max F(z,y)

subject to

0
p(x) + (M —m)
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From (3.28), we can write k(z) < F(z,y?) < I(x).

From the assumptions made at the beginning of the section, k(x) and I(x) will always
be feasible and bounded. Note that [(x) can be obtained by perturbing the constraint
f(z,y) < o(z,y) in k(z) by (M —m). If X is the dual! for constraint f(z,y) < o(z,y)
and the right-hand side of the constraint is perturbed by §(M — m), then for § — 0, we
can write [(x) — k(x) = 6(M — m)X with first-order approximation.

Since F'(x,y) is assumed to be continuous and bounded in ®, k(x) and I(x) are feasible
and bounded, it implies that A will always be finite. Therefore, we can state the following:

l(z) = k(z) + (M —m)A
= k(z) < F(z,y?) < k(z) + (M —m)A
=asd—0,F(x,y’) — k(x)

We have shown that as § — 0,
f(z,y?) = ¢(x) with error 6[M — m]

3.29
F(z,y?) — k(x) with error 6A\[M — m] (3.29)

This implies that the errors in the lower and upper objective level function values on
solving a d-perturbed pessimistic bilevel problem are bounded by §[M —m] and dA[M —m],
respectively.

3.4.2 )-Perturbation of the Optimistic Bilevel Problem

The d-perturbation of the optimistic bilevel problem may also be necessary at times to
ensure that whenever the lower level optimization problem is solved, it returns an (ap-
proximate) optimistic selection for the algorithm to work efficiently. The error bounds for
the d-perturbed optimistic bilevel problem can be obtained in a similar manner as in the
pessimistic case. Note that the formulation based on the lower level optimal value function
(3.8)-(3.11) for the optimistic bilevel problem does not involve k(z). However, for the sake
of finding the error bounds in a similar manner as that for the J-perturbed pessimistic
formulation, we will introduce a slightly modified k(z) and write the lower level optimal
value function-based formulation as follows:

1271;1 F(z,y) (3.30)
subject to
fz,y) < o(z) (3.31)
F(e,y) < k(z) (3.32)
g(z,y) <0 (3.33)
G(xz,y) <0 (3.34)

where ¢(z) = min{f(z,y) : g(x,y) < 0} and k(z) = min{F(z,y) : g(z,y) <0, f(z,y) <
y y

@(x)}. Obviously, (3.32) is a redundant constraint, and once again, from the definition of

k(x) and ¢(x), the following holds:

fz,y) < o(z) (3.35)
F(z,y) < k(x) (3.36)

LA dual is an alternative formulation of an optimization problem (known as the primal) that pro-
vides bounds on the optimal value of the original problem. Often, the dual is derived by forming a
Lagrangian—assigning multipliers to the primal constraints—to obtain dual variables. However, duality
can also be established through other frameworks, such as Fenchel or conic duality.
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Introducing ¢ > 0, from (3.35) and (3.36) we can write the following:
fla,y) + 6F(z,y) < p(x) + 0k(x) (3.37)

The §-perturbation of the lower level problem in (3.1)-(3.4) in the optimistic case is given
as follows:

n%/in flx,y) + 0F (x,y)

subject to
g(z,y) <0

with the optimal solution of the above perturbed problem denoted as:
y° € argmin{f(z,y) + 0F (z,y) : g(z,y) < 0}
Y

Since f(x,y°)+ dF(x,y°) is the optimal function value of the above problem for any given
x, we can write the following for any y that is lower level feasible for the given x:

f(x,y°) + 0F (x,y°) < f(z,y) + 0F (z,y) (3.38)

Building up along the same lines as in the pessimistic case, one can write the following:

f(@,9%) + 6F (,y°%) < ¢(x) + k(x) (3.39)
p(z) < f(z,y°) (3.40)
F(z,y°) < k(z) (3.41)

From (3.39) and (3.40),:

(z,y°) < p(z) + 6[k(z) — F(2,y°)] (3.42)
(z,y°) < p(x) + §[M — m) (3.43)

Note that as 6 — 0, f(z,y°) — ¢(z). Therefore, the error in ¢(x) is bounded by §[M —m]
for all x.

Now let us write the following minimization problems, noting that in the pessimistic
case, similar problems were defined with maximization of the objective function:

F(z,y°) =min F(z,y°)
Y

subject to

k(z) = myin F(z,y)

subject to

l(x) = myin F(z,y)

subject to
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From (3.43), we can write [(z) < F(z,y°) < k(x). Next, following similar arguments as
in the pessimistic case, the error bounds for the lower and upper objective functions again
turn out to be 6[M —m| and dA\[M — m], respectively, with A being the dual variable with
a finite value for the constraint f(z,vy) < o(z,y).

3.4.3 Illustrative Example

Let us revisit the example from Section 2.4.4. Without any perturbation, the follower’s
optimal response varies depending on the leader’s choice of x. When x = 0, the follower’s
objective f(y) = —xzy = 0 becomes independent of y, resulting in a range of optimal
responses where any y € [0,1] minimizes f(y). This range introduces ambiguity for the
leader, as they cannot take into account a single outcome for y.

In Figure 3.3, we observe the effect of introducing a perturbation +6F', which removes
this illposedness. With the added term, the follower’s response at x = 0 shifts to a unique
solution. Specifically, when f(y) — 0F is used, the follower has y = 0 as the unique
minimum. When f(y) + dF is used, the follower’s optimal response becomes y = 1. Thus,
the perturbation transforms the follower’s response from a range of possible values to a
single, fixed outcome, thereby giving an optimistic (green dot) or pessimistic (red dot)
solution to the leader.

0.3 (f( )
Y — fly) = —zy
- - - Optimistic Perturbation
- - - Pessimistic Perturbation
Tl 05 1
T
—-03+

Figure 3.3: Effect of perturbation on the follower’s optimal response, for x=0 for the
example in Section 2.4.4.

We present another example, taken from [202], to illustrate a more general case with

a multimodal landscape at the lower level, where the optimistic and pessimistic solutions
correspond to different upper-level decisions (x). This contrasts with the previous example,
where both solutions were associated with the same upper-level decision. The example is
as follows:

min 22 — Y

T,y

subject to

3.44
y € argmin{((y — 1 —2/10)> — /2 —-1/2)*: 0<y < 3} (3:44)
Y
0<z<1
For a fixed upper level decision x, the set of optimal lower level decisions is given by:

U(z) = {1+2/10 £ V2 + 22/2} (3.45)
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In Table 3.3, the known optima for the problem are shown under three different scenarios:
the global optimistic solution, the pessimistic solution for the optimistic x, and the global
pessimistic solution. We can see that when the leader optimizes under the optimistic
assumption, the expected outcome is F = -1.755 . However, when faced with the pessimistic
reality, the outcome turns out to be F = -0.1987 . Had the leader instead optimized under
the assumption of the worst-case scenario, the outcome would have been F = -0.2929,
ensuring a better pessimistic result. In Figure 3.4a, we show the lower-level objective

Table 3.3: Optimistic and pessimistic solutions for the example problem [202].

Solutions x Y F
Optimistic 0.2106 1.799  -1.755
Optimistic-Pessimistic  0.2106 0.243  -0.1987
Pessimistic 0 0.2929 -0.2929

function for z = 0.2106, which has two lower-level optimal points shown with filled circles.
A leader solving this problem from an optimistic perspective will prefer the green-filled
circle based on the upper-level objective function. When using the J-perturbation, the
lower level objective function is slightly modified so that an approximate optimistic solution
(green circle) is selected automatically by solving the lower-level problem. In Figure 3.4b,
the same is shown from a pessimistic perspective, where the d-perturbation allows the
selection of an approximate pessimistic solution (red circle) automatically. In Figure 3.5,
we show the actual choice functions v,(x) and ¢, (z) for the optimistic and pessimistic
cases, respectively. When the optimistic and the pessimistic problems are §-perturbed,
the actual functions change to () and ¢g (x). The difference between the actual choice
function and the approximate choice function represents the error induced due to the §-
perturbed formulation.

1 1

—— Original function
---------- 0-Perturbed function

0.5
= =
£ )
= =
0 -
705 | | | | | 70.5 | | | | |
0 0.5 1 1.5 2 0 0.5 1 1.5 2
) Y
(a) Lower level f for x = 0.2106 (b) Lower level f for z = 0.0

Figure 3.4: §-perturbation plots for the example problem showing true lower level optimal
solutions and the d-perturbed lower level solutions for optimistic and pessimistic cases for
=0.1.
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|
0 0.2 04 T 0.6 0.8 1

Figure 3.5: U(x)-z plot for the original and d§-perturbed example problem.
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3.5 Algorithmic Method

In this section, we outline the general steps of Differential Evolution (DE). Next, we de-
scribe the nested DE (NDE) approach, focusing in particular on the perturbation-based
NDE method, which is later used in our experiments.

3.5.1 Differential Evolution (DE)

DE [203] is a population-based metaheuristic search algorithm and falls under the category
of evolutionary algorithm methods. Following the standard schema of such methods, it is
based on an evolutionary process, where a population of candidate solutions goes through
mutation, crossover, and selection operations. The main steps of the algorithm can be
seen below. While DE can employ different strategies, the approach described here follows
the commonly used rand/1/bin strategy, where mutation is performed using a randomly
selected base vector, one difference vector, and binomial crossover.

1. Initialization: A population of N Pop individuals is randomly initialized. Each indi-

vidual is represented by a D-dimensional parameter vector, X; , = (az:l1 - xf gree :clj-?g),
wheret=1,2,...,NPopand g =1,2,..., MaxGen, where MaxGen is the maximum
number of generations. Each vector component is subject to upper and lower bounds

Xmin and Xpax. The initial values of the ith individual are generated as:
Xi = Xmin +rand(0,1) x (Xmax — Xmin) (3.46)
where rand(0, 1) is a random number uniformly distributed between 0 and 1.

2. Mutation: The new individual is generated by adding the weighted difference vector
between two randomly selected population members to a third member. This process
is expressed as:

‘/i,G = Xrl,G + qut X (XrQ,G’ - XrS,G’) (347)

where V; ¢ is the mutant vector, X is an individual, rl, 12, and r3 are randomly
chosen distinct integers within the range [1, N Pop] such that rl # r2 # 13 # i, G
corresponds to the current generation, and Fi, is the scale factor, usually a positive
real number between 0.2 and 0.8, controlling the rate at which the population evolves.

3. Crossover: After mutation, the binomial crossover operation is applied. The mutant
individual V; ¢ is recombined with the parent vector X; g to generate the offspring
Uic. The vector elements of the offspring are inherited from X; ¢ or V; ¢ depending
on a parameter called crossover probability, C, € [0, 1], as follows:

Vi if rand < C t = rand ;
Usre — itG, if ran =G or random(7), (3.48)
Xitqg, otherwise.
where rand € (0,1) is a uniformly generated number, random(i) € {1,...,D} is a

randomly chosen index that assures V;; g contributes at least one gene to U; g, and
t=1,...,D denotes the ¢-th gene of the individual’s vector.

4. Evaluation: The fitness (or objective value) of the offspring U; ¢ is evaluated using
the objective function f(z). This step is essential to assess how well the offspring
performs relative to the current population.

5. Selection: The selection operation is a competition between each individual X; ¢ and
its offspring U; ¢ and defines which individual will prevail in the next generation.



3.5. Algorithmic Method

93

The winner is the one with the best fitness value. The operation is expressed by the

following equation:

Xigy1 = {

Ui,G7
Xi,G?

if f(Uia) < f(Xia) -

otherwise.

(3.49)

The above steps of mutation, crossover, and selection are repeated for each generation
until a certain set of termination criteria has been met. Figure 3.6 shows the basic
flowchart of the DE. The pseudocode for the DE is shown in Algorithm 3.1.

Population
Initialization

Mutation

—>

Crossover

—>

Evaluation

—> Selection

no

J

Figure 3.6: Basic flowchart of the differential evolution algorithm.

Termination

l yes

Algorithm 3.1: Differential Evolution

1: Input: Population size N Pop, mutation factor Fy,t, crossover probability C,.,
maximum generations Guax, bounds [Xmin, Xmax), problem definition

g+« 0

e el e
L

Xi — UZ‘
end if
end for

— =

Output: Best solution found Xjest
Initialize population P(0) within bounds [Xin, Xmax|
Evaluate each individual X; by computing fitness f(X;)
Set Xpest as the individual with the best fitness

while (stopping criteria not met) do
for each individual X; in the population do
Select random individuals X1, Xy9, X;3 from P(g), distinct from X;
Perform mutation: V; <— Xy + Fiyut - (Xr2 — Xi3)
Perform crossover to generate trial vector U;
Evaluate fitness f(U;)
if fitness f(U;) is better than f(X;) then

17 Update Xpest if a better individual is found

18 g<4g+1
19: end while
20: return Xpegt
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3.5.2 Bilevel Nested Differential Evolution

A nested approach requires solving a lower-level optimization problem for each given upper-
level vector. We sample the upper-level vectors using an upper-level DE algorithm and
use a lower-level DE to solve the lower-level optimization problem corresponding to each
upper-level vector. This nested DE approach for bilevel optimization has been previously
introduced [8].To ensure that the problem constraints are respected, we implement a con-
straint handling mechanism based on the following criteria [204]: any feasible solution is
preferred over any infeasible solution; among two feasible solutions, the one with a bet-
ter objective function value is preferred; among two infeasible solutions, the one with the
smaller overall constraint violation is preferred. The pseudocode for the upper-level DE is
provided in Algorithm 3.2, while the pseudocode for the lower-level DE can be found in
Algorithm 3.3. The steps are as follows:

1. Upper-Level Initialization: The algorithm begins by initializing the upper-level popu-
lation Py (0), where each candidate solution X; is generated within specified bounds.
This population serves as the starting point for the optimization process.

2. Upper-Level Evolution: The upper-level population undergoes evolution until a stop-
ping criterion is met, such as reaching the maximum number of generations. During
each generation, mutation and crossover operators are applied to each upper-level
vector X; to produce trial vectors U;. For each U;, the algorithm proceeds to the
lower-level optimization to evaluate the corresponding lower-level solution.

3. Lower-Level Optimization: For each upper-level solution X, the algorithm performs a
lower-level DE optimization to solve the lower-level problem. This involves evolving
a population of lower-level candidate solutions Y; using the DE process. Fitness
evaluation includes both the lower-level objective function f(X,Y’) and an upper-
level perturbation 6 - F(X,Y). The best lower-level solution Yy is then identified
and returned to the upper level.

4. Upper-Level Fitness Evaluation: Once the lower-level optimization provides the best
lower-level solution Y., the fitness of the upper-level trial vector U; is evaluated.
The fitness is compared to that of the current solution X;, and constraint handling
is applied if necessary. If the trial vector U; has better fitness or better satisfies the
constraints, it replaces the current solution Xj;.

5. Update and Iteration: After evaluating all trial vectors, the algorithm updates the
best solution found in the upper-level population. The process of evolution continues
with the next generation, applying mutation and crossover to further explore the
search space, until the stopping criterion is satisfied.

6. Final Solution: Once the stopping criterion for the upper-level optimization is met,
the algorithm terminates. The best solution Xp.s from the upper-level population
and its corresponding lower-level solution Y are returned as the final results of the
nested optimization process.
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Algorithm 3.2: Upper-Level DE

1:

N NN KN DN KN DD = e = e = e s

27:
28:

Input: Population size N Popy, mutation factor F,¢, crossover probability C,.,
maximum generations Gax, bounds [Xpmin, Xmax], problem definition
Output: Best solution found Xj,est
Initialize upper-level population Py (0) within bounds [Xmin, Xmax)
gu <0
while (stopping criteria not met for the upper-level) do
for each upper-level individual X; in the population do

Select random individuals X1, Xy9, X;3 from Py(gy), distinct from X;
Perform upper-level mutation: V; < Xy + Fiyg - (Xp2 — Xi3)
Perform upper-level crossover to generate trial vector U;
Call Lower-Level Optimization for each U;:
Yiest < Lower-Level DE(U;)
Compute upper-level fitness F(U;)
Compute upper-level fitness F(X;)
Constraint Handling;:
if U; is feasible and X is infeasible then
X,‘ — UZ‘
else if U; and X; are both feasible then
if F(UZ) < F(Xz) then
Xi — Ul’
end if
else if U; and X; are both infeasible then
if Constraint violation of U; < Constraint violation of X; then
Xi — UZ’
end if
end if

end for
Update Xpest if a better upper-level individual is found
gu < gu +1

29: end while
30: return Xy
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Algorithm 3.3: Lower-Level DE
1: Input: Upper-level vector X, population size N Popy,, mutation factor Fit,
crossover probability C;, maximum generations Gpayx, bounds [Yinin, Ymax|, problem
definition, perturbation factor 44
2: Output: Best solution found Yjegt
Initialize lower-level population Pr,(0) within bounds [Yiin, Yimax] for the given
upper-level vector X

@

4: Evaluate each individual Y; by computing fitness f(X,Y;) — - F(X,Y;)
5: Set Ypest as the individual with the best fitness

6: g, < 0

7: while (stopping criteria not met for lower-level) do

8 for each lower-level individual Y; in the population do

9: Select random individuals Y31, Yio, Yis from Pr(gr), distinct from Y;
10: Perform lower-level mutation: V; <= Y;1 + Fiue - (Y2 — Yi3)

11: Perform lower-level crossover to generate trial vector U;

12: Evaluate fitness f(X,U;) —d - F(X,U;)

13: Constraint Handling:

14: if U; is feasible and Yj is infeasible then

15: Y, + U;

16: else if U; and Y; are both feasible then

17: if fitness of f(X,U;) — 0 - F(X,U;) is better than f(X,Y;) —¢- F(X,Y;) then
18: Y, + U;

19: end if

20: else if U; and Y; are both infeasible then

21: if Constraint violation of Uj; is less than that of Y; then

22: Y, + U;

23: end if

24: end if

25:  end for

26:  Update Ypegt if a better lower-level individual is found
27: gr <+ gr+1

28: end while

29: return Yiest
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3.6 Numerical Experiments

In this section, we provide an experimental study on various bilevel test problems from
the literature to computationally demonstrate the workings of the §-perturbation approach
when a nested algorithm is used to solve the test problems. We describe the experimental
setup and the results.

3.6.1 Experimental Setup

The values of the parameters are stated in Table 3.4 and are selected to be close to values
from the existing literature [8]. For every test problem, we use the nested DE to solve
the d-perturbed formulations of optimistic and pessimistic variants separately. The only
difference in the two variants is the choice of d, which is expected to be a small positive
number for the optimistic position and a small negative number for the pessimistic position.

Table 3.4: Parameters used in DE.

Upper Level Lower Level

Crossover rate 0.9 0.9
Mutation rate 0.8 0.8
Population size 50 50
Number of generations 30 50

We test the approach on six test problems, the definitions of which are provided in
Appendix B. Five of these problems are taken from the mb-suite [202], while the remain-
ing problem, a principal-agent problem, is taken from [205]. For all test problems, we
performed 20 independent runs on an Intel(R) Core(TM) i5-8365U CPU @ 1.60GHz with
16 GB of RAM on the Windows 10 operating system. The algorithm is implemented in
Matlab R2023b without any parallelization.

To evaluate the performance of our method, we use the absolute error (AE) as a metric
in the upper-level objective function and the lower-level objective function. If the optimal
upper and lower-level objective function values for the optimistic bilevel problem are F
and fJ, and the bilevel optimal solution obtained by solving the J-perturbed formulation
are F2 and fJ, then the absolute errors at the upper and lower levels are given as follows:

AE] = |F) - F}|
AES = |f9 - £5)
Similarly, for the pessimistic case, the absolute errors are as follows:
F _ 1 *
AE, = |F, — I}
AE] = If; = 1]

For values below 1076, the table indicates them as 1076, as precision below this value is
usually impractical.

3.6.2 Results for bilevel test problems

First, we report the results of the bilevel problems taken from [202|. In the following
Tables 3.5-3.9 we report the statistical results from 20 independent runs of the algorithm
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for different values of §, encompassing both the optimistic and pessimistic variants. We
present the minimum, maximum, median, mean, and standard deviation of the accuracy
of the objective functions.

In Figures 3.7, 3.9, 3.11, 3.13, and 3.15, we present the boxplots of the upper level
and lower level AE obtained by the algorithm for different & while solving the §-perturbed
formulations of the optimistic and pessimistic variants for each test problem. It is obvious
that in almost all cases the higher the §, the AE is expected to be higher. However,
this may not always generalize computationally as can be seen in Fig.3.9b for Problem 2,
where for § = 0.5, the AE is lower compared to § = 0.05,0.1. This anomaly likely occurs
in this test function due to its strongly multimodal landscape and tight coupling between
x and y, where the perturbation temporarily shifts the solution into a different basin of
attraction, a behavior not observed in simpler or less sensitive functions. Furthermore, in
Figure 3.11b and Problem 3, the cases of 6 = 0.001 and 0.1 once again seems to be an
anomaly, but it should be noted that the AE for both these cases have a magnitude of
10e-6, which is sufficiently low. In addition, we note that in Problem 1 in the optimistic
case, the upper-level error is low despite the higher lower-level error for higher . This is
because the lower-level objective includes a dominant quartic term, making the landscape
highly sensitive to perturbation and causing a significant shift in the optimistic solution.
However, the linear upper-level objective remains stable, leading to smaller upper-level
error. In contrast, in Problem 3 in the opimistic case, the lower-level error is low while
the upper-level error is high. This occurs because the lower-level objective has a smoother
landscape around the optimum, resulting in smaller shifts under perturbation, while the
quadratic upper-level objective amplifies changes in the optimistic solution, leading to
higher upper-level error.

