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Abstract

Feature construction, encompassing both feature engineering, which involves the manual
design of features by domain experts, and representation learning, which refers to the auto-
mated discovery of useful data representations during model construction, is a fundamental
aspect of machine learning. Its goal is to transform raw data into a more suitable form
that can be exploited by machine learning approaches. While feature construction is well-
explored in domains like natural language processing and computer vision, where it has
been used in many applications, it has not been explored to the same extent in time-series
analysis and remains largely unexplored in single-objective optimization.

In the domain of single-objective continuous optimization, only a handful of approaches
exist. The primary goal of feature construction in this context is to generate features that
capture properties of the objective function, such as the number of optima or the difficulty
of finding them. Another important application of feature construction in optimization is
algorithm selection, where the properties of the objective function are used to recommend
the most suitable optimization algorithm for a given optimization function. While existing
approaches in this area are capable of capturing some underlying properties of objective
functions, they fall short, particularly in the task of recommending the most suitable
optimization algorithm for a given objective function. This thesis proposes two new feature
construction approaches. The first approach utilizes topological data analysis to extract
features from samples drawn from a given objective function. This method captures various
topological rotation and translation invariant properties that serve as descriptors of the
objective function. The second proposed feature construction technique also uses samples
drawn from the objective function, but applies random transformations to obtain a high-
dimensional representation of the objective function. Both approaches are evaluated across
multiple tasks, including differentiating between objective functions, predicting high-level
properties, and algorithm selection. While these approaches demonstrate effectiveness
for differentiating between problems and high-level property prediction, some limitations
remain, particularly in algorithm selection.

The second part of the thesis focuses on feature construction techniques for time series
data. We explore two tasks. The first is investigating the importance of time series features
when used for selecting the most suitable forecasting algorithm. In this context, there are a
handful of research approaches that have explored algorithm selection, but unfortunately,
most of the proposed techniques only show that such techniques can be used for algorithm
selection but do not provide explainability on how and why the most suitable algorithms
are selected. We show that an explainable algorithm selection pipeline can be constructed,
which provides consistent explainable decisions across different pipeline configurations. In
the second task, we address the robustness of constructed representations for the task of
classification. Time series classification has been largely explored, but there are still some
challenges, such as how robust the constructed features are to various distortions and how
this affects the accuracy of downstream classifiers. We explore the topic of robustness and
provide some explanations as to why certain representations are more robust than others.





ix

Povzetek

Gradnja značilk, ki vključuje tako ročno zasnovo s strani domenskih strokovnjakov kot tudi
avtomatizirano učenje uporabnih predstavitev podatkov, je ključen vidik strojnega učenja.
Glavni cilj je pretvoriti surove podatke v obliko, ki jo lahko učinkoviteje izkoristimo s
pristopi strojnega učenja. Čeprav je gradnja značilk dobro raziskana na področjih kot
sta obdelava naravnega jezika in računalniški vid, je na področju analize časovnih vrst
raziskana v nekoliko manjši meri, medtem ko na področju enokriterijske optimizacije ostaja
večinoma neraziskana.

Področje enokriterijske optimizacije ponuja le peščico pristopov za gradnjo značilk.
Glavni cilj raziskovanja gradnje značilk v tem kontekstu je ustvariti značilke, ki opisujejo
osnovne lastnosti optimizacijske funkcije, kot sta število ekstremov ali zahtevnost njiho-
vega iskanja. Druga pomembna aplikacija gradnje značilk v optimizaciji je takoimenovana
izbira algoritmov, kjer se lastnosti funkcije uporabljajo za priporočanje najustreznejšega
optimizacijskega algoritma. Medtem ko obstoječi pristopi na tem področju sicer zajamejo
nekatere osnovne lastnosti funkcij, imajo v veliki meri še vedno številne pomanjkljivosti,
zlasti pri izbiri algoritmov. V okviru disertacije sta razviti dve novi metodi gradnje značilk.
Prva metoda uporablja pristope topološke analize podatkov, kjer z vzorci, pridobljenimi
iz optimizacijske funkcije, pokažemo, da je možno zgraditi značilke, ki so invariantne na
rotacije in translacije v prostoru. Drugi pristop gradnje značilk temelji na uporabi naključ-
nih transformacij, pri čemer so pridobljeni vzorci pretvorjeni v večje število značilk. Oba
pristopa sta ovrednotena na različne načine, kot so razlikovanje med funkcijami, napove-
dovanje lastnosti funkcij in izbira algoritmov.

Drugi del te disertacije se osredotoča na tehnike gradnje značilk za podatke časovnih
vrst. Prvi sklop se nanaša na pomen značilk časovnih vrst pri izbiri najustreznejšega napo-
vednega algoritma. Na tem področju obstaja nekaj raziskovalnih pristopov, ki naslavljajo
izbiro algoritmov, vendar večina teh pristopov zgolj pokaže, da lahko značilke uporabimo za
izbiro algoritmov, vendar brez poglobljene analize, zakaj je bila izbrana posamezna metoda.
V okviru te disertacije pokažemo, da je mogoče zasnovati razložljiv način izbire algoritmov,
ki omogoča transparentne odločitve. Drugi sklop pa se nanaša na vprašanje robustnosti
grajenih predstavitev pri klasifikaciji časovnih vrst. Čeprav je področje klasifikacije ča-
sovnih vrst dobro raziskano, ostajajo odprta vprašanja, kot so vpliv različnih deformacij
na značilke ter kako te vplivajo na delovanje končnih klasifikatorjev. V disertaciji zato
raziskujemo robustnost značilk in ponudimo razlago, zakaj so nekatere predstavitve bolj
odporne na deformacije kot druge.
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Chapter 1

Introduction

1.1 Motivation

In the field of machine learning, the quality of the input data and its transformation
into meaningful features play a critical role in determining the success of predictive mod-
els (Zhong et al., 2016). For that reason, feature construction, which includes both feature
engineering (where features are manually crafted by domain experts) and representation
learning (where useful representations are typically learned during model construction,
most often through gradient descent), is a crucial aspect to consider when modeling a
problem. Essentially, it involves transforming raw data into a form that is better suited
for machine learning algorithms. Feature construction thus plays a key role by helping to
connect unprocessed data with the advanced algorithms built to analyze it. This transfor-
mation is vital because it allows algorithms to identify patterns and insights more efficiently,
thereby improving their predictive power and ability to make sense of the data.

When constructing features, there are several key requirements that must be met to
ensure they are effective. First, they must be useful for the task at hand, providing rel-
evant information that aids in solving the problem and improving model performance.
They should also be meaningful, with a clear relationship to the target variable and the
problem domain, ensuring they add value. It is beneficial if features are explainable or
interpretable (Linardatos et al., 2020), as this helps humans in understanding them, in-
creasing transparency and trust in the model’s decisions. Features should also be scalable,
computationally feasible even with large datasets, and non-redundant, avoiding high cor-
relation between features that could undermine model performance and interpretability.
Additionally, they should be aligned with domain knowledge to reflect the true underlying
structure of the data, ensuring they are relevant and contribute meaningfully to the task.
Finally, other properties are also sometimes desirable, such as invariance (H. Zhao et al.,
2019), where features remain stable across different domain-specific transformations, as
this can help improve generalization while respecting the problem’s characteristics.

Feature construction has been extensively explored in domains such as computer vi-
sion (Bengio et al., 2013; Jiang, 2009) and natural language processing (Z. Liu et al.,
2023), where there is a large number of established techniques for extracting and engineer-
ing informative features from data. These fields have developed sophisticated methods to
capture key patterns and structures that can improve the performance of machine-learning
models. However, representation learning and, to some extent, feature engineering remain
comparatively underdeveloped and less extensively studied in the fields of time series anal-
ysis and continuous single-objective optimization. In time series analysis, where the data
often exhibits complex temporal dependencies, the challenge of constructing relevant and
useful features becomes more intricate. Similarly, in single-objective optimization, feature
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construction can play a crucial role in improving the search process and solution quality
of optimization algorithms, yet it remains underexplored. The main topic of this thesis,
therefore, is the development of new feature construction approaches tailored to these ar-
eas, as well as a detailed analysis of the behavior and effectiveness of different feature
construction techniques. Through this work, the thesis aims to fill the gap in the literature
and provide novel insights into how feature construction can enhance models in time series
analysis and optimization tasks.

1.2 Problem Statement

This section provides a brief overview of some open questions in the field of feature con-
struction for time series analysis and single-objective continuous optimization, and how
these are addressed in our thesis. Much more thorough definitions are subsequently pro-
vided in the respective sections in later chapters.

1.2.1 Single-Objective Continuous Optimization

In single-objective continuous optimization, there are two key reasons for developing feature
construction approaches.

The first reason is that feature construction can reveal additional insights into opti-
mization functions (Mersmann et al., 2011). By constructing meaningful features that
characterize the underlying properties of the objective function, researchers and practi-
tioners can gain a deeper understanding of its behavior. For example, such features may
uncover patterns like regions of local minima, the function’s smoothness, or the presence
of high-level characteristics such as multimodality, global structure, or funnel-shaped land-
scapes. Additionally, one might be interested in how far apart objective functions are
embedded in the feature space and whether it is possible to differentiate between dis-
similar functions. Understanding the features of objective functions can also aid in the
development of more informative benchmarks for evaluating optimization algorithms. The
ability to describe an objective function in terms of its features improves the comparability
of different optimization tasks, enabling more systematic analysis.

The second, and perhaps even more important, reason for the need for feature con-
struction in this context is the concept of optimization algorithm selection (AS) (Muñoz
et al., 2015), a concept known as meta-learning (Vanschoren, 2019). Given a specific ob-
jective function, the goal is to select the most appropriate optimization algorithm that
will perform best based on the characteristics of the objective function. Feature construc-
tion plays a pivotal role here by providing a structured way to capture the properties of
the objective function. The most common approach involves generating a set of samples
from objective functions, extracting features from them, and evaluating the performance of
various optimization algorithms. A meta-model is then trained to map the extracted fea-
tures to the best-performing algorithm. The main goal is for the meta-model to learn how
properties such as search space complexity, noise levels, and landscape smoothness can be
used to select the most suitable optimization algorithm for a given problem. By selecting
optimization algorithms based on these features, it is possible to improve the efficiency
and effectiveness of the optimization process, ultimately leading to better performance in
terms of speed, accuracy, and robustness.

However, both of the listed reasons for feature construction are still largely unexplored.
In terms of characterizing objective functions, existing approaches (with the best-known
example being Exploratory Landscape Analysis (Mersmann et al., 2011) features) are not
always sufficient. Existing features are often not invariant to transformations such as
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translations, scaling, and rotation, meaning that simple transformations, which generally
do not influence the difficulty of the objective function, can still alter some features (Škvorc
et al., 2020). Additionally, some feature sets contain highly correlated features, which can
lead to reduced interpretability if not mitigated properly with techniques such as feature
selection or ranking. For the task of algorithm selection, the need for quality features
and representations is even greater. Features should be informative enough to enable the
recommendation of the best-performing optimization algorithm based on the computed
features. However, it has been demonstrated that optimization algorithm selection only
works if the new functions are extremely similar to those already observed during the train-
ing phase. If the functions deviate too much from the training set, machine learning models
for algorithm selection fail to accurately choose the best optimization algorithm (Petelin
& Cenikj, 2024a). It is, therefore, crucial to address the generalizability of newly proposed
features.

1.2.2 Time Series Analysis

For time series analysis, feature engineering and representation learning have been explored
more extensively compared to the optimization domain, though there are still significant
opportunities for further research and improvement (Meng et al., 2023). There are quite a
few feature construction approaches that have been developed to extract meaningful fea-
tures from time series data. These techniques focus on transforming raw temporal data
into more structured representations that can reveal patterns, trends, and seasonality,
which are crucial for understanding the underlying processes. Various statistical meth-
ods, domain-specific heuristics, and even machine learning models have been employed to
design features that can effectively represent the temporal dynamics of the data. These
approaches have shown considerable success in recent years for a multitude of tasks, such
as classification (Middlehurst, Schäfer, & Bagnall, 2024), forecasting (N. K. Ahmed et al.,
2010), extrinsic regression (Tan et al., 2021), and even algorithm selection. As part of the
thesis we mainly focus on two challenges of feature construction for time series analysis.

The first challenge we address is related to explainability in algorithm selection for fore-
casting. Over the years, numerous forecasting methods have been proposed, each with its
own set of advantages and disadvantages. As a result, selecting the most suitable algorithm
for a given forecasting task is not always straightforward. In practice, one way to address
this is by training a machine learning meta-model to perform forecasting algorithm selec-
tion based on features extracted from a given time series. The goal of the meta-model is
to learn the relationship between time series properties and the performance of forecasting
algorithms. Once an appropriate algorithm is selected, it is then used to generate forecasts.
While such approaches have been proposed, they often lack a focus on the explainability
of the ML models responsible for making decisions about which forecasting algorithm to
choose. This lack of transparency raises concerns about how and why particular algorithms
are selected. Therefore, there is a need to better understand how ML models select the
base forecasting algorithms based on time series features and, more importantly, to iden-
tify which features are most significant in guiding these decisions. Gaining this insight
can improve the training of models for algorithm selection and help uncover areas where
forecasting models might be performing poorly, thus highlighting potential weaknesses in
existing approaches. Such knowledge is essential for refining forecasting models and algo-
rithms, ultimately contributing to more robust and effective algorithm development in the
field of time series forecasting.

The second challenge related to time series that we address in this thesis is the ro-
bustness of feature construction techniques and the models that utilize these features for
classification. In this context, robustness refers to how features and the subsequent clas-
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sification models respond when exposed to various naturally occurring distortions in the
data, such as noise, missing values, or outliers. This is an important aspect for two key
reasons. First, it enables us to gain a deeper understanding of the behavior of feature
construction techniques, providing insights into how different types of distortions affect
the quality and reliability of the features. By examining the impact of these distortions,
we can better assess how well the features generalize across different conditions and how
they influence the performance of downstream classifiers. Second, robustness is critical
because it directly influences the performance of classification models in real-world scenar-
ios. In many practical applications, data can be noisy or incomplete, and ensuring that
features and classifiers can maintain their accuracy despite these challenges is essential for
developing reliable, real-world models. Addressing the robustness of feature construction
techniques allows us to create more robust models that perform consistently, even under
less-than-ideal conditions.

1.3 Aims and Hypotheses

This thesis addresses open questions raised in the previous section and outlines the hy-
potheses used to guide the research. The first part explores novel approaches for feature
construction in the continuous single-objective optimization domain. We propose two new
methods for constructing features from samples of an objective function. These features can
then be used for further downstream tasks. The second part of the thesis focuses on feature
construction techniques in time series analysis. Specifically, we evaluate the explainability
of meta-models for forecasting algorithm selection in terms of feature importance and the
robustness of features to distortions in time series classification.

The first single-objective feature construction technique we propose draws on concepts
from topological data analysis (TDA), a subfield of applied mathematics that uses tech-
niques from topology to analyze datasets. TDA offers a variety of tools that extract
topological properties, such as the appearance of holes, noise, and other structures, from
samples of points. The proposed feature extraction techniques are evaluated on the tasks
of problem differentiation, high-level property prediction, and algorithm selection. To
evaluate the method, the following two hypotheses are proposed:

H1a: Using insights from topological data analysis, it is possible to construct rotation and
translation invariant features that differentiate between single-objective optimization
problems and capture their high-level properties.

H1b: Performance of predictive models for optimization algorithm selection based on such
topological features is comparable to the performance of models based on existing ex-
ploratory landscape analysis features.

The second feature construction approach involves applying a set of random transfor-
mations or functions. Each random function maps samples obtained from the objective
function into a corresponding set of features. The proposed random mapping technique
works based on the distances between samples, mapping them into a high-dimensional
space that can be used to represent objective functions. Similarly to the first approach,
we evaluate this feature construction method on the tasks of problem differentiation, high-
level property prediction, and algorithm selection. To evaluate the method, the following
two hypotheses are proposed:

H2a: Features based on randomly initialized filters calculated using distances between op-
timization problem samples are able to differentiate between distinct single-objective
optimization problems and capture their high-level properties.
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H2b: Performance of predictive models for optimization algorithm selection based on such
features is comparable to the performance of models based on existing exploratory
landscape analysis features.

The next topics we explore are related to algorithm selection in the time series forecast-
ing domain. While the use of feature representations of time series data to aid in selecting
the most suitable forecasting model has been studied before, most approaches treat the
algorithm selection model as a black box. In contrast, we explore how the algorithm selec-
tion model makes decisions and which features it considers important. We investigate the
constructed features and their significance in successfully performing algorithm selection.
Additionally, we evaluate the feature agreement between different algorithm selection mod-
els, as well as the agreement between individual forecasting algorithms. The hypothesis is
defined as:

H3: Meta-models for selecting time series forecasting algorithms are able to be explained
using feature scoring techniques.

The last topic that falls under the scope of this thesis is the evaluation of the robustness
of representations to naturally occurring distortions in the context of time series classifi-
cation. Similar to the previous hypothesis, where it is beneficial to have interpretable
features, it is also important to understand how such features react to various distortions.
For this reason, we explore the sensitivity of time series distortions on the constructed
features and the subsequent accuracy of time series classification models. The hypothesis
we propose is as follows:

H4: By simulating the most frequent types of distortions, it is possible to empirically eval-
uate the robustness of different time series classification algorithms in terms of their
classification accuracy in the presence of various data distortions.

1.4 Scientific Contributions

Scientific contributions are grouped based on the hypotheses we proposed in the previous
section. These correspond to new feature representations for single-objective optimization
functions, as well as the explainability and robustness of features in the time series domain.

SC1: A new feature extraction approach based on topological data analysis is proposed
for constructing representations of single-objective continuous optimization functions.
These representations can be used for various tasks, such as problem differentiation,
high-level property prediction, and optimization algorithm selection.

SC2: A new feature extraction approach based on randomly initialized functions is pro-
posed for constructing representations of single-objective continuous optimization
functions. These representations can be applied to various tasks, including problem
differentiation, high-level property prediction, and optimization algorithm selection.

SC3: Explainability techniques are applied to the forecasting algorithm selection pipeline
to make it more transparent regarding how decisions are made, and to identify which
time series properties have the most substantial effect on the performance of time
series forecasting algorithm.

SC4: Different naturally occurring time series distortions of increasing magnitudes are
simulated and evaluated on how they affect constructed feature representation and
how this influences the behaviour of downstream classifiers in terms of classification
accuracy.
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1.5 Thesis Structure

The introductory chapter of this thesis provides general information on the topic of feature
construction and discusses its impact on the field of machine learning. This is followed
by a description of the open problems and the problem definition of feature construction
in the domains of continuous single-objective optimization and time series analysis. Next,
the hypotheses explored in this thesis are presented. Finally, a separate section outlines
the scientific contributions of the thesis.

This is followed by Chapter 2, where we discuss two newly proposed approaches for fea-
ture construction in representing continuous single-objective optimization functions. The
first approach employs techniques from topological data analysis to describe optimization
functions in terms of features. This is followed by another approach that uses random
functions to map samples obtained from objective functions to their representations.

Chapter 3 focuses on the explainability and robustness of feature construction ap-
proaches in the domain of time series analysis. The first part of the chapter discusses
forecasting algorithm selection and explores ways to enhance the explainability of this ap-
proach. It highlights how making forecasting algorithm selection more interpretable can
reveal more information about features used to perform selection. The chapter then ex-
plores how the constructed features respond to naturally occurring distortions in time series
data, such as noise and missing data. It further explores the impact of these distortions on
the downstream task of classification, analyzing how the robustness of features influences
the overall performance and reliability of classification models.

Lastly, Chapter 4 concludes our work by reviewing the scientific contributions of the
thesis and discussing the key findings. This chapter also outlines potential directions for
future research, highlighting areas where further investigation could build upon the current
work and address existing challenges in the field.
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Chapter 2

Feature Construction in Continuous
Single-objective Optimization

Representing optimization problems in terms of features that can be used by machine learn-
ing models is crucial for tasks such as algorithm selection and configuration, performance
prediction, high-level property prediction, and, in general, for understanding similarities
between optimization problems. This section presents two different approaches for fea-
ture construction for single-objective optimization problems, primarily through the use of
topological data analysis and the construction of randomly initialized filters/functions that
transform samples into numerical features.

The first approach introduces TinyTLA features detailed in the paper TinyTLA: Topo-
logical landscape analysis for optimization problem classification in a limited sample setting
published in the Swarm and Evolutionary Computation (Petelin et al., 2024). Based on
current knowledge, this is one of the first papers to introduce topological concepts into
the optimization domain. Such concepts are highly relevant in the field of optimization
as they capture various properties of samples from an objective function, such as holes,
toruses, valleys, and more. The paper further introduces concepts from topological data
analysis, exploring how they can be used to construct features and whether those features
are sufficiently discriminative to differentiate between problems with different properties.

The second approach for feature extraction, known as Random Filter Mappings, was
published in a paper Random Filter Mappings as Optimization Problem Feature Extrac-
tors in IEEE Access (Petelin & Cenikj, 2024b). This paper introduces a novel method
for extracting features by mapping objective function samples through random transfor-
mation functions. Similar techniques have been explored in other fields, such as computer
vision and time series classification. Methodologically, this approach occupies a middle
ground between manual feature engineering and deep-learning based feature construction,
balancing aspects of both.

Note that the proposed approaches differ slightly in computational efficiency, memory
usage, and the maximum number of samples from the objective function they can effectively
process. For this reason, one must be cautious when comparing results, as the method-
ologies vary slightly. This is primarily due to the fact that computing the topological
properties of a point cloud grows exponentially with sample size and problem dimension.
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2.1 TinyTLA: Topological Landscape Analysis for Optimiza-
tion Problem Classification in a Limited Sample Setting

Topological Data Analysis is a subfield of applied mathematics that utilizes tools from
topology to extract meaningful information from high-dimensional data. Due to its ability
to handle complex, multi-dimensional structures, TDA can be well-suited for applications
in various fields, including continuous single-objective optimization. This section explores
the use of TDA as a tool for constructing features from samples obtained through opti-
mization functions. In the paper TinyTLA: Topological landscape analysis for optimization
problem classification in a limited sample setting, we introduce the TinyTLA approach, a
novel feature extraction method that leverages TDA to derive topological features from
optimization problems. TinyTLA focuses on distances between sample points obtained
from the optimization function. These distances are used to capture persistent topological
structures representing geometric formations in the optimization landscape. Proposed fea-
tures are invariant to rotation and translation, making them unique compared to existing
feature extraction methods.

The paper explores hypotheses H1a and H1b and highlights two key contributions:
firstly, demonstrating that topological features provide complementary insights to tradi-
tional landscape analysis; and secondly, offering a sensitivity analysis that shows the ro-
bustness of these features in scenarios with limited sample sizes. The results confirm that
TinyTLA’s topological features are effective in classifying optimization problems. The sub-
sequent section also presents an additional analysis of the features’ success in high-level
property prediction and algorithm selection that was not included in the original paper.
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A B S T R A C T

In numerical optimization, the characterization of optimization problems and their properties has been a long-
standing issue. Overcoming it is a crucial prerequisite for many optimization-related tasks such as building
quality benchmarks, algorithm selection, and algorithm configuration. Several approaches to extracting features
from single-objective optimization problems have been proposed but they all have some inherent limitations
and thus offer an incomplete look at the problems and their properties. In this work, we extend and improve
our previous work on existing topological features that offer a new look at optimization problems where their
similarity is quantified in terms of the appearance of topological structures. We show that topologically inspired
features are not correlated with existing state-of-the-art landscape feature groups, meaning that they capture
different and thus complementary information. Topological features are subsequently used to classify problem
instances from the COmparing Continuous Optimizers (COCO) benchmark showing that similar problems most
often have similar topological features. Further, we perform a sensitivity analysis of the proposed methodology
to its hyperparameters and provide some additional insight into the behavior of the topological features. Lastly,
we also investigate topological features and their generalization across different sample sizes.

1. Introduction

The representation of single-objective numerical continuous op-
timization problems in terms of numerical features, also known as
problem landscape features, is a prerequisite for several tasks in numer-
ical optimization. In automated algorithm selection (i.e., selecting the
best algorithm for each problem) [1,2] and configuration (i.e., finding
the best hyper-parameters for each algorithm) [3], the existence of
numerical features characterizing problem instances enables the train-
ing of models based on Machine Learning (ML), where the calculated
features are used to predict algorithms’ performance. Such features are
also indispensable in the field of benchmarking, where they can be used
to conduct analyses of the similarity of problem instances [4], as well as
the representativeness and redundancy of the problem space in existing
benchmark suites [5], and the identification of problem landscape
areas that are over or under-represented by the available benchmark
suites [6]. In the past two decades, a significant amount of research
effort has been dedicated to the construction of features that cap-
ture properties of single-objective continuous optimization problems. A
large number of features have been proposed, which can be broadly cat-
egorized as features based on Fitness Landscape Analysis (FLA) [7] and
features based on Exploratory Landscape Analysis (ELA) [8]. Despite

∗ Corresponding author at: Computer Systems Department, Jožef Stefan Institute, Ljubljana, 1000, Slovenia.
E-mail address: gasper.petelin@ijs.si (G. Petelin).

being useful for a number of tasks, the existing features still have some
properties that are often undesirable for the tasks of benchmarking
and algorithm selection, such as large computational complexity in
the case of high dimensional problems, requiring human effort to be
generated, being sensitive to the number of samples and sampling
technique from which they are calculated [9,10], and not being in-
variant to transformations such as scaling and shifting [4,10,11]. The
issues mentioned above point out that additional research is required
to generate features that will address some of the limitations of existing
approaches. In [12], we have proposed the Topological Landscape Anal-
ysis (TLA) methodology, which applies approaches from Topological
Data Analysis (TDA) to generate features of optimization problems
based on the topological structures that can be identified in point
clouds obtained by sampling the optimization problem. In the original
paper, we show that features describing the topology of a point cloud
extracted from samples of the optimization problem are informative
enough to differentiate between problem classes in the COmparing
Continuous Optimizers (COCO) benchmark suite [13]. However, the
proposed approach is extremely limited in a number of ways: (i) when
it comes to the number of required samples, a few thousand samples are
needed to detect any kind of useful topological structures, which can

https://doi.org/10.1016/j.swevo.2023.101448
Received 26 June 2023; Received in revised form 8 November 2023; Accepted 6 December 2023

2.1. Topological Landscape Analysis for Optimization Problem Classification 9



Swarm and Evolutionary Computation 84 (2024) 101448

2

G. Petelin et al.

be prohibitively expensive in practice; (ii) a few hundred samples are
needed to be even able to compute the features; (iii) the features that
are obtained are high dimensional and they vary with the number of
samples meaning that using more samples would most often generate
more features; All of these reasons limit the practicality of the originally
proposed topology based feature extraction technique.

Our contribution: In this paper, we conduct a comprehensive anal-
ysis of the TLA methodology and propose additional improvements on
how to use the samples more efficiently to construct a point cloud that
allows the extraction of features in scenarios where a lower number
of samples from the optimization problem are available. Such refor-
mulation solves the problems with a minimum number of samples and
a varying number of features and substantially improves the quality
of the extracted topological information. Further, we investigate the
impact of the hyperparameters of the proposed method on the be-
havior of topological features. The newly proposed features are also
compared to the existing ELA feature groups with a conclusion that
topological features are not strongly correlated with any of the existing
feature groups and thus capture different information than existing
features. Lastly, we show that topological features are sensitive to
sample size meaning that different topological features appear with
changing sample sizes.

The rest of the paper is organized as follows. In Section 2 a literature
review of the topic is presented. Section 3 introduces the basic concepts
of TDA for feature construction. Section 4 gives a detailed description of
how TDA can be applied to extract topological features for optimization
problem instances, followed by Section 5 describing results. Finally,
we describe some of the limitations of the study in Section 6, and in
Section 7 we conclude our work.

Reproducibility: The extracted TinyTLA features are available
at https://doi.org/10.5281/zenodo.7642287. The code used to extract
the TinyTLA features can be found at the Gitlab repository https://repo.
ijs.si/gpetelin/tinytla.

2. Related work

This section offers an overview of existing research and methodolo-
gies related to understanding the properties of optimization problems.
Characterizing the properties of single-objective continuous optimiza-
tion problems is a well-studied and important part of the field of auto-
mated algorithm design for black-box optimization problems. Capturing
such properties can aid in getting new insights into the characteris-
tics of the optimization problems, improving algorithm selection [1]
and constructing better and more representative benchmarks [5] for
fairer algorithm evaluation [14]. Based on the characteristics the fea-
tures capture, the existing approaches can be broadly categorized as
high-level features such as Fitness Landscape Analysis (FLA) [7] and
low-level features such as Exploratory Landscape Analysis (ELA) [8].

High-level features capture optimization problem characteristics
like global structure, separability, multimodality, variable scaling, and
search space homogeneity, which is linked to optimization algorithm
performance [15] and aids in algorithm selection. However, obtain-
ing these features is challenging. Their construction requires knowl-
edge from experts who are able to characterize the properties of the
optimization problems. In practice, such features are often known
only for different artificially created optimization functions included
in benchmarks such as COCO [13] and CEC [16].

Describing the optimization problem can also be approached by
first sampling candidate solutions from it and using those samples
to characterize the function by its lower-level features. Numerous
such features exist, with the ELA feature set being the most widely
used. In these situations, optimization problems are depicted using
a collection of numerical features that can be utilized in subsequent
tasks. Note that when we refer to ELA features, we are not talking
just about features introduced in [8] but all the feature groups [17,18]

that are included in flacco [19]. Such features have proved to be ex-
tremely effective at differentiating between COCO [13,20] optimization
problem classes and algorithm selection [21,22]. Although the ELA
features are the most commonly utilized low-level characteristics for
describing optimization functions, it is important to acknowledge the
existence of other types of features. Examples include Local optima
networks [23], Length scale features [24], Adaptive local landscape
feature vector [25] and others [26]. Recently, newly emerging ap-
proaches where features are learned through gradient descent [27,28]
have also become popular. With advances in representation learning
in fields such as computer vision [29,30] and natural language pro-
cessing [31] it comes naturally that such methods are also adapted for
the optimization domain. Representation learning methods for feature
creation are most often not crafted manually but are automatically
learned throughout the process of solving predefined tasks with the
goal of such representation being useful for other tasks. One such
approach that has been successfully used in optimization is the so-
called feature-free approach for representation learning. In [27,32]
authors rely on using small initial samples together with deep learning
techniques such as convolutional neural networks and neural networks
designed for point cloud classification [33] to map the samples to
high-level, expert-defined landscape properties. Such approaches offer
a completely new way of feature construction that does not require
them to be manually constructed. However, such neural-network-based
techniques are not without limitations. They come with the cost of
decreasing the explainability and require a sufficient amount of data
to train. Additionally, some recent approaches such as de Nobel et al.
[34] Kostovska et al. [35] and Cenikj et al. [36], extract features
from samples visited during the optimization process. However, the
methodology discussed in this paper only uses static samples and does
not include samples obtained during algorithm execution. The reason
behind this is that we initially prioritize exploring the usefulness of
the topological landscape features within the problem space, before
utilizing them to examine the relations between the problems and
algorithms.

In terms of exploring topological features of optimization functions,
this is not the first paper on the topic. In topological data analysis,
all the samples are treated as a point cloud where different topo-
logical shapes may be present. Compared to other feature extraction
approaches, the goal is to capture such topological shapes. The original
introduction of the layered TLA methodology [12] opened the possibil-
ity of using topology to construct features. In the layered TLA feature
extraction methodology, samples are first obtained from the optimiza-
tion function, and are then partitioned into distinct bins depending on
the objective function’s values. Subsequently, topological data analysis
is applied independently to each bin to derive feature, which are then
concatenated to create a comprehensive representation of the function.
However, the previously proposed layered TLA left a series of open
questions that were yet to be explored. The most critical question is if
the methodology can be adapted to work with a low number of samples.
The original methodology was limited to a minimum of 800 samples
which presents a large limitation in cases where that criterion is not
fulfilled. Another drawback of the previously proposed methodology is
that the number of extracted features was dependent on the number
of samples. When increasing the number of samples, the number of
topological features would also increase. This property can be highly
undesirable in cases where the goal is to compare topological features
for different sample sizes. With the number of features being tied to the
number of samples, a large sample size produces a lot of features and
makes training ML models (for tasks such as algorithm selection or al-
gorithm configuration), much more difficult and time-consuming. Some
other open questions involve understanding the impact of different
hyperparameters (e.g., sample size, distance metric between samples)
on the features’ predictive performance, investigating the novelty and
the complementarity of the information captured by the layered TLA
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features and the existing landscape features, as well as extensibility of
the proposed methodology to combinatorial optimization problems.

Despite numerous approaches being proposed, the advancement of
the representation models in the last few years opens up new pos-
sibilities for describing optimization problems in terms of numerical
features, which could provide fresh perspectives on problem charac-
teristics. Furthermore, to the best of our knowledge, there have been
scarce efforts to depict the problem landscape through the extraction of
topological features that correspond to the presence of different shapes
in samples.

3. Background on topological data analysis

The field of Topological Data Analysis (TDA) employs topologi-
cal techniques for extracting information from often high-dimensional
data sets. The main benefits of TDA techniques are that they can be
especially robust to noise in the data where other techniques may
struggle [37]. Given a point cloud, TDA tries to find the presence of
specific topological structures such as spheres, toruses, and connected
components that can be used to differentiate between point clouds and
are invariant to rotations, translations, and scaling. By identifying such
structures, a point cloud can be described in terms of various features,
which capture the existence of different structures across different
scales, where of special interest are structures that persist across scales,
independently of certain transformations (e.g. rotations, scaling). Ap-
proaches from TDA have been successfully applied in different areas
such as finance [38,39], neuroscience [40], feature extraction from
time-series [41,42], image processing [43,44].

Due to TDA being a field that is not generally well-known in
optimization, in order to make this work self-contained, the remain-
der of this section introduces a few basic concepts necessary for a
later understanding of the process of obtaining features from samples
of optimization problem instances. We purposefully avoid the com-
plex theoretical background and only provide a simplified high-level
overview of the TDA concepts related to our proposed methodology of
feature extraction. For more detailed rigorous mathematical definitions
of TDA, we refer the readers to Chazal and Michel [45] and Skaf and
Laubenbacher [46].

3.1. Simplices and simplicial complex

In TDA, Simplices and Simplicial Complexes represent the most
fundamental building blocks from which more complex structures are
constructed. Simplices (also known as simple pieces) represent a gen-
eralization of the notions of lines, triangles, or tetrahedrons to arbi-
trarily high dimensions. To get a better understanding of simplices,
Fig. 1 visualizes the first four simplices: 0-simplex (vertex), 1-simplex
(edge), 2-simplex (triangle), and 3-simplex (tetrahedron). When con-
structing such simplices, it is important to understand that for a higher-
dimensional k-simplex to exist, all the (k-1)-simplices also have to be
present. This means that for a tetrahedron ABCD to exist, the triangles
ABC, ABD, ACD, and BCD have to exist as its sub-components, as well
as the six edges AB, AC, BC, AD, BD, CD, and the vertices A, B, C, D.
For example, triangle ABC could not exist without all three points A, B,
and C being connected together. However, it is important to note that
even if edges AB, BC, and AC do exist they do not necessarily have to
form a triangle and they can just exist as tree edges forming a simplicial
complex.

A simplicial complex is a collection of points, edges, triangles, and
higher-dimensional counterparts known as simplices. Fig. 2 shows one
realization of a simplicial complex constructed from multiple simplices.
The shown simplicial 3-complex also contains pairs of points that
are pairwise connected with an edge and form a triangle, as well as
pairwise connected points that do not form a triangle. Note that the
figure contains an example with an additional triangle that does not
form a 2-simplex. The ultimate goal of TDA is therefore to build such
simplicial complexes and discover interesting topological properties
they might possess.

Fig. 1. A set of k-simplices (with k ranging from 0 to 3) that serve as the fundamental
components of a simplicial complex.

Fig. 2. Visualization of an arbitrary simplicial complex with 17 points (0-simplices),
18 edges (1-simplex), 6 triangles (2-simplex), and one tetrahedron (3-simplex).

3.2. Building simplicial complex

In most practical applications, a simplicial complex is not inherent
to the problem but has to be built from a set of points in a point cloud.
There are multiple methods for transforming a set of 𝑁 points into a
simplicial complex, two of them being the Vietoris–Rips (also known as
Rips complex) complex, and the Čech complex. In terms of computa-
tional complexity, the Vietoris–Rips complex is more efficient than the
Čech complex [47] and is, therefore, a more commonly used technique.
Considering the computational cost, our proposed methodology uses
the Vietoris–Rips complex.

When tasked with constructing a Vietoris–Rips complex from a point
cloud consisting of 𝑁 points, the first step is to calculate pairwise
distances between all the points and obtain a 𝑁 ×𝑁 symmetric matrix.
Although the method used for computing pairwise distances between
points has no effect on the methodology used to construct the simplex,
the obtained simplex is inherently tied to the distance matrix and
selecting a wrong distance measure between points can fail to reveal
useful topological structures as explored later. Once the distance matrix
is obtained, a Vietoris–Rips complex 𝑉 𝑅𝜖 consists of all simplices whose
vertices have a pairwise distance of less than 𝜖. This means that a
simplex of dimension 𝑘 can be formed only if the pairwise distances
of all of the 𝑘+1 points that are part of the simplex are lower than the
predefined 𝜖 threshold. For instance, an edge (1-simplex) can be formed
if two points (0-simplices) are closer than 𝜖, while a triangle (2-simplex)
can be formed if the pairwise distances between three points are less
than 𝜖. Fig. 3 features an example of a 𝑉 𝑅𝜖 complex, where each dotted
circle is a circle with a radius 𝜖∕2, and two points are connected if their
𝜖∕2 circles intersect. The obtained Vietoris–Rips complex shown in the
figure also has an interesting topological structure since it encloses one
hole, a crucial concept studied with homology.

3.3. Homology

During the construction of a simplicial complex, the appearance of
different structures (sphere, torus, connected components, topological
circles, trapped volumes) is tracked, with the goal of using that infor-
mation for constructing features that will describe the point cloud. A
homology is an approach from algebraic topology that is able to quan-
tify such structures and formalize the notion of the topological features
of a simplicial complex. Essentially, the goal is to count the number of
holes that appear in the data. For any dimension 𝑘, the 𝑘-dimensional
holes are represented by a vector space 𝐻𝑘. For example, the 0-
dimensional homology group 𝐻0 describes the connected components
of a simplicial complex while the 1-dimensional homology group 𝐻1
and 2-dimensional homology group 𝐻2 represent 1-dimensional loops
(structured like a doughnut) and 2-dimensional cavities, respectively.

2.1. Topological Landscape Analysis for Optimization Problem Classification 11
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Fig. 3. Example of a Vietoris–Rips complex constructed from 9 points. Points are
connected if their 𝜖∕2-neighborhoods (dotted line) intersect. Shown points form 13
edges (1-simplex), 5 triangles (2-simplex) and one tetrahedron (3-simplex).

Fig. 4. Set of four points and Vietoris–Rips simplicial complex with different values
of 𝜖 capturing topological features at different scales.

3.4. Persistence homology

The concept of homology addresses only the appearance of the
previously described structures for a static simplicial complex. While
this can often be extremely useful, we would like to also describe
how structures of the simplicial complex persist across scales, since
structures that persist over a wide range of spatial scales are deemed
more likely to represent more important underlying structures that are
not just sampling artifacts. Persistence Homology is an extension of the
concept of homology that is designed for computing topological fea-
tures of space at different spatial resolutions. Fig. 4 shows the process
of building a Vietoris–Rips simplicial complex at different values of the
𝜖 threshold. At small values of 𝜖, the points are disconnected and only
vertices (0-simplex) are present. When 𝜖 is gradually increased, new
higher dimensional simplices are formed and lower dimensional ones
disappear. At sufficiently large 𝜖, all the vertices are connected and
form a single connected component. Our interest lies in the underlying
formation of topological structures i.e. when they are born (all pairwise
distances of the topological structure are less than 𝜖), and when they
die (consumed by higher dimensional simplices).

3.5. Persistence diagram

Persistence diagrams visualize the birth of topological structures
and their subsequent death. The diagram consists of the birth axis and
death axis which show at what value of the 𝜖 threshold a certain topo-
logical structure is born and when it dies, respectively. Fig. 5 shows the
construction of a persistence diagram from a set of points demonstrated
by birth and consequent death of a hole. The solid gray line in the
figure represents the 𝑥 = 𝑦 diagonal line and symbolizes an important
property of the diagram. All the points are above this line since topo-
logical structures must first be born before they die. Points closer to
the diagonal signify short-lived features, often considered noise, while

Fig. 5. A process of building a persistence diagram with the appearance of a hole at
𝜖1 and its death at 𝜖2 that is described by a point in a diagram.

those further away represent more robust topological features. Fig. 5
shows the persistence diagram in birth–death coordinates but this is not
the only way to visualize the appearance of topological structures. Per-
sistence diagrams in birth–death coordinates can easily be transformed
into birth-persistence coordinates by applying a linear transformation
𝑇 (𝑥, 𝑦) = (𝑥, 𝑦−𝑥) that showcases when a certain structure was born and
how long it was alive. Such transformation is also required and acts as
a prepossessing step of the last step of obtaining a persistence image
which forms the basis for feature construction. It is important to point
out that there are other techniques for comparing persistence diagrams
without the need for obtaining a persistence image such as Bottleneck
and Wasserstein distances [48,49]. A more comprehensive explanation
of the methods for computing distances between persistence diagrams
and their properties is available in [50,51].