In Figures 3.8, 3.10, 3.12, 3.14 and 3.15 we have plotted the lower level absolute error
achieved for each ¢ for all runs, along with the theoretical bounds proposed in the previous
section. The AE of the lower level function for different § is shown to be always below the
theoretical error bound (i.e. within the gray area).
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Table 3.5: Statistical results of Absolute Errors (AE) for Problem 1.
5 AEF AE]

Min Max Median Mean Std ‘ Min Max  Median Mean Std
0.001  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 6.56e-06  4.19e-04 1.57e-04 1.76e-04 1.27e-04
0.005 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 8.03e-05  2.70e-03 5.55e-04 1.03e-03 8.23e-04
0.01  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 2.44e-04  4.32e-03 1.51e-03 1.91e-03  1.24e-03
0.05  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 8.79e-05  2.66e-02 1.41e-02 1.31e-02 8.21e-03
0.10  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 2.92e-03  5.10e-02 2.42e-02 2.28e-02 1.32e-02
0.50  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 1.43e-03  2.61e-01 4.88e-02 8.48e-02 7.94e-02
1.00  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 7.98¢-03  5.00e-01 2.06e-01 2.40e-01 1.70e-01
1.50  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 8.29¢-03  4.56e-01 2.30e-01 2.29e-01 1.40e-01
5.00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 2.48e-02 1.11e+00 3.20e-01 4.99e-01 4.14e-01
5.50 0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 6.25e-02 1.11e+00 4.30e-01 5.80e-01 4.34e-01
10.00  0.00e+00 0.00e+00 0.00e+00 0.00e+00 0.00e+00 | 9.71e-03 1.11e4+00 4.80e-01 5.30e-01 4.04e-01
s AEF AE}

Min Max Median Mean Std Min Max  Median Mean Std
0.001 1.44e-05  6.40e-05  2.44e-05  2.83e-05  1.20e-05 | 1.00e-06  9.01e-02 1.00e-06 1.17e-02 2.79e-02
0.005  6.39e-05  1.11e-04  8.28e-05  8.43e-05  1.16e-05 | 1.00e-06 1.79e-02  1.00e-06 2.76e-03 5.59e-03
0.01 1.82e-04  2.37e-04  2.16e-04  2.12e-04  1.72e-05 | 1.00e-06  2.70e-02 1.00e-06 2.17e-03 6.39e-03
0.05 1.24e-03  1.29e-03 1.27e-03 1.27e-03  1.22e-05 | 2.93e-05  3.18e-05 3.09e-05 3.09e-05 5.91e-07
0.10 2.56e-03  2.60e-03  2.58e-03  2.58e-03  9.25e-06 | 1.26e-04  1.29e-04 1.27e-04 1.27e-04 9.13e-07
0.50 1.27e-02  1.27e-02 1.27e-02 1.27e-02  1.02e-05 | 3.11e-03  4.28e-03 3.13e-03 3.18e-03 2.59e-04
1.00 2.46e-02  2.46e-02  2.46e-02  2.46e-02  1.68e-05 | 1.20e-02 1.20e-02 1.20e-02 1.20e-02 1.68e-05
1.50 3.58e-02  3.59e-02  3.59e-02  3.59e-02  1.54e-05 | 2.60e-02  2.61e-02 2.60e-02 2.60e-02 2.31e-05
5.00 1.02e-01 1.02e-01 1.02e-01 1.02e-01 2.93e-05 | 2.34e-01  2.35e-01 2.35e-01 2.34e-01 1.46e-04
5.50 1.10e-01 1.10e-01 1.10e-01 1.10e-01 3.54e-05 | 2.76e-01  2.77e-01 2.77e-01 2.77e-01 1.94e-04
10.00 1.73e-01 1.73e-01 1.73e-01 1.73e-01 7.22¢-05 | 7.61e-01 7.63e-01 7.62e-01 7.62e-01 7.21e-04

Table 3.6: Statistical results of Absolute Errors (AE) for Problem 2.
) AEF AE!

Min Max Median Mean Std ‘ Min Max  Median Mean Std
0.0001  2.90e-03  4.64e-02  4.64e-02  1.51e-02  3.94e-02 | 1.45e-03 2.31e-02 2.31e-02 1.96e-02  7.50e-03
0.001 9.95e-02  9.54e-01 1.00e-01 1.43e-01 1.91e-01 | 3.09e-05 4.90e-02 4.90e-02 4.65e-02 1.09e-02
0.005 1.71e-01 1.71e-01 1.71e-01 1.71e-01  7.17e-05 | 8.04e-02 8.05e-02 8.05e-02 8.05e-02  2.96e-05
0.01 2.15e-01 2.15e-01  2.15e-01  2.15e-01  8.61e-05 | 9.76e-02 9.77e-02 9.77e-02 9.77e-02  3.11e-05
0.05 3.68e-01  3.68e-01  3.68e-01  3.68¢-01  5.85e-05 | 1.34e-01 1.34e-01 1.34e-01 1.34e-01  5.44e-06
0.10 4.64e-01  4.64e-01  4.64e-01  4.64e-01 7.51e-05 | 1.32e-01 1.32e-01 1.32e-01 1.32e-01 1.10e-05
0.50 7.93e-01  7.94e-01  7.94e-01  7.94e-01  8.39e-05 | 1.03e-01 1.03e-01 1.03e-01 1.03e-01 1.17e-04
1.00 1.00e+00 1.00e4+00 1.00e+00 1.00e+00 0.00e+00 | 5.00e-01 5.00e-01 5.00e-01  5.00e-01  0.00e+00
1.50 1.00e+00 1.00e4+00 1.00e+00 1.00e+00 0.00e+00 | 5.00e-01 5.00e-01 5.00e-01 5.00e-01  0.00e-+00
5.00 1.00e+00 1.00e4+00 1.00e+00 1.00e+00 0.00e+00 | 5.00e-01 5.00e-01 5.00e-01 5.00e-01  0.00e+00
5.50 1.00e+00 1.00e+00 1.00e+00 1.00e+00 0.00e+00 | 5.00e-01 5.00e-01 5.00e-01 5.00e-01  0.00e+00
10.00 1.00e+00 1.00e4+00 1.00e+00 1.00e+00 0.00e+00 | 5.00e-01 5.00e-01 5.00e-01 5.00e-01  0.00e-+00
s AEl AE}

Min Max Median Mean Std Min Max  Median Mean Std
0.001 1.00e-06  5.52e-04  1.00e-06  2.85e-05  1.23e-04 | 1.00e-06 1.38e-03 1.00e-06 6.98e-05  3.08e-04
0.005 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e-+00
0.01 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
0.05 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
0.10 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e-+00
0.50 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
1.00e 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e-+00
1.50 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e-+00
5.00 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
5.50 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e-+00
10.00 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e+00 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
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Table 3.7: Statistical results of Absolute Errors (AE) for Problem 3.

§ AEF AES
Min Max  Median Mean Std‘ Min Max  Median Mean Std

0.001 9.26e-04 9.96e-04 9.83e-04 9.80e-04 1.93e-05 | 1.00e-06 4.84e-06 1.00e-06 1.50e-06  9.23e-07
0.005 4.88e-03 4.97e-03 4.96e-03 4.95e-03 2.14e-05 | 1.00e-06 2.74e-06 1.00e-06 1.09e-06  3.89e-07
0.01  9.86e-03 9.90e-03 9.89e-03 9.89e-03 1.08e-05 | 1.00e-06 4.77e-06 1.00e-06 1.37e-06  1.15e-06
0.05  4.75e-02 4.75e-02 4.75e-02 4.75e-02 1.29e-05 | 1.00e-06 3.67e-06 1.00e-06 1.13e-06  5.98e-07
0.10  9.00e-02 9.00e-02 9.00e-02 9.00e-02 7.70e-06 | 1.00e-06 1.10e-06 1.00e-06 1.01e-06  2.25e-08
0.50  2.50e-01 2.50e-01 2.50e-01 2.50e-01 2.10e-12 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
1.00  2.50e-01 2.50e-01 2.50e-01 2.50e-01 7.50e-15 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
1.50  2.50e-01 2.50e-01 2.50e-01 2.50e-01 1.54e-15 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
5.00  2.50e-01 2.50e-01 2.50e-01 2.50e-01 2.14e-15 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
5.50  2.50e-01 2.50e-01 2.50e-01 2.50e-01 1.41e-15 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00
10.00 2.50e-01 2.50e-01 2.50e-01 2.50e-01 4.05e-15 | 1.00e-06 1.00e-06 1.00e-06 1.00e-06 0.00e+00

s AEF AE}
Min Max  Median Mean Std‘ Min Max  Median Mean Std

0.001 1.66e-06 7.65e-05 1.87e-05 2.25e-05 1.75e-05 | 1.00e-06 1.52e-06 1.00e-06 1.03e-06  1.16e-07
0.005 4.03e-03 4.11e-03 4.04e-03 4.04e-03 1.92e-05 | 1.00e-06 1.29¢-06 1.00e-06 1.04e-06  9.22e-08
0.01  9.10e-03 9.14e-03 9.12e-03 9.12e-03  1.09e-05 | 1.00e-06 1.98e-06 1.00e-06 1.10e-06  2.67e-07
0.05  5.15e-02 5.16e-02 5.15e-02 5.15e-02 1.68e-05 | 1.00e-06 1.40e-05 1.00e-06 1.70e-06  2.90e-06
0.10  1.09e-01 1.09e-01 1.09e-01 1.09e-01 2.18e-05 | 1.00e-06 3.78¢-06 1.00e-06 1.31e-06  8.05e-07
0.50  7.49e-01 7.49e-01 7.49e-01 7.49e-01 3.07e-09 | 5.00e-01 5.00e-01 5.00e-01 5.00e-01  4.71e-05
1.00  7.49e-01 7.49e-01 7.49e-01 7.49e-01 3.05e-09 | 5.00e-01 5.00e-01  5.00e-01  5.00e-01  3.80e-05
1.50  7.49e-01 7.49e-01 7.49e-01 7.49e-01 4.81e-09 | 5.00e-01 5.00e-01  5.00e-01  5.00e-01  4.38e-05
5.00  7.49e-01 7.49e-01 7.49e-01 7.49e-01 2.21e-09 | 5.00e-01  5.00e-01 5.00e-01 5.00e-01  3.12e-05
5.50  7.49e-01 7.49e-01 7.49e-01 7.49e-01 6.12e-10 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01  2.13e-05
10.00 7.49e-01 7.49e-01 7.49e-01 7.49e-01 1.47e-09 | 5.00e-01 5.00e-01  5.00e-01  5.00e-01  3.15e-05

Table 3.8: Statistical results of Absolute Errors (AE) for Problem 4.

5 AEF AE!
Min Max Median Mean Std ‘ Min Max Median Mean Std

0.001  2.65e-04  2.65e-04  2.65e-04  2.65e-04  5.64e-08 | 2.13e-04  2.66e-04  2.43e-04  2.42e-04  1.54e-05
0.005  1.03e-03  1.03e-03  1.03e-03  1.03e-03  8.00e-08 | 7.00e-04  7.84e-04  7.41e-04  7.41e-04  1.80e-05
0.01 2.00e-03  2.00e-03  2.00e-03  2.00e-03  5.69e-08 | 1.35e-03  1.44e-03  1.38e-03  1.38e-03  2.20e-05
0.05 1.04e-02  1.04e-02  1.04e-02  1.04e-02  9.56e-08 | 6.78e-03  6.88¢-03  6.83e-03  6.83e-03  2.37e-05
0.10 2.32e-02  2.32e-02  2.32e-02  2.32e-02  1.22e-07 | 3.03e-03  3.13e-03  3.09e-03  3.09¢-03  2.29e-05
0.50 4.01e-01  4.01e-01  4.01e-01  4.01e-01  2.44e-06 | 1.40e-01  1.40e-01  1.40e-01  1.40e-01  1.22e-06
1.00 6.96e-01  6.96e-01  6.96e-01  6.96e-01  7.52e-06 | 3.53e-01  3.53e-01  3.53e-01  3.53e-01  7.52e-06
1.50 8.69e-01  8.69e-01  8.69e-01  8.69e-01  1.57e-05 | 5.67e-01  5.67e-01  5.67e-01  5.67e-01  2.36e-05
5.00 1.24e4+00 1.24e4+00 1.24e4+00 1.24e+00 0.00e+00 | 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00
5.50  1.24e+00 1.24e+00 1.24e+00 1.24e+00 0.00e+00 | 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00
10.00 1.24e+00 1.24e+00 1.24e+00 1.24e+00 0.00e+00 | 1.50e+00 1.50e+00 1.50e+00 1.50e+00 0.00e+00

5 AE[ AE}
Min Max Median Mean Std ‘ Min Max Median Mean Std

0.001  2.00e-03  2.00e-03  2.00e-03  2.00e-03  2.28e-08 | 1.00e-06  1.00e-06  1.00e-06  1.00e-06  2.28e-11
0.005  1.00e-02  1.00e-02  1.00e-02  1.00e-02  2.03e-08 | 2.51e-05  2.51e-05  2.51e-05  2.51e-05  1.0le-10
0.01 2.01e-02  2.01e-02  2.01e-02  2.01e-02  1.66e-08 | 1.0le-04 1.0le-04 1.0le-04 1.0le-04  1.66e-10
0.05 1.04e-01  1.04e-01  1.04e-01  1.04e-01  7.16e-08 | 2.62e-03  2.62e-03  2.62e-03  2.62e-03  3.58e-09
0.10 2.14e-01  2.14e-01  2.14e-01  2.14e-01  1.88e-07 | 1.09e-02  1.09e-02  1.09e-02  1.09e-02  1.88e-08
0.50 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00
1.00 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01 0.00e+00
1.50 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01 0.00e+00
5.00 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00
5.50 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01 0.00e+00
10.00  5.00e-01  5.00e-01  5.00e-01  5.00e-01 0.00e+00 | 5.00e-01  5.00e-01  5.00e-01  5.00e-01  0.00e+00
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Table 3.9: Statistical results of Absolute Errors (AE) for Problem 5.
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) AEF AE]

Min Max  Median Mean Std Min Max Median Mean Std
0.001 7.56e-05 7.57e-05 7.56e-05 7.56e-05 1.76e-08 | 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e-+00
0.005 7.49e-04 7.49e-04 7.49e-04 7.49e-04  7.56e-08 | 2.57e-06 2.58e-06 2.58e-06  2.58¢-06  6.14e-10
0.01  1.78e-03 1.78e-03 1.78e-03 1.78¢-03  2.02¢-07 | 1.03e-05  1.03e-05 1.03e-05 1.03e-05  3.10e-09
0.05  9.86e-03 9.86e-03 9.86e-03 9.86e-03  8.35e-07 | 2.52e-04  2.53e-04  2.52e-04  2.52¢-04  9.28e-08
0.10  1.97e-02 1.97e-02 1.97e-02 1.97e-02 1.73e-06 | 9.87e-04  9.89e-04  9.88¢-04 9.88¢-04  5.73e-07
0.50 8.84e-02 8.84e-02 8.84e-02 8.84e-02  8.15e-06 | 2.12e-02  2.13e-02  2.12e-02  2.12e-02  2.58e-05
1.00  1.58e-01 1.58e-01 1.58e-01 1.58e-01  2.23e-05 | 7.31e-02  7.34e-02  7.32¢-02  7.33e-02  7.09e-05
1.50  2.16e-01 2.17e-01 2.16e-01 2.16e-01  2.94e-05 | 1.46e-01  1.47e-01  1.47e-01  1.47e-01  2.02e-04
500  4.92e-01 4.92¢-01 4.92¢-01 4.92e-01  7.52¢-05 | 1.00e+00 1.00e+00 1.00e+00 1.00e+00  8.95e-04
550  5.22e-01 5.22¢-01 5.22e-01 5.22e-01  1.05e-04 | 1.16e+00 1.16e+00 1.16e+00 1.16e+00  1.57e-03
10.00 7.38e-01 7.39e-01 7.38¢-01 7.38¢-01  2.65e-04 | 2.81e+00 2.82¢+00 2.81e+00 2.81e+00  4.83e-03
6 AE[ AE}

Min Max  Median Mean Std Min Max Median Mean Std
0.001 2.57e-04 2.57e-04 2.57e-04 2.57¢-04  1.16e-08 | 1.00e-06  1.00e-06  1.00e-06  1.00e-06 0.00e-+00
0.005 1.25e¢-03 1.25e-03 1.25e-03 1.25¢-03  2.08¢-08 | 3.11e-06  3.11e-06  3.11e-06  3.11e-06  1.04e-10
0.01  2.49e-03 2.49¢-03 2.49¢-03 2.49¢-03  4.68¢-08 | 1.24e-05  1.24e-05  1.24e-05  1.24e-05  4.67e-10
0.05  1.22e-02 1.22e-02 1.22e-02 1.22¢-02  1.09¢-07 | 3.02¢-04  3.02e-04  3.02e-04  3.02¢-04  5.44e-09
0.10  2.38¢-02 2.38e-02 2.38e-02 2.38¢-02  3.39¢-07 | 1.17¢-03  1.17e-03  1.17e-03  1.17e-03  3.39¢-08
0.50  1.02e-01 1.02e-01 1.02e-01 1.02¢-01  8.44e-07 | 2.39¢-02  2.39¢-02  2.39e-02  2.39¢-02  4.22¢-07
1.00  1.78e-01 1.78¢-01 1.78¢-01 1.78e¢-01  1.72¢-06 | 7.99e¢-02  7.99¢-02  7.99¢-02  7.99¢-02  1.72¢-06
1.50  2.40e-01 2.40e-01 2.40e-01 2.40e-01  2.95¢-06 | 1.57e-01  1.57¢-01  1.57e-01  1.57e-01  4.42¢-06
500 2.93e-01 2.93e-01 2.93e-01 2.93e-01 0.00e+00 | 2.50e-01  2.50e-01  2.50e-01  2.50e-01  0.00e+00
550  2.93e-01 2.93e-01 2.93e-01 2.93e-01 0.00e+00 | 2.50e-01  2.50e-01  2.50e-01  2.50e-01 0.00e+00
10.00 2.93e-01 2.93e-01 2.93e¢-01 2.93e-01 0.00e+00 | 2.50e-01  2.50e-01  2.50e-01  2.50e-01 0.00e+00
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level objective.
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(d) Absolute error (pessimistic) for lower
level objective.

Figure 3.7: Boxplots of absolute error (AE) for various values of § for Problem 1 from 20

runs.
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Figure 3.8: Theoretical error bound (shaded) and absolute error for lower level objective
from 20 runs of Problem 1 for various values of 9.
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(c) Absolute error (pessimistic) for upper
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(d) Absolute error (pessimistic) for lower
level objective.

Figure 3.9: Boxplots of absolute error (AE) for various values of § for Problem 2 from 20

runs.
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(a) Optimistic case

(b) Pessimistic case

Figure 3.10: Theoretical error bound (shaded) and absolute error for lower level objective
from 20 runs of Problem 2 for various values of 9.
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(d) Absolute error (pessimistic) for lower
level objective.

Figure 3.11: Boxplots of absolute error (AE) for various values of § for Problem 3 from 20

runs.
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(b) Pessimistic case

Figure 3.12: Theoretical error bound (shaded) and absolute error for lower level objective
from 20 runs of Problem 3 for various values of 4.
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Figure 3.13: Boxplots of absolute error (AE) for various values of ¢ for Problem 4 from 20

runs.
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Figure 3.14: Theoretical error bound (shaded) and absolute error for lower level objective
from 20 runs of Problem 4 for various values of 9.
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(d) Absolute error (pessimistic) for lower
level objective.

Figure 3.15: Boxplots of absolute error (AE) for various values of § for Problem 5 from 20

runs.
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Figure 3.16: Theoretical error bound (shaded) and absolute error for lower level objective
from 20 runs of Problem 5 for various values of 4.
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3.6.3 Results for a Principal-Agent Problem

In the domain of game theory, the principal-agent (PA) problem surfaces when a principal
delegates a task to an agent in return for compensation. In this scenario, the principal
devises a contract, where the decision of the principal is x, while the agent selects an
effort or action, denoted as y, to execute the task. The agent’s objective is to maximize
their utility function, denoted as f(x,y), whereas the principal aims to maximize its utility
function, denoted as F'(x,y). The definition of the problem considered in the paper can
be found in Appendix B. The problem is taken from [205]. In Table 3.10, the statistical
results from 20 runs of the algorithm for various values of § are reported for the optimistic
and pessimistic variants. More specifically, we report the minimum, maximum, median,
mean, and standard deviation of the accuracy of the objective functions as above. The
results are also shown in Figure 3.17. It is noted that the results demonstrate robustness,
as the algorithm converges to similar solutions in all 20 runs for various values of §. For
small values of § we observe the solution obtained from the J-perturbed formulation is
close to the true solution for both optimistic and pessimistic case. However, the algorithm
converges to an inaccurate upper-level solution when § > 0.5 for optimistic case, and
0 > 1.5 for pessimistic case. In Figure 3.18 we have once again plotted the (median) lower-
level accuracy achieved for each §, along with the theoretical limits that we have reported
in the previous section. The behavior is found to be the same, such that the median error
is well below the theoretical line for all the cases.

Table 3.10: Statistical results of Absolute Errors (AE) for PA.

) AEF AE]
Min Max Median Mean Std ‘ Min Max Median Mean Std

0.001  1.73e-09  2.84e-07  6.70e-08  8.74e-08  7.57e-08 | 1.00e-03  1.00e-03  1.00e-03  1.00e-03 0.00e+00
0.005  3.74e-09  1.43e-07  2.62e-08  4.71e-08  4.75e-08 | 1.00e-03  1.00e-03  1.00e-03  1.00e-03  0.00e+00
0.01 2.50e-09  1.42e-07  2.58e-08  3.17e-08  3.06e-08 | 1.00e-03  1.00e-03  1.00e-03  1.00e-03  0.00e+00
0.05 9.95e-14  2.36e-11  3.50e-12  7.09e-12  7.12e-12 | 1.00e-03  1.00e-03  1.00e-03  1.00e-03 0.00e+00
0.10  0.00e+00  5.40e-12  6.96e-13  1.00e-12  1.41e-12 | 1.00e-03  1.00e-03  1.00e-03  1.00e-03  0.00e+00
0.50  4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
1.00  4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
1.50  4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e-+00
5.00  4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
5.50  4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e+00 6.00e+00 0.00e+00
10.00 4.20e+01 4.20e+01 4.20e+01 4.20e+01 0.00e+00 | 6.00e+00 6.00e+00 6.00e4+00 6.00e+00 0.00e-+00

s ABl AE}
Min Max Median Mean Std ‘ Min Max Median Mean Std

0.001  1.77e-02  2.97e-02  2.09e-02  2.19e-02  3.38e-03 | 2.71e-07  9.83e-06  1.34e-06  2.17e-06  2.85e-06
0.005  4.96e-03  7.11e-03  5.65e-03  5.72e-03  6.78e-04 | 5.58e-07  1.50e-05  4.72¢-06  6.72e-06  5.52e-06
0.01 1.36e-03  2.95e-03  1.97e-03  2.17e-03  5.40e-04 | 5.76e-07  5.55e-06  2.56e-06  2.74e-06  1.83e-06
0.05 2.99e-07  6.58e-06  9.53e-07  1.62e-06  1.91e-06 | 1.08e-08  2.99e-07  2.92e-08  6.31e-08  8.73e-08
0.10 9.53e-09  5.81e-08  1.96e-08  2.29e-08  1.39e-08 | 9.20e-11  2.29e-08  1.11e-08  1.07e-08  7.30e-09
0.50 5.84e-10  1.40e-09  8.78e-10  9.02e-10  2.42e-10 | 5.84e-10  1.40e-09  8.78e-10  9.02e-10  2.42e-10
1.00 2.26e-09  7.58e-09  4.05e-09  4.30e-09  1.80e-09 | 2.26e-09  7.58e-09  4.05e-09  4.30e-09  1.80e-09
1.50  6.74e+00 8.23e+00 7.57e+00 7.52e+00  4.52e-01 | 5.84e+00 8.68e+00 7.57e4+00 7.53e4+00  7.73e-01
5.00 1.14e+01 1.16e+01 1.15e+01 1.15e+01  7.32e-02 | 1.15e+01 1.21e+01 1.17e+01 1.17e+01  1.72e-01
5.50 1.14e4+01 1.16e+01 1.16e+01 1.15e+01  7.06e-02 | 1.15e4+01 1.20e+01 1.17e+01 1.17e+01  1.31e-01
10.00 1.17e+01 1.20e+01 1.18e+01 1.18e+01  1.04e-01 | 1.18e+01 1.20e+01 1.19e+01 1.19e+01  7.89e-02
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Figure 3.17: Boxplots of Absolute Error (AE) for each different ¢ for PA, for Optimistic
and Pessimistic Upper and Lower Level Functions over 20 runs.
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Figure 3.18: Theoretical error bound (shaded) and absolute error for lower level objective

from 20 runs of PA for various values of 4.
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3.7 Summary

This chapter examined the d-perturbed formulation for addressing ill-posed bilevel opti-
mization problems, where there are multiple optimal solutions at the lower level. Our
analysis shows that this formulation successfully manages to approximate solutions by in-
troducing a tailored perturbation strategy, ensuring only a single optimal solution in the
lower level for any given upper-level decision. This adjustment facilitates an efficient search
for both optimistic and pessimistic solutions using EAs. We also provide a proof of the
approximate equivalence between the d-perturbed formulation and the original optimistic
and pessimistic formulations, supported by an error bound analysis. Computational tests,
using DE across a range of test problems, further confirmed these theoretical bounds.