3.6. Persistence image

Given a persistence diagram in birth-persistence coordinates, the
goal is to use it to extract meaningful topological features that can be
later used to numerically represent individual optimization problems.
One simple approach to extracting features is the binning approach
shown in Fig. 6. With this approach, both axes are first discretized to
some arbitrary precision with each of the buckets containing a certain
number of points. A way to visualize this is by placing a grid over the
persistence image and simply counting how many points are present
in each grid cell. The level of discretization or the number of bins
that are generated is also known as the resolution of the persistence
image. Unfortunately, such an approach of generating features is not
stable [52] and small perturbations of the point cloud can move the
points between the bins of the grid. To mitigate this problem, per-
sistence diagrams are often transformed into persistence images by
selecting a probability distribution and positioning it at each point
in the persistence diagram to achieve a smoothing effect. While the
selection of the distribution used for smoothing is arbitrary, a common
practice is to use the Gaussian distribution, centered at each point of
the persistence diagram with some predefined variance. This approach
is shown in Fig. 6. Such a technique spreads the mass of a single point
over a larger area, ensuring that the generated persistence images are
less susceptible to noisy observations in the point cloud. The persistence
image can then be transformed into features describing the original
point cloud by concatenating all of the pixels from the image into a
single vector.

3.7. Practical example

To get a better understanding of the feature extraction and how the
previously described concepts are related, Fig. 7 shows an example of
four point clouds with different topological properties all containing
exactly 500 points. The first two images show a sphere with and
without noise. We can observe that the obtained persistence diagrams
are relatively similar. In both diagrams, we get one birth–death point
that is far from the diagonal and represents the hole in the middle of
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Fig. 6. A persistence image obtained from persistence diagram with an approach
of binning with no smoothing (left) with each point from the persistence diagram
belonging to exactly one bin and a persistence image obtained with an approach with
smoothing (right) where mass is distributed over multiple bins.

the sphere. For point clouds on the right in the shape of an infinity sign,
a similar observation can be made. The point cloud essentially contains
two holes, therefore, two corresponding (overlapping) points that are
far away from the diagonal can be observed on the persistence diagram
of the infinity sign. Similarly, when the infinity sign point cloud is
scaled down and rotated, the persistence diagram gets scaled by the
same factor. This shows the advantageous properties of TDA concepts,
including rotation/translation invariance, insensitivity to noise, and
scaling. In the last step of the visualization (bottom row), persistence
images generated from the persistence diagram homology 𝐻1 are also
shown.

4. Methodology

Here, we give a detailed overview of the proposed methodology
and the application of the landscape feature extraction method with
a low number of samples. The approach of extracting features can be
divided into the following steps and is shown in Fig. 8: (i) generating
a set of 𝑁 candidate solutions 𝑥1, 𝑥2,… 𝑥𝑁 and evaluating them with a
given objective function 𝑓 (𝑥𝑖) to obtain their objective function values
𝑓 (𝑥1), 𝑓 (𝑥2),… 𝑓 (𝑥𝑁 ); (ii) rescaling of the landscape by applying sample
specific transformations on 𝑥1, 𝑥2,… 𝑥𝑁 ; (iii) calculation of sample-
specific pairwise distances between all 𝑥1, 𝑥2,… 𝑥𝑁 and objective value
specific pairwise distances between 𝑓 (𝑥1), 𝑓 (𝑥2),… 𝑓 (𝑥𝑁 ) and subse-
quently combining them into one distance measure; (iv) transforming
the pairwise distances into a persistence diagram and subsequently
transforming the persistence diagram into a persistence image used for
numerical features. The algorithm presented in Pseudocode 1 outlines
each step, and further information about each step can be found in the
remaining section.

The rest of this section is organized into individual subsections that
give additional details about each step of the procedure. Note that
this methodology is an improvement of a previously proposed TLA
approach [12]. The novel approach introduced here is how to apply
TLA in scenarios where a low number of samples are available.

4.1. Obtaining samples from the objective function

When given the optimization problem, the first step is to generate
a set of candidate solutions 𝑥1, 𝑥2,… 𝑥𝑁 and evaluate them using the
objective function 𝑓 (𝑥𝑖). Note that the dimension of vector 𝑥1 is equal
to the problem dimension. The obtained candidate solutions serve as a
basis for further feature creation of the TLA methodology. There exists
extensive literature [9] on how to perform sampling and what strategy
to use when computing features for ELA. In general, our proposed
methodology does not dictate what sampling strategy to use. There-
fore, any of the existing sampling strategies can be used. Moreover,
topological features are generally not extremely sensitive to noise [53]
(i.e. perturbations of cloud points have small effects on persistence
image). We leave the sensitivity of topological features to sampling
techniques and perturbations of samples as future work.

Algorithm 1: Algorithm pseudocode for topological feature
extraction.
1 𝛼 ← 0.2;
2 𝑋 ← 𝑐𝑟𝑒𝑎𝑡𝑒𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝑆𝑎𝑚𝑝𝑙𝑒();
3 𝑦 ← 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒(𝑋);
4 𝑋 ← 𝑎𝑝𝑝𝑙𝑦𝑇 𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚(𝑋, ‘‘𝑣𝑜𝑙𝑢𝑚𝑒’’);
5 𝑋𝑑 ← 𝑠𝑎𝑚𝑝𝑙𝑒𝑃𝑎𝑖𝑟𝑤𝑖𝑠𝑒𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠(𝑋, ‘‘𝑒𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛’’);
6 𝑌𝑑 ← 𝑠𝑎𝑚𝑝𝑙𝑒𝑃𝑎𝑖𝑟𝑤𝑖𝑠𝑒𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠(𝑦, ‘‘𝑒𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛’’);
7 𝑋𝑛

𝑑 ← 𝑋𝑛
𝑑∕𝑚𝑎𝑥(𝑋𝑑 );

8 𝑌 𝑛
𝑑 ← 𝑌 𝑛

𝑑 ∕𝑚𝑎𝑥(𝑌𝑑 );
9 𝑀𝑑 ← 𝛼𝑋𝑛

𝑑 + (1 − 𝛼)𝑌 𝑛
𝑑 ;

10 𝑃𝑑 ← 𝑝𝑒𝑟𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑒𝐷𝑖𝑎𝑔𝑟𝑎𝑚(𝑀𝑑 );
11 𝑃 𝑖 ← 𝑝𝑒𝑟𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐼𝑚𝑎𝑔𝑒(𝑃𝑑,𝐻1, 0.002);
12 𝑓𝑒𝑎𝑡𝑢𝑟𝑒𝑠 ← 𝑓𝑙𝑎𝑡𝑡𝑒𝑛(𝑃 𝑖);

4.2. Applying transformations

This subsection explains transformation techniques for obtained
samples. These transformations were previously introduced in [12] to
simplify feature comparison, although they are not strictly necessary.
Normalizations are applied to aid in constructing better features and
simplify the pipeline. This step makes persistence diagrams in later
steps easier to compare. Note that transformations here are only applied
to the candidate solution {𝑥1, 𝑥2,… , 𝑥𝑛} and not objective function
values. We use the following two transformations:

(i) The Axis transformation is applied to a set of candidate solutions
in two steps. The first step is to apply Principal Component Analysis
(PCA) on the set of all candidate solutions 𝑥1, 𝑥2,… 𝑥𝑁 which centers
the set of points at the origin while preserving the distances between
points. Note that in this case PCA is not used as a dimensionality
reduction technique but just as a step to align/center the point cloud
near the origin. Once points are shifted toward the origin with the help
of PCA, the next step is then to transform the points so they are always
between −1 and 1. This is performed by simply linearly scaling each
axis separately so the maximum value is equal to 1 while the minimum
value equals −1. In the newly transformed point cloud, all the points
are thus scaled to be between −1 and 1 as shown in the second picture
of Fig. 9.

(ii) Similarly to the previous transformation, the Volume transfor-
mation also first applies PCA on the candidate solutions thus moving
the point cloud toward the coordinate system origin. The difference
between this method and the Axis transformation is the scaling of the
transformed candidate solutions. With the Volume transformation, after
applying PCA, an axis-aligned bounding box [54] is fitted around the
centered candidate solutions. Points are then scaled in such a way
that the bounding box surface (2D problems), volume (3D problems),
or hypervolume (>3D problems) is equal to 1. In other words, all
dimensions of candidate solutions are scaled by some constant factor in
such a way that the enclosing axis-aligned bounding box has a certain
surface, volume, or hypervolume depending on the dimension.

To give a better overview of the transformations and the reasoning
behind them, Fig. 9 shows an example of an ellipse point cloud with the
previously described transformations. Due to the normalization of the
axes using the Axis transformation, the ellipse point cloud is treated
as a stretched circle and thus transformed into a point cloud that is
equivalent to a circle. Such a transformation will try to counteract the
scaling and will thus map stretched objects in such a way that their
topological properties are similar. The Volume transformation, on the
other hand, will still try to scale the point cloud with the important
property of not stretching the point cloud.

Which of the later two transformations should be used comes down
to what properties need to be preserved. If we look at the ellipse as
being equivalent to the circle, then the Axis transformation should be
used. On the other hand, if differentiating between stretched point
clouds is important, the Volume transformation should be used.

2.1. Topological Landscape Analysis for Optimization Problem Classification 13
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Fig. 7. Examples of different point clouds (top) with 500 points and their persistence diagrams (middle) and persistence images (bottom). The diagram in the picture shows
homologies for dimension 0 (blue) as well as dimension 1 (orange). Persistence images only show dimension 1 homology (𝐻1).

Fig. 8. A step-by-step approach for deriving topological characteristics, starting
with generating samples, followed by computing distances between them to identify
topological structures.

4.3. Pairwise distance calculation

The construction of a persistence diagram is conditioned on having
a metric that can calculate distances between all candidate solutions
and their objective function values. Therefore, selecting a meaning-
ful distance metric is crucial for constructing a persistence diagram
that can be later transformed into meaningful numerical features. The
original TLA paper proposes a binning approach where samples are
grouped into bins based on the objective function value of individual
samples. Distances between samples in individual bins are subsequently
calculated using Euclidean distance. This implicitly introduces some
information about the fitness values into the persistence diagram gen-
eration. Unfortunately, this also introduces a need to select a trade-off
between finer discretization of fitness values (by selecting more bins)
and stability of the generated persistence diagram due to a low number
of samples in each layer. In our case, we define the distance between
samples in the following way. Let 𝑝𝑖 = (𝑥𝑖, 𝑓 (𝑥𝑖)) and 𝑝𝑗 = (𝑥𝑗 , 𝑓 (𝑥𝑗 )) be
the two samples sampled at 𝑥𝑖 and 𝑥𝑗 with objective function values

of 𝑓 (𝑥𝑖) and 𝑓 (𝑥𝑗 ), respectively. We define two symmetric matrices
representing the distances between candidate solutions and the distance
between their objective function values. The matrix 𝑋𝑑 represents
pairwise distances between all candidate solutions and is defined as
𝑋𝑑 (𝑖, 𝑗) = 𝑑𝑖𝑠𝑡(𝑥𝑖, 𝑥𝑗 ), where 𝑑𝑖𝑠𝑡(𝑥𝑖, 𝑥𝑗 ) represents some arbitrary metric
(for example Euclidian distance) for calculating the distance between
candidate solutions. Note that 𝑥𝑖 and 𝑥𝑗 here represent a numerical
vector. Furthermore one has to also calculate the distance between
objective values of given candidate solutions. The distance matrix
𝑌𝑑 between objective function values is thus defined as 𝑌𝑑 (𝑖, 𝑗) =
𝑑𝑖𝑠𝑡(𝑓 (𝑥𝑖), 𝑓 (𝑥𝑗 )). For the later case of calculating distances between
objective function values, 𝑓 (𝑥𝑖) and 𝑓 (𝑥𝑗 ) are no longer numerical
vectors but are just scalar values since we are working with single-
objective optimization. Both matrices 𝑋𝑑 and 𝑌𝑑 thus capture a piece
of really important information about the optimization problem. The
matrix 𝑋𝑑 represents the distance between candidate solutions while
𝑌𝑑 contains information about differences in their objective values.

4.4. Pairwise distance scaling

Distances obtained in the previous section contain unnormalized
values meaning that values inside matrices have no upper bound.
For that purpose, comparing optimization functions that have been
transformed cannot be achieved. To solve this, both matrices are further
scaled in such a way that minimum values are equal to zero and the
maximum value is equal to one. This is achieved by simply dividing
all the values in both matrices by the maximum value described by
the following equations and obtaining new scaled matrices 𝑋𝑛

𝑑 (𝑖, 𝑗) and
𝑌 𝑛
𝑑 (𝑖, 𝑗):

𝑋𝑛
𝑑 (𝑖, 𝑗) =

𝑋𝑑 (𝑖, 𝑗)
𝑚𝑎𝑥

1<𝑖,𝑗<𝑁
(𝑋𝑑 (𝑖, 𝑗))

(1)

𝑌 𝑛
𝑑 (𝑖, 𝑗) =

𝑌𝑑 (𝑖, 𝑗)
𝑚𝑎𝑥

1<𝑖,𝑗<𝑁
(𝑌𝑑 (𝑖, 𝑗))

(2)

While this step of scaling distances is not strictly necessary and
features can be obtained without it, it helps construct features that are
invariant to transformations such as scaling.
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Fig. 9. Transformations that can be applied to the set of all candidate solutions. With Axis transform the new point cloud is inside [−1, 1]𝐷 while for Volume transform, the volume
(hypervolume) of the box is equal to 1.

4.5. Quantifying the distances between samples

When extracting topological features, one has to define a single-
distance matrix used to obtain a persistence diagram. Therefore the
two matrixes 𝑋𝑛

𝑑 and 𝑌 𝑛
𝑑 have to be combined together into a single

one representing the total distance between candidate solutions and
their function values. This is achieved by taking a linear combination
between both distance matrices as defined by the equation:

𝑀𝑑 (𝑖, 𝑗) = 𝛼𝑋𝑛
𝑑 (𝑖, 𝑗) + (1 − 𝛼)𝑌 𝑛

𝑑 (𝑖, 𝑗) (3)

Total distances between samples thus comprise the distance be-
tween candidate solutions as well as differences in their objective
function values. The parameter 𝛼 is used to control the fusion of
information about the distance between the samples and the distance
between the function values. Note that distance calculation is per-
formed after normalization. Such an approach of fusing the distances
together controlled with the hyperparameter 𝛼 allows finer control over
combining information about the location of where the sample was
obtained and its function value. Without combining information from
both matrices it is impossible to build one persistence diagram that
captures the distance between samples and the differences between the
objective function values. This technique of combining both distance
matrices together into one matrix enables the use of much smaller
sample sizes and captures more informative topological features. This
step of combining both matrices together is also the main advantage
over the initially proposed [12] method. In the original paper, samples
were split into multiple bins depending on their objective value. For
example, if two bins were used, half of the samples with the highest
objective value would be put into one bin, while the rest (samples with
the lowest values) would be assigned to another bin. The matrix 𝑋𝑛

𝑑 (𝑖, 𝑗)
would be calculated only between pairs of samples that are in the same
bin while 𝑌 𝑛

𝑑 (𝑖, 𝑗) would not be explicitly computed. This means that
topological features would be obtained for each bin separately without
taking into account objective function values with other samples in the
same bin. The main limitation of binding was therefore throwing away
a lot of information about objective values of samples.

4.6. Persistence homology and diagrams

With the obtained distance matrix which captures distances be-
tween sample points and their function values, persistence homologies
and diagrams can be computed as described in Sections 3.4 and 3.5.
The persistence diagram in this case holds the information about dif-
ferent topological structures that appear in the point cloud described
with a given pair-wise distance matrix. A persistence diagram can
be generated for homologies of different dimensions. In our case, we
limit ourselves to homologies 𝐻0, 𝐻1, and 𝐻2 due to the associated
computational cost.

4.7. Numerical feature construction

With a given persistence diagram that represents the births and
deaths of topological structures, the next step is to construct finite-
dimensional numerical features from it. The process of transforming the
persistence diagram into a persistence image is described in Section 3.6.
The obtained features are most often described by a high-dimensional
vector that represents the creation and lifetime of topological properties
of a problem. One important thing to note here is that feature vectors
obtained using different transformations and homology dimensions can
be concatenated together. For example, with two transformations and
three persistence diagrams obtained with homologies 𝐻0, 𝐻1, and 𝐻2
one can construct six feature representations for a certain optimization
problem. Those feature representations can be further concatenated
together to obtain different topological views of the problem before
being used in machine learning applications.

4.8. Example of extracted topological features

To better understand of what the extracted features look like, Fig. 10
shows two different optimization problems together with their per-
sistence diagrams and persistence images (only for homology 𝐻1),
constructed with a sample size of 600. We see that the computed
persistence diagrams and persistence images of the function samples
are slightly different, meaning that the functions differ in their topo-
logical features. Note however that for many real-world point clouds,
differences in persistence diagrams are not as easily identifiable [55]
as in the toy example shown in Fig. 7.

5. Results

In this section, we first describe the experimental setup and the
hyperparameters used to conduct our experiments. In the second part
of this section, we explore the similarity of the proposed features
for different problem classes of the COCO benchmark and analyze
the similarity of the proposed TLA features to existing ELA features
together with the influence of hyperparameters.

5.1. Experimental setup

Topological feature extraction was performed with the Scikit-TDA
[56] library while ELA features were calculated with the flacco [19]
library. For classification, we used the AutoGluon [57] framework.
Lastly, we use the scikit-learn [58] library for different utilities for
performing classification.

To test the proposed feature extraction technique, we use the COCO
benchmark suite [13] which is one of the most commonly studied
benchmark suites for optimization algorithms. The COCO suite con-
tains problem instances from 24 different problem classes, where each
problem instance represents an instance of the base problem class with
some applied transformation such as scaling, shifting, or rotation. We
use 100 problem instances from 24 problem classes which in total
means 2400 problem instances. In our study, we rely on the most
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Fig. 10. Sphere function and Himmelblau’s function together with their persistence
diagrams and persistence images for homology 𝐻1 (orange points).

fundamental sampling strategy where samples are generated uniformly.
Motivated by the definition of the COCO problem instances, for a 𝐷
dimensional problem, the sampling range is limited to [−5, 5]𝐷. The
proposed methodology uses the following hyperparameters unless oth-
erwise specified. Parameter 𝛼 used to merge distance between samples
and their objective function values is set to 0.2, the kernel size used
for smoothing is set to 0.0002, and Euclidean distance is used to com-
pute distances between candidate solutions as well as their objective
function values. However one has to note that for higher-dimensional
problems, Euclidean distance often becomes less informative [59].

Due to the computational complexity of obtaining persistence di-
agrams for higher-dimensional homologies, we limited ourselves to
homologies 𝐻0, 𝐻1 and 𝐻2. When transforming a persistence diagram
to a persistence image for a selected homology, one has to select the
appropriate number of bins for discretization. In our case, for 𝐻0 where
the birth occurs only at 𝜖 = 0, the birth range was set to be between
0 and 0.01, while persistence was set to be between 0 and 1.0 with
a discretization of 0.01. With such parameter values, the persistence
diagram for 𝐻0 generates 100 numerical features. For homologies 𝐻1
and 𝐻2, the discretization step was 0.01 with the birth and death
axes both being between 0 and 1.0. This means that numerical rep-
resentations for 𝐻1 and 𝐻2 are vectors of length 10,000. All three
homologies’ birth and death ranges are limited to 1.0 since the largest
distance between points is at most 1.0 due to the applied normalization
step, as described in Section 4.4. Since we are working also with
different transformations (Axis and Volume), the final objective function
representation is obtained by concatenating all the six representations
together (all combinations of homology and transformation) to get a

final numerical vector of length 40,200. In some cases PCA is used to
reduce the number of features (from 40,200 initial features) in such
a way that 99.5% of the variance is preserved, making it easier for
different machine-learning tasks. Note also that features are not nor-
malized before PCA is performed since it was experimentally observed
that pre-PCA normalization produces a much worse representation.
Unless otherwise specified, all of the features are extracted from 200
samples regardless of the dimensionality of the problem. While such
sampling is uncommon, 200 samples present a trade-off between the
computational cost of obtaining topological features and accuracy. A
more common strategy is to extract features where samples are not
constant for every dimension but are proportional to the size of the
problem dimensionality such as in [60,61]. It is therefore important
to note that when figures show feature performance, they show that
in terms of the number of samples and not the number of samples
multiplied by the problem dimension.

5.2. Problem instance similarity and comparison with ELA

In this subsection, we first analyze the extracted features and use
them to visualize similarities between instances. We further compare
the correlations between proposed features and different ELA feature
groups to examine if features are complementary to each other. Note
that in this section we use 2D problems for all the visualizations.
Figs. 11–13 visualize the cosine similarity between instances from 24
COCO benchmark problem classes. These examples use the first 100
instances of dimension 2 with 200 samples (i.e., 100D sampling). Be
aware that the figures utilize varying ranges.

Fig. 11 shows the cosine similarity heatmap for the homology 𝐻0
where samples are previously transformed with the Axis transforma-
tion. We can observe that for some problem instances it is easy to
identify the problem class they belong to, while for others, differentia-
tion to which problem class they belong is much more challenging. For
example, focusing on instances from problem 24, we can observe that
instances from this class can be identified since correlations between
them are strong. On the other hand, instances from problem classes 22
and 23 are highly correlated not only with instances within the same
class but also between the two problem classes themselves. We would
therefore expect that based on the extracted features, differentiating
between classes 22 and 23 would be more challenging when using only
homology 𝐻0.

If the focus is shifted toward Fig. 12 where the same transforma-
tion is used but now with homology 𝐻1, we can observe that some
classes are easy to identify since instances belonging to them are
highly correlated between themselves. An example of this would be
the fifth problem where all its instances are highly correlated between
themselves. Lastly, Fig. 13 also shows the homology 𝐻2. From this
figure, we can observe that problem instances belonging to problem
19 can be easily identified which was not the case for homologies
𝐻0 and 𝐻1. This indicates that different homologies reveal different
topological information and that the homology of specific dimensions
can capture information that is unique to a dimension. Moreover, this
demonstrates that problem instances belonging to the same problem
class usually have similar topological features. An almost identical
pattern of correlations can be observed when applying the Volume
transformation but we do not show it due to being extremely similar
to the Axis transformation.

To further explore the behavior of the proposed TLA features,
we compare them to different ELA feature groups. We use Pearson
linear correlation to quantify the similarity between all feature pairs.
Fig. 14 shows the correlation between all features calculated using 2400
instances from COCO. Note that for the purposes of easier visualization,
topological features were reduced with PCA to only 10 features. In
general, the process of generating topological features will produce a
large number of highly correlated features. From the figure, we can
observe that some feature groups contain highly correlated features
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Fig. 11. Cosine similarities between TLA features of COCO instances with Axis transformation and homology 𝐻0 for all 24 problem classes and 100 problem instances per class.
Note the different ranges compared to Figs. 12 and 13.

Fig. 12. Cosine similarities between TLA features of COCO instances with Axis transformation and homology 𝐻1 for all 24 problem classes and 100 problem instances per class.
Note the different ranges compared to Figs. 12 and 13.

while others do not. For example, the feature group DISP which cap-
tures dispersion properties contains a lot of highly correlated features
while features in the group Basic are not that strongly correlated be-
tween themselves. More interesting is the observation of the correlation
between groups. While some feature groups are linearly correlated
between themselves (for example DISP and ELA Level), none of the
feature groups is strongly correlated with the topological features. This
indicates that the extracted topological features cover a different part
of the feature space compared to the ELA feature groups. This is an
important finding because diversifying the feature space can lead to a
more comprehensive understanding of functions. A failure to account

for relevant features can lead to misleading interpretations, making it
critical to explore the feature space as fully as possible.

5.3. Problem classification

When using the extracted features to perform classification we use
the following methodology. The full data set consists of 24 COCO
problem classes with each problem class having 100 problem instances.
In total, we work with 2400 problem instances from which features
are extracted. The data is split in such a way that 90% of the data is
used for training while the remaining 10% is used for testing. When
performing random splits, a stratified split strategy is used where the
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Fig. 13. Cosine similarities between TLA features of COCO instances with Axis transformation and homology 𝐻2 for all 24 problem classes and 100 problem instances per class.
Note the different ranges compared to Figs. 12 and 13.

Fig. 14. Correlation between individual ELA and TLA features computed on 2400 COCO problem instances from 24 different problem classes.

balance between classes is preserved after the split meaning that in each
split the probability of observing an instance belonging to a certain
problem class is preserved. The procedure is repeated 30 times to get a
better overview of the performance and robustness of the models. When
performing classification it is always challenging to select the most
appropriate classification algorithm [62]. In our study, we used the
AutoML [63] library AutoGluon. AutoGluon is an efficient library that
automatically performs algorithm selection, hyperparameter tuning,
and automated stack ensembling and can most often outperform other
individual models such as neural networks and random forest when
using tabular data [64]. In most of the AutoML frameworks, the only

requirement is to specify the time budget for training models. In our
case, we used a relatively small time budget of one minute.

To get a better overview of how informative the newly proposed
TLA-based features are, we compare them with ELA feature groups for
classification. In this case, the classifier is trained separately for each
feature group. Fig. 15 shows the classification accuracy for different
ELA feature groups and the TLA features on 2D problems. Addition-
ally, ELA ALL denotes the accuracy when all ELA feature groups are
combined. Since we have 24 problem classes, classifying instances ran-
domly would produce a classification accuracy of 1∕24. Additionally,
the number in parenthesis shows how many individual features are in
each feature group. We see that all of the feature groups outperform
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Fig. 15. Classification accuracy for individual ELA feature types together with features extracted with topological data analysis for 2D problems. Gray bars represent the standard
deviation in error for 30 independent runs. The number in the parenthesis show how many individual features are in each feature group.

Fig. 16. Classification accuracy for individual ELA feature groups concatenated with TLA features obtained on 2D problems.

the baseline naive random class classifier. Additionally, we see that
some ELA feature groups are much more informative than others for
the task of problem classification. The least informative feature groups,
in this case, are feature groups CM Grad, CM Angle and Basic, while
the most informative feature groups are IC and ELA Meta, the last of
which achieve almost 90% classification accuracy. TLA features are
the fifth most informative feature group when it comes to the task of
classifying samples into one from the 24 COCO classes with an accuracy
of around 63%, making it comparable to LIMO feature group in terms of
classification accuracy. This demonstrates that, even though it might be
visually challenging to distinguish problem instances from one another
when represented with topological features as discussed in the previous
section, machine learning models are quite adept at identifying the
specific topological patterns for each of the problem classes.

To further explore the information captured by the TLA features
in comparison to existing features, we also show how complementary
they are with other ELA feature groups. Fig. 16 shows the classifi-
cation accuracy of individual ELA feature groups and classification
accuracy when the same group is concatenated together with the TLA
features. This shows how much additional information is contained in
TLA features when compared to other ELA feature groups. TLA with
no additional ELA features can correctly classify approximately 63%
of the instances. Concatenating topological representation with other

features can further improve that number. Concatenating TLA with
less informative feature groups such as CM Grad, CM Angle or Basic
can increase the classification accuracy to around 75%, meaning that
their representation complements each other. Similarly, combining TLA
features with feature groups such as IC and ELA Meta can further
increase their accuracy to above 90%. If TLA features are concatenated
with all the ELA feature groups, the further improvement in classifica-
tion accuracy is only around 1%. This shows that concatenating TLA
with other individual groups of features is beneficial since they carry
complementary information improving classification accuracy.

It is also interesting to investigate which problem classes are most
commonly misclassified. Figs. 17 and 18 show confusion matrices for
ELA and TLA feature groups, respectively. Note that figures are aggre-
gated over all 30 runs to get more robust results. Focusing first on the
confusion matrix for ELA features, we observe that most of the problem
instances are classified correctly. The exception is instances belonging
to problems 10 — Ellipsoidal Function, 11 — Discus Function and 12
— Bent Cigar Function. With TLA confusion matrix shows that more
problem instances are misclassified. Problem classes whose instances
are most often misclassified are classes 6 — Attractive Sector Function,
10 — Ellipsoidal Function, 11 — Discus Function, 15 — Rastrigin
Function, 17 — Schaffers F7 Function, and 18 — Schaffers F7 Function,
moderately ill-conditioned. This means that TLA features alone have
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Fig. 17. Confusion matrix when classifying 2D problem instances into one of the 24 problem classes using ELA features. Values are aggregated over all 30 train/test splits.

Fig. 18. Confusion matrix when classifying 2D problem instances into one of the 24 problem classes using TLA features. Values are aggregated over all 30 train/test splits.

less power to distinguish between problem instances compared to the
ELA features that consist of many different feature groups. One possi-
ble explanation of why some problems cannot be differentiated using
topological features is that the extracted features are invariant to some
transformations meaning that a function that is rotated, translated, or
changed in some other way may produce similar topological features.
In this regard, they can never achieve accuracy that is comparable
to ELA features on the given benchmark since they are unable to
differentiate between some transformations. For example, problems
17 and 18 cannot be differentiated with topological features. Both of
those problems are Schaffers F7 Function with one being moderately
ill-conditioned.

5.4. Hyperparameter sensitivity analysis

In this section, we delve deeper into the impact of certain hyperpa-
rameters related to feature extraction. We investigate their sensitivity
and examine how they affect the differentiation of problem instances.

5.4.1. Sensitivity to the parameter 𝛼
We further investigate the influence of the 𝛼 parameter on the

classification performance. Note that the features used in this exam-
ple are obtained by first concatenating features from homologies 𝐻0,
𝐻1, and 𝐻2, and both transformations. Since feature representations
obtained in this way have very high dimensionality, PCA is applied as a
dimensionality reduction technique, preserving 0.995 of the variance.
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Fig. 19. Influence of 𝛼 parameter on classification accuracy.

Fig. 19 shows the influence of the 𝛼 parameter on the classification
accuracy for problems with different dimensions. Note that the axis
showing 𝛼 parameter values are not equally spaced. When 𝛼 is set to a
number 0, meaning that only objective function values 𝑓 (𝑥𝑖) are used
to obtain features we see that classification accuracy of around 25%–
35% can be obtained. Increasing the 𝛼 parameter introduces into the
features also information about the location 𝑥𝑖 of where the samples
were obtained, not only the objective value of the samples 𝑓 (𝑥𝑖), and
we can see that this increases the classification accuracy for all four
dimensions. With setting 𝛼 to around 0.1–0.3 the maximum accuracy of
around 64% is achieved for 2D problems, with accuracy being around
40% for higher-dimensional 10D problems. With further increases of
the 𝛼 parameter, the accuracy begins to decline again. With 𝛼 set to
1.0 or close to it, classification accuracy drops to the majority classifier
accuracy for all dimensional problems. This demonstrates that selecting
the 𝛼 parameter which balances trade-offs between preserving the
positional information 𝑥𝑖 between samples and information between
their objective function values 𝑓 (𝑥𝑖), is crucial for obtaining meaningful
topological features. An intuitive explanation for this is that knowing
only objective function values 𝑓 (𝑥𝑖) (when 𝛼 equals 0) does carry some
information about the function while including just sample locations
𝑥𝑖 (when 𝛼 equals 1) carries no information about the problem. The
most important topological structures are revealed when both distance
matrices 𝑋𝑛

𝑑 (𝑖, 𝑗) and 𝑌 𝑛
𝑑 (𝑖, 𝑗) are combined.

5.4.2. Sensitivity to the image smoothing
Here, we investigate the influence of persistence image smoothing

on classification performance. Fig. 20 shows the influence of select-
ing the different smoothing parameters on the classification accuracy.
Note that the axis showing smoothing parameter values is not equally
spaced. When binning is performed without smoothing (i.e. kernel size
is 0.0), we observe a classification accuracy of between 45% for 2D
problems and 30% for 10D problems. Introducing smoothing into the
persistence image improves the classification accuracy significantly.
With the smoothing level set to between 0.0001 and 0.001 the high-
est accuracy can be achieved for all the problem dimensions. If the
smoothing parameter is set to too large of a value, we enter a regime
where persistence images are over-smoothed and information about
topological features is getting lost, which can be observed in degraded
classification performance. At around 0.05, the classification accuracy
drops to the same level as when no smoothing is applied. This implies

that some smoothing is beneficial since it can overcome some problems
related to binning, but smoothing persistent images too much can hide
important topological information.

5.4.3. Sensitivity to the homology dimension
This subsection explores the homology dimension and its contribu-

tions toward classification accuracy. Note that due to the computational
cost, we only include homologies up to the dimension of two. Fig. 21
shows the classification accuracy for different problem dimensions with
homologies 𝐻0, 𝐻1, 𝐻2 and a case where the representations obtained
with all three homologies are concatenated. An observation can be
made that homology 𝐻0, which describes how connected components
are formed, usually carries the most information for all problem di-
mensions with the exception of 10D problems where 𝐻1 homology
is the most important one. The least informative homology in all of
the cases is the homology 𝐻2 that never exceeds the accuracy of 35%
for any of the problem dimensions. The best classification accuracy is
achieved when concatenating features of all three homologies together.
With this, we capture topological holes of different dimensions thus
achieving the highest classification accuracy.

5.4.4. Sensitivity to the distance metric
Here we investigate distance metrics for quantifying the distances

between samples (see Section 4.5) in a point cloud and the impact
of these metrics on classification accuracy. Fig. 22 shows the clas-
sification accuracy for different distance metrics. Major differences
between metrics can be observed. For example, cosine similarity, the
worst-performing metric, achieves results that are no better than the
majority classifier. While we do not investigate why this happens
with cosine similarity, a reason for this could be that points are far
apart but have a similar angle relative to the origin which does not
reveal useful topological features. All other metrics achieve much
higher classification accuracy, with Canberra, Chebyshev, Euclidian,
and Cityblock metrics having similar performance with accuracy well
above the majority classifier, with an accuracy of 60% and 40% for
2D and 10D problems respectively. Lastly, we see that the metrics
that perform well for low-dimensional problems also have good per-
formance for higher-dimensional problems. Similarly, metrics that per-
form badly on lower-dimensional problems have also poor performance
on higher-dimensional problems.
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Fig. 20. The influence of the smoothing parameter that controls how individual points from the persistence diagram are smoothed when constructing a persistence image.

Fig. 21. Influence of homology dimension parameter on classification accuracy.

5.4.5. Sensitivity to the sample size
The quality of the constructed feature representations is propor-

tional to the number of samples extracted from the optimization prob-
lem. Therefore, in order to capture as much information as possible,
one would prefer to use a large sample size. Unfortunately, computing
objective values can be expensive when dealing with a large number
of candidate solutions. Therefore it is important to find a good balance
between the number of samples and the quality of the representations.
Fig. 23 demonstrates the problem classification accuracy obtained using
TLA features constructed using different sample sizes. Note that the axis
listing the number of samples shows the actual number of samples and
not the number of samples adjusted per dimension. That means that
we performed between 10 and 600 function evaluations. We see that
for 2D problems, a small set of samples can already create informative
features. With only 10 samples, the accuracy for 2D problem classifica-
tion is already around 10% which represents an improvement over the
accuracy of 4.2% (majority classifier). For 2D problems with around
400 samples, we reach a state where providing more samples does
not build better topological features. For other problem dimensions a

similar conclusion can be drawn. With only 10 samples classification
based on topological features is only slightly better than the majority
class classifier. For 10D problems, having 10 samples is only enough
to obtain 6% accuracy while 53% accuracy can be obtained with 400
samples. We see the pattern that the classification accuracy for higher
dimensional problems is usually lower than for simpler 2D problems
with the same number of samples. We can also observe that after some
number of samples, performing additional sampling has diminishing
returns on classification accuracy.

A similar comparison of classification accuracy with different num-
bers of samples can also be performed with ELA features. Fig. 24 shows
such a comparison. We can observe that the correlation between the
number of samples and model performance holds also for ELA, with
larger sample sizes generating more informative ELA features. We can
also conclude that ELA features perform better than topological features
with all sample sizes when performing classification. But it is important
to note that ELA features consist of multiple feature groups.
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Fig. 22. Influence of different metrics on classification accuracy aggregated over 30 runs. Standard deviations in classification accuracy are shown with vertical lines.

Fig. 23. Influence of the number of samples on the problem classification accuracy using TLA feature group.

5.5. Generalizability of topological features across sample sizes

This subsection investigates if there is a generalizability between
feature representations computed with different numbers of samples.
With this, we answer the question if topological features are tied to
the sample size or do we expect the topological features to have the
same value independent of the sample size. In other words, do we
expect topological features to be the same given a different number
of samples? To answer this question we use the following setup. We
first train a model that is able to perform classifications based on
topological features computed with 200 samples. Next, we use this
model to perform classification on features obtained with a different
number of samples. Fig. 25 show the classification accuracy of such a
setup for problems of different dimensions. For all problem dimensions,
a model trained on topological features from one sample size will have
reduced performance when predicting features with different sample
sizes. Even when the sample size used to obtain features is changed
by 5% between the train and test set, we can immediately see that
performance drops by a small percentage. When the difference between
the train sample size and the test sample size is even larger, the

accuracy quickly drops to what would be expected from a random
classifier. This demonstrates that topological features are inherently
tied to the sample size used to compute them and that they do not
generalize between sample sizes. Implications for this are that machine
learning models that are trained with topological features (independent
of the task) are inherently linked to the sample size and if changed, the
performance of a model is likely to decrease.

6. Limitations

This section lists some limitations of the study. In this study, we test
our features for the task of COCO problem instance classification and
report/visualize the impact of hyperparameters (size of the smoothing
kernel, distance metric, etc.) used during the construction of topological
feature values on the classification accuracy.

Joint hyperparameter optimization [65] is recommended for classi-
fication, but it has not been done here to avoid overfitting to a relatively
small COCO benchmark with only 24 problem classes.

ELA features may have missing, identical, or infinite values for some
problem instances and are removed before analysis. In contrast, TLA
features are always represented by finite values with no missing values.
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Fig. 24. Influence of the number of samples on classification accuracy using ELA feature group. Note that the axis differs from Fig. 23.

Fig. 25. Classification accuracy of models trained and evaluated on topological features. The solid line shows the performance of models where features use the same sample size
while the dotted line shows the model train on sample size 200 and applied to different sample sizes.

Figures in analysis mostly visualize 2D problems because it is easier
to link objective functions to topological features and explain them.
Hyperparameter sections should only act as a guide for important
hyperparameters and their impact on classification accuracy, not as
optimal values for higher dimensions or other benchmarks.

When visualizing similarities between features (visualized with
heatmaps), we switch between cosine similarity and correlations be-
tween features. We use cosine similarity when comparing individual
problem instances represented with ELA and TLA feature groups.
Some ELA feature groups differ in magnitudes, or are represented by
categorical values, or even missing. In such cases, subtracting the mean
or standard deviation cannot be performed without losing the meaning
of the information in the vectors. On the other hand, when comparing

features over all problem instances, the features usually have the same
magnitude over all problem instances which allows the use of Pearson
correlation.

7. Conclusion and future work

In this work, we expand on the existing concept of Topological
Landscape Analysis (TLA) for numerical feature extraction in scenarios
where a low number of samples are available. Treating samples as a
point cloud, describing them in term of pairwise distances, and apply-
ing approaches from topology have numerous advantages and offers a
new look at the optimization problems. The extracted features are used
to visualize the similarity between problem instances where it can be
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seen that they can differentiate between problems. Next, we compare
the proposed TLA features with the existing ELA features to determine
if such features are similar and how they differ from ELA features.
We show that topological features are complementary to existing ELA
feature groups and that they cover parts of the feature landscape that
is not covered by any other feature group. In terms of classification
power, the TLA features achieve accuracy that is comparable to some
of the best-performing ELA feature groups. We perform a thorough
investigation of how hyperparameters influence the obtained features
and consequently, the classification accuracy. With this, we show that
hyperparameters carry a large importance for successful feature ex-
traction. We also show that topological features are inherently tied
to the sample size and they do not generalize between sample sizes.
Such topology-inspired features are potentially useful since they are
geared toward detecting and describing the presence of various shapes
in high-dimensional spaces. As such, they have the potential to be
useful in detecting different aspects of optimization functions as they
are designed to act as descriptions of topological and geometric shapes
meaning that they might detect funnels and different modalities which
have been linked to how hard problem is to solve.

Immediate future steps are investigating how the newly proposed
features relate to high-level features and if they can bridge the gap
between high and low-level feature groups. Further exploration is
needed to reduce the number of highly correlated topological features
while maintaining performance through the use of concepts such as
Betti numbers and extraction of summary statistics from persistence
diagram such as persistence entropy. Additionally, we aim to further
explore the theoretical background of the proposed features and the
information they capture in comparison to other feature groups. While
we only show the task of classifying problem instances, it is crucial
to also evaluate topological features on other tasks such as predicting
the performance of different optimization algorithms. In this regard,
one could explore how TLA features complement the ELA features
in predicting algorithm performance and whether they improve the
generalizability of algorithm selection models on unseen instances.
Furthermore, the current work explores TLA features as a static rep-
resentation of the problem instance, in that the samples it uses are
generated using some artificial sampling technique which aims to cover
the entire landscape of the problem instance. Following some recent
approaches that calculate features based on samples explored by the
algorithm during its execution [34–36], TLA features could also be
used to represent the interaction between a problem and an algorithm
instance.