In the following chapter, we extend this approach to multiobjective bilevel optimiza-
tion problems; presenting a proof of concept for applying the J-perturbed formulation in
a specific category of multiobjective bilevel problems and examining its effectiveness on
approximating the optimistic and pessimistic Pareto fronts.

Connection to Thesis Hypothesis

This chapter supports Hypothesis 1 by demonstrating that the J-perturbation
method enhances evolutionary algorithms to efficiently approximate both optimistic
and pessimistic solutions for ill-posed single-objective bilevel optimization problems,
validated through theoretical proofs and numerical experiments on selected prob-
lems.
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Chapter 4

Optimistic and Pessimistic
Pareto-fronts in Multiobjective
Bilevel Optimization via
0-Perturbation

In the previous chapter, we introduced the §-perturbation approach for addressing ill-posed
bilevel optimization problems. This chapter extends that approach to explore optimistic and
pessimistic Pareto fronts in a multiobjective bilevel optimization problem, where the upper
level has multiple objectives and the lower level has a single objective with multiple opti-
mal solutions. Without specific knowledge of the lower level’s choice function, the upper
level must account for both optimistic and pessimistic scenarios, resulting in two distinct
Pareto-optimal fronts. To approximate these fronts, we employ the existing m-BLEAQ
evolutionary algorithm, which, combined with the d-perturbation method, efficiently iden-
tifies both optimistic and pessimistic fronts. This proof-of-concept study demonstrates the
method’s effectiveness on two test problems, illustrating its capacity to accurately determine
both Pareto-optimal fronts. This chapter is based on the work published in [206].

Connection to Thesis Objectives

This chapter addresses 02.1, 02.2, 03.2., O4.2.

4.1 Problem Definition

A bilevel optimization problem (BOP) is a distinctive category of optimization problems
characterized by two interconnected levels of optimization: the upper level and the lower
level. Each level controls a different set of variables and has its own objective function and
constraints. Due to its hierarchical structure, the lower-level problem forms part of the
constraints for the upper-level problem, requiring that any feasible solution for the upper
level satisfies the optimality conditions of the lower-level problem. Extensive overviews
of bilevel optimization can be found in [15], [93], [207]. When one or both levels involve

Parts of this chapter have been published in:
M. Antoniou, A. Sinha, and G. Papa, “A study on optimistic & pessimistic pareto-fronts in multiobjective
bilevel optimization via d-perturbation (accepted),” in Proceedings of the 2025 International Conference
on Evolutionary Multi-Criterion Optimization (EMO), 2025
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multiple objectives, then we have a multiobjective bilevel optimization problem (MBOP).
For a detailed review of MBOPs, refer to [208].

When there are multiple lower-level solutions for each upper-level decision in a bilevel
optimization problem, it means that there is a set of efficient lower-level decision vectors
for each upper-level vector. This implies that the optimal lower-level solution for a given
upper-level decision is not a singleton but rather a set, creating ambiguity about which
lower-level solution the upper level should utilize when searching for the bilevel optimal
solution(s). To address this, two approaches are commonly taken: the optimistic and
pessimistic approaches [207]. In the optimistic approach, the upper level assumes that the
lower level will choose the solution from its optimal set that is most beneficial for the upper
level. In the pessimistic approach, the upper level assumes that the lower level may choose
the option that is least favorable for the upper level.

In most situations, the upper level does not have knowledge of the choice function
at the lower level, meaning that the follower could select any solution from its set of
optimal solutions for a given upper-level decision. In multiobjective bilevel optimization,
this can lead to the following two different Pareto- optimal fronts for the upper level: the
optimistic (best-case) and the pessimistic (worst-case) fronts of the upper-level objectives.
These fronts introduce additional decision-making challenges, and identifying these optimal
fronts becomes the focus of this study.

We organize the remainder of this chapter as follows: Section 4.2 reviews the related
work. Section 4.3 provides preliminaries on multiobjective optimization. In Section 4.4,
we define the MBOP and its optimistic and pessimistic Pareto-optimal fronts. Section 4.5
introduces the proposed d-perturbation approach for MBOPs. Section 4.6 briefly describes
the m-BLEAQ algorithm. Section 4.7 presents an evaluation of the proposed method
on two test problems. Finally, Section 4.8 concludes the chapter and discusses potential
directions for future research.

4.2 Related Work

In bilevel optimization, the existence of multiple optimal solutions at the lower level in-
troduces significant complexity, particularly in distinguishing between optimistic and pes-
simistic formulations. While the majority of bilevel optimization methods have concen-
trated on the optimistic approach due to its relative simplicity, the pessimistic approach
is more difficult to solve yet is essential for achieving robust solutions [207].

In recent years, evolutionary approaches have been developed to address the multiob-
jective bilevel problem, such as [209]-[211]. In their paper [211], the authors suggested
an evolutionary local-search algorithm for multiobjective bilevel problems that can handle
more than one objective at the upper level. This work was an improvement over earlier
versions of their algorithm [212], [213]. Further advancements in multiobjective bilevel
solution methods were made in [214] by approximating the lower-level Pareto-optimal set.

The multiobjective bilevel evolutionary algorithm (m-BLEAQ) was proposed in [215],
[216] to solve problems with multiple objectives at the upper level and a single objective
at the lower level. A value function, representing the preferences of the lower-level de-
cision maker, models lower-level optimization when both levels have multiple objectives.
This value function selects a single preferred solution from the lower-level Pareto front,
effectively reducing the multiobjective lower-level problem to a single-objective one. This
reduction assumes that the preference structure of the lower-level decision maker is known
to the upper-level decision maker. The algorithm’s principle relies on estimating lower-level
decisions as a function of upper-level decisions, utilizing local quadratic approximations to
reduce computational costs. Similar bilevel mapping-approximation ideas are used to solve
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single-objective bilevel optimization problems as well [217], [218]. When there is a single
objective at the lower level and the lower level returns a singleton, neither an optimistic
nor a pessimistic position emerges.

Most multiobjective methods [209], [211] assume an optimistic approach, primarily due
to the relative ease of finding the Pareto-optimal front compared to the pessimistic case.
Under a pessimistic approach, additional complexity arises from the intricate decision-
making interactions between the upper level and lower level. However, solutions on the
optimistic Pareto-optimal front may not always be realistic, as the upper level cannot con-
trol the choices of the lower level. The pessimistic Pareto front is essential as it provides a
bound for worst-case lower-level responses. The decision maker ensures robustness by iden-
tifying this front; by selecting a point from the pessimistic front, the upper-level decision
maker’s realized solution remains unaffected by choices made by the lower-level decision
maker within the front’s dominated region.

In [219], the authors talked about semivectorial bilevel problems’. They also mentioned
that an upper-level decision maker might look for intermediate (moderate) solutions in ad-
dition to optimistic and pessimistic ones, depending on how much risk they are willing to
take. Recently, Deb et al. [169] introduced an evolutionary approach for such hierarchical
problems, enabling upper-level decision makers to minimize deviations from their expec-
tations due to independent lower-level decisions by identifying a set of pseudopessimistic
solutions. To our knowledge, no study has approximated both the optimistic and pes-
simistic Pareto-optimal fronts in multiobjective bilevel optimization problems where the
upper level has multiple objectives and the lower level has a single objective with multiple
optimal solutions.

In classical bilevel optimization literature, approximation methods exist for problems
with specific mathematical structures—such as linearity or convexity—where pessimistic
formulations are perturbed and reformulated to facilitate solvability [138], [220]. It is
possible to make sure that the lower-level problem has a unique (approximately) optimal
solution for any given upper-level decision by using the right perturbation strategy for
either optimistic or pessimistic formulations. In our work [139], as described in Chapter 3,
we introduced the J-perturbed formulation for bilevel optimization, designed to address the
challenge of multiple optimal solutions at the lower level. This approach modifies the lower-
level objective by incorporating the upper-level objective through a small perturbation
parameter . We provided theoretical proofs establishing error bounds and computational
results validating these findings. The perturbation approach enforces a unique optimal
solution for the lower-level problem, enabling the application of standard bilevel algorithms
to both optimistic and pessimistic formulations.

Building on this foundation, we extend the §-perturbed approach to multiobjective
bilevel optimization problems involving multiple objectives at the upper level and a single
objective with multiple optimal solutions at the lower level [206]. Our contributions include
reformulating such problems so that the lower level returns a unique solution for both
optimistic and pessimistic scenarios. This reformulation enables us to identify both the
optimistic and pessimistic Pareto-fronts. In this proof-of-concept study, we apply the m-
BLEAQ algorithm [215] to the reformulated problem, demonstrating its effectiveness on
two test cases where we successfully identify the optimistic and pessimistic Pareto optimal
fronts.

'In semivectorial bilevel optimization, the upper-level problem has a single objective, while the lower-
level problem has multiple objectives.
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4.3 Preliminaries on Multiobjective Optimization Problems

In this section, we briefly define the multiobjective optimization problem, the concept of
the Pareto front, multiobjective evolutionary algorithms, and their performance metrics.

4.3.1 Multiobjective Optimization Problems (MOPs)

Multiobjective optimization problems arise in many real-world scenarios where multiple
conflicting objectives must be optimized simultaneously. These problems require trade-offs
between competing objectives, leading to a solution space that reflects these trade-offs.
Formally, an MOP can be represented as:

min{f1(z), f2(x),.... fx(2)}, (4.1)

where X is the decision space, and f;(x) are the objective functions, each representing a
criterion to be optimized [221]. In contrast to single-objective optimization, where a sin-
gle optimal solution exists, MOPs with conflicting objectives yield a set of solutions that
balance the objectives without any single solution optimizing all objectives simultaneously
[222]. This concept of trade-offs is critical in multiobjective optimization, where solu-
tions are assessed by their quality relative to multiple objectives rather than by absolute
optimality in any single criterion.

4.3.2 Pareto Optimality

The solutions to MOPs are often evaluated based on the concept of Pareto optimality,
named after Vilfredo Pareto, who introduced this idea in economic contexts. A solution is
Pareto optimal if improving one objective cannot occur without compromising at least one
other objective. Formally, a solution x* € X is Pareto optimal if no other solution z € X
exists such that:

fi(x) < fi(z™) for all 4, (4.2)

and
fi(z) < fi(z*) for at least one i. (4.3)

The collection of all Pareto-optimal solutions forms the Pareto set, and its image to the
objectives space forms the Pareto front that shows the trade-offs among the objectives
[223]. Identifying or approximating this Pareto front is often the goal in solving MOPs,
as it provides decision-makers with a spectrum of equally valid solutions that capture the
inherent trade-offs among conflicting criteria [221].

4.3.3 Multiobjective Evolutionary Algorithms and Performance Metrics

Multiobjective Evolutionary Algorithms (MOEASs) are widely used for solving MOPs, par-
ticularly in cases where objectives conflict, the problem is high-dimensional, or traditional
optimization methods are computationally infeasible [224]. MOEAs differ from single-
objective evolutionary algorithms by seeking a set of solutions—rather than a single opti-
mal point—that represents trade-offs among conflicting objectives. MOEAs are designed
to approximate Pareto fronts by evolving a diverse population of solutions over multiple
generations.

The general structure of an MOEA follows a few common steps. First, an initial pop-
ulation of solutions is generated, either randomly or by using problem-specific heuristics.
Then, solutions are evaluated based on multiple objective functions, and non-dominated
sorting is typically used to rank solutions according to their Pareto dominance. Solutions
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are selected, combined, and mutated to form new solutions, promoting both convergence
towards the Pareto front and diversity along it [223]. For instance, the Non-dominated
Sorting Genetic Algorithm II (NSGA-II) [224] is a very popular MOEA that employs
a fast non-dominated sorting approach combined with a crowding distance mechanism.
This approach allows NSGA-IT to maintain a spread of solutions across the Pareto front
while ensuring convergence. Another popular algorithm, the Strength Pareto Evolution-
ary Algorithm 2 (SPEA2) [225], uses an external archive to store non-dominated solutions
across generations, combined with a density estimation technique to maintain diversity.
The Multiobjective Evolutionary Algorithm based on Decomposition (MOEA /D) [226] di-
vides the MOP into multiple single-objective subproblems, each associated with a different
weight vector. By solving these subproblems concurrently and sharing information among
them, MOEA /D promotes a well-distributed Pareto front, particularly suitable for high-
dimensional problems. The indicator-based evolutionary algorithm (IBEA) [227| uses a
quality indicator, such as hypervolume, directly in its selection process, guiding the algo-
rithm towards solutions that balance convergence and diversity based on that indicator.

There are various performance metrics, which are generally used to evaluate the so-
lution quality of solutions produced by MOEAs. Generational Distance (GD) measures
the average distance from each solution in the obtained front to the closest point on the
true Pareto front. It ascertains how close a solution set is to the optimal trade-offs [228].
However, GD is not Pareto compliant, as dominated solutions can still reduce its value.
Inverted Generational Distance (IGD) complements GD by measuring the average distance
from points on the true Pareto front to the nearest solution in the obtained front, cap-
turing the extent of Pareto front coverage [229]. Yet, IGD also lacks Pareto compliance
since dominated solutions can influence the metric. IGD+ improves upon IGD by ensuring
Pareto compliance; specifically, it incorporates Pareto dominance relationships such that
solutions in the obtained front that are dominated do not contribute to the metric, while
nondominated solutions closer to the true Pareto front positively influence the result [230].
The hypervolume (HV) metric captures both convergence and diversity by calculating the
volume of the space between a reference point and the obtained Pareto front, providing
a combined measure of solution quality [222]. Each of these metrics has certain require-
ments: while both GD and IGD (and IGD+) require knowledge of the true Pareto front,
HYV requires a reference point, whose choice might affect its value.

4.4 Mathematical Definition

In this section, we present the mathematical formulation of the multiobjective bilevel
optimization problem. Moreover, we define the optimistic and pessimistic Pareto-optimal
fronts.

4.4.1 Multiobjective Bilevel Optimization Problem

The general mathematical definition of a multiobjective bilevel optimization problem is as
follows:

“I?g}yn”F(ﬂj‘,y) = (Fl(xay)v s 7FK(x7y)) (44)
subject to (4.5)
yE arg;nin {f(x,y) = (fl(xay)a s 7fN(x7y)) : g(a:,y) < 0} (46)

G(z,y) <0 (4.7)
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where G(z,y) represents the upper-level constraints, and g(x, y) represents the lower-level
constraints. Any bounds on z and y are included in the inequality constraint set.

In this study, we are interested in the case of multiobjective bilevel optimization prob-
lems, where the upper level has multiple objectives while the lower level has a single
objective:

‘min” F(z,y) = (F(2,y),..., Fu(z,y)) (4.8)
subject to
y € arg;nin {f(z,y) : gx,y) <0} (4.9)
G(z,y) <0 (4.10)

The problem under consideration in this paper can also be expressed in terms of set-valued
mapping, ¥ as follows, where g(x,y) represents vector-valued constraints:

U(x) Zargglin{f(%y) tg(z,y) <0} (4.11)

The multiobjective bilevel optimization problem, in terms of W(x), can be formulated as a
constrained optimization problem in the following manner:

“Iél,in”F(JI,y):(Fl(x,y),...,FM(CU,y)) (412)
subject to (4.13)
y € U(x) (4.14)
G(z,y) <0 (4.15)

where the feasible sets X and Y have been omitted for brevity. Note that we are using
quotations in our formulation as we have not defined the position that we take, i.e. opti-
mistic or pessimistic, while solving the problem. Without stating the position, the above
formulations are ill-posed.

4.4.2 Optimistic vs. Pessimistic Pareto Front

As discussed, when the lower level contains multiple optimal solutions for a given upper-
level decision, we have to make some assumptions. If the upper level anticipates that the
lower level will select the optimal solution from its set that best suits the upper level,
we state that the upper level is taking an optimistic position. In such cases, the upper
level aims to identify an optimistic Pareto-optimal front. The optimistic Pareto front
corresponds to the solution of the following problem.

min  F(z,y) = (Fi(x,y),..., Fu(z,y)) (4.16)
z,yeVO (x)
subject to (4.17)
G(z,y) <0 (4.18)

where WO (z) = arg H‘ll,in {(Fi(z,y),...,Fpu(z,9))} (4.19)
yev(z)
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Optimistic Pareto Front Definition:

The optimistic Pareto front P© consists of all solutions  within the feasible region
X and y within the subset of the optimal reaction set WO (z) for which there is
no other solution that simultaneously satisfies the following conditions for the
objectives F;(z,y):

(z,y) forz,2’ € X,y,y € ¥O(x) (4.20)

Vi=1to M, Fi(2,y) x,
z,y) forz,2’ € X,y,y € VO (x) (4.21)

< F
34 such that Fj(z',y') < Fj(

If the upper level anticipates the worst-case from the lower level, we take the pessimistic
approach and converge to the pessimistic Pareto front. The solutions here are:

min  F(z,y) = (Fi(z,y),..., Fu(z,y)) (4.22)
z,yeWP (z)
subject to (4.23)
G(z,y) <0 (4.24)
where ¥F () = arg ylean}(};) {(Fi(z,y),...,Fu(z,v))} (4.25)

where U (z) is a subset of W(x), which provides the feasible pessimistic solutions of the
upper level.

Pessimistic Pareto Front Definition:

The pessimistic Pareto front PP consists of all solutions x within the feasible
region X and y within the subset of the optimal reaction set W¥(x) for which
there is no other solution that simultaneously satisfies the following conditions
for the objectives Fj(z,y):

Vi=1to M, Fy(z',y) < Fi(z,y) forz,2’ € X,y,y € F(2)
3j such that Fj(z',y) < Fj(x,y) for z,2’ € X,y,y € ¥F(x)

The relationship between the objective space (F-space) and the decision space z —W¥(x)
for a multiobjective bilevel optimization problem (two upper-level objectives and one lower-
level objective with multiple optimal solutions) is shown through Figure 4.1. For simplicity,
assume that there are no upper-level constraints, G(z,y) < 0. On the left, the decision
space x — ¥(x) is shown, where the shaded gray region represents the full set of feasible
y for each x. The green curve represents a subset of optimistic feasible solutions, WO (z),
that contribute to the optimistic Pareto front, while the red curve represents a subset
of pessimistic feasible solutions, U (z), that contribute to the pessimistic Pareto front.
Optimistic and pessimistic solutions for a few x are shown as orange and red circles,
respectively. The gray points denote solutions that are part of ¥(z) but do not lie on
either the optimistic or the pessimistic Pareto fronts.

On the right, the objective space is depicted where functions £} and F5 are the upper-
level objectives. The green curve again represents the optimistic Pareto front (P?) and
in red, the pessimistic Pareto front is depicted (P) in the context of a minimization
problem. The red, green, and gray points from the left-hand side figure map onto the
corresponding points in the right-hand side figure. The left figure also shows a specific
upper-level solution, z°. In orange are all the lower-level optimal solutions. The green
point on this orange line corresponds to a solution on the optimistic Pareto front. The red
point corresponds to a solution on the pessimistic Pareto front. The gray point corresponds
to neither of the two. All the solutions along the orange line in the left figure get mapped
to the orange curve in the right figure.
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It is important to note that in some sense the pessimistic Pareto front can be regarded
as an upper bound (in the case of minimization) for the upper-level decision maker. If
a upper-level decision maker chooses a decision (say (z°,%')) from the pessimistic Pareto
front, then no matter which solution among the multiple optimal solutions is picked up
by the lower-level decision maker (say y” for z%), the solution (z,4") will lie somewhere
between the pessimistic and optimistic fronts. The figure illustrates one such scenario using
green lines. However, note that it is not necessary that there will always be an optimistic
Pareto point corresponding to a upper-level decision made from the pessimistic Pareto
front (as in the case of upper-level decision ' for which lower-level decisions are shown
with yellow lines). Since the realized solution may lie anywhere between the two fronts,
the problem considered in this paper raises a number of decision making difficulties.

1 0
x x e F2

Figure 4.1: Ilustration of the upper level decision space © — ¥ (z) (left) and the upper level
objective space F' (right).

4.5 Mathematical Method: /-perturbation of MBOPs

In this section, we explain the §-perturbed formulation of the MBOP. For better un-
derstanding, let us first recall the J-perturbed formulation of the single-objective bilevel
problem,

“min”  F(z,y)
x7y

subject to  G(z,y) <0
y € argmin{f(z,y)|g(z,y) < 0}
which has been thoroughly analyzed in [139] and in Chapter 3. For a small positive

4, the perturbed optimistic and pessimistic bilevel formulation is obtained by adding or
subtracting 0F'(x,y), respectively, as follows:

min  F(z,y) (4.26)
.y
subject to  G(x,y) <0 (4.27)
y € argmin{f(z,y) £ 6F(z,y) | g(x,y) < 0} (4.28)
y

When 6 is extremely small, the above formulation leads to an approximate optimistic/
pessimistic solution depending on the sign that is chosen. In this paper, we extend this
idea for multiobjective bilevel problems where the upper level has multiple objectives,
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while the lower level has a single objective but multiple optimal solutions corresponding
to a upper-level decision.

Theorem 4.1. For a bilevel optimization problem with multiple objectives at the upper level
and a single objective at the lower level, approximate optimistic and pessimistic Pareto
fronts can be obtained by solving the following bilevel problem with a 4+’ and ‘—’ sign,
respectively:

subject to  G(z,y) <0 (4.30)
y € argmin {f(z,y) £ 0V (w, F(x,y)) | g(x,y) <0} (4.31)

Where V () represents a scalarization function and the vector w represents the preference
vector.

The scalarization function V(-) should be a suitable scalarization method, such as a
weighted sum scalarization [231], weighted Chebyshev scalarization [232], conic scalar-
ization [233], or Benson’s scalarization [234]. The preference vector w is considered an
upper-level decision variable.