CRediT authorship contribution statement

Gašper Petelin: Conceptualization, Methodology, Software, Vali-
dation, Writing – original draft, Writing – review & editing, Visual-
ization. Gjorgjina Cenikj: Methodology, Software, Validation, Writing
– original draft, Writing – review & editing, Supervision. Tome Efti-
mov: Validation, Writing – original draft, Writing – review & editing,
Supervision.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

Data will be made available on request.

Acknowledgments

Funding in direct support of this work: Slovenian Research Agency:
research core funding No. P2-0098, project No. N2-0239 to TE, young
researcher grant No. PR-11263 to GP, and young researcher grant PR-
12393 to GC. We would also like to thank Urban Škvorc and Peter
Korošec who were involved in numerous discussions.

Appendix A. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.swevo.2023.101448.

References

[1] B. Bischl, O. Mersmann, H. Trautmann, M. Preuß, Algorithm selection based on
exploratory landscape analysis and cost-sensitive learning, in: Proceedings of the
14th Annual Conference on Genetic and Evolutionary Computation, 2012, pp.
313–320.

[2] M.A. Muñoz, Y. Sun, M. Kirley, S.K. Halgamuge, Algorithm selection for black-
box continuous optimization problems: A survey on methods and challenges,
Inform. Sci. 317 (2015) 224–245.

[3] M.A. Muñoz, M. Kirley, S.K. Halgamuge, A meta-learning prediction model
of algorithm performance for continuous optimization problems, in: Parallel
Problem Solving from Nature-PPSN XII: 12th International Conference, Taormina,
Italy, September 1-5, 2012, Proceedings, Part I 12, Springer, 2012, pp. 226–235.

[4] U. Škvorc, T. Eftimov, P. Korošec, Understanding the problem space in single-
objective numerical optimization using exploratory landscape analysis, Appl.
Soft Comput. (ISSN: 1568-4946) 90 (2020) 106138, http://dx.doi.org/10.1016/
j.asoc.2020.106138, URL: https://www.sciencedirect.com/science/article/pii/
S1568494620300788.

[5] G. Cenikj, R. Dieter Lang, A. Petrus Engelbrecht, C. Doerr, P. Korošec, T. Eftimov,
SELECTOR: Selecting a Representative Benchmark Suite for Reproducible Statis-
tical Comparison, in: Proceedings of the Genetic and Evolutionary Computation
Conference, 2022.

[6] M.A. Muñoz, K. Smith-Miles, Generating new space-filling test instances for
continuous Black-Box optimization, Evol. Comput. 28 (2020) 379–404, http:
//dx.doi.org/10.1162/evco_a_00262.

[7] K.M. Malan, A.P. Engelbrecht, A survey of techniques for characterising fitness
landscapes and some possible ways forward, Inform. Sci. (ISSN: 0020-0255)
241 (2013) 148–163, http://dx.doi.org/10.1016/j.ins.2013.04.015, URL: https:
//www.sciencedirect.com/science/article/pii/S0020025513003125.

[8] O. Mersmann, B. Bischl, H. Trautmann, M. Preuss, C. Weihs, G. Rudolph,
Exploratory landscape analysis, in: Proceedings of the 13th Annual Conference
on Genetic and Evolutionary Computation, 2011, pp. 829–836.

[9] Q. Renau, C. Doerr, J. Dreo, B. Doerr, Exploratory Landscape Analysis is Strongly
Sensitive to the Sampling Strategy, ISBN: 978-3-030-58114-5, 2020, pp. 139–153,
http://dx.doi.org/10.1007/978-3-030-58115-2_10, Chapter 0.

[10] U. Škvorc, T. Eftimov, P. Korošec, The effect of sampling methods on the invari-
ance to function transformations when using exploratory landscape analysis, in:
2021 IEEE Congress on Evolutionary Computation (CEC), 2021, pp. 1139–1146,
http://dx.doi.org/10.1109/CEC45853.2021.9504739.

[11] R.P. Prager, H. Trautmann, Nullifying the inherent bias of non-invariant
exploratory landscape analysis features, in: International Conference on the
Applications of Evolutionary Computation (Part of EvoStar), Springer, 2023, pp.
411–425.

[12] G. Petelin, G. Cenikj, T. Eftimov, TLA: Topological landscape analysis for single-
objective continuous optimization problem instances, in: Proceedings of IEEE
Symposium Series on Computational Intelligence, 2022.

[13] N. Hansen, A. Auger, R. Ros, O. Mersmann, T. Tušar, D. Brockhoff, COCO: A
platform for comparing continuous optimizers in a black-box setting, Optim.
Methods Softw. 36 (1) (2021) 114–144.

[14] K.V. Price, A. Kumar, P. Suganthan, Trial-based dominance for comparing both
the speed and accuracy of stochastic optimizers with standard non-parametric
tests, Swarm Evol. Comput. 78 (2023) 101287.

[15] F. Zou, D. Chen, H. Liu, S. Cao, X. Ji, Y. Zhang, A survey of fitness landscape
analysis for optimization, Neurocomputing 503 (2022) 129–139.

[16] G. Wu, R. Mallipeddi, P. Suganthan, Problem Definitions and Evaluation
Criteria for the CEC 2017 Competition and Special Session on Constrained
Single Objective Real-Parameter Optimization, Computational Intelligence Labo-
ratory, Zhengzhou University, Zhengzhou China and Technical Report, Nanyang
Technological University, Singapore, 2016.

[17] P. Kerschke, H. Trautmann, Comprehensive feature-based landscape analysis of
continuous and constrained optimization problems using the R-package flacco,
in: Applications in Statistical Computing, Springer, 2019, pp. 93–123.

[18] M.A. Muñoz, M. Kirley, S.K. Halgamuge, Exploratory landscape analysis of
continuous space optimization problems using information content, IEEE Trans.
Evol. Comput. 19 (1) (2014) 74–87.

2.1. Topological Landscape Analysis for Optimization Problem Classification 25



Swarm and Evolutionary Computation 84 (2024) 101448

18

G. Petelin et al.

[19] P. Kerschke, H. Trautmann, Comprehensive feature-based landscape analysis of
continuous and constrained optimization problems using the R-Package Flacco,
in: Applications in Statistical Computing: From Music Data Analysis to Industrial
Quality Improvement, Springer International Publishing, Cham, ISBN: 978-3-
030-25147-5, 2019, pp. 93–123, http://dx.doi.org/10.1007/978-3-030-25147-
5_7.

[20] N. Hansen, S. Finck, R. Ros, A. Auger, Real-Parameter Black-Box Optimization
Benchmarking 2009: Noiseless Functions Definitions (Ph.D. thesis), INRIA, 2009.

[21] N. Belkhir, J. Dréo, P. Savéant, M. Schoenauer, Per instance algorithm con-
figuration of CMA-ES with limited budget, in: Proceedings of the Genetic and
Evolutionary Computation Conference, 2017, pp. 681–688.

[22] R. Tanabe, Benchmarking feature-based algorithm selection systems for Black-Box
numerical optimization, IEEE Trans. Evol. Comput. 26 (6) (2022) 1321–1335.

[23] G. Ochoa, S. Verel, F. Daolio, M. Tomassini, Local optima networks: A new
model of combinatorial fitness landscapes, in: Recent Advances in the Theory
and Application of Fitness Landscapes, Springer, 2014, pp. 233–262.

[24] R. Morgan, M. Gallagher, Length scale for characterising continuous optimization
problems, in: Parallel Problem Solving from Nature-PPSN XII: 12th International
Conference, Taormina, Italy, September 1-5, 2012, Proceedings, Part I 12,
Springer, 2012, pp. 407–416.

[25] Y. Li, J. Liang, K. Yu, K. Chen, Y. Guo, C. Yue, L. Zhang, Adaptive local
landscape feature vector for problem classification and algorithm selection, Appl.
Soft Comput. 131 (2022) 109751.

[26] K.M. Malan, A.P. Engelbrecht, Characterising the searchability of continuous
optimisation problems for PSO, Swarm Intell. 8 (2014) 275–302.

[27] M.V. Seiler, R.P. Prager, P. Kerschke, H. Trautmann, A collection of
deep learning-based feature-free approaches for characterizing single-objective
continuous fitness landscapes, 2022, arXiv preprint arXiv:2204.05752.

[28] B. van Stein, F.X. Long, M. Frenzel, P. Krause, M. Gitterle, T. Bäck, DoE2Vec:
Deep-learning based features for exploratory landscape analysis, 2023, arXiv
preprint arXiv:2304.01219.

[29] A. Kolesnikov, X. Zhai, L. Beyer, Revisiting self-supervised visual representation
learning, in: Proceedings of the IEEE/CVF Conference on Computer Vision and
Pattern Recognition, 2019, pp. 1920–1929.

[30] P.H. Le-Khac, G. Healy, A.F. Smeaton, Contrastive representation learning: A
framework and review, IEEE Access 8 (2020) 193907–193934.

[31] Z. Liu, Y. Lin, M. Sun, Representation Learning for Natural Language Processing,
Springer Nature, 2020.

[32] R.P. Prager, M.V. Seiler, H. Trautmann, P. Kerschke, Automated algorithm
selection in single-objective continuous optimization: A comparative study of
deep learning and landscape analysis methods, in: International Conference on
Parallel Problem Solving from Nature, Springer, 2022, pp. 3–17.

[33] M.-H. Guo, J.-X. Cai, Z.-N. Liu, T.-J. Mu, R.R. Martin, S.-M. Hu, Pct: Point cloud
transformer, Comput. Vis. Media 7 (2) (2021) 187–199.

[34] J. de Nobel, H. Wang, T. Baeck, Explorative data analysis of time series based
algorithm features of CMA-ES variants, in: Proceedings of the Genetic and
Evolutionary Computation Conference, 2021, pp. 510–518.

[35] A. Kostovska, A. Jankovic, D. Vermetten, J. de Nobel, H. Wang, T. Eftimov,
C. Doerr, Per-run algorithm selection with warm-starting using trajectory-based
features, 2022, arXiv preprint arXiv:2204.09483.

[36] G. Cenikj, G. Petelin, C. Doerr, P. Korošec, T. Eftimov, DynamoRep: Trajectory-
based population dynamics for classification of black-box optimization problems,
2023, arXiv preprint arXiv:2306.05438.

[37] A. Atla, R. Tada, V. Sheng, N. Singireddy, Sensitivity of different machine
learning algorithms to noise, J. Comput. Sci. Coll. 26 (5) (2011) 96–103.

[38] M. Gidea, Topology data analysis of critical transitions in financial networks,
2017, http://dx.doi.org/10.48550/ARXIV.1701.06081, URL: https://arxiv.org/
abs/1701.06081.

[39] A. Nobi, S. Lee, D.H. Kim, J.W. Lee, Correlation and network topologies in global
and local stock indices, Phys. Lett. A 378 (34) (2014) 2482–2489.

[40] A.E. Sizemore, J.E. Phillips-Cremins, R. Ghrist, D.S. Bassett, The importance
of the whole: topological data analysis for the network neuroscientist, Netw.
Neurosci. 3 (3) (2019) 656–673.

[41] M. Gidea, Y. Katz, Topological data analysis of financial time series: Landscapes
of crashes, Physica A 491 (2018) 820–834.

[42] S. Zeng, F. Graf, C. Hofer, R. Kwitt, Topological attention for time series
forecasting, Adv. Neural Inf. Process. Syst. 34 (2021) 24871–24882.

[43] K. Garside, R. Henderson, I. Makarenko, C. Masoller, Topological data analysis of
high resolution diabetic retinopathy images, PLoS One 14 (5) (2019) e0217413.

[44] D. Freedman, C. Chen, Algebraic topology for computer vision, Comput. Vis.
(2009) 239–268.

[45] F. Chazal, B. Michel, An introduction to topological data analysis: fundamental
and practical aspects for data scientists, 2017, arXiv preprint arXiv:1710.04019.

[46] Y. Skaf, R. Laubenbacher, Topological data analysis in biomedicine: A review,
J. Biomed. Inform. (2022) 104082.

[47] S. Dantchev, I. Ivrissimtzis, Efficient construction of the Čech complex, Comput.
Graph. 36 (6) (2012) 708–713.

[48] V. Divol, T. Lacombe, Understanding the topology and the geometry of the space
of persistence diagrams via optimal partial transport, J. Appl. Comput. Topol. 5
(1) (2021) 1–53.

[49] B. Piccoli, F. Rossi, On properties of the generalized Wasserstein distance, Arch.
Ration. Mech. Anal. 222 (3) (2016) 1339–1365.

[50] H. Edelsbrunner, J.L. Harer, Computational Topology: An Introduction, American
Mathematical Society, 2022.

[51] S. Agami, Comparison of persistence diagrams, Comm. Statist. Simulation
Comput. (2021) 1–14.

[52] H. Adams, T. Emerson, M. Kirby, R. Neville, C. Peterson, P. Shipman, S.
Chepushtanova, E. Hanson, F. Motta, L. Ziegelmeier, Persistence images: A stable
vector representation of persistent homology, J. Mach. Learn. Res. 18 (2017).

[53] F. Chazal, D. Cohen-Steiner, Q. Mérigot, Geometric inference for probability
measures, Found. Comput. Math. 11 (6) (2011) 733–751.

[54] P. Cai, C. Indhumathi, Y. Cai, J. Zheng, Y. Gong, T.S. Lim, P. Wong, Collision
detection using axis aligned bounding boxes, Simul. Serious Games Appl. (2014)
1–14.

[55] N. Ravishanker, R. Chen, Topological data analysis (TDA) for time series, 2019,
arXiv arXiv preprint arXiv:1909.10604.

[56] C.T. Nathaniel Saul, Scikit-TDA: Topological data analysis for Python, 2019,
http://dx.doi.org/10.5281/zenodo.2533369.

[57] N. Erickson, J. Mueller, A. Shirkov, H. Zhang, P. Larroy, M. Li, A. Smola,
AutoGluon-tabular: Robust and accurate AutoML for structured data, 2020, arXiv
preprint arXiv:2003.06505.

[58] F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel, M.
Blondel, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vanderplas, A. Passos, D.
Cournapeau, M. Brucher, M. Perrot, E. Duchesnay, Scikit-learn: Machine learning
in Python, J. Mach. Learn. Res. 12 (2011) 2825–2830.

[59] R. Morgan, M. Gallagher, Sampling techniques and distance metrics in high
dimensional continuous landscape analysis: Limitations and improvements, IEEE
Trans. Evol. Comput. 18 (3) (2013) 456–461.

[60] P. Kerschke, M. Preuss, S. Wessing, H. Trautmann, Low-budget exploratory
landscape analysis on multiple peaks models, in: Proceedings of the Genetic and
Evolutionary Computation Conference 2016, 2016, pp. 229–236.

[61] P. Kerschke, H. Trautmann, Automated algorithm selection on continuous black-
box problems by combining exploratory landscape analysis and machine learning,
Evol. Comput. 27 (1) (2019) 99–127.

[62] N. Pise, P. Kulkarni, Algorithm selection for classification problems, in: 2016 SAI
Computing Conference (SAI), IEEE, 2016, pp. 203–211.

[63] X. He, K. Zhao, X. Chu, AutoML: A survey of the state-of-the-art, Knowl.-Based
Syst. 212 (2021) 106622.

[64] P. Gijsbers, M.L. Bueno, S. Coors, E. LeDell, S. Poirier, J. Thomas, B. Bischl,
J. Vanschoren, AMLB: an AutoML benchmark, 2022, arXiv preprint arXiv:2207.
12560.

[65] M. Feurer, F. Hutter, Hyperparameter optimization, in: Automated Machine
Learning, Springer, Cham, 2019, pp. 3–33.

26 Chapter 2. Feature Construction in Continuous Single-objective Optimization



2.1. Topological Landscape Analysis for Optimization Problem Classification 27

2.1.1 High-level Properties

Expanding on the topic that was not originally included in the paper, we explore the
high-level property prediction of COCO problem instances. The importance of high-level
characteristics, such as multimodality, global structure, and funnel structure, should not
be underestimated when it comes to automated algorithm selection. As a result, it is
a standard practice to identify the high-level characteristics of a specific objective func-
tion. In this section, we assess the effectiveness of the proposed features in capturing the
overarching attributes of the problem instances found within the COCO benchmark suite.
Table 2.1 provides an overview of the high-level characteristics of every COCO problem
instance used in this thesis.

Table 2.1: Attributes of the high-level properties of the 24 COCO functions, as defined
in (Seiler et al., 2022), are presented. In predictive modeling for these properties, functions
labeled with ∗ are excluded since they represent unique cases with distinct properties when
utilizing the leave-one-problem-out approach.

BBOB problem class Multimodal Global structure Funnel

1: Sphere none none yes
2: Ellipsoidal separable none none yes
3: Rastrigin separable high strong yes
4: Büche-Rastrigin high strong yes
5: Linear Slope none none yes

6: Attractive Sector none none yes
7: Step Ellipsoidal none none yes
8: Rosenbrock low none yes
9: Rosenbrock rotated low none yes

10: Ellipsoidal high cond. none none yes
11: Discus none none yes
12: Bent Cigar none none yes
13: Sharp Ridge none none yes
14: Different Powers none none yes

15: Rastrigin multimodal high strong yes
16: Weierstrass high medium none
17: Schaffer F7 high medium yes
18: Schaffer F7 mod. ill-cond high medium yes
19: Griewank-Rosenbrock high strong yes

20: Schwefel medium deceptive∗ yes
21: Gallagher 101 Peaks medium none none
22: Gallagher 21 Peaks low none none
23: Katsuura high none none
24: Lunacek bi-Rastrigin high weak∗ yes

Our validation methodology employs the leave-one-problem-out (LOPO) cross-validation
strategy, wherein one problem class is designated for testing while the remaining classes
are utilized for training. This procedure is iteratively applied to all 24 problems within the
dataset, resulting in the development and assessment of 24 distinct models. We execute
30 iterations of training the AutoGluon classifier, mirroring the methodology employed in
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the prior section on classification. We create distinct machine-learning models for each
high-level property assessment. A model is trained to assess the degree of multimodal-
ity, tasked with predicting four levels, namely, none, low, medium, and high. Similarly,
another model is dedicated to predicting the global structure, aiming to classify it into
one of three categories: none, medium, or strong. It’s important to note that we exclude
weak and deceptive global structures due to the impracticality of including them in the
training and test datasets, as there is only one problem class associated with these values.
Therefore, a separate model is developed to predict the funnel structure, where the targets
are limited to two values: none and yes. We evaluate accuracy using the macro-averaged
F1 score as opposed to relying on basic classification accuracy. This choice is motivated
by the presence of class imbalance within the dataset, which makes classification accuracy
less suitable for accurate assessment.
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Figure 2.1: The macro-averaged F1 score acquired during the prediction of high-level
properties for 2D optimization functions through leave-one-problem-out validation. The
red line represents the macro-averaged F1 score that would result from random predictions
of these high-level properties.

In Figure 2.1, the depicted graph displays the macro-averaged F1 score achieved when
predicting multimodality levels, global structure, or funnel structure using the topological
features for 2D problem instances. The figure also provides a comparative analysis of the
ELA feature groups and shows a baseline accuracy (red line) that would be achieved if
high-level properties were predicted randomly. We observe that, when it comes to identi-
fying multimodality, the IC features exhibit the highest level of accuracy, with topological
features ranking fourth in terms of accuracy. Regarding the prediction of global struc-
ture, topological features are the second most reliable, though they face some difficulty
in detecting funnel structures, where their performance is on par with CM Angle, LIMO,
and NBC features. This means to some extent topological features can capture function
properties that are usually correlated with how hard it is to solve a particular problem.

Note that due to computational complexity, we only evaluate high-level property pre-
diction with 2D features. With higher dimensions, the number of samples has to be arti-
ficially limited due to the exponential time complexity of obtaining the persistent image.
Additionally, with AutoGluon, a model must be trained for every train/test fold, meaning
that AutoGluon has to be trained repeatedly with a large number of features, which again
substantially increases computational cost. All of this means that it is difficult to perform
the same analysis for higher dimensions within a reasonable timeframe.
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2.1.2 Algorithm Selection

Lastly, we focus our efforts on what is arguably the most important task in describing op-
timization functions using a set of features: the ability to perform optimization algorithm
selection based on the proposed features. For this purpose, we use the previously described
COCO benchmark, which consists of 24 problem classes, each comprising 15 problem in-
stances. In this context, problems refer to distinct objective functions, and instances are
variations of those functions obtained by shifting or scaling. Within the framework of the
COCO benchmark, two dominant methods for algorithm selection and performance predic-
tion during validation stand out: “leave-one-instance-out" (LOIO) as referenced in (Nikolikj
et al., 2022) and “leave-one-problem-out" (LOPO), highlighted in (Tanabe, 2022). Using
the LOPO validation technique, automated algorithm selection is usually performed by
removing one COCO problem class from the training set and using it as a test set. A
meta-model is then trained on 23 problem classes (each class with multiple instances) to
perform algorithm selection. However, leveraging LOPO validation for AS models can be
challenging due to the varied characteristics inherent to COCO problems, as discussed
in (Tanabe, 2022). During the prediction phase, one might encounter problem instances
with properties that have not been previously observed making the LOPO validation strat-
egy extremely challenging (Tanabe, 2022). On the other hand, the LOIO validation strat-
egy tends to be more lenient since the AS model is built using all problem classes. With
this validation method, certain problem instances from a specific problem class are desig-
nated for training, and the rest are allocated for testing. As a result, when evaluating the
meta-model, functions of similar characteristics have been previously encountered, making
it easier to choose the most suitable algorithm or predict performance.