Proof. Let us write the problem in (4.8)-(4.10) into a single objective problem at the upper
level for a given preference vector w.

“min® V(w, Fl,y)) (4.32)
subject to  G(z,y) <0 (4.33)
y € argmin {f(z,y) : 9(z,y) < 0} (4.34)

(4.35)

Using (4.26)-(4.28), one can find the approximated optimistic and the pessimistic solutions
for (4.32)-(4.35) by solving the following problem.

min Vw, Fz,) (436)
subject to  G(z,y) <0 (4.37)
y € argmin{ f(z,y) £V (w, F(w,y)) | g(z,y) < O} (4.38)

(4.39)

If the above problem is solved for all possible values of w, it leads to all the (approximate)
optimistic and (approximate) pessimistic solutions corresponding to w. Therefore, one can
solve the multiobjective problem in (4.29)-(4.31) to get an approximation of the entire
optimistic and pessimistic Pareto-fronts by choosing the appropriate signs (+/—). O

To gain a clearer insight into how this perturbation works, let us look at the visual
explanation in Figure 4.2. It demonstrates the link between upper-level and lower-level
solutions, with the upper level having two objectives and the lower level being perturbed
by the upper-level function. The plot on the left shows the upper-level objective space,
where the objectives Fy(z*,y) and Fy(x*,y) are represented for a fixed x* and a vary-
ing lower-level decision variable y and different weights w. The points F(z*,y°) (green)
and F(z*,yP) (red) represent the two distinct solutions—optimistic and pessimistic re-
spectively—for different values of yy. The right plot represents the lower-level optimization



Chapter 4. Optimistic and Pessimistic Pareto-fronts in Multiobjective Bilevel Optimization via
80 d-Perturbation

Fy \

Original function

---------- Optimistic Perturbation

— — — Pessimistic Perturbation

I

Figure 4.2: The left diagram shows the different solutions F'(z*,y°) and F(x*,yP) in the
upper level space, and the right diagram shows the corresponding perturbations of the
lower level solutions in f(z*,y).

problem, f(z*,y), and the effects of perturbation on the lower-level objective. The black
solid curve represents the original lower-level objective without perturbation, indicating
the existence of two equal solutions. The gray dashed and dotted curves illustrate the
pessimistic and optimistic perturbations, respectively. The points in the lower-level graph
correspond to the same lower-level solutions, y° and yP, as depicted in the upper-level
graph, showing how perturbations shift the solutions, changing the lower-level landscape
to favor one or the other. The arrows between the two plots indicate the correspondence
between the lower-level solutions and their impact on the upper-level objective space. This
figure demonstrates how changes in the lower-level decision variable y, and associated per-
turbations, affect outcomes at the upper level and lower-level of the optimization problem.

4.6 Algorithmic Method: m-BLEAQ

The multiobjective BiLevel Evolutionary Algorithm based on Quadratic approximations,
known as m-BLEAQ [215], is an evolutionary method that utilizes insights from parametric
optimization theory to reduce computational costs. It is an extension of BLEAQ [217],
which was developed for solving single-objective bilevel problems and was later extended
to BLEAQ-II [218]. BLEAQ utilizes only the reaction set mapping in its implementation,
while BLEAQ-II utilizes both the reaction set mapping and value function mapping to solve
bilevel problems. In this study, we employ both the reaction set mapping and value function
mapping in our m-BLEAQ implementation, following BLEAQ-II’s approach. The reaction
set mapping, denoted by 1 (z), maps the upper-level decision variables x to the lower-level
reaction set, approximating the optimal responses y at the lower level for a given . The
value function mapping, denoted by ¢(x), approximates the optimal value function at the
lower level by mapping the upper-level objective to the corresponding optimal lower-level
objective value for a given upper-level objective. With approximations of the mappings in
bilevel optimization, the algorithm quickly converges to the Pareto-optimal solutions of the
multiobjective bilevel problem. The pseudocode for m-BLEAQ is provided in Algorithm
4.1. In the algorithm, the process begins by randomly initializing the population (step 2).
For each individual, lower-level solutions are computed (step 3), and individuals are tagged
as 1 if the lower-level optimization is successful, or as 0 if it is not (step 4). The fitness
of each individual is assigned based on their non-domination rank and crowding distance
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(step 5).Offspring are generated using genetic operations such as crossover and mutation
(step 6). Lower-level solutions for the offspring are approximated using either the ¢ (x)-
mapping or ¢(x)-mapping through quadratic approximations (step 7). If the number of
tag-1 individuals is less than half of the population size (step 8), lower-level optimization is
performed for the offspring, and tags are updated accordingly (step 9). The fitness of the
offspring is then assigned (step 10), and the population is updated by selecting the best
individuals based on fitness (step 11). This process continues until the stopping criteria are
met (step 12). Finally, all tag-1 individuals, representing the non-dominated solutions, are
archived and returned as the output (step 13). In this work, m-BLEAQ is adapted with
the perturbation method to enhance its performance in handling optimistic and pessimistic
Pareto fronts (PFs).

Algorithm 4.1: m-BLEAQ
1: Input: Maximum upper-level evaluations Ty,,.x, population size V.
Randomly initialize the upper-level (UL) population of size N.
Perform lower-level (LL) optimization for each UL member to compute LL solutions.
Tag UL members as 1 if LL optimization is successful, otherwise as 0.
Assign fitness to UL members based on their non-domination rank and crowding
distance.
while stopping criteria not met (e.g., Tax reached) do
Generate UL offspring using genetic operations.
Approximate LL solutions for offspring using either ¢ (x)- or ¢(x)-mapping through
quadratic approximations.
9:  if Number of tag-1 UL members < N/2 then

®

10: Perform LL optimization for the UL offspring.
11: Update tags based on LL optimization results.
12:  end if

13:  Assign fitness to the offspring.

14:  Update the UL population by selecting the best individuals based on fitness.
15: end while

16: Archive all tag-1 UL members to preserve the non-dominated solutions.

17: Output: Non-dominated solutions in the archive.

4.7 Numerical Experiments

In this section, we demonstrate the proposed approach, by applying it to two test problems,
with two objectives at the upper level. The parameters used in m-BLEAQ were maintained
at their default settings [213], with the exception of the population size and generation
size, both adjusted to 500. The value of § was set at 0.01. The weighted-sum scalarization
technique is used, and the weight parameter w is sampled from [0,1]. These parameters
were selected to demonstrate the functionality of the proposed method, without explicit
parameter tuning. A sufficiently large population size is used to assess the accuracy of
the perturbation method, ensuring any inaccuracies are mainly due to the perturbation,
not population or generation size. For each test problem, we conducted 20 independent
runs on an Intel(R) Core(TM) i5-8365U CPU @ 1.60GHz with 16 GB of RAM running
Windows 10 and MATLAB R2023b.
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4.7.1 Test Problems

The first problem in our study, referred to as Test Problem 1, is taken from [212]|, where
it originally includes two objectives at both the upper level and lower level. In our formu-
lation, we modify the lower-level problem to have a single objective as follows:

min A = (y = 1)° + 93 + 27
Fy=(y—1)*+ys +(@—1)*

subject to y € argmyin{\/y%—i—yg—l— \/(yl —:B)2—|—y% =1 <wyp,ys <2}
—1<x<2

The optimistic PF is obtained when = € [0.5,1] and y; = z,y2 = 0. In contrast, the
pessimistic PF is derived for z € [0,1] and y1 = y2 = 0 [219]. We illustrate the char-
acteristics of Test Problem 1 through Figure 4.3, which shows the relationship between
optimistic and pessimistic solutions in the upper-level objective space. If, for any fixed ,
the lower level has multiple optimal solutions to choose from, then we refer to the non-
dominated solution(s) with respect to the upper-level objectives as optimistic solution(s).
Conversely, for that z, the solutions in the subset of pessimistic feasible space are referred
to as pessimistic solution(s), with the non-dominated solutions among them forming the
pessimistic Pareto front. For certain problems, for any given x, the optimistic/pessimistic
solution(s) may coincide. Our objective is to find the optimistic and pessimistic fronts with
respect to upper-level objectives, i.e., the optimistic and pessimistic Pareto fronts. Figure
4.3a shows the optimistic and pessimistic feasible solutions in the upper-level objective
space. The optimistic Pareto front is shown as a solid line, while the dashed line represents
the pessimistic Pareto front. The black circles represent pessimistic-dominated solutions,
while the crosses denote optimistic-dominated solutions. Naturally, all pessimistic solu-
tions, including both the Pareto front and the dominated solutions, are dominated by the
optimistic Pareto front. Figure 4.3b illustrates the range of lower-level optimal solutions
for a fixed value of x in the upper-level decision space. The multiple lower-level optimal
solutions for any = can be generated by fixing y2 = 0 and varying y;.

The second problem considered in our study is Test Problem 2, which combines a
modified SMD1 at the upper level and SMD6 at the lower level [155]. The SMDG6 is
selected for the lower level due to its multimodal structure with multiple global optima.
The description of Test Problem 2 is as follows:

min  Fy =22 4y} + s+ a3+ (2 —y3)?
Fr=1- ]x1\+m%+y%+y§+(x2—y3)2
subject to y € arg myin{a:% + (g2 — )%+ (w2 —y2)? : =5 < y1, 92 < 10}

-5 < 1, 72,23 < 10

The optimistic PF is obtained when x; € [-5,10] and 22 = y1 = y2 = y3 = 0, while the
pessimistic PF is derived for 21 € [—5,10] and 23 = y3 = 0,41 = y2 = 10.

4.7.2 Results and Discussion

To evaluate the performance of the algorithm, it is essential to choose an appropriate per-
formance indicator to assess the quality and diversity of the solutions obtained. Commonly
used indicators in multiobjective EAs include hypervolume (HV) [222], inverted genera-
tional distance (IGD) [235], and others. While using EAs with a perturbation strategy, the
Pareto-optimal solutions obtained are an approximation of the true optima. Therefore, a
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Figure 4.3: Illustration of the optimistic and pessimistic feasible solutions in the upper
level objective space for Test Problem 1, highlighting the different sets of solutions and
their corresponding Pareto fronts.

better Pareto front in terms of HV may not necessarily indicate superior algorithm perfor-
mance, as an inaccurate solution at the LL. may provide an artificially better UL solution.
Instead, IGD calculates the sum of distances between each point of the true Pareto front
and the nearest non-dominated set found by the algorithm. Smaller IGD values indicate
that the approximated points are closer to the Pareto front of the problem. IGD+ [230],
a Pareto-compliant alternative, modifies IGD by incorporating dominance relationships to
exclude dominated solutions, ensuring a more accurate assessment. Both IGD and IGD+
are used in this study to analyze the quality of the approximated Pareto front.

We report four IGD values, IGDg, IGDp+, IGDp, and IGDp,, for the optimistic
and pessimistic Pareto fronts in Table 4.1, calculated as the median of 20 runs. The
values were computed using 1000 uniformly distributed reference points. For the first
problem, all values are of the order 0.001, while for the second problem, they are of the
order 0.01. This difference can be attributed to the higher dimensionality and complexity
of the second problem. In all cases, IGD+ values are slightly higher than IGD due to
the exclusion of dominated solutions, which can artificially improve IGD by reducing the
apparent distance to the true Pareto front. Both results demonstrate that the algorithm
effectively approximates the true Pareto fronts.

Table 4.1: Median IGD and IGD-+ values for the Test Problems over 20 runs.

1GDo IGDo+ IGDp IGDpy
Test Problem 1  2.218e-03  2.699¢-03  2.652e-03  2.653¢e-03
Test Problem 2 6.097e-02  6.30e-02  5.930e-02 6.091e-02

To further illustrate the performance, we display in Figure 4.4 the true optimistic (green
line) and pessimistic (red line) Pareto fronts, alongside the final population solutions (green
and red) and the Pareto fronts derived from these solutions for the two Test Problems after
one run. The black circles indicate the pessimistic-nondominated solutions from the final
population, while the black crosses show the optimistic-nondominated solutions. In Figure
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4.4a, which corresponds to Test Problem 1, the solutions found are densely distributed
and spread well, closely approximating the true Pareto fronts. In Figure 4.4b, which
corresponds to Test Problem 2, the solutions are less densely distributed, which aligns
with the slightly higher IGD values observed above.
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(a) Test Problem 1. (b) Test Problem 2.

Figure 4.4: True and algorithm-obtained Pareto fronts for optimistic and pessimistic cases
and algorithm’s final population.

For both test problems, the optimistic and pessimistic Pareto fronts can become valu-
able tools for decision-makers. For example, in both test problems, the optimistic and
pessimistic solutions deviate significantly. From a decision-maker’s perspective, the risk
of adopting the optimistic assumption may result in surprises and substantial costs to the
UL decision maker. This makes such a kind of analysis critically important. Also note
that identifying the optimistic and pessimistic Pareto fronts does not completely solve the
decision making challenges for these problems.

As a final remark, it is important to highlight that, as previously mentioned, we used
the weighted sum scalarization, and it worked well since the specific Pareto fronts are
convex. In the case of nonconvexity, other suitable methods should be selected.

4.8 Summary

In this chapter, we investigated a multiobjective bilevel optimization problem, where the
upper level has multiple objectives and the lower level has a single objective with multiple
optimal solutions for any given upper-level decision. We began by defining the problem
and introducing both optimistic and pessimistic Pareto fronts in the context of multiob-
jective bilevel optimization. To approximate these fronts, we developed a perturbation
technique that adjusts the lower-level objective by a small 8, based on the weighted values
of the upper-level objectives. The reformulated bilevel problem was then addressed using
m-BLEAQ), an evolutionary algorithm capable of managing multiple objectives at the up-
per level. The effectiveness of the proposed method was demonstrated through tests on two
benchmark problems, successfully approximating both the optimistic and the pessimistic
Pareto fronts. One of the main issues of using EAs in bilevel optimization is their compu-
tational demand; however, their study provides valuable insights into the intricate ways in
which both level problems can mutually influence each other in optimistic and pessimistic
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approaches. This can provide a new aspect to solving multiobjective bilevel problems and
offer more informed potential solutions to decision-makers.

In the next chapter, we shift our focus to a specific kind of bilevel problem, the min-max
problem, and review existing evolutionary methods relevant to robust optimization.

Connection to Thesis Hypothesis

This chapter supports Hypothesis 2 by demonstrating that the integration of the 4-
perturbation approach within evolutionary algorithms (EAs) enables effective iden-
tification of both optimistic and pessimistic Pareto fronts in multiobjective bilevel
optimization problems (MBOPs).
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Chapter 5

Min-Max Optimization: Key
Concepts and Evolutionary
Algorithms

Building on our previous discussion of bilevel optimization, this chapter focuses on min-maz
optimization, a type of bilevel optimization in which both levels have the same objective. The
purpose of min-mazx optimization is to optimize under the worst-case scenario. This chapter
defines the underlying principles and mathematical formulations of min-max problems and
presents an example of robust optimization. It also examines the connections to game
theory, specifically zero-sum games, and describes known evolutionary methods developed
for this kind of problems.

Connection to Thesis Objectives

This chapter addresses 01.2, O1.3.

5.1 Introduction

Uncertainty is present in real-world decision-making. Whether in construction, supply
chain management, or aerospace engineering, decision-makers in every field often must
account for worst-case scenarios, as overlooking them can compromise the success and
reliability of their plans. For example, in supply chain management, unexpected demand
could result in lost profits or unplanned delays. Similarly, in aerospace engineering, systems
must be designed not for average conditions but for worst-case scenarios, such as extreme
radiation levels, micrometeorite impacts, or unforeseen atmospheric changes in drag that
could jeopardize mission success. In structural engineering, bridges must be designed not
only for the typical weather and traffic conditions but also for extreme events such as
earthquakes and severe storms. Optimization for these worst-case scenarios ensures that

Parts of this chapter have been published in:
M. Antoniou and G. Papa, “Evaluation of parallel hierarchical differential evolution for min-max op-
timization problems using scipy,” in International Conference on Bioinspired Optimization Methods and
Their Applications, Springer, 2022, pp. 84-98
M. Antoniou and G. Papa, “Differential evolution with estimation of distribution for worst-case scenario
optimization,” Mathematics, vol. 9, no. 17, p. 2137, 2021
M. Antoniou and G. Papa, “Solving min-max optimisation problems by means of bilevel evolutionary
algorithms: A preliminary study,” in Proceedings of the 2020 Genetic and Evolutionary Computation Con-
ference Companion, 2020, pp. 187—-188
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the systems are designed to function safely and successfully even under the most challenging
and/or rare conditions.

To address such challenges, it becomes essential to optimize under uncertainty. The
framework of min-max optimization specifically allows for the minimization of maximum
possible losses and thereby gives robust solutions that would still stand in worst-case
scenarios. This allows decision-makers to design systems that are less prone to uncertainty
and variability by focusing on the most adverse scenarios. While the solutions derived
from this approach tend to be more conservative, they are crucial in environments where
unpredictable variables can cause significant disruptions. By preparing for the worst,
decision-makers can ensure that their systems are more resilient and better equipped to
handle uncertainty when it arises.

The chapter is structured as follows: Section 5.2 presents the mathematical formulation
of min-max optimization. Section 5.4 provides an example of its application in robust
optimization. Section 5.5 explores min-max optimization in game theory, particularly in
zero-sum games. Section 5.3 discusses the connection between min-max optimization and
bilevel optimization. Section 5.6.2 reviews evolutionary algorithms for solving min-max
problems. Finally, Section 5.7 concludes the chapter.

5.2 Mathematical Formulation of Min-Max Problems

The general unconstrained min-max problem can be formulated as:

i 5.1
min mex f(z,y) (5.1)

where X C R” is the feasible set for the minimization variable z, Y C R™ is the feasible
set for the maximization variable y, and f : X x Y — R is a continuous function repre-
senting the objective. In this formulation, for each choice of z € X, the function f(x,y)
is maximized over all y € Y, yielding the inner optimal value max,cy f(x,y). The outer
optimization then minimizes this maximum value by selecting the optimal x* € X such
that

Y= i 2
2" = arg min (gleag f(z, y)> (5.2)
The problem is considered symmetrical if the following condition holds:
i = i 5.3
mip max f (2, y) max min f (2, y) (5.3)

This condition guarantees the existence of a saddle point (z*,y*) such that [239]:
fty) < f@y") < fla,y") VeeX,VyeY (5:4)

When the symmetry condition is satisfied, the min-max problem can be simplified. Specif-
ically, if we can find or approximate the saddle point (z*,y*), the problem reduces to a
standard optimization problem [240]:

min f (") (5.5)

In this case, finding the global minimum with respect to & becomes straightforward, as y*
is known or well-approximated.
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5.2.1 Examples of Symmetrical and Asymmetrical Problems

To illustrate these symmetry conditions, we present here an example of a symmetrical and
an asymmetrical problem. The first example is a symmetrical function:

: _ 2 2
min max f(z,y) =(z—5)" = (y —5) (5.6)

where X = [0,10] and Y = [0, 10].The known solution is z* = 5 and y* = 5 with an
optimal value of fi(z*,y*) = 0. This test function is a saddle point function. The function
along with the known optimum is plotted in Figure 5.1a and it serves as an example of a
symmetric function. The second example is an asymmetrical function:

21 .2
minmax f(z,y) = VT V) (5.7)
zeX yEY 1/:L*2_.|_y2_|_10
where X = [0,10] and Y = [0,10]. The known optimal solutions are z* = 7.0441 and

y* =10 or y* = 0 and the optimal value is fy(z*,y*) = 0.042488. It is a damped cosine
wave function, as shown in Figure 5.1b. In both figures, the green line indicates the
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Figure 5.1: 3D mesh plots of the test functions. The black circle corresponds to the known
optimum.

direction in which the outer level is optimized, while the red line shows the direction in
which the inner level is optimized. In the symmetrical case, the optimal solutions for both
the upper and lower levels converge to the same point, where the min-max is equal to the
max-min. However, in the asymmetrical case, it is clear that the optimal solutions of the
min-max problem do not correspond to those of the max-min.

5.3 Connections to Bilevel Optimization

The min-max problem is naturally connected to bilevel optimization, as it has a similar
mathematical structure and is regarded as special case of bilevel problems. Recent work
has shown that robust optimization problems—such as static robust problems, worst-case
regret problems, and two-stage robust problems—can often be reformulated as bilevel prob-
lems, whereas bilevel structures are generally more complex and cannot always be directly
translated into robust forms [241]|. Earlier work by the author of this thesis provided em-
pirical evidence of this connection by evaluating evolutionary bilevel algorithms on a series
of min-max test functions, helping to establish a foundation for shared methods between
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the bilevel and min-max optimization communities [238|. Let us recall the bilevel problem
definition given in Chapter 2, as follows:

i F
o Floy)
subject to  Gg(z,y) <0, k=1,..., K, (5.8)
min  f(z,y)

subject to g;(z,y) <0, j=1,..,J,

where K is the number of constraint functions for the upper level, and J is the number of
constraint functions for the lower level. Here, y is the solution of the lower-level problem
from the set Y C R"™, based on the solution x from the upper level’s set X C R™. The
objective function F' represents the upper level, while f represents the lower level. In the
same vein, min-max problems are special instances of bilevel problems, where f = —F. In
this thesis, we focus on unconstrained test functions; therefore, we provide the definition for
the unconstrained min-max problem. Nevertheless, (5.9) can be extended to constrained
min-max problems. The general unconstrained min-max problem can be described as
bilevel problem as follows:
min f(z,y)

| (5.9)
subject to  max f(x,vy)
yey

where X C R™ represents the set of candidate solutions and Y C R" the set of all possible
scenarios. In this formulation, the upper and lower levels share the same objective function
f(z,y): the upper level minimizes with respect to the decision variables x in the solution
space, while the lower level maximizes with respect to the uncertain parameters y in the
scenario space. Figure 5.2 provides a visual representation of this concept.

Upper Level - Design Space

x3

e . R - Lower Level - Scenario Space
| Maximization over Scenario Space for fixed x
i

¥y N

Figure 5.2: A general sketch of the min-max optimization problem as a bilevel problem,
inspired by [242].

5.4 Min-Max for Robust Optimization

Robust optimization is an essential approach in the design of systems that have to function
reliably under uncertain and variable conditions. Traditional optimization techniques often
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assume all parameters are precisely known, which results in solutions that can fail in
the real world. In contrast, robust optimization explicitly takes account of uncertainty,
seeking to find solutions that perform well across a range of possible scenarios. This is
particularly critical in engineering, where a system should be so designed that it could
bear the fluctuations in the environmental conditions, material properties, and operational
parameters without degradation in performance or safety [243].

Robust optimization can be viewed as a game between two players: the designer and
nature. The designer is the decision-maker, who chooses a design d from the design space
D. Nature, representing the uncertainties or challenges that the design may face, acts as
the opponent, selecting the worst-case scenario s from the scenario space S in response
to the designer’s choice. In this game, the designer must anticipate the worst possible
conditions s € S to ensure the design remains robust and performs well despite nature’s
adversities.

The necessity for robust optimization can be contextualized with the help of the idea
of nominal design. Nominal design is about seeking to optimize a system with regard
to a certain, pre-defined scenario—often one which represents the most likely, or average
conditions. We optimize under these conditions because they are representative of the
most expected or standard operating environment. Nominal design can be mathematically
written as:

(riréig f(d,sp) (5.10)
where d represents the design variables chosen by the designer, D is the feasible set of
designs, and sg is a fixed, predefined scenario. In this context, sg is not part of the decision
variables; rather, it is an assumed condition under which the optimization takes place. The
goal is to find a design d that performs optimally under the specific scenario sg. However,
if the actual conditions deviate significantly from sg, the design may become vulnerable, as
it was optimized for a scenario that does not encompass possible variations in conditions.

In contrast, min-max optimization (or worst-case design) directly addresses the chal-
lenge of ensuring that a design remains effective even under the most adverse conditions
that could arise within a defined uncertainty set. In this framework, the designer aims to
minimize the maximum possible loss or risk that nature could impose. This interaction is
captured mathematically as:

(Iinelgr;leagif(d,s) (5.11)
Here, nature operates as an opponent, selecting the worst-case scenario s from the set
S. The designer’s purpose is to select an ideal design d for this worst-case situation.
Minimizing the worst-case impact, min-max optimization assures that the design is robust
and reliable regardless of whatever scenario within S occurs. A simple engineering example
of this application is provided in the next section.

5.4.1 Illustrative Example of Robust Optimization in Engineering

The following example considers the design of a truss structure, which is composed of
straight, linear members connected at their ends by joints. Each member carries tensile
or compressive forces depending on the applied load. The design aims to ensure that the
maximum stress in any member stays within acceptable limits, regardless of the direction of
the acting load. We are going to solve both nominal optimization and robust optimization
problems and plot the outcome to highlight how the design result changes when considering
optimization under uncertainty.

As discussed, the nominal optimization approach seeks to minimize maximum member
stress by determining optimal cross-sectional areas for truss members under a specific
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nominal load P, ensuring that internal forces remain within the material’s yield strength.
This is mathematically represented as:

F;

A;

min max

12
A1, Ap % (5 )

where A; is the cross-sectional area of the i-th truss member, F; is the force in the i-th
truss member under the nominal load, and n represents the total number of truss members.

In contrast, robust optimization minimizes the maximum stress across all possible load
directions, ensuring that the truss design is efficient and reliable under varying conditions.
The robust optimization problem is formulated as:

min max max
A1, A, 00

(5.13)

Fi(0)
A;
where © represents the set of possible load directions, A; is the cross-sectional area of the

i-th truss member, and F;(#) is the force in the i-th truss member under load direction 6.
For both nominal and robust optimization, the stress in the i-th truss member is given by:

(5.14)

where the force F;(0) is computed from the applied load vector F(#) and the direction
vector of the member n;:
Fi(0) = F(0) - n, (5.15)

Figure 5.3a shows the cross-sectional areas optimized with respect to a given nominal
load direction, whereas Figure 5.3b gives the result for optimization against all possible
load directions. While this approach requires larger cross-sectional areas for certain truss
members—thus using more material and increasing costs—it ensures the truss performs
reliably under varying load conditions, offering greater strength and stability compared to
the nominal design.

(a) Nominal truss design optimization (b) Robust truss design optimization

Figure 5.3: Comparison of nominal and robust truss optimization.

In Figure 5.4, the right plot shows the stress levels for both the optimal nominal and
robust designs across different load directions, while the left plot displays the density of
stress values for each design. The stress-load direction plot (right) shows that the nominal
design, optimized for a specific load direction (6 = 0), experiences a sharp increase in stress



5.5. Min-Max Optimization in Game Theory: Zero-Sum Games 93

as the load direction changes (—25° < # < 25°). However, there is a small region where
the stress levels for both designs coincide, indicating similar performance in this range of
load directions. Outside this region, the robust design maintains more stable stress levels
across all directions, ensuring consistent performance. The density plot (left) highlights the
robust design’s lower variability in stress values, with a narrower distribution indicating
more stable performance. In contrast, the nominal design has a wider spread, suggesting
greater variability and sensitivity to load direction changes.
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Figure 5.4: Performance Comparison of Nominal vs Robust Design Under Varying Load
Directions. The nominal case is where § = 0, while in the robust one 6 € [—25, 25].

5.5 Min-Max Optimization in Game Theory: Zero-Sum Games

Game theory is related to min-max optimization, especially when it comes to zero-sum
games [244]. In general, in a zero-sum game, two players are competing where the gain of
the first player equals the loss of the other. In that case, there can also be seen a direct
relationship with min-max problems, where one player tries to minimize his potential loss,
taking into account an opponent’s strategy that maximizes his gain.

Consider for example a simple two-player game where Player X and Player Y are
choosing strategies independently. The outcome is determined via payoff matrix given by
Table 5.1 which both the players are aware of. The values in the matrix represent payments
from Player X to Player Y: positive values indicate a payment from Player X to Player
Y, while negative values represent a payment from Player Y to Player X. For example, if
Player X selects strategy A and Player Y selects strategy S, Player X must pay 9 to Player
Y. Alternatively, if Player X selects strategy B and Player Y selects strategy Q, Player Y
would pay 2 to Player X.

In doing so, Player X is trying to minimize her maximum possible loss, considering the
worst-case scenario for every action. By analyzing the payoff matrix, Player X concludes
that if she chooses strategy A, her worst-possible loss would be 9; if she chooses strategy
B, her worst-possible loss would be 8; and if she chooses strategy C, her worst-possible loss
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Player X M
P Q R S

A 3 7 4 9

B 5 -2 8 6

C -1 4 0 3

Table 5.1: Payoff matrix representing payments from Player X to Player Y.

would be 4. Because Player X wants to reduce her highest possible loss, she will choose
strategy C, knowing that in the worst case she could lose 4. Her choice is a min-max
strategy because she tries to minimize her biggest possible loss. This approach is crucial in
zero-sum games, in which each player assumes that their opponent will choose the strategy
that maximizes their own payoff.

The previous example represents a discrete min-max problem, in which there is a finite,
countable number of choices of strategies. In many practical problems, however, the set of
possible strategies may be continuous, leading to continuous min-max problems. Unlike a
finite set of strategies, the decision variables are considered continuous functions, as was
presented mathematically in the previous section. The goal remains the same: to find that
strategy that minimizes the maximum possible loss, which is often referred to as finding a
saddle point in continuous optimization [245], [246].

5.6 Overview of Methods

5.6.1 Classical Methods for Min-Max Optimization

Classical approaches to handling uncertainty in optimization include robust optimization
methods from mathematical programming, which aim to find solutions that remain fea-
sible under worst-case conditions. Robust counterpart formulations transform uncertain
constraints into deterministic equivalents by ensuring feasibility across all possible realiza-
tions within a predefined uncertainty set [247]. Similarly, chance-constrained programming
ensures constraint satisfaction with a specified probability, while stochastic programming
models uncertainty through multiple scenarios and seeks solutions that perform well across
them [248], [249]. While these methods provide strong theoretical guarantees, they typi-
cally assume convexity, differentiability, and precise knowledge of uncertainty distributions,
making them less effective for complex, nonconvex, or high-dimensional problems. A com-
prehensive review can be found in [25] and [243].

In classical approaches towards robust optimization problems formulated as min-max
problems,; the solution of worst-case solutions is the central focus, solved through problem-
specific tailored algorithmic approaches. Branch and bound techniques explore the solution
space in stages, dividing it into subproblems and using bounds to eliminate suboptimal
solutions, but they struggle with scalability as the size of the problem grows [250]. Second-
order methods exploit Hessian-based approximations to locate saddle points in nonconvex-
nonconcave scenarios, but they fail in black-box problems where gradient information is
absent [251]. Cutting plane methods iteratively improve the feasible region using linear
approximations and work well when the function is convex-concave, but such structures
are uncommon in real-world problems, and nonconvex formulations are computationally
expensive [252]. Lagrangian relaxation and other duality-based methods simplify the solu-
tion process by reducing the original problem to its dual form, but their applicability relies
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on maintaining strong duality conditions, which often fail in nonconvex settings [253].

These classical methods work well for structured problems with well-defined uncer-
tainty sets; however, they have serious limitations in sophisticated, high-dimensional, or
dynamically evolving domains. Evolutionary algorithms (EAs), however, provide a flexible
solution, especially for black-box problems which are nonconvex and follow an implicit
uncertainty. Unlike robust mathematical programming approaches, EAs do not require
gradient information or explicit uncertainty modeling, making them effective for problems
where uncertainty arises from simulations or empirical data. Although EAs may involve
higher computational effort and lack convergence guarantees, their adaptability allows
them to explore diverse solution landscapes and identify robust solutions across a wide
range of uncertainty scenarios. Therefore, while classical robust optimization and tradi-
tional min-max solution methods provide strong theoretical foundations, we assume that
the problems resolved in this dissertation are of black-box structure, nonconvexity, and
implicitly defined uncertainty. These assumptions make EAs a more suitable choice due
to their flexibility, adaptability, and ability to navigate complex, real-world optimization
landscapes.

5.6.2 Evolutionary Algorithms for Min-Max Optimization

EAs have gained popularity in min-max problems due to their ability to handle nested
structures and non-convex landscapes, using population-based search to find robust solu-
tions without relying on gradients. To explore the connection between EAs and robust
optimization or min-max optimization, we searched a query! in the Web of Science. Fig-
ure 5.5 illustrates the keyword co-occurrence network from the publications found from the
query, where the frequency of occurrence between two terms in a document is represented.
In this case, the minimum occurrence of a keyword was set to 5, with both author and index
keywords considered. This network map highlights the interconnectedness of various op-
timization techniques, showing how different methods and approaches are related. Colors
represent different clusters, with node size indicating term frequency and edges showing
co-occurrence associations. We can note three main clusters for EAs, namely "Genetic
Algorithms"," Differential Evolution" and "Particle Swarm Optimization". Also, robust
design with EAs is very commonly applied for power system stability, composite structures,
problems that need simulations and engineering designs. Terms like “reliability-based de-
sign optimization,” “Taguchi methods,” “Monte Carlo simulation,” and “sensitivity analysis”
also show up frequently. These methods are all used to handle uncertainty and variability
in system design, with the goal of improving robustness, performance, and reliability in
uncertain environments.

In Chapter 2, we analyzed the usage of EAs to bilevel optimization problems. We cat-
egorized these methods into four main approaches: single-level reduction, nested optimiza-
tion, coevolutionary strategies, and surrogate-assisted methods. For min-max optimization
problems, we can define a similar framework, structured into the following analogous cat-
egories:

e Optimization of Scenario Space: This corresponds to nested optimization, fo-
cusing on optimizing each design over the different scenarios.

!The search query used was: (‘‘evolutionary algorithms’’ OR ‘‘evolutionary computation’’
OR ‘‘evolutionary optimization’’ OR ‘‘coevolutionary algorithms’’ OR ‘‘coevolutionary
optimization’ OR ‘‘genetic algorithms’’ OR ‘‘genetic programming’’ OR ‘‘differential evolution’’
OR ‘‘particle swarm optimization’” OR ‘‘ant colony optimization’’) AND (‘min-max robust
optimization’’ OR ‘‘robust design’’ OR ‘‘minimax optimization’’ OR ‘‘min-max optimization’’ OR
‘“‘worst-case scenario optimization’’).
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Figure 5.5: VOSviewer network visualization map of keyword co-occurrence. Colors rep-
resent different clusters, with node size indicating term frequency and edges showing co-
occurrence relationships.

e Coevolutionary Strategy: This retains the same principles as in bilevel optimiza-
tion, where the two populations of design and scenarios are co-evolving in parallel.

e Sampling Scenarios: This is similar to the single-level reduction approach, involv-
ing optimization over pre-sampled scenarios.

e Surrogate Models: This is the same as the surrogate-assisted approach in bilevel
optimization, where objective functions or mappings are approximated by surrogate-
sor meta-models.

These methods are visually summarized in Figure 5.6. In the following subsections, we
discuss them further, with examples from the literature.

Methods Based on the Optimization of Scenario Space: These methods reflect
a nested optimization approach. For each potential solution d, its performance is eval-
uated under all possible scenarios s. Specifically, this involves calculating the objective
function value f(d,s) for each scenario, testing how the solution performs under different
conditions. This way, we determine the worst-case performance for each potential solution
by identifying the maximum value of f(d, s) across all scenarios. This step is crucial as it
assesses how each solution performs in the most challenging scenario, thus evaluating its
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Figure 5.6: Categorization of Evolutionary Algorithms for Minimax Optimization Prob-
lems.

robustness. Finally, the method selects the optimal solution by minimizing this worst-case
performance.

Evolutionary programming has been employed to design neural net controllers under
uncertain conditions, with one of the first applications noted in 1994 [254]. This method
used a population-based approach where neural net controllers were evolved through se-
lection, mutation, and recombination. The evolutionary process was nested, focusing on
optimizing the controller parameters in the outer loop and then evaluating these controllers
across different plant models in the inner loop to minimize the maximum error observed.
A modification of Particle Swarm Optimization (PSO) was adapted to address minimax
problems, first presented in 2002 [255]. In this approach, PSO incorporated a nested loop
where each particle’s position (representing a potential solution) was evaluated across mul-
tiple scenarios. The algorithm iteratively adjusted the particles’ velocities and positions
to converge on the solution that minimized the worst-case scenario. A recent proposal in-
troduced a two-phase differential evolution approach for minimax optimization [256]. The
first phase focused on scenario exploration by refining selected individuals in the popu-
lation, while the second phase emphasized solution exploitation, using an archive-based
comparison strategy and dynamic resource allocation to balance exploration and exploita-
tion effectively. This two-phase approach demonstrated its effectiveness in minimizing
worst-case scenarios across various test functions and real-world applications.

Although these methods can be quite useful, they all share the common problem of
high computational cost. The frequent bottleneck—usually the need to conduct extensive
numbers of scenario evaluations due to increasing problem dimensionality—tends to impede
scalability and practicability in real-time or large-scale applications. This fact has spurred
interest in alternatives such as parallelization, surrogate modeling, and approximations.

Methods Based on Coevolutionary Strategy: Coevolutionary strategies involve
the parallel evolution of solutions and scenarios. In these methods, solutions and scenarios
evolve independently but interactively, often treating one as an evolving adversary to the
other. Like in a competitive game, both sides in this dynamic interaction are constantly
adjusting their strategy to counter the other’s moves. The effectiveness of these strategies
in min-max optimization lies in their ability to explore and exploit both the solution and
scenario spaces simultaneously, offering robust solutions under varying conditions.

Evolve d (solutions) and s (scenarios) simultaneously with interaction

One of the earliest coevolutionary approaches for constrained optimization was intro-
duced in 1999 by [13], employing a genetic algorithm with two co-evolving populations.
Each population encoded values of variables, and fitness evaluation was jointly dependent
on the evolutionary progress of both populations. This method reformulated constrained
optimization problems into min-max problems through Lagrange multipliers, allowing the
algorithm to identify feasible solutions that satisfy constraints. Later, [257] proposed a
coevolutionary augmented Lagrangian method in 2000, also for constrained optimization.
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Here, the problem was framed as a zero-sum game between a parameter vector and a
Lagrange multiplier vector. The coevolutionary process approximated the game’s saddle-
point by evolving one population for the parameter vector and the other for the multiplier
vector, with annealing techniques applied to avoid premature convergence. In 2002, coevo-
lutionary methods for constrained optimization advanced with a coevolutionary particle
swarm optimization (PSO) technique, incorporating an augmented Lagrangian approach
[14]. This approach utilized two interconnected PSO populations: one for solution variables
and the other for Lagrange multipliers, enhancing search efficiency by leveraging swarm
intelligence. A Gaussian distribution-based coevolutionary PSO was introduced in 2006
[258], further refining the approach. Here, two PSO populations evolved the variable and
Lagrange multiplier vectors, respectively, with Gaussian distribution applied to generate
stochastic coefficients, thereby improving the algorithm’s robustness against local optima.
In 2012, a coevolutionary differential evolution algorithm was introduced for min-max opti-
mization problems [259], utilizing parallel processing on graphical processing units (GPUs)
with C-CUDA for simultaneous evaluation of multiple candidate solutions and scenarios,
which significantly reduced computational time.

A significant challenge in coevolutionary strategies is the Red Queen effect? [260]. In the
context of min-max optimization, the Red Queen effect describes the phenomenon where
both the solution and scenario populations continually adapt to each other without making
significant progress toward an optimal solution, that is very promiment on asymmetrical
problems. As one population improves, the other must also evolve to counteract this
improvement, potentially leading to an arms race that prevents convergence to a stable,
optimal solution. This cyclic process of alternating between minimizing over variable d
and maximizing over variable s is illustrated in Figure 5.7.

To address challenges in coevolutionary strategies, including those that can hinder
progress, various researchers have proposed different methods. In 2001, a refinement was
introduced to tackle symmetry in search spaces [239]. Previous approaches often assumed
a symmetric condition between the solution space and the scenario space, leading to diffi-
culties when the actual problem exhibited asymmetry. An asymmetric fitness evaluation
mechanism was proposed, where the fitness of scenarios is determined not only by their
performance against the current solution population but also by their ability to consistently
challenge that population. In 2008, new variants of coevolutionary algorithms aimed at
worst-case optimization were introduced [261]. Their research focused on test-based co-
evolutionary algorithms, where one population evolves solution candidates while the other
evolves test cases designed to challenge these solutions. They introduced innovative fit-
ness assignment methods such as Average Greedy and Distance Greedy to preserve crucial
worst-case information during selection, significantly improving performance on benchmark
problems. More recently, an efficient co-evolutionary minimax method was developed to
optimize both control and noise factors in asymmetric minimax problems [262]. This
approach integrates the efficient global optimization framework to efficiently identify the
worst-case noise factors, balancing exploration and exploitation.

Despite many developments in coevolutionary methods, a prevalent issue shared with
the previous method is the increased computational complexity, since the management and
evolution of multiple populations can easily become unmanageable in high-dimensional or
real-time applications. Exploration-exploitation trade-offs must be balanced while guar-
anteeing solution convergence, an open challenge for min-max optimization in different
approaches.

Methods Based on Sampling Scenarios: The idea behind this approach requires

2The term "Red Queen effect" comes from Lewis Carroll’s "Through the Looking-Glass" (1871), where
the Red Queen says, "It takes all the running you can do, to keep in the same place."
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Figure 5.7: Hlustration of the Red Queen Effect in min-max optimization.

sampling and evaluating a number of scenarios to guide the optimization process. Unlike
coevolutionary methods that evolve both solutions and scenarios simultaneously or nested
optimization methods that involve optimizing solutions and scenarios in interdependent
loops, sampling scenario methods simplify the problem by generating a representative set
of scenarios upfront. These scenarios are typically sampled from the scenario space based
on some criteria such as importance or at random. After this sampling, the initial min-
max problem is converted into a single-level optimization problem. Then the objective
is to find the solution that performs optimally across these pre-sampled scenarios. This
method considers the worst-case scenario as part of the sampled set, aiming to optimize
the solution relative to this set.

Optimize d over a set of sampled scenarios {s1,s2,...,8,}

The An Aging Sampled Genetic Algorithm (ASGA), which samples scenarios randomly
[240] is an example of such an approach. In this case, the fitness of each solution is
evaluated based on its performance against these sampled scenarios, recording the worst-
case performance as its fitness. ASGA employes an aging mechanism, where the fitness of
solutions is continually updated as they remain in the population, allowing older solutions
to be tested against additional scenarios. This leads to a more accurate estimate of their
worst-case performance. Moreover, a method that uses PSO to search for the design
that minimizes the maximum potential inefficiency across a set of pre-sampled scenario
which represent potential worst-case conditions was introduced in [263]. Both methods
streamline the optimization process by limiting the problem to a single level, eliminating
the complications of coevolutionary or nested methods.

Despite this simplification, sampling-based methods like ASGA and PSO may not
always capture the true worst-case scenario, as the solution is only optimized over a pre-
sampled set of scenarios. The effectiveness of these methods heavily depends on the quality
and coverage of the sampled scenarios, and achieving robustness may require a large number
of samples, leading to a potential higher computational cost or inaccuracy.

Methods Based on the Surrogate Model: Surrogate model methods use approx-
imations instead of the real objective function in the design and/or in the scenario space
to support the optimization process. These models are normally trained from a rather
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small dataset and constructed employing methods like radial basis functions, polynomial
regression, or Gaussian processes. Once trained, the surrogate model now acts as a proxy
for the actual objective function, enabling quicker evaluations in its place for optimization.
The optimization algorithm iteratively refines the surrogate model by adding new data
points in regions where the model predicts high uncertainty or potential improvement.
This iterative process gradually converges toward an optimal solution:

Optimize f (x, s), the surrogate model, as an approximation to f(z,s)

One surrogate-assisted evolutionary algorithm that utilizes a Gaussian process to ap-
proximate the relationship between decision variables and the objective function is pre-
sented in [264]. This method reduces the number of costly function evaluations by relying
primarily on the surrogate model to evaluate most new solutions and only using the ac-
tual objective function for top-performing candidates. In [265], another approach applies
an expected-improvement algorithm for continuous minimax optimization, also leveraging
Gaussian processes as surrogate models. Here, the expected improvement criterion balances
exploration and exploitation by selecting new points likely to refine the surrogate model’s
accuracy and efficiency. A max-min surrogate-assisted evolutionary algorithm designed
for robust design problems introduces a Baldwinian trust-region framework, as outlined in
[266]. This method builds local surrogate models with radial basis functions to approx-
imate worst-case design performance, significantly lowering the number of high-fidelity
evaluations needed for convergence. The trust-region strategy concentrates the search in
regions with the greatest potential for improvement, making it particularly effective in
high-dimensional design contexts. Besides, a surrogate-assisted evolutionary multitasking
algorithm is developed for expensive minimax optimization tasks recently [242]. The pro-
posed algorithm improves the efficiency and convergence of search by multitasking related
optimization tasks and transferring knowledge across surrogate models.

Although surrogate model methods can reduce computational costs, their performance
largely depends on the quality of the surrogate model itself. If the surrogate model pro-
vides only a coarse approximation of the true objective function—particularly in sparsely
sampled regions—the optimization process may converge to a suboptimal solution. Addi-
tionally, maintaining and updating the surrogate model can introduce additional compu-
tational costs, especially in high-dimensional or simulation-based problems.

Other Methods: Beyond commonly used strategies such as scenario space optimiza-
tion, coevolutionary techniques, sampling approaches, and surrogate models, additional
approaches have been developed to address minimax optimization challenges.

One such method is a differential evolution algorithm designed for robust design in
minimax optimization [267|. This approach incorporates a “bottom-boosting” scheme to
enhance exploration and a “partial-regeneration” strategy to maintain population diver-
sity. These features allow the algorithm to effectively identify promising solutions. Unlike
surrogate models, this approach directly optimizes the objective function without relying
on approximations, using an enhanced evolutionary framework to explore the search space
while preserving diversity. However, it may still require a substantial number of function
evaluations, and its effectiveness can vary based on problem-specific characteristics and
parameter choices.