For fairness, we show both validation strategies as one is much more changing than
the other. In our case, we treat AS as a regression problem where the meta-model is
trained to predict relative performances of meta-models. The meta-model we use as well
as the preprocessing steps are identical to the ones used in the rest of the paper. In our
study, we use the following algorithm portfolio A: GA (Katoch et al., 2021), DE (Price
et al., 2006). PSO (Kennedy & Eberhart, 1995), ES (Bäck, 2005) and CMA-ES (Hansen
& Ostermeier, 2001). We evaluate AS on 2D problem instances where the algorithms are
run for 1000D function evaluations on each problem instance. For the LOPO strategy, we
perform cross-validation where instances belonging to one problem are removed from the
training set while the LOIO strategy is performed by removing one instance belonging to
each problem class. To score the predictions we use the following metric.

First, we calculate the relative performance of algorithms for each run by scaling the
obtained solution values. Solutions are scaled so that the algorithm with the best solution
receives a score of 0, while the one with the worst solution gets a score of 1. This score is
then averaged over 30 independent runs to obtain more robust final scores. If an algorithm
is the best in all the runs, its final score will be 0; conversely, if it is the worst in all runs,
a final score of 1 is assigned. The equation below describes the calculation in more detail:

nsa,p,r =
ya,p,r −mina∈A ya,p,r

maxa∈A ya,p,r −mina∈A ya,p,r
(2.1)

sa,p =
1

R

∑
r∈|R|

nsa,p,r (2.2)

In this case ya,p,r is the best solution discovered by the algorithm a on problem p in
run r. The size of the algorithm portfolio and the number of runs are represented by
the |A| and |R| respectively. The first equation nsa,p,r represents the normalized score of
an algorithm for a particular run while sa,p is the average normalized score over all runs.
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When the meta-model selects an algorithm, the error of its prediction for a particular
problem is calculated by taking the normalized sa,p of the algorithm that is predicted as
the best algorithm and subtracting the actual best score from it. More details are available
in (Cenikj et al., 2024).

To provide a concrete example. Let’s assume we have three algorithms [DE, GA, CMA-
ES] that achieve the best objective values [13.5, 14.2, 13.4] in the first run and [13.4, 14.0,
13.1] in the second run. These two runs would be scaled into [0.125, 1.000, 0.000] and [0.333,
1.000, 0.000]. After this, the two runs are averaged to get the mean relative performance of
algorithms for the problem to be [0.229, 1.000, 0.000]. In this case, if algorithm CMA-ES
was selected as the best one we would get an error of 0 while if we select DE as the best
algorithm, we get an error of 0.229 as this represent in relative term how much worse the
selected algorithm is to the best one.

We opt for this error metric over alternatives like classification accuracy because of
the way it addresses misclassification. When an incorrect algorithm is selected, the added
penalty is relative to the performance of other algorithms. For instance, if two algorithms
exhibit nearly identical results but one is marginally superior, selecting the incorrect one
as the best incurs only a minor penalty. This implies that the strategy is more forgiving
when the chosen algorithm is close in performance to the optimal one.

The suggested metric is designed to measure how far off our performance is expected to
be, compared to the best and worst-performing algorithms. If we always chose the optimal
algorithms (the virtual best solver), the error metric would be zero. Utilizing topological
features for algorithm selection via the LOIO strategy results in an error of 0.0536, whereas
the error for the single best solver is 0.0992. This indicates that the error with the SBS
is nearly cut in half when AS is conducted using topological attributes. When the same
methodology is used with ELA features instead of topological ones, the error marginally
decreases to approximately 0.04096, suggesting that ELA features have a slight edge over
the proposed features in algorithm selection. However, the LOIO strategy is a relatively
easy one compared to the LOPO evaluation strategy

Adopting the LOPO approach, topological features marginally exceed the performance
of SBS. Here, topological features result in an error rate of 0.09641 compared to SBS’s
error rate of 0.09732. This suggests that when facing new problems that differ significantly
from the training distribution, the advantage of topological features over SBS is almost
nonexistent. Similarly, ELA features attain a slightly lower error rate of 0.09461, which,
although better than both topological features and SBS, is not sufficient to be deemed
statistically significant. A conclusion can be drawn that topological features, as well as
ELA features, can perform well if similar problems have been encountered before. However,
they are not able to select algorithms for problems deemed dissimilar, such as the problem
classes in the COCO benchmark.

2.1.3 Statistical Analysis

Here, we provide a statistical analysis of models for all three tasks: classification, high-
level property prediction, and algorithm selection specifically for the 2D problems. It is
important to note that, since we use random repeated train/test splits, performing proper
statistical analysis is extremely challenging as the runs are not independent. In other
words, the independence condition required by many statistical tests is violated, and using
such tests would yield results that are not statistically valid. To clarify, we performed
30 train/test splits, training the model with each feature portfolio and evaluating their
accuracy on the test set. Because we use 30 random splits with different seeds, some
instances overlap between the train splits, introducing dependency in the results obtained
across different splits (Demšar, 2006). Nevertheless, we provide a statistical comparison
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under the assumption that the classification accuracies from 30 splits are independent.
For problem instance classification and high-level property prediction, we first con-

ducted an evaluation involving the assessment of normality and variance. Using the
Shapiro-Wilk test with a significance level of 0.05, we found that for classification, none
of the feature portfolios except the ela_meta group follow a normal distribution, whereas
for high-level property prediction, none of the feature portfolios are normally distributed,
which is important for selecting subsequent tests. Additionally, Levene’s test revealed that
the performances obtained from different feature portfolios have unequal variances. As at
least one set of performances is not normally distributed and the variances are unequal, we
applied the Friedman test, which resulted in a p-value close to 0.00, indicating statistically
significant differences between the results of different feature portfolios for both tasks. To
identify specific pairs of feature portfolios with significant differences, the Nemenyi test
was performed. For classification, the feature sets ic, ela_meta, and pca statistically out-
performed our proposed topological features. The tla feature set achieved performance
statistically similar to ela_level, limo, and nbc, while all other feature sets, including the
baseline model, performed worse as shown in Figure 2.2. These findings highlight the vari-
ability in performance among feature portfolios and emphasize the importance of selecting
appropriate feature sets for classification and high-level property prediction.

Figure 2.2: The critical diagram illustrates the results of the Neymani test. Feature port-
folios connected by lines indicate that there is no statistically significant difference between
their classification accuracies, while those not connected show a significant difference.

For high-level property prediction, particularly for multimodality, the tla feature set
performs statistically worse than ic but exhibits statistically similar performance to limo,
ela_meta, ela_level, and disp, with all other feature sets performing worse. For global
structure prediction, only the ic features outperform the tla features, while ela_meta
and ela_level achieve performance equivalent to the tla feature set. Lastly, for funnel
structure prediction, the feature sets can be categorized into two groups: the first group
includes feature sets with an F1 score above 0.8, all of which demonstrate statistically
similar performance, and the second group comprises the remaining feature sets with an
F1 score below 0.65, forming another statistically similar group of approaches.

Lastly, we perform a similar analysis for the task of AS for both LOIO and LOPO. The
only difference from the previous example is that, in this case, all ELA feature groups are
concatenated together and subsequently compared with the TLA. Using the same approach
as before, we conclude that for LOIO, the ELA feature groups significantly outperform
the proposed topological features at a significance level of 0.05. Additionally, topological
features also significantly outperform the proposed baseline. However, for LOPO, the
results are substantially different. As discussed in the previous section, for LOPO, none
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of the AS models, including those based on both TLA and ELA features, statistically
outperform the proposed baseline.

2.1.4 Discussion

This chapter introduces a new set of topological features for use in continuous single-
objective optimization, specifically for problem differentiation, high-level property pre-
diction, and algorithm selection. We investigate two hypotheses: H1a - Using insights
from topological data analysis, it is possible to construct rotation and translation invari-
ant features that differentiate between single-objective optimization problems and capture
their high-level properties, and H1b - Performance of predictive models for optimization
algorithm selection based on such topological features is comparable to the performance of
models based on existing exploratory landscape analysis features, as defined in Section 1.3.

In the presented paper, we show that the proposed topological features can differentiate
between optimization problems and successfully predict high-level properties. In all cases,
the proposed features perform statistically significantly better than the baseline, confirming
the validity of hypothesis H1a.

The second approach in our study focuses on the use of topological features for algo-
rithm selection. Here, we demonstrate that while these features significantly outperform
the baseline in the LOIO evaluation, they do not perform better in the LOPO evaluation.
Additionally, and most importantly, the topological features underperform compared to the
ELA features in LOIO, with no significant difference in LOPO. Based on these findings,
we conclude that hypothesis H1b is rejected, as ELA features exhibit better performance
with certain evaluation methodologies.

The main contribution of the proposed approach is that the features capture rotation-
and translation-invariant topological properties of an objective function and that these
features indeed contain information useful for certain downstream tasks commonly en-
countered in optimization.
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2.2 Random Filter Mappings Features

The second approach to feature construction, as described in the paper Random Filter Map-
pings as Optimization Problem Feature Extractors, addresses continuous single-objective
optimization problems by constructing features using random functions, or what is com-
monly referred to as the random mapping technique. Random functions for feature ex-
traction have gained prominence, particularly in fields like computer vision and time series
analysis, where randomly initialized convolutions are used to obtain representations of
images or time series data. The proposed approach demonstrates that similar techniques
can be effectively applied to construct features for continuous single-objective optimization
problems.

The paper investigates hypotheses H2a and H2b and presents several important con-
tributions. Firstly, the proposed features are shown to create representations that comple-
ment existing ones, enhancing the existing feature set. Additionally, these features can be
effectively used for problem classification, providing valuable insights into the nature of the
optimization problems. They also aid in the prediction of high-level properties. Finally,
the proposed approach proves useful for algorithm selection in cases where new objective
functions are somewhat similar to previously encountered ones.
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ABSTRACT Characterizing optimization problems and their properties addresses a key challenge in
optimization and is crucial for tasks such as creating benchmarks, selecting algorithms, and configuring them.
Although several techniques have been proposed for extracting features from single-objective optimization
problems, the proposed approach offers an alternative look at these problems and their properties.We propose
an approach for creating problem representations by utilizing domain-specific filters. These filters have
randomly initialized weights and are applied to samples of the optimization problem to extract relevant
properties. Proposed features are subsequently used to classify problem instances from the Comparing
Continuous Optimizers benchmark demonstrating that problem instances of the same problem tend to be
situated near each other in a high-dimensional feature space. Additionally, we demonstrate that the proposed
feature extraction method can be used to recognize complex characteristics of optimization functions,
includingmultimodality and the presence of global and funnel structures.We also explore the extent to which
these identified features can assist in the selection of algorithms. Our findings reveal that these features are
suitable for constructing meta-models for algorithm selection, provided that the problems encountered do
not substantially differ from those seen in the training phase. The proposed approach offers a versatile tool
for feature extraction, highlighting its applicability across multiple tasks within the domain of optimization.

INDEX TERMS Domain-specific filters, randommapping feature extraction, representation learning, single
objective numerical optimization.

I. INTRODUCTION
Several tasks in numerical optimization require the represen-
tation of single-objective continuous optimization problems
in terms of numerical features, commonly referred to as
problem landscape features. Automated algorithm selection
(selecting the best algorithm for each problem) [1] and
configuration (finding the best hyper-parameters for each
algorithm) [2] rely on the existence of numerical features
that characterize problem instances. These features enable the
training of machine-learning-based models, where the calcu-
lated features are used to predict algorithms’ performance,
choose the best algorithm for a given problem instance,
or produce a ranking of algorithms based on expected

The associate editor coordinating the review of this manuscript and
approving it for publication was Jenny Mahoney.

performance. Additionally, numerical features play a critical
role in benchmarking by facilitating analyses of problem
instance similarity [3], evaluating the representativeness and
redundancy of problem spaces in existing benchmark suites,
and identifying over or under-represented areas of problem
landscapes in available benchmark suites [4], [5].

In the past decade, a notable effort has been dedicated
to problem landscape feature construction in continuous
and discrete optimization. The field of literature presents
numerous methodologies available for capturing various high
and low-level properties of optimization functions, which can
assist in tasks like algorithm selection and benchmarking.
Fitness Landscape Analysis (FLA) [6], [7] features have been
proposed, which characterize problem instances in terms
of hand-crafted high-level features. However, since expert
knowledge is required to construct such features, they are

143554

 2024 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 12, 2024

34 Chapter 2. Feature Construction in Continuous Single-objective Optimization



G. Petelin, G. Cenikj: Random Filter Mappings as Optimization Problem Feature Extractors

not very beneficial for automated algorithm selection and
configuration. For this reason, several works have proposed
Exploratory Landscape Analysis (ELA) features [8], which
are calculated using mathematical and statistical functions
applied to candidate solutions of the objective function. Even
though they are widely used in different studies, the ELA
features have some disadvantages, such as high computa-
tional complexity for high-dimensional problems, sensitivity
to variations in the sample size and sampling method [9],
[10], lack of invariance to transformations of the optimization
problem (such as scaling and shifting) [3], [10], [11] and
limited generalization capabilities [12], [13]. The constraints
of current methods suggest that additional investigation is
required to create features that can provide novel perspectives
on black-box optimization problem attributes. These features
could potentially enhance the development of algorithm
selection systems and contribute to the improvement of
benchmark quality.

A. OUR CONTRIBUTION
We introduce a new approach to construct features called
Random Filter Mapping (RFM). This method involves
applying randomly initialized filters over a set of samples
from the objective function, which produces filter responses.
The representation of the optimization problems is then
constructed by aggregating the produced responses into
numerical features to capture useful information about
the objective functions. To evaluate the proposed features,
we provide an in-depth analysis of the following research
questions:

RQ1: Can the proposed features adequately differentiate
between problem classes in the COmparing Continuous
Optimizers (COCO) benchmark suite [14]? This matter has
been explored in prior research [15], [16], [17]. It is important
to determine if problems with comparable properties are
closely clustered in the latent space. Moreover, we evaluate
the effectiveness of these features by comparing them
to the ELA feature groups. Our results indicate that the
suggested features demonstrate relatively good performance
in classifying problem instances into the 24 BBOB problem
classes, ranking third in terms of classification accuracy
when compared to 10 ELA feature groups. In connection
with this question, we also investigate the information
content of individual features. As these features are generated
using random mappings, they tend to exhibit relatively
low capability in distinguishing between problem instances,
achieving a maximum accuracy of around 30% when a
single feature is used individually. However, the accuracy
improves as more features are generated and considered
together.

RQ2: Can the proposed features be employed for detecting
high-level properties of the objective function as previously
explored in [8], [18], and how do they compare with ELA
features?We assess the effectiveness of the proposed features
in recognizing high-level attributes of problem classes that

have not been encountered before. This task is relatively
challenging as it involves predicting properties such as
multimodality and global/funnel structure in a function that
hasn’t been observed previously. Our results demonstrate
that the proposed features are ranked among the top feature
groups for identifying global/funnel structure, but they face a
slightly greater challenge in identifying the multimodality of
the problem.

RQ3: Can features be used for algorithm selection, and
how do they compare with existing ones? We demonstrate
that the proposed features excel at performing algorithm
selection when the training and test sets do not significantly
differ, employing a leave-one-instance-out approach, only
slightly underperforming compared to the comprehensive
ELA feature set. However, in a more challenging validation
strategy with a leave-one-problem-out approach, where the
training and test sets differ greatly, both the proposed and
existing features only marginally outperform the simple
baseline.

Apart from the aforementioned questions, we explore why
these features are effective and the type of values they
generate. This exploration is crucial due to the counterin-
tuitive nature of generating features from randomness. We
demonstrate that these features are quite adept at trans-
forming objective functions into higher-dimensional spaces,
where they become separable. Subsequently, it becomes the
responsibility of the machine learning model to explore how
to leverage this separability for various tasks.

B. OUTLINE
We organize our paper as follows. In Section II literature
review is provided, describing existing feature extraction
approaches in the optimization domain and approaches from
other domains. Section III provides a detailed description of
how feature extraction is performed, followed by Section IV
which includes a comparison of the proposed approach with
existing methods, an evaluation of the proposed features for
the problem classification and high-level property prediction
task, and a hyperparameter sensitivity analysis. In Section V
we provide some limitations of the study together with the
discussion. Finally, in Section VI, we conclude our work and
provide some further research directions.

C. REPRODUCIBILITY
The code used to extract features and analyze results is
available on GitLab repository at https://repo.ijs.si/gpetelin/
random-convolutions, while the features used in the analy-
sis are available at Zenodo https://doi.org/10.5281/zenodo.
7903995.

II. RELATED WORK
This section, describing the related work, is split into three
parts. Part II-A gives an overview of the feature extrac-
tion techniques for single objective optimization problems,
part II-B refers to similar random mapping techniques that
were successfully used in other machine learning domains,
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and part II-C introduces some of the existing filters (often also
referred to as kernels) approaches used for low-dimensional
point cloud information extraction.

A. FEATURE EXTRACTION FOR SINGLE OBJECTIVE
OPTIMIZATION PROBLEMS
In the single-objective continuous optimization domain, the
characterization of optimization problems in terms of their
properties is crucial for: i) obtaining a deeper understanding
of problems and their characteristics; ii) constructing bench-
marks that contain problems with a wide variety of different
properties; iii) designing or selecting algorithms that have a
high likelihood of working well on a given problem based on
its characteristics.

Characterizing optimization problems can be performed
in multiple ways. One way of characterizing the properties
of problems are so-called Fitness Landscape Analysis
(FLA) [6], which are high-level problem descriptors captur-
ing properties such as global structure, separability, variable
scaling, multimodality, search space homogeneity, etc. Such
properties can be extremely useful in getting insight into
problems, however, a major downside is that they are
not computed automatically but are usually assigned by
human experts, which limits their usefulness for performing
automated algorithm selection and configuration. FLA fea-
tures are therefore often known only for some optimization
functions found in benchmarks like COCO [14], [19] and
CEC [20]. Due to such limitations, low-level landscape
features were adopted. These features are computed by first
obtaining a set of candidate solutions and evaluating them on
the problem of interest. Based on obtained samples, features
are then computed automatically without the need for human
knowledge.

One of the most well-known low-level features are
the so-called Exploratory Landscape Analysis (ELA) [8]
features. When initially proposed, they only contained a
few feature groups, however, over the years the number of
feature groups increased. While all the feature groups were
not proposed in the original ELA paper [8], it is common
to refer to original features as well as features proposed at
later points [21], [22], [23], [24], [25] as ELA features. When
we talk about ELA features or feature groups we refer to the
methods that are implemented in the flacco [26], [27] library.
As opposed to high-level features that are defined by a human
and are not computed based on the obtained samples, ELA
features are intrinsically tied to the samples from which they
are obtained. In [9], [10], and [28] it is demonstrated that
ELA features are sensitive to the sample size and the exact
sampling strategy used to extract them. Another downside
of ELA features is the computational cost associated with
computing them and the fact that computational can be
prohibitively expensive for high-dimension problems with a
large number of samples [29]. Besides the features available
as part of the flacco library, other types of features were

also proposed [17], [18] with a more comprehensive review
available in [7].