Another strategy that can drastically reduce computation time and, in effect, increase
efficiency in the optimization process of evolutionary algorithms is parallel processing.
This thesis’ author has demonstrated in other work that parallel hierarchical differential
evolution can speed up min-max optimization, since the scenarios can be evaluated in
parallel [236]. Moreover, the following chapter introduces a nested differential evolution
method with estimation of distribution [268], [269] for worst-case scenario optimization
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[237]. This approach estimates the distribution of high-quality solutions from previous
generations to efficiently initialize populations in the scenario space, further improving the
convergence.

5.7 Summary

This chapter provided an overview of min-max optimization, covering fundamental con-
cepts and the mathematical formulation. We explored how min-max optimization is essen-
tial for handling worst-case scenarios and achieving robust solutions, and reviewed various
evolutionary algorithm approaches for tackling these problems.

In the next chapter, we introduce, the nested Differential Evolution with Estimation
of Distribution Algorithm (MMNDE-EDA), an approach designed for solving min-max
optimization. This approach integrates differential evolution with distribution estimation
to enhance the search for optimal solutions, while using apriori knowledge acquired during
the optimization process.
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Chapter 6

Differential Evolution with
Estimation of Distribution for
Min-Max Optimization

Having examined the fundamental concepts and existing methods of min-max optimization
i the previous chapter, this chapter introduces a novel approach that combines a Differ-
ential Evolution (DE) with an estimation of distribution algorithm (MMNDE-EDA). The
objective is to minimize the mazimum output across all scenarios, which typically requires
extensive function evaluations. The proposed MMNDE-EDA algorithm features a nested
structure, applying differential evolution to both design and scenario space optimizations.
To enhance computational efficiency, the algorithm estimates the distribution of the best
worst-case solutions found so far and utilizes this probabilistic model to sample part of the
initial population for scenario space optimization. We empirically analyze how the proba-
bility of using this probabilistic model influences the algorithm’s performance. Additionally,
we compare this method with a state-of-the-art algorithm on benchmark problems and an
engineering application, showcasing its efficiency. This chapter is based on [237].

Connection to Thesis Objectives

This chapter addresses 03.3, 04.2.

6.1 Problem Definition

Many optimization problems in the real world, especially within engineering design, may
involve uncertainties in parameters, environmental conditions, or model inaccuracies. Con-
sidering these uncertainties is highly crucial to determine that solutions remain valid for
a variety of conditions. Worst-case scenario optimization-that is, a particular approach to
robust optimization-seeks solutions that perform reliably even in the most adverse condi-
tions, providing a conservative yet resilient approach. For instance, in structural engineer-
ing, uncertainties in material properties or load estimates can impact a structure’s safety
and reliability. Worst-case optimization ensures that, even under maximum load or min-
imum material strength within expected bounds, the structure remains stable and secure

The content of this chapter have been published in:
M. Antoniou and G. Papa, “Differential evolution with estimation of distribution for worst-case scenario
optimization,” Mathematics, vol. 9, no. 17, p. 2137, 2021
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[270]. In aerospace engineering, uncertainties in aerodynamics or system responses must
be managed to maintain reliable aircraft performance. By optimizing for the worst-case
scenario, engineers ensure that, even with variations in airflow or turbulence, the aircraft
maintains stability and control [271]. Similarly, in finance, portfolio optimization under
uncertainty often employs worst-case approaches to guard against extreme market down-
turns, resulting in a conservative but resilient portfolio that minimizes losses and promotes
long-term stability [272].

Worst-case scenario optimization can be modeled as a min-max problem, where the goal
is to find a solution that performs optimally in the face of the worst possible scenario within
a specified uncertainty range. This formulation is a special case of bilevel optimization
(BOP), where one optimization problem is embedded within the constraints of another
[15], [273]. Here, the objective function is minimized in the design space while maximized
in the uncertainty space, naturally supporting a hierarchical solution approach.

The rest of the chapter is organized as follows: Section 6.2 surveys the related work
concerning the methods. Section 6.3 introduces definitions of worst-case scenario and min-
max optimization. Section 6.4 briefly introduces general differential evolution (DE) and
estimation of distribution (EDA) algorithm and details the proposed method thereafter.
Parameter settings used in our experiments, as well as the discussion of results, can be
found in Section 6.5. Among others, we investigate how the performance of the algorithm
depends on the probabilistic model’s usage probability. Moreover, the performance of
the proposed method is compared to the performance of a state-of-the-art algorithm on
benchmark problems and on an engineering application. This chapter is summarized in
Section 6.6.

6.2 Related Work

Min-max optimization has been addressed using classical methods such as mathematical
programming [274], branch-and-bound algorithms [275], and approximation methods [276].
These methods, however, possess restricted applicability, as they necessitate simplifying
assumptions regarding the fitness function, including linearity and convexity. In recent
years, evolutionary algorithms (EAs) have surfaced as effective methods for addressing
min-max optimization challenges. EAs mitigate the need for specific assumptions about
the underlying problem by employing population-based approaches that directly use the
objectives. This allows them to handle mathematically intractable problems that do not
follow specific mathematical properties [13], [14].

A popular EA-based approach for solving min-max problems is the co-evolutionary
approach, where the populations of design and scenario spaces co-evolve. For instance, a
co-evolutionary genetic algorithm was introduced in [13], and particle swarm optimization
was used as an evolutionary strategy in [14]. While these methods perform well in sym-
metrical problems, they often struggle with asymmetrical problems due to the Red Queen
effect, where populations continuously adapt without meaningful improvement [277]|. These
approaches are less suitable for many real-world problems due to this limitation.

Nested algorithms are particularly well-suited for min-max optimization and perform ef-
fectively on both symmetrical and asymmetrical problems [263]. Howeever, these methods
may incur significant computational costs, since repeated scenario evaluations are needed.
To reduce these costs, surrogate models have often been employed to approximate the ob-
jective function [264], [278]. While surrogate models help reduce the number of function
evaluations, they can be less accurate, especially in high-dimensional or simulation-based
problems where it is challenging to capture the objective function’s landscape. This limi-
tation may lead to suboptimal solutions.
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In contrast, Estimation of Distribution Algorithms (EDAs) [268], [269] take a different
approach by building probabilistic models of the decision space, rather than approximating
the objective function directly [279]. By guiding the search toward regions with a higher
likelihood of containing optimal solutions, EDAs can avoid some of the accuracy issues
associated with surrogate models. EDAs have been used effectively in several optimiza-
tion problems, such as multimodal [280], combinatorial [281], and multiobjective problems
[282]. While EDAs avoid some of the limitations associated with surrogate models, their
application to min-max optimization problems remains underexplored. This gap presents
an opportunity to investigate whether EDAs, particularly in combination with Differential
Evolution (DE), can enhance min-max optimization by reducing computational costs and
improving search efficiency, especially in scenarios where accurately modeling the decision
space is more beneficial than direct objective function approximation.

To address this research gap, we propose a DE-EDA hybrid algorithm for solving min-
max optimization problems, called MMNDE-EDA. The algorithm employs a nested struc-
ture, with DE used for both the design and scenario space optimizations. A probabilistic
model is constructed based on the best worst-case solutions identified at the upper level
(UL), which then guides the search process in the lower level (LL). By integrating infor-
mation from the upper level, the algorithm enhances the efficiency of the search process at
the lower level, enabling a focused search within the more promising regions of the decision
space. EDAs, by concentrating on the decision space, can improve both the accuracy and
efficiency of the overall optimization process.

6.3 Mathematical Definition

In this section, we revisit the definitions of the classical optimization problem and the min-
max optimization as a specific instance of robust optimization. Although these definitions
have already been presented analytically in the previous Chapter 5, we include them here
once more for clarity and ease of reference.

6.3.1 Definition of General Optimization Problem

A typical optimization problem is the problem of minimizing an objective over a set of
decision variables subject to a set of constraints. The general mathematical form of an
optimization problem is:
min f(z)
subject to  g(x) <0,

where z € X is a decision vector of n dimension, f(x) is the objective function and g(x) are
the inequality constraints. The global optimization techniques solve this problem, giving
a deterministic optimal design. Usually, no uncertainties are considered. This approach,
though widely used, is not very useful when a designer desires the optimal solution given the
uncertainties of the system. Therefore, robust optimization approaches are applied [283].

6.3.2 Definition of Min-Max Optimization Problem

When one seeks the most robust solution under uncertainty, then the worst-case scenario
approach is applied. Worst-case scenario optimization deals with minimizing the maximum
output in the scenario space of a problem, and it is usually formulated as a min-max
problem. The general worst-case scenario optimization problem in its min-max formulation
is described as:

i 6.2
min max fz,y) (6.2)
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where X C R"™ represents the set of possible solutions and Y C R™ the set of possible
scenarios. As already discussed, the problem is a special instance of a BOP, where one
optimization problem (the upper level) has another optimization problem in its constraints
(the lower level). Here, the upper level and lower level share the same objective function
f(z,y), where upper level is optimizing with respect to the variables = of the design space
and the lower level is optimizing with respect to the uncertain parameters y of the scenario
space. If the upper-level problem is a minimization problem, then the worst-case scenario
given by the uncertain variables y of a solution x can be found by maximizing f(z,y).
From now on, we will refer to the design space as upper level and scenario space as lower
level interchangeably. The reader can find more about the BOPs in [15], [273] and in our
previous Chapter 2.

An interesting property of min-max problems arises when the following symmetry con-
dition holds:

minmax f(x = max min f(x,y).

min max f(z,y) = max min f(z, y)
When this condition is satisfied, the problem is symmetrical. Such symmetrical problems
are generally simpler to solve, as the feasible regions for the upper and lower levels are
independent. This independence reduces the complexity, allowing for more straightforward
solution methods.

6.4 Algorithm Method: MMDE-EDA

In this section, we briefly describe the general schema of a estimation of distribution
algorithm. For the description of DE, the reader can refer to Section 3.5.1, with a detailed
explanation of the algorithm. The respective pseudocode can be found in the same chapter
(see Algorithm 3.1) as well. Then, we explain the proposed algorithm.

6.4.1 Estimation of Distribution Algorithms (EDAs)

The basic flowchart of the EDA is shown in Figure 6.1, and the general steps of the EDA
algorithm are outlined in Algorithm 6.1 as follows: The basic flowchart of the EDA is shown
in Figure 6.1, and the general steps of the EDA algorithm are outlined in Algorithm 6.1
as follows:

1. Initialization: A population is initialized randomly.

2. Selection: The most promising individuals S(¢) from the population P(t), where ¢ is
the current generation, are selected.

3. Estimation of the probabilistic distribution: A probabilistic model M (t) is built from
S(t).

4. Generate new individuals: New candidate solutions are generated by sampling from
M(t).

5. Evaluation: The fitness of the new individuals is evaluated based on their objective
values.

6. Create new population: The new solutions are incorporated into P(t), and go to the
next generation. The procedure ends when the termination criteria are met.
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In the proposed algorithm, we keep the hierarchically nested formulation of a min-max
problem. The design space (upper level) decision variables are evolving with a DE. For the
evaluation of each upper level individual, first the scenario space (lower level) problem
is solved by the DE. This solution is then transferred to the upper level. To reduce the
cost, we apply an estimation of distribution mechanism between the decision space x and
the scenario space search y. In that way, we use a priori knowledge obtained during the
optimization. To further reduce the FEs, we search only for solutions with good worst-case
scenarios. If the objective function of a solution x; under any scenario is already worse in
terms of worst-case performance of the best solution xp.s found so far, there is no need for
further exploring z1 over scenario space. Therefore, the mutant individual’s performance

Algorithm 6.1: EDA

1:

o
M=o

Input: Initial population size, stopping criteria

Output: Optimized population P(g) and the best solution found

g+« 0

Generate initial population P(0)

while (stopping criteria not met) do
Select population of promising solutions S(g) from P(g)
Build probabilistic model M (g) from S(g)
Sample M (g) to generate new candidate solutions O(g)
Evaluate fitness or objective values of new solutions in O(g)
Incorporate O(g) into P(g) based on evaluation

g+—g+1

. end while
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is checked under the parent’s worst-case scenario, and further explored only when it is
better in terms of the fitness function. The general framework of the proposed approach is
illustrated in Figure 6.2. For the upper level, the main steps are described in detail below
and summarized in Algorithm 6.2.

Sample within Upper Level(UL) S LL optimization for every UL sample

design space. Initialisation. point with DE with $=0.0
Sort UL Individuals. Find mean and \l/
—>| covariance of the Best nPop/2 and é——{ Return y = argmax f(x*,y*)
build probabilistic model M_gUt
Generate UL Offspring x_new.
If B< rand(0,1)
\l/ LL optimization for individual sarl’?Lpled from
If f(x_new,y_parent)<Parent each offspring with Mg
. —> Else
Solution B: individual sampled
Input: M_g"* uniformly random
If f(x_new,y_optimal)<Best Solution ]
Update UL Population. Evolve LL with DE ‘
Update Best Solution. N
I Return y = argmax f(x*,y*) ‘
Figure 6.2: General framework of the proposed algorithm.
1. Initialization: A population of size NPop is initialized according to the general DE

procedure mentioned in Section (3.5.1), where the individuals are representing can-
didate solutions in the design space X.

Evaluation: To evaluate the fitness function, we need to solve the problem in the
scenario space. For a fixed candidate upper level solution X;, the lower level DE is
executed. More detailed steps are given in the next paragraphs. The lower level DE
returns the solution corresponding to the worst-case scenario for the specific X;. For

each individual, the corresponding best Yj.ss = argmax f(X;,y) solution is stored,
yey
meaning the solution y that aims to maximize the objective function f(X;,y) for a

fixed x .

Probabilistic Model Building: The individuals in the population P(i) are sorted in

ascending order based on their upper-level fitness values. The best % individuals

are then selected. From these top NPopindividuals, a distribution is built to construct

2
the probabilistic model Mg for the lower-level solution. Note that @ is a method

parameter, chosen by the user, representing the fraction of the population used for
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constructing the probabilistic model and can be modified based on the optimization
goals or problem requirements.

The d-dimensional multivariate normal density used to factorize the joint probability
density function is given by:
1

- )T N a—p)
Pl ®) = e | (6.3)

where z is the d-dimensional random vector, p is the d-dimensional mean vector,
and X is the d x d covariance matrix. The two parameters, p and 3, are estimated
from the top NIZOP individuals in the population, based on their stored lower-level best

solutions.

In this way, in each generation, we extract statistical information about the lower-
level solutions of the previous upper-level population. The parameters are updated
accordingly in each generation, following the general schema of an estimation of
distribution algorithm.

4. Evolution: Evolve upper level with the steps of the standard DE of mutation,
crossover, producing an offspring U; .

5. Selection: As mentioned above, the selection operation is a competition between
each individual X; ¢ and its offspring U; ¢. The offspring will be evaluated in the
scenario space and sent in lower level only if f(U; ¢, Yiq) < f(Xiq,Yiq), where Y] ¢
corresponds to the worst case vector of the parent individual X; . In that way,
a lot of unneeded lower level optimization calls can potentially be avoided, reducing
FEs. If the offspring is evaluated in the scenario space, the selection procedure in
Equation (3.49) is applied. Otherwise, the individual is kept in the population, and
continue to evaluate the next individual.

6. Termination criteria:

e Stop if the maximum number of function evaluations MazF E's is reached.

e Stop if the improvement of the best objective value of the last MaxImpGen
generations is below a specific number.

e Stop if the absolute difference of the best and the known true optimal objective
value is below a specific number.

7. Output: the best worst case function value f(z*,y*), the solution corresponding to
the best worst-case scenario (z*,y*).

For the lower level, the pseudocode is shown in Algorithm 6.3. The main steps are
outlined as follows:

1. Input: Receive the upper-level decision variable x, which serves as the fixed parameter
for the lower-level optimization problem.

2. Parameter Setting: Set the parameters for the probability of crossover (CR), the
population size (nPop), the mutation rate (F'), and the sampling probability (53).

3. Population Initialization: Sample NPopindividuals to initialize the population. If § <
random(0, 1), the individual is sampled from the probabilistic model Mg, constructed
in the previous upper-level generation using Equation (6.3). The model is sampled
using Matlab’s built-in function mvnrnd(mu, Sigma), which takes a mean vector
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mu and covariance matrix Sigma as input and returns a random vector drawn from
the multivariate normal distribution [284]. Otherwise, the individual is sampled
uniformly in the scenario space according to Equation (3.46). Note that in the
first upper-level generation no probabilistic model has been constructed yet. For
subsequent generations, [ can range between 0 and 1, where 8 = 1 means the
population is sampled exclusively from the probabilistic model. This can potentially
lead to the algorithm getting stuck in local optima and converging prematurely.

4. Mutation, crossover, and selection: Perform these operations following the standard
DE procedure.

5. Termination criteria:

e Stop if the maximum number of generations (MaxGen) is reached.

e Stop if the absolute difference between the best solution and the known true
optimal objective value is below a predefined threshold:

|f(z*,y") — fopt| <€,

6. Output: Return the maximum function value f(x*,y*) and the solution correspond-
ing to the worst-case scenario y* = arg max(f(z*,y)).

An example of an initial population generated with 8 = 0.5 is shown in Figure 6.3.
Magenta asterisks represent the population generated by the probabilistic model M¢ from
the previous upper-level generation, while blue points are samples uniformly distributed in
the search space. Figure 6.4 illustrates the effect of the probabilistic model on the initial
population of the lower level for one of the test-functions we used in our analysis during
optimization. As iterations progress, the lower-level population members sampled from the
probabilistic distribution converge toward the promising area that maximizes the function.
The zoomed subplot in each subfigure shows that these members of the population are
closer to the global maximum compared to the randomly distributed members.

6.4.3 Computational Cost Analysis

In many optimization problems, particularly those involving computationally expensive
objective functions, the dominant factor in the overall computational effort is the number of
exact function evaluations, rather than the time complexity of evolutionary operators such
as crossover, mutation, or model building. This is a standard assumption in the study of
evolutionary algorithms, where the time required for a single function evaluation can range
from seconds to hours, while the time consumed by internal algorithmic operations typically
remains negligible in comparison. Therefore, the total computation time is considered
directly proportional to the number of exact evaluations, rather than the complexity of the
evolutionary algorithm itself [167].

In the nested DE approach, the upper-level DE iterates to minimize the objective, while
each upper-level candidate solution triggers a lower-level DE to find the corresponding
worst-case (maximized) solution. The number of iterations in both the upper and lower
levels is typically defined as the product of the number of generations (gen) and the
population size (pop). Thus, the total number of function evaluations can be expressed as:

Niotal = (genu x popy) x (geny x popy) x Cy,

where gen, and pop, denote the number of generations and population size at the upper
level, respectively, while gen; and pop) represent the same parameters at the lower level.
Here, C represents the cost of a single function evaluation.
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Algorithm 6.2: MMNDE-EDA Upper-Level Optimization
1: Input: Population size Np,,, mutation factor F,,, crossover rate C,, maximum
generations Goaq

2: Output: Xpest, Yoest

3: Initialize population P(0) within bounds [Xmin, Ximaz)

4: Evaluate each individual X; by running the Lower-Level Optimization

5: Set Xpest as the individual with the best worst-case scenario solution

6: g0

7: while stopping criteria not met (e.g., g < Gpqz) do

8:  Sort individuals based on fitness in ascending order

9:  Select top Npop/2 individuals for distribution estimation

10:  Build probabilistic model M(g) ~ N (ug,%4) from the selected individuals
11:  Generate offspring via DE mutation and crossover

12:  for each offspring U; do

13: if fitness of U; (with worst-case scenario of parent) is better than parent then
14: Run lower level to evaluate U;’s worst-case scenario

15: if fitness of U; is better (min) than Xpes; then

16: Update Xpesr and Yiest

17: end if

18: end if

19: end for
20:  Incorporate offspring into P(g)

21: g+g+1
22: end while

In the proposed MMDE-EDA variant, a probabilistic model is built using the upper-
level best solutions found so far. This model guides the initialization of the lower-level DE,
where individuals are sampled either according to the probabilistic model or randomly.
Since this initialization occurs once per lower-level generation and does not affect the
iterative DE search itself, the additional overhead remains constant. Therefore, the overall
computational cost remains: Nigtal = (genu X popy) X (geni x popy) x Cy indicating that
the EDA-guided initialization does not alter the overall evaluation-driven cost compared
to the standard nested DE approach. What may vary is the number of iterations required
to achieve the same solution accuracy.

To mitigate the computational burden associated with nested evolutionary algorithms,
parallelization has been widely adopted as an effective strategy. By distributing lower-
level evaluations across multiple cores, parallelization significantly reduces runtime without
compromising solution quality. In fact, our study on nested DE for min-max problems
demonstrated the efficiency of this approach, showing reductions in computational time
while maintaining robust performance, even as problem dimensionality increases [236].
While similar performance can be expected for the MMNDE-EDA framework, further
research would be required to confirm its scalability and parallelization.

6.5 Numerical Experiments

6.5.1 Experimental Setup

In this section, we provide the parameter settings for our experiments.The performance of
the proposed algorithm was tested on 13 benchmark problems of min-max optimization.
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Algorithm 6.3: MMNDE-EDA Lower-Level Optimization

1

e e e e e
@ S o

17:
18:
19:
20:
21:
22:

23

: Input: Upper-level solution X;, probabilistic model M (if available), population
size, B, DE parameters

Initialize population P(0) within bounds [Yiin, Ymax)
for each individual do
if probabilistic model Mg exists and 5 < random(0,1) then
Sample individual from Mg: y ~ N (i, X)
else
Generate individual uniformly: y ~ Uniform(Ymin, Yinax)
end if
end for

Evaluate each individual Y; by computing fitness f(X;,Y;)
: Set Yyest as the individual with the worst fitness
g+ 0
: while stopping criteria not met do
Perform DE mutation and crossover to generate offspring
for each offspring U; do
if fitness f(X;, U;) is better than f(X;, Yiest) then
Update Ypest
end if
end for
Add offspring into P(g)
g+—g+1
end while
: Output: Yhest, f(Xiaybest)

The problems used are found collected in [278] along with their referenced optimal values.
The reader can find the problems in Appendix B.

The parameter settings used for all the experiments of this study are shown in Table 6.1.
The population size depends on the dimensionality of the problem, where for the upper
level max(n, + ny,5) * 2 is used and for the lower level max(n,, 5) * 2 where ng, n, is the
dimensionality of the upper level and lower level, respectively. All the simulations were

Table 6.1: Control parameters used in the reported results.