B. RANDOM MAPPING FEATURE EXTRACTION
TECHNIQUES IN MACHINE LEARNING
As explored in the previous section, constructing informative
features of single objective optimization problems is chal-
lenging and requires carefully crafted techniques. While such
techniques can be extremely helpful, they can encode some
inductive biases stemming from the understanding of how
properties of a single objective function should be encoded.
In recent years, feature construction techniques have emerged
where random mapping techniques are used to get insight
into a problem. Random mapping techniques have been used
in many different domains of machine learning but are most
prominent in the domains of tabular data, computer vision,
and time series processing. In [30] authors explore the idea
of mapping the data to a randomized low-dimensional feature
space and using existing machine learning techniques to
perform classification/regression. With such a technique of
performing randomized mappings, they obtain state-of-the-
art in terms of accuracy and computational cost. Similar
techniques of randomized mappings were also adapted in
the field of computer vision where papers such as [31]
and [32] discovered that random filters (as opposed to learned
filters during the optimization process) can capture useful
information that can be used for the classification task.
In [33] these phenomena of using random filters are further
investigated where authors try to determine why random
filters sometimes perform well for image classification.
They conclude that in the computer vision domain, good
network architectures can sometimes perform well, even
when using randomly initialized weights. In [34] random
convolutions are used as a data augmentation technique
while [35] incorporates randomness with randomly shuffling
convolution filters. Similarly, such approaches have also been
used to construct representations that are useful in the time
series domain. In [36] authors explore the use of 1D filters of
different sizes with randomized weights that can be used for
the task of time series classification. Such an approach based
on random convolutions can achieve accuracy comparable
to state-of-the-art time-series classification algorithms. This
approach was further refined in [37] where improvements to
the filter initializations significantly reduce the number of
required filters.

C. POINT CLOUD FILTERS
Extracting useful information with the help of fil-
ters has become extremely popular in many different
machine-learning domains such as computer vision [38],
[39], natural language processing [40], [41], time-series
and signal analysis [42], [43] as well as point cloud
classification that we explore in more details next. Each
of these domains has specially tailored types of filters
that encode different domain-specific indictive biases [44].
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In this section, we provide a summary of filters that are
predominantly designed to operate on 3D point clouds,
as they bear the closest resemblance to our newly suggested
filters. This is because the samples acquired from the
optimization problems can be viewed as a high-dimensional
point cloud. In practice, numerous filters have been proposed
to classify point clouds. Some examples of such filters
proposed specifically for point clouds are Kernel Point
Convolution [45], Global Context Aware Convolutions [46],
Spherical filter [47] for point cloud classification with graph
neural networks, and PointCNN [48] where convolution is
applied on so-called X-transformed points. Despite a lot of
research in extracting information with the help of filters,
most of the approaches are inherently limited to the domain
for which they were developed. For example, point clouds are
most often 3-dimensional, therefore filters are specifically
designed to handle only 3 dimensions. Moreover, existing
point cloud filters assume that all dimensions of a point
cloud are equally important which might not be the case
in samples obtained from an optimization problem. A more
detailed overview of different approaches to constructing
filters can be found in [49]. In the domain of black-box
optimization, convolutional approaches have already been
explored in [18] and [50]. However, this work applies filters
that are tailored to work with images which makes their use
on a set of samples obtained from optimization problems
somewhat cumbersome, especially for problems with three
or more dimensions.

III. METHODOLOGY
In this section, we describe the Random Filter Mapping
(RFM) methodology of extracting features from samples of
the objective function. The full feature extraction process can
be roughly divided into the following steps: i) initialize a set
of filters with random sizes, weights and radii, ii) generate
candidate solutions and evaluate them on a given problem,
iii) apply scaling to obtained samples, iv) for each set of
samples repeatedly apply filters at random points to compute
filter responses, v) aggregate responses from each individual
filter to obtain a numerical vector representation of a problem.
Figure 1 provides a rough overview of the proposed feature
extraction methodology with two randomly initialized filters,
each one being applied twice. This produces two filter
response vectors for each of the two filters. Response vectors
are then aggregated into two numerical features describing
the numerical optimization function. It is extremely important
to note that when filters are randomly initialized and applied
to extract features from samples from different problems, the
same filters should be applied to all the problems. Randomly
initializing filters for each problem separately will produce
inconsistent and meaningless features.

A. INITIALIZING RANDOM FILTERS
Random filters are the building block of the proposed feature
extraction methodology. This section provides a detailed
description of how filters are designed and initialized.

FIGURE 1. An example of applying two randomly initialized filters over
the domain of samples two times, obtaining four filter response values
(two for each filter) that are then aggregated into two feature values.

The initialization of each filter is parameterized using two
hyperparameters. The first hyperparameter of the randomly
initialized filter is its size. The size of the filter describes how
many samples are needed so that the filter can be successfully
applied. The size hyperparameter also determines the size
of two matrices that are used to transform samples into
filter responses. Figure 2 shows an example of a randomly
initialized filter of size 3. The filter of size 3 is composed of
two 3×3 matrices. The first matrixWx (on the left) is used to
weigh the distances between the proposed candidate solutions
while the second matrix Wy (right) is used to quantify
the differences between objective values of samples. The
second hyperparameter of the filter is the filter radius. This
hyperparameter controls how close together are the samples.
The weights of both matrices are samples from the normal
distribution N (0, 1). Using this filter weight initialization
approach, the majority of weights are initialized with small
magnitudes and are close to zero, but have the ability to adopt
larger values. A filter of size s will have 2

(s
2

)
weights. The

number of weights of the filter only depends on its size and
not on the dimensionality of the problem. Only the lower part
of the matrices is initialized while the diagonal and all the
values above it are set to 0, due to the fact that the distance
matrix is symmetric. More details about the exact process of
how random filters are then applied to extract features are
provided in subsection III-D.

The above description provides details only on how a single
filter is initialized. To achieve good representations, many
diverse filters are needed. With diversity, we refer to filters
with different sizes, radii, and weights. With the goal of
achieving variety, many filters with different hyperparameters
and weights are initialized. Filter sizes are uniformly samples
to be between 3 and 14. This means that the smallest filters
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FIGURE 2. An example of a filter of size 3 that consists of 2 matrices and
6 weights. The left matrix Wx captures the distances between candidate
solutions while the right matrix Wy weights the differences in their
objective function values.

will be applied on only 3 samples while the largest filters
of size 14 require 14 samples for the filter response to be
computed. The radius hyperparameter is randomly selected to
be between 0 and 0.5

√
D with D being the dimensionality of

the problem to which the filter is being applied to. The reason
for such scaling of the radius parameter is the following: If
samples are scaled to be between [0, 1]D as described in the
subsection III-C, then the Euclidean distance between two
candidate solutions x⃗i and x⃗j can be at most

√
D. In other

words, two candidate solutions that are enclosed in the
range [0, 1]D can be at most

√
D apart when measured with

Euclidian distance. As a result, the factor for correcting the
dimensionality,

√
D, is utilized to reduce the filter radius’

sensitivity to the problem dimension.With this correction and
appropriate sample scaling, a filter having a radius of 0.5

√
D

can encompass the entire [0, 1]D domain.
As opposed to other domains (such as computer vision

and time series analysis), where filter hyperparameters
are most often hand-selected while weights are learned
through gradient descent, with the proposed methodology
both hyperparameters and weights are selected randomly. It is
extremely important to note that once a filter is initialized,
the weight and hyperparameters of the filter never change
(i.e. weights are never updated during feature extraction and
learning). In other words, no gradient is computed with
respect to the weights of the filters.

B. OBTAINING SAMPLES FROM THE OBJECTIVE
FUNCTION
Similar to the existing features extraction techniques, the
first step of the proposed feature extraction methodology
is to create a set of N candidate solutions x⃗1, x⃗2, . . . x⃗N .
Here, the length of the vector x⃗i is equivalent to the problem
dimensionality D. The candidate solutions are then evaluated
on a given optimization problem to obtain their objective
function value f (x⃗i). Our methodology does not dictate what
sampling methodology has to be used. One can use any
sampling technique but we only test the approach with Latin
Hypercube sampling (LHS) from [51].

C. SAMPLE SCALING
When samples are obtained, they are first scaled before
being passed to the feature extraction pipeline. This serves
as a preprocessing step that simplifies feature extraction

and makes some hyperparameters (such as the filter range
described in Section III-A) independent of the ranges from
which candidate solutions were obtained. In our case,
the candidate solutions x⃗1, x⃗2, . . . x⃗N are scaled in such a
way that each vector component is between 0 and 1. For
example, if candidate solutions were obtained from the range
[−5, 5]D, a so-called min-max linear transformation on each
component of the vector is applied, moving the points in a
range [0, 1]D. A similar scaling process is also applied for
the objective values f (x⃗i) of candidate solutions. Objective
values are min-max scaled to be in the range [0, 1] in
such a way that the largest objective function value equals
1 while the smallest/best objective value equals 0 (assuming
minimization of the objective function). Such scaling ensures
that objective functions are comparable if scaled differently.

D. APPLYING RANDOM FILTER
When filters are initialized and samples are properly scaled,
the next step is repeatedly applying each individual filter at
random points over the whole domain to produce a vector
of responses for each filter separately. Each individual filter
is repeatedly applied in the following way. First, a point is
randomly selected (using uniform random sampling) to be
between [0, 1]D.Wewill refer to this point as an anchor point
and mark it with x⃗anchor . When the anchor point is selected,
all the samples that are closer to the anchor point than the
filter’s dimension-adjusted radius are considered to be viable
candidates to which the filter can be applied. In this case,
closeness to the anchor point is evaluated as the Euclidian
distance between vectors x⃗anchor and x⃗k . Given candidates
inside a filter range, a subset of samples is selected. This
subset of selected samples has to be equal to the filter size.
Figure 3 shows an example of how a filter of size 4 is applied.
Four points (black) are randomly selected from a set of points
that are at most filter-defined radius away from the anchor
point (markedwith a cross). Selected four points are then used
for filter application.

FIGURE 3. Selecting a subset of three samples (black dots) that are at
most selected radius away from the anchor point marked with a cross.
A filter is then applied on the pairwise distances of the selected subset of
four points to obtain a filter response.

After selecting a subset of samples, the distances between
each pair of samples in that subset are calculated. The
Euclidean pairwise distances between the subsampled can-
didate solutions are denoted by Mx , while the pairwise
distances between the function values of those candidates are
denoted by My. In other words, Mx describes how far apart
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are the subsampled candidate solutions, while My describes
the distances in their objective values. To give a concrete
example. Let us assume that for a filter of size 3, candidate
solutions x⃗162, x⃗391, and x⃗470 were included in the subsample.
The Mx would contain the following values: M (1,0)

x =

distEuc(x⃗162, x⃗391), M
(2,0)
x = distEuc(x⃗162, x⃗470) and M

(2,1)
x =

distEuc(x⃗391, x⃗470). The matrix My quantifying distances in
objective values would be comprised of values M (1,0)

y =

distEuc(f (x⃗162), f (x⃗391)), M
(2,0)
y = distEuc(f (x⃗162), f (x⃗470)),

M (2,1)
y = distEuc(f (x⃗391), f (x⃗470)).
The obtained pairwise distances are then multiplied by the

weights of the filter to get the filter response in the following
way:

response =
∑

Wx ⊙Mx +
∑

Wy ⊙My (1)

In summary, anchor points are iteratively selected and
samples close enough are considered for filter application.
From those samples that meet proximity criteria, a random
subset of samples is selected on which the filter is applied to
produce a response. Filter application, in this case, is simple
multiplication between pairwise distances of the selected
samples and filter weights.

E. AGGREGATING FILTER RESPONSE VALUES
When a single filter is repeatedly applied randomly over the
whole domain several times, a vector is obtained that holds
all the response/activation values of the filter. Such filter
response values however have to be aggregated together into
a meaningful single numerical value (see [36], [52]). The
rationale for this aggregation is as follows: A particular filter
may generate strong responses when a subset of samples
shows a specific property, such as a local optimum, funnel,
or gradient. By repeatedly applying filters and aggregating
the results, we ensure that such strong responses are not
merely occurring for one particular subset of samples, but
they persist across various samples and are a more reliable
indicator of the problem’s local and global structure

Aggregate functions in our case have to be permutation
invariant meaning that values have to be the same regardless
of the order in which they are passed to the aggregate
function. The literature proposes many such aggregate func-
tions. In [36] when performing time-series classification, the
proportion of positive values (ppv) andmaximum value (max)
are used as the aggregate functions. In other domains [53],
popular aggregate functions are also mean value (mean),
standard deviation (std), and skewness (skew) of the response
values. In this paper, we use all five aggregate functions.
This means that when a single filter is applied multiple
times, the response values are aggregated with five different
aggregate functions forming five features that describe a
single objective function. It is important to note that in
some cases filter responses can be invalid (e.g. when the
filter radius is small and there are not enough samples for a
filter to be applied). Such response values are ignored when
performing aggregations meaning that they are removed

before the aggregation function is applied. The most extreme
case is when all filter applications fail (such as a filter with a
radius of 0.0) and aggregation is not possible. In such cases
where aggregation cannot be performed, the corresponding
feature will have a missing value.

F. FEATURE EXTRACTION PSEUDOCODE
Pseudocode 1 outlines the individual steps of the Random
Filter Mapping (RFM) features generation technique, pro-
viding a clearer understanding of the step-by-step process.
The function initialize_filters will initialize nfilters filters
with random weights, sizes, and radii (see III-A). Next,
for each problem p from a set of problems P, samples
are obtained using problem_samples (see III-B) and scaled
with scale_samples (see III-C). With this, each filter is
applied multiple times (denoted with napplications) with ran-
domly selected anchor points x⃗anchor obtained with function
random_point . A subset of points, on which a filter is applied,
is randomly selected using get_subsamples (see III-D). The
pairwise distances between the samples and the distances
between the function values of the selected samples are
calculated using function pairwise_distances and represented
asMx andMy, respectively. Lastly, all the filter responses are
calculated (see III-D, eq 1) and aggregated (see III-E) using
multiple aggregation functions to form problem-specific
features. The full Python implementation of the code is
available at https://repo.ijs.si/gpetelin/random-convolutions.

Algorithm 1 Algorithm Pseudocode for Random Filter
Feature Extraction
napplication← 1000;
nfilters← 100;
F ← initialize_filters(nfilters);
foreach problem p in P do

S ← problem_samples(p);
Ŝ ← scale_samples(S);
foreach filter f in F do

rs← [];
foreach i = 1 to napplication do

x⃗anchor ← random_point();
dimadj← f .radiu ∗

√
p.dim;

subsamples←
get_subsamples(Ŝ, dimadj, f .size, x⃗anchor );
Mx ,My← pairwise_distances(subsamples);
r ←

∑
f .Wx ⊙Mx +

∑
f .Wy ⊙My;

rs.append(r);
end
p.features.append({max(rs), skew(rs), std(rs),

ppv(rs),mean(rs)});
end

end

IV. RESULTS
In this section, we begin by presenting the experimental
setup. We investigate the similarity of the suggested features
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across various problem classes of the COCO benchmark and
analyze how the proposed RFM features compare to the
existing ELA features. Next, we demonstrate the performance
of these features in the tasks of problem classification, high-
level property prediction, and algorithm selection. Finally,
we provide some additional visualizations and explanations
on how features behave.

A. EXPERIMENTAL SETUP
To test the feature extraction method, the COCO benchmark
suit is used. Our study utilized a total of 2400 problem
instances from the 24 problem classes included in the COCO
benchmark suite, with 100 instances used from each class.
In all of the experiments, we use 100 filters unless otherwise
specified. Feature extraction is performed with 200 × D
samples (similar to [16]). That means that for problems
of dimensions 2D, 3D, 5D, and 10D, we used 400, 600,
1000, and 2000 samples, respectively. All the samples were
obtained with Latin Hypercube sampling. This holds true
for our proposed feature extraction approach as well as
approaches used to obtain ELA features. The other two
important parameters are the filter size and the radius for
obtaining samples. When initializing random filters, filter
sizes are uniformly sampled to be between 3 and 14. Such
filter size range was selected since those are common sizes
in other domains such as computer vision [54]. The radius
of the filter was sampled to be between 0 and 0.5. Note that
this radius is adjusted for the dimension of the problem as
described in III-A. Each filter is applied at 5000 randomly
selected anchor points unless otherwise specified. 5000 filter
response values are summarisedwith five aggregate functions
to transform 5000 numerical values into 5 features. All the
missing values that are obtained during the feature creation
are set to zero. We utilized various software tools for our
study, including the numpy library [55] for feature extraction
and the flacco library [26] for obtaining ELA features. The
classification/regressionwas carried out using the scikit-learn
library [56].

B. FEATURE SIMILARITY
Features extracted with the RFM technique are often
numerous and highly similar. This subsection provides
some insight into the relationships between features. First,
we investigate the similarity between individual features
shown in Figure 4 for 2D and 10D problems. The displayed
features are generated by 100 randomly initialized filters
and aggregated using 5 aggregate functions, resulting in a
set of 500 features. To analyze the relationships between
these features, cosine similarity is calculated, with each
feature comprising 2400 numerical values (one for each of
the 100 problem instances from the 24 problem classes).
We see that some feature pairs have a high similarity while
others do not. For example, filters aggregated with the max
aggregation function have strong similarity with other max-
aggregated filters. Similarly, high similarities are obtained

FIGURE 4. Cosine similarity between the 500 extracted features
computed on 2400 2D and 10D COCO problem instances.

between features aggregated with the ppv and std aggregate
functions. On the other hand, features obtained by using the
mean and skew aggregate functions are not that similar to each
other or with any other features. The results indicate that the
obtained features are likely to contain a substantial amount
of redundant information, given their high cosine similarity.
It also suggests that employing various aggregation functions
might be advantageous, as they extract diverse information
from the filter responses.

C. PROBLEM INSTANCE SIMILARITY
Similarly to the previous example, where features are com-
pared using all problem instances, it is possible to compare
problem instances between themselves using all RFM feature
values. Figure 5 shows the cosine similarity between the
vector representations of 2400 problem instances for 2D and
10D problems. Although most features carry only a low
amount of information, interesting patterns are still revealed.
Focusing first on the 2D problem class 5, we can observe a
high similarity between instances of this class, which would
indicate that instances belonging to this class are easily
identifiable with the proposed features. On the other hand,
there are 2D problem instances where it is harder to visually
determine to what class they belong. Such are the classes
22 and 23 where their instances have a high similarity score
between themselves. However, for 10D problems, instances
have a much higher similarity between themselves and it
is therefore harder to visually differentiate between them.
Please be aware that while cosine similarity shows high val-
ues and distinguishing between instances visually might be
difficult, it’s still feasible to identify a subset of features that
offer improved separation between different problem classes.

D. CORRELATION WITH ELA FEATURES
In order to delve deeper into the characteristics of the
proposed features, we compare them with various groups of
ELA features (a detailed description of each ELA group is
available in [26]). To evaluate the similarity between each pair
of features, we employ the Pearson correlation. The resulting
correlation between all the features is displayed in Figure 6,
based on an analysis of 2400 problem instances from COCO.
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FIGURE 5. Cosine similarity between 2400 problem instances belonging
to 24 problem classes for 2D and 10D problems.

For the sake of simplicity in visualization, only 20 randomly
selected RFM features were used. We see that the proposed
features are somewhat correlated with other ELA feature
groups. The strongest correlation (positive or negative) can
be observed with the ELA Distribution Features [8], ELA
Levelset Features, and Dispersion Features [21]. It should
be noted that there are significant variations in the degree
of correlation between individual RFM features and the
existing ELA feature groups. While certain features show
a strong correlation with ELA features, others do not. This
suggests that the proposed features (perhaps because of their
large quantity) can capture some of the knowledge contained
within the existing ELA feature groups. This also raises
the question of why random filter mapping features exhibit
similarities to the existing ELA feature groups, and whether
some existing feature groups could be represented using the
proposed filters.

FIGURE 6. Pearson correlation between ELA features and newly
proposed RFM features computed across 2400 2D COCO problem
instances belonging to 24 distinct problem classes.

E. RANDOM FILTER RESPONSES
In previous sections, we show that random filters can be
used to differentiate between problem instances. However,

this does not explain how such filters work and what
information they capture. Therefore, we investigate the filter
responses across the entire domain of the objective function.
We only visualize responses of a 2D problem since higher
dimensional problems are harder to visualize. Figure 7 shows
three objective functions and responses obtained with two
randomly selected filters (in this case filters initialized with
seeds 396 and 512). While interpreting the filter responses
is challenging, one possible explanation of what exactly is
learned by individual filters is the following. Filters work
by looking at points that are close together and producing a
response based on distances between them. In that setting,
filters with small radii are sensitive to the ‘‘noisy’’ functions
such as the third function in Figure 7. Conversely, the bigger
filter could be susceptible to detecting larger local optima.
Somefiltersmay be responsive to gradients and exhibit strong
responses when applied to samples with a particular gradient.
As a result, when these filter responses are combined, the
optimization problem can be described as having noise,
optima, and gradients.

FIGURE 7. Three 2D objective functions and their responses obtained
with two randomly selected filters. The first column shows the objective
function, while the second and the third columns show the filter
responses. In this case, filters initialized with seeds 396 and 512 were
selected for extracting responses.