Upper-Level Lower-Level
Population size max(ng +ny,5) *2  max(n,,5) 2
Crossover 0.9 0.9
Mutation uniformly (0.2, 0.8)  uniformly (0.2, 0.8)
Desired Accuracy 10e-5 10e-5
Maximum Number of Generations - 10
Maximum Number of Function Evaluations 5000 -
Maximum Number of Improvement Generations 30 -
Least Improvement 10e-5 -

undertaken on an Intel (R) Core (TM) i7-7500 CPU @ 2.70 GHz, 16 GB of RAM, and the
Windows 10 operating system. The code and the experiments were implemented and run
in Matlab R2018b, without any parallelization.
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Figure 6.3: Balancing exploration and exploitation with the sharing distribution mech-
anism of the lower level population. Magenta asterisk points represent the population
generated by the distribution of the previous upper level generations. Blue points are
samples uniformly distributed in the search space. The idea behind this is to keep the
“knowledge” already gained in previous generations while also giving the opportunity to
the algorithm to search the whole search space. Here with g = 0.5.

6.5.2 Results on Effectiveness of the Probabilistic Sharing Mechanism

To evaluate the effectiveness of the probabilistic sharing mechanism of the proposed al-
gorithm, we compare three different instances that correspond to three different 8 values.
The first algorithmic instance has 8 = 0, meaning that the estimation of distribution in the
optimization procedure is not activated, and the algorithm becomes a traditional nested
DE. Therefore, this instance serves as the baseline. The second algorithmic instance cor-
responds to 8 = 0.5, where half of the initial population of the lower level is sampled from
the probabilistic model. Last, for the third algorithmic instance, we set a value of 5 = 0.8,
testing the ability of the algorithm when 80% of the initial population of the lower level is
sampled from the probabilistic model.

Due to the inherent randomness of the EAs, repeated experiments are held to assess a
statistical analysis of the performance of the algorithm. In Table 6.2, the statistical results
of the 30 runs of the different instances of the algorithm are reported. More specifically, we
report the mean, median, and standard deviation of the absolute error (AE) of the objective
function. We calculate the AE as the absolute differences between the best objective
function values provided by the algorithms and the known global optimal objective values
of each test function. This is expressed as

AE = |f — o7 (6.4)

where f/ and f°P! are the best and the true optimal values, respectively.

Table 6.2: AE comparison of the different instances of the algorithm over the 30 runs.

Problems Type B =0 B = 0.5 B = 0.8
Mean 3.45E-01 2.77E-05 2.29E-05
Median 9.49E-02 3.33E-05 3.33E-05

71 Syminetrical
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Table 6.2 — continued from previous page

Problems Type B =0 B = 0.5 B = 0.8
Std 6.55E-01 3.43E-05 1.53E-05
p-value <0.05 NA >0.05
Median FEs 20,115 28,300 46,535
Mean 1.11E-01 1.25E-03 1.28E-04
Median 4.96E-02 5.53E-06 5.79E-06
f2 Symmetrical Std 5.38E-01 4.27E-03 5.43E-04
p-value <0.05 NA >0.05
Median FEs 20,665 16,180 17,140
Mean 1.64E+00 2.27E-03 2.35E-02
Median 9.51E-01 1.86E-05 2.47E-05
f3 Asymmetrical Std 2.29E+00 1.30E-02 8.35E-02
p-value <0.05 NA >0.05
Median FEs 27,535 39,830 46,785
Mean 3.49E-01 2.93E-05 1.64E-03
Median 2.27E-01 2.03E-05 3.39E-05
fa Symmetrical Std 4.49E-01 4.41E-05 8.88E-03
p-value <0.05 NA >0.05
Median FEs 19,940 26,478 40,516
Mean 6.23E-02 9.95E-04 8.43E-06
Median 2.63E-02 2.99E-04 8.55E-07
fs Asymmetrical Std 1.05E-01 4.18E-03 5.08E-05
p-value <0.05 >0.05 NA
Median FEs 38,604 78,444 97,506
Mean 2.16E-01 1.96E-03 1.19E-02
Median 1.62E-01 7.86E-06 6.33E-06
fe Symmetrical Std 2.67E-01 6.74E-03 6.50E-02
p-value <0.05 >0.05 NA
Median FEs 55,740 69,798 77,356
Mean 5.57E-01 7.90E-02 7.90E-02
Median 4.76E-01 7.90E-02 7.90E-02
fr Asymmetrical Std 3.75E-01 1.34E-04 9.54E-06
p-value <0.05 NA <0.05
Median FEs 143,580 360,460 541,940
Mean 9.27E-06 3.03E-06 3.34E-06
Median 6.16E-06 1.17E-06 2.12E-06
fs Symmetrical Std 1.99E-05 3.24E-06 3.23E-06
p-value <0.05 NA >0.05
Median FEs 9,120 8,150 8,070
Mean 0.00E+00 0.00E+4-00 2.96E-03
Median 0.00E4+00 0.00E+00 0.00E400
fo Asymmetrical Std 0.00E+00 0.00E+00 1.62E-02
p-value NaN NA >0.05
Median FEs 3,435 3,935 3,715
Mean 7.54E-06 8.03E-08 8.74E-04
Median 2.86E-07 2.98E-07 2.95E-07
f1o0 Asymmetrical Std 3.60E-05 4.96E-07 4.79E-03
p-value NA >0.05 >0.05
Median FEs 4,435 3,995 3,880
Mean 5.11E-03 3.62E-03 1.43E-02
Median 1.79E-03 2.95E-04 1.14E-02
f11 Asymmetrical Std 7.44E-03 8.06E-03 1.25E-02
p-value >0.05 NA <0.05
Median FEs 21,965 30,480 33,485
Mean 3.72E-01 5.21E-01 7.05E-01
Median 2.25E-01 4.77E-01 7.43E-01
fi2 Asymmetrical Std 5.98E-01 5.23E-01 1.42E-01
p-value NA <0.05 <0.05
Median FEs 14,945 15,795 28,210
Mean 3.99E-02 2.42E-02 1.98E-01
Median 6.51E-02 1.82E-04 1.07E-05
f13 Asymmetrical Std 7.29E-01 1.21E-01 1.04E+00
p-value <0.05 >0.05 NA
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Table 6.2 — continued from previous page

Problems Type B =0 B =0.5 B =0.8

Median FEs 22,430 56,880 61,525

In order to compare the instances, the non-parametric Wilcoxon signed-rank test [285]
was conducted at the 5% significance level. For each test function, the instance with the
best median AE was used as the control algorithm against the other two. A reported
<0.05 value means that the null hypothesis is rejected, indicating that the two samples are
statistically different, while >0.05 indicates no significant difference between them. The
instance with the best median AE is shown in bold. Additionally, the median of the total
number of function evaluations (FEs) is reported, with the lowest FEs corresponding to
the best median AE also in bold.

The proposed method generally outperforms the baseline across most test functions.
Specifically, the second and third instances perform significantly better than the baseline
in test functions f1 to fs and fi3. For these test functions, the results of instances 2 and
3 do not differ significantly (> 0.05), indicating a tie in terms of AE. However, instance 2
consistently requires fewer FEs to achieve similar results, making it more computationally
efficient. For test function fg, all instances perform equally in terms of median AE, with
the baseline requiring the fewest FEs. The first instance shows superior performance for
test functions fig and fi2, and both the first and second instances outperform the third in
J11-

In several cases, the baseline instance completes with a low number of FEs, suggesting
premature convergence when the “least improvement” termination criterion is triggered,
ending the process before reaching the maximum FEs. In 11 out of the 13 test functions,
instance 2 either outperforms at least one other instance or performs equally well, making
the selection of 8 = 0.5 a safe choice.

The nature of symmetry in test functions appears to influence convergence, as the
instances generally report fewer function evaluations for symmetrical functions fi, fo,
f1, fe, and fs compared to the more challenging asymmetrical functions f3, f5, f7, fi1,
and fis. This suggests that instance 2’s balanced approach (with § = 0.5) may offer
reliable performance across both symmetrical and asymmetrical problems. For fi5 the FEs
needed are lower, but the AE achieved is also quite higher, indicating again the premature
convergence for all the instances.

In Figure 6.5, the success rate of each algorithmic instance and each test function
is reported. As a success rate, we define the percentage of runs in which the algorithm
achieved an absolute error (AE) below a predefined threshold out of the total runs. It is
interesting to note that the baseline first instance did not reach the predefined AE threshold
in 9 out of 13 test problems. The performance of the algorithm improves with the use of
the estimation of distribution. On the other hand, the instance with 8 = 0.5 achieved the
predefined AE threshold for at least one run in 11 out of 13 problems, while the instance
with 8 = 0.8 did so in 10 out of 13 problems.

The second instance achieved the predefined AE threshold in 100% of the cases for
asymmetrical functions fg9 and fi19. For test functions f; and fi2, none of the algorithms
reached the predefined AE threshold within the given number of FEs. f7 is one of the test
problems with higher dimensionality, and a higher number of function evaluations might
be needed in order to achieve a lower AE.

Figure 6.6 presents the convergence plots of upper-level AE for each algorithmic in-
stance and test function. Red represents 8 = 0.0, magenta 5 = 0.5, and blue § = 0.8. The
fluctuations in convergence are likely caused by inaccurate worst-case scenario solutions. In
Figure 6.6g, the algorithm initially converges toward an optimal solution but later settles
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Figure 6.4: Effect of the probabilistic model on the initial population of lower level for fs.
As the iterations increase, the lower level members of the population that were produced
from the probabilistic model reach the promising area that maximizes the function. The
area they are concentrated in is shown in the zoomed plots of each plot.

on a slightly inaccurate one. In nested min-max optimization, once a suboptimal worst-
case scenario is identified, the upper-level optimization minimizes based on this incorrect
scenario. Since the worst case is not properly identified, the algorithm becomes trapped,
leading to a solution that seems minimized but is actually inaccurate, which is typical in
such problems. In Figure 6.6j for fig, algorithmic instances 2 and 3 converge earlier than
the baseline instance.

6.5.3 Results on Comparison with State-of-the-Art Method MMDE

In this subsection, we compare the proposed method with a state-of-the-art min-max EA.
The MMDE [267] algorithm, which combines DE with a bottom-boosting scheme and a
regeneration strategy, is specifically designed to detect robust worst-case solutions without
the use of surrogate models. Similarly, our method is also non-surrogate-assisted and
utilizes DE, making the comparison fair and direct. Among other min-max EAs, MMDE
had shown better performance, making it a suitable choice for a baseline at the time of
this study, and its author provided the code for this comparison. For the comparative
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Figure 6.5: Barchart of the success rate (%) of each algorithmic instance and each test
function. The red color corresponds to the instance where 5 = 0.0, magenta 8 = 0.5 and
blue 5 = 0.8.

experiments, the DE parameters for the upper level in the proposed method are the same
as in Table 6.1. For the lower level, the population size is set to max(n,,5) x 3, with
B = 0.5. For MMDE, we used the parameter settings from the reference paper: crossover
CR = 0.5, mutation F' = 0.7, and two additional parameters, Ky = 190 and T" = 10,
controlling the number of FEs in the bottom-boosting and partial-regeneration strategies.
To ensure a fair comparison, both algorithms are run with a total FE limit of 10%.

Since the number of FEs is limited, an additional check was applied in the proposed
method: if a new upper-level solution was already found in the previous population, it is
not passed to the lower level, as the worst-case scenario is already known. The algorithms
were each run 30 times on all test functions. For comparing the two methods, in addition
to AE, we use the mean square error (MSE) of the obtained solutions in the design space
(upper level) relative to the true optimum—a metric commonly used in min-max algorithm
comparisons. The MSE is calculated as follows:

Dx
1 n n
MSE(Xbesta Xop ) = Dix Z(wbest - xopt)z (65)
n=1

where Xjq is the best solution found by the algorithm, X, is the known optimal solution,
and Dy is the dimensionality of the solution. In Tables 6.3 and 6.4, we report the mean,
median, and standard deviation of the MSE and AE, respectively. The Wilcoxon signed-
rank test [285] was conducted at the 5% significance level, and we indicate whether the
p-value rejects the null hypothesis.

The proposed method demonstrates competitive performance in terms of MSE, out-
performing MMDE on test functions f1, fa, fs, and fi9, while achieving comparable per-
formance on f5 and fg9. However, MMDE performs better on the rest of the test functions.
In terms of AE, the proposed method outperforms MMDE on fi, fo, fg, and fg, while
achieving similar performance on f4, fg, and fi19. MMDE, however, performs better on the
rest of the test functions.The differences between MSE and AE arise from the way each
metric evaluates deviations from the true optimum. MSE penalizes larger deviations more
heavily due to the squaring of errors, making it more sensitive to outliers. In contrast, AE
provides a linear measure of deviation, reflecting the average distance without emphasiz-
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ing extreme values. As a result, the proposed method’s performance varies across the two
metrics, depending on the distribution and scale of the errors for each test function.

Table 6.3: MSE Comparison with MMDE over 30 runs and 10* FEs.

Problems MMNDE-EDA MMDE
f1 Mean 2.92E-10 5.79E-05
Median 2.92E-10 5.79E-05
Std 2.81E-10 6.78E-21
p-value NA <0.05
S Mean 1.80E-06 5.11E-06
Median 1.80E-06 5.12E-06
Std 8.19E-07 1.18E-07
p-value NA <0.05
f3 Mean 8.01E-07 7.49E-10
Median 8.01E-07 7.63E-10
Std 7.91E-07 6.99E-11
p-value <0.05 NA
fa Mean 7.5TE-07 7.97E-10
Median 7.57TE-07 7.84E-10
Std 4.99E-07 2.34E-11
p-value <0.05 NA
f5 Mean 7.39E-10 9.31E-10
Median 1.22E-10 8.42E-10
Std 9.60E-10 3.46E-10
p-value NA >0.05
fe Mean 1.59E-06 6.63E-08
Median 1.53E-06 3.33E-08
Std 1.28E-06 6.68E-08
p-value <0.05 NA
fr Mean 9.10E-04 7.82E-05
Median 3.59E-04 7.24E-05
Std 1.22E-03 2.27E-05
p-value <0.05 NA
fs Mean 2.0234E-05 2.6618E-05
Median 1.8269E-07 9.5487E-06
Std 7.5060E-05 6.1841E-05
p-value NA <0.05
fo Mean 2.5849E-01 3.3719E-03
Median 0.0000E+-00 0.0000E+00
Std 9.6251E-01 1.1081E-02
p-value NA >0.05
fio Mean 1.0029E+-00 5.1712E-01
Median 0.0000E+00 0.0000E+00
Std 2.8499E+00 2.4408E+00
p-value NA <0.05
fi1 Mean 3.3428E-01 7.9495E-04
Median 5.5485E-02 8.8027E-05
Std 8.7588E-01 1.4876E-03
p-value <0.05 NA
fi2 Mean 8.1786E-03 1.1339E-05
Median 9.6258E-05 2.1344E-06
Std 1.9804E-02 3.2300E-05
p-value <0.05 NA
f13 Mean 5.0537E-02 5.5425E-03
Median 1.9716E-02 2.7037E-03
Std 7.7093E-02 7.7943E-3
p-value <0.05 NA
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Table 6.4: AE Comparison between MMNDE-EDA and MMDE over all runs.

Problems MMNDE-EDA MMDE
f1 Mean 2.9293E-05 7.6100E-03
Median 3.3299E-05 7.6100E-03
Std 3.2970E-05 0
p-value NA <0.05
f2 Mean 1.2511E-03 2.0000E-05
Median 6.0809E-06 2.0000E-05
Std 4.2708E-03 0
p-value NA <0.05
f3 Mean 2.4970E-03 2.0000E-05
Median 2.4663E-05 2.0000E-05
Std 1.2971E-02 0
p-value <0.05 NA
fa Mean 3.3318E-05 3.4000E-05
Median 2.0266E-05 3.4000E-05
Std 4.1038E-05 0
p-value >0.05 NA
f5 Mean 8.2556E-04 0
Median 8.5470E-07 0
Std 4.1597E-03 0
p-value <0.05 NA
fe Mean 1.9670E-03 3.0000E-05
Median 9.3202E-06 3.0000E-05
Std 6.7362E-03 0
p-value NA <0.05
f7 Mean 7.8994E-02 1.5766E-02
Median 7.9024E-02 1.5800E-02
Std 1.3407E-04 8.9105E-05
p-value <0.05 NA
fs Mean 3.0312E-06 2.2641E-27
Median 1.1658E-06 3.4868E-28
Std 3.2450E-06 4.7893E-27
p-value <0.05 NA
fo Mean 0 0
Median 0 0
Std 0 0
p-value >0.05 NA
f1o0 Mean 3.7754E-07 3.0000E-07
Median 3.0162E-07 3.0000E-07
Std 3.2372E-07 0
p-value >0.05 NA
f11 Mean 4.9814E-03 1.0000E-07
Median 7.4905E-04 1.0000E-07
Std 1.1319E-02 0
p-value <0.05 NA
f12 Mean 5.3333E-01 0
Median 4.7689E-01 0
Std 5.0920E-01 0
p-value <0.05 NA
fis Mean 2.4249E-02 1.7513E-01
Median 1.8154E-04 1.7515E-01
Std 1.2134E-01 4.9770E-05
p-value NA <0.05

119
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6.5.4 Results for Engineering Application

To further investigate the performance of the proposed method, we applied it to a simple
engineering problem, also used as a benchmark in [265]. This problem involves the optimal
design of a vibration absorber (Figure 6.7) for a structure subject to uncertainties in the
forcing frequency. A structure with mass mj is subjected to a force of unknown frequency,
while a smaller structure with mass mo is used to counteract oscillations through viscous
damping. The design challenge is to make this damper robust to the worst-case force
frequency. The objective function is the normalized maximum displacement of the main
structure, expressed as [265]:

1
J = (U= B/ T2+ 4(GaBrreq/T)? (6.6)
where ,
22 :[B]%req(ﬂ]%req - 1)/T2 - ﬁ.)%req(]' + ,u) - 4% + 1]2 (6 7)
3 1- - re '
+4[C15?Teq/T2 N 2B req(1 = 1) = C2Bfreq B’

T

mo

Ix
mi

/////////////////////////////
/////////////////////////////

Figure 6.7: Vibration absorber.

The fixed parameters for this problem are g = 0.1 and {; = 0.1. The decision variables
in the design space are (2 and 7', while 3y,¢, is the scenario-space variable against which
the design should be robust. The problem can be formulated as a min-max problem:

i J — mi J(Co, T 6.8
min (z,y) min max (G2, T, Bfreq) (6.8)

with ¢ € [0,1], T € [0,1], and Bfreq € [0,2.5]. The known solution of J is z* =
(¢5,T*) = (0.1986,0.8619) and y* = Bfreq = 1.043, with an optimal value approximated
at J(z*,y*) = 2.6227, as reported in [286]. We ran the problem 30 independent times for
both the proposed method and the MMDE algorithm, using the same parameter settings
as in the previous subsection. In Table 6.5, we report the mean, median, and standard
deviation of the obtained AE and MSE for both the proposed method and MMDE. Both
algorithms approximate the known global optimum well, achieving an AE on the order
of 1072 and MSE on the order of 10~%. The statistical test indicates that the proposed
method performs equally well with MMDE on this engineering application.
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Table 6.5: Statistical comparison with MMDE over 30 runs and 10* FEs for the engineering
application.

Problems MMNDE-EDA MMDE

AE(Jminmaz) Mean 1.7100E-01 1.0472E-01
Median 6.4784E-02 9.9247E-02
Std 2.6084E-01 6.0458E-02

p-value NA >0.05
MSE(zx) Mean 1.4668E-02 7.6533E-04
Median 6.4275E-04 3.6815E-04
Std 5.1909E-02 7.6206E-04

p-value >0.05 NA

6.6 Summary

In this chapter, we presented an algorithm designed for solving min-max problems aimed
at optimizing under worst-case scenario. The algorithm utilized a nested differential evo-
lution combined with an estimation of distribution to improve efficiency in both accuracy
and computational cost. A probabilistic model was constructed from the best worst-case
solutions identified so far, which was then used to generate samples for the initial popula-
tion of the lower-level DE, enhancing convergence speed. We evaluated the efficiency of the
algorithm through experiments that compared the nested approach with varying probabil-
ities of using the probabilistic model across 13 test functions of different dimensions and
characteristics. Additionally, the proposed method was compared with a state-of-the-art
algorithm recognized for its effectiveness on these problems, using both benchmark func-
tions and an engineering application. The results demonstrated that, in most cases the
proposed method is comparable to the state-of-the-art algorithm.

Connection to Thesis Hypothesis

This chapter supports Hypothesis 3 by demonstrating through experiments that
integrating a probabilistic estimation of distribution within nested evolutionary al-
gorithms (EAs) generally improves perfomance in solving min-max problems for op-
timizing under worst-case scenarios in most cases, while maintaining solution quality.
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magenta 8 = 0.5 and blue § = 0.8. Generations axes is in logarithmic scale.
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Chapter 7

Conclusions and Future Work

7.1 Summary of the Thesis

This thesis suggests new methods to solve ill-posed bilevel problems, such as optimistic and
pessimistic bilevel problems, as well as min-max problems using evolutionary algorithms.
In Chapter 1, we introduced the background and motivation for the study, identified the
research gap, and outlined the problem statement. We also provided an overview of the
methodology and our hypotheses and our research objectives. Chapter 2 presented an
overview of the bilevel optimization problem, detailing its connections to game theory,
applications and mathematical definition. We examined optimistic and pessimistic formu-
lations, supported by mathematical examples, and reviewed both classical and evolutionary
solution methods. In Chapter 3, we introduced the §-perturbation method, outlining its
application to optimistic and pessimistic bilevel optimization problems. This chapter in-
cluded mathematical definitions, the explanation of the perturbation method with an error
bound analysis, followed by the algorithmic steps of the nested DE and numerical exper-
iments that validated its effectiveness. Chapter 4 extended the J-perturbation method
to multiobjective bilevel optimization, providing a mathematical framework and tested to
the existing algorithm m-BLEAQ. This chapter focused on investigating optimistic and
pessimistic Pareto fronts, demonstrating the practicality of the proposed method through
numerical experiments. Chapter 5 examined min-max optimization as a specific form of
bilevel optimization aimed at minimizing the maximum output under worst-case scenar-
ios. The chapter established key concepts and mathematical formulations while review-
ing evolutionary algorithms tailored for min-max problems. In Chapter 6, we proposed a
novel algorithm that integrates a probabilistic estimation of distribution within nested EAs
(MMNDE-EDA) for solving min-max problems. This algorithm improved computational
efficiency through a probabilistic model built from previous solutions. The experimental
results showed that this strategy decreased computational costs while retaining solution
quality in most cases.

This chapter is structured as follows: Section 7.2 covers the scientific contributions and
validation of our hypotheses, while Section 7.3 outlines future work.

7.2 Scientific Contributions and Validation of Hypotheses

This thesis presents multiple scientific contributions, and the Bibliography section includes
a list of all related publications. Each hypothesis is associated with one or more scientific
contributions (SC) that are relevant to the scientific community. To contextualize the
contributions, we restate the primary hypotheses addressed in this work:
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H1: EAs can be enhanced with perturbation methods to approximate both optimistic
and pessimistic solutions for ill-posed single-objective bilevel optimization problems.

H2: The integration of perturbation methods within EAs will enable them to effectively
identify both optimistic and pessimistic Pareto Fronts for multiobjective bilevel op-
timization problems.

H3: Implementing probabilistic Estimation of Distribution within nested EAs can reduce
the computational costs associated with solving min-max problems without sacrific-
ing solution quality.

The following scientific contributions validate these hypotheses:

SC1: Development of a perturbation method for bilevel optimization: The per-
turbation method is designed to address ill-posed bilevel optimization problems
caused by non-unique lower-level solutions. By employing the é-perturbed approach,
the formulation guarantees the discovery of a unique approximate lower-level optimal
solution for both the optimistic and pessimistic cases. This validates Hypothesis
1 by establishing a theoretical framework and providing proofs of the validity of
the perturbation method in bilevel optimization. This research was presented at
the International Bilevel Optimization Conference [287| and was later published as
a peer-reviewed journal paper in Operations Research Perspectives [139)].

SC2: Extension of the perturbation method to multiobjective bilevel optimiza-
tion: The J-perturbation method, initially developed for single-objective bilevel
problems, was extended to handle multiobjective bilevel optimization problems, where
the upper level has multiple objectives, and the lower level has a single objective but
multiple optimal solutions. This contribution introduces a mathematical formulation
that ensures the approximation of both the optimistic and pessimistic Pareto-optimal
frontiers. This work validates Hypothesis 2. These findings have resulted in a paper
accepted to the International Conference on Evolutionary Multi-criterion Optimiza-
tion (EMO) [206].

SC3: Validation of theoretical error bounds and the perturbation method: Through
rigorous computational studies, this work validates the theoretical error bounds as-
sociated with the perturbation method used in bilevel optimization. The empirical
results confirm the validity of this method and demonstrate its effectiveness in han-
dling ill-posed bilevel problems. This validation is discussed in [139] and validates
Hypothesis 1.

SC4: Establishing baseline evolutionary algorithms for optimistic and pessimistic
bilevel optimization: To our knowledge, this research represents the first applica-
tion of EAs to approximate these specific classes of optimistic and pessimistic bilevel
problems. It introduces baseline evolutionary algorithms designed for these classes,
as detailed in [139] and [206]|. This validates Hypotheses 1 and 2.

SC5: Introduction of a new evolutionary approach for min-max optimization:
This research introduces a novel evolutionary algorithm that combines differential
evolution with an estimation of distribution algorithm. It uses a nested structure
to optimize both design and scenario spaces, with part of the scenario space popu-
lation sampled based on prior knowledge from earlier iterations. Empirical results
demonstrate that this approach outperforms its purely nested variant and performs
comparably to state-of-the-art methods in engineering applications and benchmark
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problems, as detailed in the journal paper published in Mathematics [237|. This work
validates Hypothesis 3.

7.3 Future Work

This work opens several directions for future research in ill-posed single and multiobjective
bilevel, and min-max optimization.

In ill-posed single-objective bilevel optimization, the nested perturbation approach pre-
sented here serves as a baseline for developing more advanced methods. For example,
calculating the upper-level objective within the lower-level solution process can be com-
putationally demanding. One staightforward direction is incorporating surrogate models,
such as approximations based on y — F'(z,y), to reduce these costs. Additionally, a uni-
fied algorithm capable of tracking both optimistic and pessimistic solutions will provide
a valuable tool for decision makers. Techniques such as evolutionary multitasking [288|
and evolutionary transfer learning [289] can be a possible way forward. An interesting
class where ill-posedness in real bilevel problems appears when the lower level is uncertain.
Applying the method in such problems will showcase the real-world impact. Moreover,
creating new benchmark functions for measuring and comparing the performance of evo-
lutionary algorithms, as well as scaling existing ones, will give a more solid platform.

For multiobjective bilevel optimization, future work could focus on extending pertur-
bation methods to handle multiobjective problems at both levels. This includes developing
benchmark test functions for these cases, particularly for non-convex Pareto fronts, as well
as exploring different value function approaches. Establishing error bounds and theoretical
proofs for the proposed reformulation would further strengthen these methods.

In min-max optimization, several promising directions exist for extending the proposed
approach. Testing the framework with various population-based evolutionary algorithms
at either the upper or lower levels would demonstrate its adaptability across evolutionary
strategies. Another key direction involves dynamically adapting the parameter 3, which
governs the probability of utilizing the probabilistic model, to balance exploration and
exploitation for improved performance. The method could also be combined with surrogate
models to further enhance efficiency, particularly in complex or high-dimensional problem
settings. Extending this approach to constrained min-max problems would broaden its
applicability, while investigating scalability on high-dimensional and large-scale engineering
applications would provide valuable insights into its practical capabilities.

Finally, apart from the theoretical and algorithmic scope of this study, the broader
motivation behind is to be applied to real-world applications and to give decision makers
a tool to identify and analyze potential solutions to their problems at hand.
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Appendix A

KKT Conditions and Example

KKT Conditions: The Karush-Kuhn-Tucker (KKT) conditions are essential for solving
optimization problems with constraints, extending the method of Lagrange multipliers to
include inequality constraints. They involve necessary conditions such as the gradients of
the objective and constraint functions, feasibility conditions, and complementary slackness.
These conditions are particularly useful in bilevel optimization, where they can be applied
to the lower-level problem, transforming it into a set of constraints for the upper-level
problem. This transformation simplifies the bilevel problem, especially when the lower-
level problem is convex and smooth [114], [115].

For a bilevel optimization problem, we seek to minimize the upper-level objective func-
tion F'(z,y) subject to the constraint that y is the optimal solution of the lower-level
problem f(x,y). This leads to the following formulation:

Bilevel Optimization Problem (BOP):

min F(z,y) (Upper-Level Problem) s.t. y € argmin f(z,y) (Lower-Level Problem)
zeX,yeyY Yy

To solve this, we can apply the KKT conditions to the lower-level problem, which
provides a set of necessary conditions that must be satisfied for optimality. The KKT

conditions for the lower-level problem are:
KKT Conditions for the Lower-Level Problem:

p q
Vol (@) + Y NiVygi(z,y) + > i Vyhi(z,y) =0

i=1 j=1

gl(x7y)§07 Zzlvapa h](IE?y):()) .]:177q
Ai>0, i=1,...,p and Ngi(z,y)=0, i=1,...,p

Now, let’s consider a specific example of bilevel optimization to see how these conditions
apply.

Example of KKT Conditions in Bilevel Optimization:

Consider the following bilevel optimization problem:

min  F(z,y) = (z —2)?+(y—3)® st. ycarg min (y—z)? +2y
x€[0,4] y€[0,4]

We first solve the lower-level problem. The objective function for the lower-level prob-
lem is f(z,y) = (y — )%+ 2y. Taking the gradient with respect to y and setting it to zero
gives:

2y —2)+2=0 = y=2—-1
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Substituting ¥y = x — 1 into the upper-level problem, we get:
F(z,z—1)=(z —2)* 4 (z — 4)* =227 — 122 + 20
Now, we minimize the upper-level objective function:

min 222 — 122 + 20
z€[0,4]

The derivative of the objective function is 4z — 12 = 0, which gives x = 3. We also check
the values at the boundary points:

F(0,-1) =20, F(4,3)=4, F(3,2)=2

Thus, the optimal solution is x = 3, with the corresponding y = 2.
The following figures illustrate the feasible region of the upper-level problem and the
objective function:

Upper-Level Feasible Region

===y = x- 1 (KKT Condition)
@ Optimal Solution (3, 2)

Upper-Level Objective Function with KKT Solution

20.0 —_— Flx,x=1)=(x=2)2+(x-4)?
75 © Optimal Solution (3, 2)

(a) Upper-level feasible region with KKT » ‘ » . »
condition line y = x — 1 and optimal solu- (b) Upper-level objective function F(x,x—1)
tion. with optimal solution.

Figure A.1: Visualizing the upper-level problem and optimal solution.
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Appendix B

Test-Functions

B.1 Bilevel Test Functions

The test problems in this work are taken from [202] and [205]. Table B.1 presents these
problems along with their optimistic and pessimistic global solutions.
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Table B.1: Bilevel Test problems and their optimistic and pessimistic global solutions.
[202], [205].

Problem Formulation Best Known Solution
Optimistic Pessimistic

Problem 1 . F=-4/5 F=1/2

(mb 1 1 4) ‘=g Y z=0 z = (0,1]

s.t. y € argmin{z(16y* 4+ 2y° — 8> — 3y/2+1/2) ¥y = —0.8 y=205
y

—4/5<y <1}
—1<z<1
Problem 2 min x — Y F=-1 F = 0
(mb_1 1 6) oY ) \ =0 (z,y) €
s.t. y € argmin{xy*/2 — yz° : y=1 {(-1,-1),(1,1)}
y
—1<y<1}
—1<z<1
Problem 3 min 22 + y? F=1/4 F =1/4+
(mb_1_1_11) =Y . r=1/2 a’+a
s.t. y € argmin{xy” —y*/2: y=0 r=1/2+a
Y y = 0
-1<y<1}
—-1<z<1
(mb_1 1 12) Y N —0.258 x=[-1,0]
s.t. y € argmin{—zy” +y*/2: x = 0.189 y=20
v y = v/0.189
-1<y<1}
—1<z<1
Problem 5 E = F =
(mb_1 1 17) min 2? —y —1.755 —0.2929
x?y

, , , ©=02106 z=0
sty e arg;mn{[(y —1—-2/10)* —2/2—1/2]": y = 1.799 y = 0.2929

Principal F =66 F =45
Agent n%e;/x o1 + 8x2 + 4y1 — Y2 z=26,0 z=0,6
’ =9,0 =0,3
s.t. y € argmax{y; + y2 : Y Y
Yy
Y1 +y2 < 15— 21 — 229, y1,y2 > 0}
1 +x2 < 6,271,272 >0

* where a is a small positive value
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B.2 Min-Max Test Functions

The min-max test problems used are found collected in [278] along with their referenced
optimal values. The first 7 problems f1—f7 are taken from [290] and they are convex in UL
and concave in the LL. The problems are described in Table B.2. A stands for asymmetrical
and S for symmetrical test problems.

Table B.2: Summary of Min-Max Test Functions fi to fi3 [278], [290].

Problem Formulation T* y* flx*, y*)
f1,8 min _ max 5(x? + 23) — (y? + y3) + z1(—y1 + (-0.4833, (0.0833, -1.6833
o€[=5,51% ye[-5.5)7 -0.3167)  -0.0833)

Y2 +5) +x2(y1 —y2 +3)
fa, S min _ max 4(xy —2)% -2y +23y; —y3 +223y2  (1.6954,  (0.7186,  1.4039
2€[=5,5)% yel =55 -0.0032)  -0.0001)
f3, A min _ max_xiye 223y —22y2(y2—3) —2w2(y1 —  (-1.1807, (2.0985,  -2.4688
2€[=5,5] ye[=3,3° 0.9128)  2.666)
3)?
f1,8 min_ max -39 (g — 12+ 32 (2 —1)2+ (04181, (0.709,  -0.1348
z€[—5,5]% ye[—3,3]3
0.4181)  1.0874,
yg(xg — 1) + y1<3:1 — 1) + Y2T122 0 709)
f5, A min ~ max —(z1—1)y1—(z2—2)y2—(x3—1)ys+ (0.1111, (0.4444, 1.3453
2€[-5,5° ye[-1,1]° 0.1538,  0.9231
222 + 322 + 22 — 2 — 42 — 12 . ) . )
1ol T3 =YL T Y T Y3 0.2) 0.4)
f6, S min  max_—y1 (2] —zota3—a4+2)+y2(—21+ (-0.2316, (0.6195, 4.543
2€[-5,5] ye[-2,2° 0.2228,  0.3535
273 —:1:§+2x4+1)+y3(2x§ — 29+ 223 — 23 +5) + 0.6755 1.478)’
5x% + 4a3 + 323 + 223 — >0, y? 10.0838)
f7, A min _ max 2zyx5 + 3zew4 + 2375 + 53 + 522 — (14252,  (0.5156,  -6.3509
€55 ye[=8,3P ; 1.6612,  0.8798
Taya —ys —5) T os(ya—ys +3) + i wilul — D~ 19585 0.2919,
2 i1 Y -0.9744,  0.1198-
-0.7348)  0.1198)
/8,8 min = max (z1 —5)% — (y1 — 5)? 5 5 0
z€[0,10] y€[0,10]
fo, A min  max min{3—0.221+0.3y1,3+0.221—0.1y1} 0 0 3
z€[0,10] y€[0,10]
A i sin(@1-y1) 10 2.1257  0.097794
Ho, xg[lol,ﬁlo] ygﬁii%] Vai+y?
2 2
fi1, A min  max SV 7.0441 10 or 0 0.042488
2€[0,10] y€[0,10] /z1+y7+10
VA i 100(zy — 22)%2 + (1 — z1)%2 — (0.5, 0,0 0.25
Jiz el B0yl P02~ #)” H (1=a) (() 25) o
y1(z1 + 23) — ya (2] + 22)
VA i a — 224 (z2 —1)2+ 2om)+ (1,1 a 1
fis L éf(l),l)é]Q(xl )74 (e = D7+ (et —22) + (1, 1) ny

y2($1 — T2 — 2)
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Appendix C

Additional Research Contributions

During my PhD research years, I contributed in several projects and ideas, in the general
area of optimization and evolutionary algorithms. Though these publications do not always
exactly fit into the story of this thesis, they are worth to be mentioned.

Contributions closely related to the thesis topic

Solving pessimistic bilevel optimisation problems with evolutionary algo-
rithms [291]

Abstract: It is common in practice, an optimal solution of a decision-maker to depend heav-
ily on the response of another decision-maker, formulating a bilevel optimization problem.
The optimization of a bilevel problem aims to achieve the optimum solution of the upper-
level, taking into consideration the optimal lower-level values too. When the lower-level
problem is multi-modal, meaning that it has several global optima, an ambiguity about the
optimal upper-level solution appears. The optimistic approach assumes that the follower
will respond with an optimal solution, that is favorable by the upper-level as well. In the
pessimistic approach, the upper-level is optimising for the worst case. Various evolution-
ary algorithms have been implemented successfully to solve the optimistic approach of the
bilevel problem. To the best of our knowledge, these algorithms have not been extended
to the pessimistic approach. In this paper, we use a multi-population nested Differential
Evolution to solve the pessimistic bilevel problem when the lower-level has multiple global
optima. The performance of the algorithm is examined by solving a test-problem taken
from the literature.

Connections to this thesis: One early attempt to solve both optimistic and pessimistic
bilevel problem with a unified algorithm using DE.

Solving min-max optimisation problems by means of bilevel evolutionary
algorithms: A preliminary study [238]

Abstract: Min-max optimisation is a special instance of a bilevel problem. It deals with
the minimisation of the maximum output in all scenarios of a given problem. In this paper,
numerical experiments are conducted to assess the accuracy and efficiency of three bilevel
algorithms - known to perform well in general bilevel problems - on 13 unconstrained
min-max test-functions. This study aims to bring the bilevel and min-max evolutionary
community together and create a common ground for both optimisation problems.

Connections to this thesis: Investigating the connections between min-max and bilevel
problems in the context of bilevel evolutionary algorithms.
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Evaluation of Parallel Hierarchical Differential Evolution for Min-Max
Optimization Problems Using SciPy [236]

Abstract: When optimization is applied in real-world applications, optimal solutions that
do not take into account uncertainty are of limited value, since changes or disturbances
in the input data may reduce the quality of the solution. One way to find a robust
solution and consider uncertainty is to formulate the problem as a min-max optimization
problem. Min-max optimization aims to identify solutions which remain feasible and of
good quality under even the worst possible scenarios, i.e., realizations of the uncertain data,
formulating a nested problem. Employing hierarchical evolutionary algorithms to solve the
problem requires numerous function evaluations. Nevertheless, Evolutionary Algorithms
can be easily parallelized. This work investigates a parallel model for differential evolution
using SciPy, to solve general unconstrained min-max problems. A differential evolution is
applied for both the design and scenario space optimization. To reduce the computational
cost, the design level optimization is parallelized. The performance of the algorithm is
evaluated for a different number of cores and different dimensionality of four benchmark
test functions. The results show that, when the right parameters of the algorithm are
selected, the parallelization can be of high benefit to a nested differential evolution.

Connections to this thesis: Investigating the effect of parallelization of the lower level
in nested minmax DE on scalable minmax problems.

Satellite Scheduling Problem

Multi-objective approaches to ground station scheduling for optimization
of communication with satellites [292]

Abstract: The ground station scheduling problem is a complex scheduling problem in-
volving multiple objectives. Evolutionary techniques for multi-objective optimization are
becoming popular among different fields, due to their effectiveness in obtaining a set of
trade-off solutions. In contrast to some conventional methods, that aggregate the objectives
into one weighted-sum objective function, multi-objective evolutionary algorithms manage
to find a set of solutions in the Pareto-optimal front. Selecting one algorithm, however,
for a specific problem adds additional challenge. In this paper the ground station schedul-
ing problem was solved through six different evolutionary multi-objective algorithms, the
NSGA-II, NSGA-III, SPEA2, GDE3, IBEA, and MOEA /D. The goal is to test their effi-
cacy and performance to a number of benchmark static instances of the ground scheduling
problem. Benchmark instances are of different sizes, allowing further testing of the behavior
of the algorithms to different dimensionality of the problem. The solutions are compared to
the recent solutions of a weighted-sum approach solved by the GA. The results show that
all multi-objective algorithms manage to find as good solution as the weighted-sum, while
giving more additional alternatives. The decomposition-based MOEA /D outperforms the
rest of the algorithms for the specific problem in almost all aspects.

Connections to this thesis: Multiobjective optimization. Emprical tests and statistical
comparisons of EAs.

On formulating the ground scheduling problem as a multi-objective bilevel
problem. [293]

Abstract: In this paper, a bilevel multi-objective formulation of the Ground Scheduling
Problem is presented. First, the problem is formulated as a bilevel optimisation problem
(BOP), wherein the upper level (UL) is a biobjective problem determining the pairs of
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Ground Station (GS) to Spacecraft (SC) and the starting time of each event with objectives
the maximisation of the access windows and the minimisation of the communication clashes
of each GS. These two objectives of the UL can be assumed as a measure of the violation of
the feasibility of a schedule. The lower level (LL) consists of a single objective optimisation
problem that determines the duration of each event, with objectives the communication
time requirement of SCs with GS and the total ground station usage, combined together
to a weighted sum function. The approach used to solve this multi-objective BOP is a
nested approach, where the Pareto front of the upper level is obtained by a multi-objective
optimisation algorithm (NSGA2) and the lower level is solved using a GA. The formulation
is tested on one small test case from literature and the relevant results are reported.

Connections to this thesis: Detecting hierarchical structure in a real world problem,
solving it as a multiobjective bilevel problem with EAs.

Preferred solutions of the ground station scheduling problem using NSGA-
IIT with weighted reference points selection [294]

Abstract: The ground station scheduling problem is a complex scheduling problem in-
volving multiple objectives. Evolutionary techniques for multi-objective optimization are
becoming popular among different fields, due to their effectiveness in obtaining a set of
trade-off solutions. In contrast to some conventional methods, that aggregate the objectives
into one weighted-sum objective function, multi-objective evolutionary algorithms manage
to find a set of solutions in the Pareto-optimal front. Selecting one algorithm, however,
for a specific problem adds additional challenge. In this paper the ground station schedul-
ing problem was solved through six different evolutionary multi-objective algorithms, the
NSGA-II, NSGA-III, SPEA2, GDE3, IBEA, and MOEA /D. The goal is to test their effi-
cacy and performance to a number of benchmark static instances of the ground scheduling
problem. Benchmark instances are of different sizes, allowing further testing of the behavior
of the algorithms to different dimensionality of the problem. The solutions are compared to
the recent solutions of a weighted-sum approach solved by the GA. The results show that
all multi-objective algorithms manage to find as good solution as the weighted-sum, while
giving more additional alternatives. The decomposition-based MOEA /D outperforms the
rest of the algorithms for the specific problem in almost all aspects.

Connections to this thesis: Multiobjective optimization. Emprical tests and statistical
comparisons of EAs.

Dynamic Resource Allocation

Dynamic computational resource allocation for CFD simulations based
on Pareto front optimization [295]

Abstract: Computational Fluid Dynamics (CFD) simulations can be extremely computa-
tionally demanding and usually rely on the use of High-performance computing (HPC)
using both CPU and GPU resources. Modeling the behavior of bubbles size distribution
often leads to a symmetric function evaluation problem. This paper proposes a dynamic
computational resource allocation, based on Pareto-optimal solutions. The solutions are
obtained from the formulation of the resource-constrained symmetric function evaluation
problem as a multi-objective problem. After the Pareto-front is obtained, we suggest a
dynamic selection method of the solutions that utilize the existing resources. To solve
the multi-objective problem e-MOEA, an algorithm known to obtain good diversity of
Pareto-front solutions, is applied. As the problem formulated is new, brute-force search
and two-specifically designed for this problem-heuristics are implemented and tested to
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serve as baselines. The methods are tested and compared to three dimensionalities of the
problem. The results showed that eeMOEA can successfully approximate the Pareto-front,
allowing to utilize the resources optimally at each simulation time-step.

Connections to this thesis: Multiobjective optimization and EAs.

Reviewer-Proposal Allocation (under submission)

Abstract: A critical task for journal editors and conference program chairs is to assign
manuscripts to a set of reviewers. This problem is commonly referred to as a Reviewer As-
signment Problem, and successfully finding good solutions can be a challenging task. While
solving the problem is often performed manually, the task can be very time-consuming.
Furthermore, it is expected that the complexity and time required to solve it increases with
the number of reviewers and manuscripts. In this paper, we describe two novel approaches
to solving a specific Reviewer Assignment Problem. Both approaches are evaluated on
three datasets of different sizes. Constraints regarding reviewers’ expertise, professional
background, and demographics are considered, along with constraints related to the max-
imal and minimal amount of assignments per reviewer.
Connections to this thesis: Real world application of optimization.

Differential Evolution for Maximum Cuboid Extraction in Sus-
tainable Stone Cutting: Application to a Granite Rock Exam-
ple (submitted)

Abstract: Maximizing the extraction of usable volume in the form of a cuboid from poly-
hedra is a complex challenge in mining and stone-cutting optimization, with significant
implications for sustainable resource utilization. This study addresses the problem by em-
ploying Differential Evolution (DE), a population-based evolutionary algorithm, to identify
the axis-independent maximum cuboid within polyhedra. Using a granite rock as a test
case, the algorithm iteratively refines solutions through mutation, crossover, and selection
operators. To evaluate the behavior and performance across multiple runs, 20 indepen-
dent runs were conducted, and the results are presented through convergence plots and
snapshots illustrating the evolution of the cuboid solutions. The results demonstrate the
potential of DE in solving these complex geometric optimization problems and contributing
to sustainable mining practices.

Connections to this thesis: Real world application of optimization, first time using EAs
for this kind of problem.
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