F. PROBLEM CLASSIFICATION
In this section, we assess the efficacy of the proposed
features in the classification of problem instances into
the 24 problem classes from the COCO benchmark. This
evaluation is of significance since it not only confirms that
similar functions are represented similarly using proposed
features, but also sheds light on the underlying structure of
optimization problems. If similar optimization problems have
comparable feature representations, it indicates that certain
problem structures might be more prevalent and identifiable.
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Consequently, it may aid in the creation of more efficient
optimization techniques that can take advantage of these
shared structures. In our study, we chose to use the random
forest [57] algorithm for classification, as it is well-suited for
tabular data [58]. The dataset (2400 instances) is split into
90% training and 10% testing sets, using stratified random
splitting to ensure balanced class distribution. This process
is repeated 30 times for improved performance and model
robustness.

1) COMPARISON TO ELA FEATURES
First, we aim to investigate the expressiveness of the proposed
features for problem classification in comparison to ELA
feature groups. In our study, we use the ELA feature groups
LIMO, IC,CMGrad, PCA, ELA Level,CMAngle, ELADistr,
ELA Meta, NBC and DISP. All of these feature groups are
configured with their default hyperparameters as specified in
the flacco library. The random forest model is then trained
to predict one of the 24 problem classes in the COCO
benchmark suite, where the input features are: i) the features
from each ELA feature group individually, ii) concatenated
features from all ELA feature groups and iii) the proposed
RFM features. Figure 8 depicts the classification accuracy
obtained for each problem dimension (indicated in different
color), using each of the aforementioned input features. The
y-axis represents the features used for training the random
forest model, where ELA ALL represents all concatenated
ELA features, RFM represents the proposed RFM features,
while all others are the individual feature groups.

Our findings suggest that the proposed features perform
well, particularly for low-dimensional problems when com-
pared to other existing features. For 2D problems, the
proposed features are the third most powerful features when
discriminating between problem instances, performing worse
than only the Information Content (IC) feature group and
ELA Meta. On the other hand, when working with higher-
dimensional problems, the performance drops substantially
to slightly below 60%. A possible explanation for this is that
the proposed features are inherently limited to problems with
lower dimensions or (as we explore in subsections IV-F5
and IV-F4) that for higher dimensional problems, filters often
fail to produce responses and that higher dimensions are more
sensitive to the selection of hyperparameters of the filters.

Investigating which problem instances are most frequently
misclassified is also an aspect to consider. The confusion
matrix of the proposed feature extraction technique is shown
in Figure 9 for 2D and 10D problems. It is worth noting
that the figure was compiled by averaging performance data
over 30 runs to ensure more reliable outcomes. We see
that most of the problem instances are classified correctly
with a few exceptions. The most commonly misclassified
problem instances are the ones belonging to problem classes 6
(Attractive-Sector Function), 7 (Step Ellipsoidal Function),
10 (Ellipsoidal Function), 11 (Discus Function), 15 (Rastrigin
Function), 17 (Schaffers F7 Function) and 18 (moderately

FIGURE 8. Comparison of the classification performance of the proposed
RFM, individual ELA feature groups and a concatenation of all ELA
feature groups (denoted as ELA ALL). The red line shows a classification
accuracy of 1

24 that would be obtained if the problem class was
determined randomly.

FIGURE 9. Confusion matrix when classifying problem instances into one
of the 24 2D/10D problem classes with proposed random convolution
features. Values are aggregated over all 30 train/test splits.

ill-conditioned function 17) where classification accuracy is
below 60% for 2D problems. This means that some problems,
when represented in high-dimensional feature space, are
mapped close together and thus hard to differentiate for
machine learning algorithms. Especially interesting are
functions such as 17 and 18 (Schaffers F7 Function and
its moderately ill-conditioned variant) where differentiating
between them is almost impossible.

2) PREDICTIVE POWER OF A SINGLE FILTER
When filters are applied to get a response vector, a question
that is immediately raised is if some filters in combination
with an aggregate function inherently carry more information
than others when performing classification. In other words,
are there combinations of filters and aggregate functions
that can outperform all others? To better demonstrate the
information captured by the individual filters in combination
with an aggregate function, Figure 10 plots the classification
accuracy of 1000 filters where responses of each filter are
summarized by one of the five proposed aggregate functions
(5000 features in total). In this setup, each problem instance is
represented only by a single numerical feature obtained with
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one filter and aggregate function combination that is mapped
to one of the 24 classes. Problem instances are then split into
train and test sets used to create a model and evaluate the
performance of the filter and aggregate function pair. We can
see that almost all filter/aggregate function pairs can capture
some information and that their representation outperforms
the random class classifier for problems of all dimensions.
However, most of the filter/aggregate function combinations
perform substantially better than the random classifier with
accuracies between 5% and 20%. Furthermore, from the plot,
it is evident that certain infrequent combinations of filters
and aggregate functions can attain accuracies exceeding 25%.
Conversely, some filters combined with a single aggregate
function exhibit poor performance, with an accuracy of only
1
24 , which is comparable to that of the random classifier.
For the 2D, 3D, 5D and 10D problems, the probability of
filter/aggregate function pair achieving an accuracy of less
than 1

24 is 2.9%, 3.4%, 6.0% and 13.8% respectively. The
last plot in Figure 10 also plots the accuracy of the model
when features are not obtained by random mappings using
the proposed filters but are instead randomly sampled from
a normal distribution N (0, 1). In other words, the features
with which the classifiers in the bottom plot are trained,
are random features that do not carry any information.
As one might expect the accuracy of a model trained on
such features is similar to the random classifier with 58.5%
of the models performing worse than random. This serves
as a demonstration and additional check that shows that the
features producedwith the RFM technique are not the same as
random features. In general, this analysis of the classification
accuracy of individual filter/aggregate function pairs shows
that most combinations of filters and aggregate functions will
produce features that are of low quality but that some rare
combinations of randomly initialized filters and aggregate
functions can be used to differentiate between previously
unseen problem instances with relatively good accuracy.

3) AGGREGATE FUNCTION COMPARISON
When a filter is applied with different anchor points and
filter responses are computed, it is important to aggregate
them into a single value. The choice of an aggregate function
can significantly affect the quality of the obtained represen-
tations. Here we explore how the choice of an aggregate
function influences the representations that are obtained and
the consequent classification accuracies. In IV-F2 we showed
that some filter/aggregate function pairs can achieve accuracy
up to 30%. This however neglects one important fact, which
is the influence of the aggregate function used to obtain the
representation. Figure 11 shows classification accuracies of
1000 filters same as in Figure 10 but this time combined
by the aggregate function used. The figures on the right are
normalized stacked distributions of the left figures to better
show which aggregate functions achieve good accuracy.
We see that some aggregate functions generally produce
better classification accuracy. For example, the aggregate
functions skew andmax rarely achieve classification accuracy

above 20% with any of the 1000 filters. On the other hand,
the aggregate functionsmean, std and ppvmost often achieve
higher accuracies, meaning that the representations they
build are better for the task of problem classification. The
accuracies above 30% are almost exclusively achieved with
the mean and ppv aggregate functions.

FIGURE 10. Classification accuracy of a single filter aggregated with one
of the five aggregate functions for problems of different dimensions. The
red line indicates the accuracy of the random classifier at 1

24 . The vertical
axis shows the kernel density estimate.

FIGURE 11. Classification accuracy of a single filter aggregated with one
of the five different aggregate functions.

Previously we measured the performance of a single
filter aggregated with a single aggregate function, meaning
that problem instance classification was performed based
on a single numerical value. In Figure 12 we show the
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classification accuracy with 100 features. In this case, each
feature is obtained by using one of five aggregate functions
that aggregate values for 100 randomly initialized filters.
Substantial variations in classification accuracies can be
observed when employing different aggregation functions.
Similarly to before, ppv is the best-performing aggregate
function across all problem dimensions followed by themean
and std aggregate functions. The worst-performing aggregate
functions are again the skew and max functions. This further
demonstrates the importance of using aggregate functions
that can capture useful information.

FIGURE 12. Classification accuracy of 100 filters aggregated with one of
the five different aggregate functions.

4) FILTER HYPERPARAMETER IMPORTANCE
When constructing filters, one has to select the filter radius
(maximum distance from an anchor point) and the filter size
(number of sample points used to compute filter response).
The selection of these parameters can have a large effect on
the quality of the constructed features. Figure 13 shows the
mean classification accuracy for filters with different radii
and sizes aggregated with the ppv aggregate function. Each
cell shows the average classification accuracy obtained with
a different filter size (marked in rows) and a different filter
radius(marked in columns). This was achieved by averaging
classification accuracies of 100 filters for each radius/size
pair. The figure thus demonstrates an important fact about
how to most optimally set filter radii and sizes. For example,
for 2D problems, the most informative radii and filter size
combinations are filters with radii between 0.1 and 0.2 and
sizes between 5 and 10. Such filters can on average achieve
classification accuracies up to 20%. For 2D problems, the
worst-performing filters are ones initialized with small radii
and large sizes. The cause of this is that when the anchor point
is selected there might not be enough samples around for the
filter to be used, thus producing features with missing values.
This is even more evident for higher-dimensional problems
where filters with small radii carry almost no information. For
10D problems, filters with radii between 0.0 and 0.1 achieve
classification accuracy no better than the random classifier.

A conclusion can be drawn from this that the selection of
filter parameters can have a large impact on distinguishing
between problem instances. Although due to computational
cost, we only test filters with a maximum size of 14, results
may suggest that for higher dimensional problems larger
filters could also be useful.

FIGURE 13. Mean classification accuracy for filters with different size and
radius parameters aggregated with ppv aggregate function.

5) NUMBER OF FILTERS AND NUMBER OF FILTER
APPLICATIONS
One specifically interesting to investigate aspect is the
number of filters needed to achieve a certain classification
accuracy. Figure 14a shows the number of filters necessary to
achieve a certain classification accuracy. Error bars show the
standard deviation in classification accuracy when repeating
the process 100 times with different random initialization
of the filters. We see that for problems of all dimensions,
a relatively low number of filters (30 filters, making up
a total of 150 features) is needed to reach a point where
adding additional filters becomes less and less effective.
For problems of dimensions less than five, 30 filters will
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achieve an accuracy of above 60%. For the 10D problems, the
accuracy achieved with 30 filters is somewhat lower, around
50%. This means that even a small set of randomly initialized
filters can extract enough useful information to correctly
classify most problem instances. Although, if computational
power is not limited, having more filters are always better.

FIGURE 14. Number of filters and number of filter applications necessary
to achieve particular classification accuracy.

Each filter that is initialized has to be applied multiple
times with different randomly selected anchor points. The
number of anchor points determines how many values
are aggregated with one of the five aggregate functions.
In Figure 14b, we illustrate the relationship between the num-
ber of times filters are applied and the resulting classification
accuracy. We observe that the accuracy is proportional to the
number of filter applications for problems of all dimensions.
For instance, when 100 filters are applied only 10 times, the
accuracy for 2D problems is less than 40%, and for 10D
problems, it is slightly above 20%. However, as the number
of filter applications increases, we notice that the accuracy
improvement becomes diminishing. For example for 2D
problems, doubling the number of applications from 500 to
1000 only increases accuracy by around 3%. This shows that
there is a clear trade-off between the number of times filters
are applied before values are aggregated and the quality of

the information that is extracted. It also demonstrates that if
computational power is not limited, one should use as many
filter applications as possible.

G. HIGH-LEVEL PROPERTY PREDICTION
The significance of high-level properties, such as multi-
modality, global structure, and funnel structure, cannot be
understated in the context of automated algorithm selection,
as they frequently determine the complexity of an optimiza-
tion problem. It is therefore common to try to determine
the high-level properties of a particular objective function in
practice. In this section, we evaluate how well the proposed
features are able to capture the high-level properties of the
problem instances in the COCObenchmark suite. Table 1 lists
the high-level properties of all the COCO problem instances
used in this study.

TABLE 1. Characteristics of high-level properties for the 24 COCO
functions as defined in [18]. When using leave-one-problem-out when
predicting properties, functions marked with ∗ are ignored due to being
the only ones with specific properties.

Our validation approach involves training a classifier using
the leave-one-problem-out (LOPO) cross-validation strategy,
where one problem class is designated for testing while the
others are used for training. This process is repeated for
all 24 problems in the dataset, resulting in the creation and
evaluation of 24 models. Our approach differs from the one
used in [18], where the model is trained on all 24 problem
classes, and only a few instances from each class are used for
testing. This validation strategy is much more challenging,
as all instances belonging to a particular problem are moved
into the testing set. We perform 30 repetitions of training the
Random Forest classifier, similar to the approach used in the
previous section on classification.
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For each of the high-level properties, we build separate
ML models. Therefore a model that is trained to determine
the level of multimodality is tasked with predicting four
levels [none/low/medium/high] of multimodality. Similarly,
a model tasked with predicting the global structure has to
predict one of three levels [none/medium/strong]. Note here
that weak and deceptive global structures are excluded due
to having only one problem class with those two values,
making it infeasible to include them in the training and test
data. Lastly, a model is also constructed to predict funnel
structure where the targets are only two values [none/yes].
The accuracy is measured using the macro-averaged F1 score
instead of simple classification accuracy, as described in
the chapter on problem instance classification. The reason
for not using classification accuracy is that the classes are
imbalanced in this case.

FIGURE 15. Macro-averaged F1 score obtained when predicting the
high-level properties of an optimization function using the
leave-one-problem-out validation. The red line shows a macro-averaged
F1 score that would be obtained if the high-level property prediction was
random.

Figure 15 shows the macro-averaged F1 score when
predicting the levels of multimodality, global structure,
or funnel structure with the proposed features and compares
them to ELA features groups. The models in this instance
underwent 30 iterations of training to achieve more reliable
outcomes. The number of features and number of filter
applications is the same as in section IV-F. The vertical
red line on the graph shows the F1 score that would
result from random predictions of high-level properties.
Turning our attention to the concept of multimodality, the
suggested RFM method outperforms the baseline but does
not provide significant insights when determining the level
of multimodality in the function, achieving an F1 score
of around 0.35. In contrast, the best performing are the
IC features which are comparatively better at capturing
the multimodality level of an objective function achieving
the F1 score of around 0.5. Next, we shift our focus to
predicting the global structure. We see that in this setting,
the proposed features achieve a relatively high F1 score
of between 0.43 and 0.7, and are especially good at low-
dimensional problems. However, the best feature group for
detecting the global structure is still the IC feature group with
an F1 score between 0.57 and 0.77.

Lastly, we focus on how features perform when detecting
the funnel structure. In this case, most of the feature groups

are able to identify the funnel structure. In this case, the RFM
features are among the best-performing features achieving the
F1 score of 0.9 while the best feature group archives F1 score
of around 0.96. This demonstrates that RFM features can be
effective at capturing some of the high-level properties.

H. ALGORITHM SELECTION
Arguably, the most crucial task in characterizing optimization
functions using a feature set is facilitating algorithm selection
(AS) through various machine learning techniques. Within
the context of the COCO benchmark, two primary methods
for algorithm selection and performance prediction during
validation emerge prominently: ‘‘leave-one-instance-out’’
(LOIO) and ‘‘leave-one-problem-out’’ (LOPO), emphasized
in [59] and [60]. In the LOPO validation approach, the
process of automated algorithm selection involves excluding
one COCO problem class from the training dataset to use
as the test set. This results in a meta-model being trained
on the remaining 23 problem classes. However, applying
the LOPO validation to AS models presents difficulties due
to the diverse characteristics of COCO problem classes,
as highlighted in [60]. The prediction phase may intro-
duce problem instances with previously unseen properties,
significantly complicating the LOPO validation method.
Conversely, the LOIO validation method offers a more
forgiving environment for model training, as it incorporates
all problem classes. This method involves training on certain
instances from each problem class while setting aside others
for testing. Consequently, the meta-model is likely to have
encountered functions with similar characteristics during
training, facilitating the selection of the most appropriate
algorithm or the prediction of performance more effectively.
To ensure fairness, we present both validation strategies.
In our approach, we treat algorithm selection as a regres-
sion problem, with the meta-model predicting performance
relative to other optimization algorithms. The meta-model
and preprocessing steps we employ are consistent with those
utilized throughout the paper.

In our research, we utilize an algorithm portfolio A that
includes Genetic Algorithms (GA) [61], Differential Evo-
lution (DE) [62], Particle Swarm Optimization (PSO) [63],
Evolution Strategies (ES) [64], and CMA-ES [65]. These
algorithms were selected as they are commonly implemented
in most of the optimization frameworks and have been exten-
sively used in practice. All algorithms are being executed for
1000D function evaluations per problem instance. To evaluate
the accuracy of our predictions, we employ the following
metric as used in [66].

Initially, we determine the relative performance of each
algorithm per execution by adjusting the solution values to
a common scale. This adjustment ensures that the algorithm
yielding the optimal solution is awarded a score of 0, and
the algorithm with the least favorable solution is assigned
a score of 1. We then compute the average of these scores
across 30 independent trials to derivemore stable final scores.
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Consequently, if an algorithm consistently emerges as the
best across all trials, it will receive a final score of 0.
Conversely, if it consistently ranks as the least effective in
every trial, it will be given a final score of 1. The following
equation provides a more detailed explanation of this scoring
method:

nsa,p,r =
ya,p,r −mina∈A ya,p,r

maxa∈A ya,p,r −mina∈A ya,p,r
(2)

sa,p =
1
R

∑

r∈|R|

nsa,p,r (3)

In this equation, the optimization algorithm is denoted
by a with p being a problem instance that the optimization
algorithm is executed on. Due to stochasticity, algorithms
from algorithm portfolio |A| are executed numerous times
with r being the particular run of an algorithm and |R| being
the total number of runs. The ya,p,r thus denotes the best
solution discovered by the algorithm a on problem p in run
r . A normalized score for an algorithm for a particular run is
represented by nsa,p,r . The obtained score is then averaged
into sa,p. The prediction error of the meta-model, when
selecting an algorithm for a specific problem, is determined
by subtracting the lowest actual score minmina∈A sa,p from
the normalized score sa,p of the algorithm predicted to be the
best.

To illustrate with a specific example, suppose we are
working with three algorithms: DE, GA, and CMA-ES.
Given an objective function, these algorithms will find
solutions with the following values: [3.5, 4.2, 3.4] in the
first run and [3.4, 4.0, 3.1] in the second run. The two
runs are independently scaled using the previously mentioned
equation to obtain scaled performances. In our case, when the
two vectors are scaled, we obtain performances of [0.125, 1,
0] and [0.333, 1, 0]. Following this, the average of the two
runs is calculated to obtain the mean relative performance of
the algorithms on the problem, which is [0.229, 1.000, 0.000].
In this scenario, selecting CMA-ES as the best algorithm
results in an error of 0, indicating a perfect match. On the
other hand, choosing DE as the top algorithm leads to an
error of 0.229, reflecting its relative inferiority to the best
algorithm in terms of performance. When loss is formulated
in this manner, if a non-optimal algorithm is selected, the
penalty is not as severe if the performance is still similar to
that of the best algorithm.

To evaluate the feature sets, we construct three distinct
algorithm selection meta-models, each being a multi-output
regression model tasked with predicting the relative per-
formance of algorithms within a portfolio, subsequently
selecting the algorithm deemed most efficient. Precision is
assessed using Eq 3. The Single Best Solver (SBS) operates
as a rudimentary regression model, calculating output as the
average of relative scores from training, devoid of feature
consideration, akin to selecting the best algorithm from
the training set for any given problem regardless of its
characteristics. The RFM employs a multi-output random

forest regressor, utilizing random filter mappings for training,
with each problem instance depicted through an RFM
vector translated into relative algorithm scores. The ELA
meta-model mirrors the RFM approach, except it represents
problems using ELA features rather than RFM, aiming for
a nuanced understanding of algorithm performance across
varied problem landscapes.

As discussed in papers such as [66], we use this error
metric to alternatives such as classification accuracy due to its
targeted approach to misclassification. This metric imposes a
penalty for selecting an incorrect algorithm, with the severity
of the penalty depending on how the chosen algorithm’s
performance compares to others. Specifically, if two or more
algorithms have nearly the same performance with only a
slight difference in their outcomes, choosing the slightly
lesser algorithm results in a minor penalty. This approach
indicates a more lenient strategy, tolerating selections where
the chosen algorithm’s performances are close to that of the
best-performing algorithm.

Figure 16 displays the performance of models using
different feature sets with both the LOIO and LOPO
validation strategies. The lower the score, the better the AS
meta-model is at selecting an algorithm. Focusing first on
the LOIO validation, we observe that for all dimensions,
the proposed RFM features substantially outperform the
baseline SBSmeta-model, with the error being approximately
half of the error of the SBS. When compared with the
meta-model using ELA features, the error is slightly lower
for all dimensions with the RFM feature. However, with the
LOPO validation, the error of all three meta-models increases
compared to LOIO. This is expected, as LOPO is much more
challenging than LOIO. With LOPO, RFM features only
slightly outperform the SBS meta-model. A similar situation
is true for the ELA features, where the performance is not
substantially better than that of an SBS meta-model.

FIGURE 16. The accuracy of the Single Best Solver (SBS), along with the
ELA and RFM feature-based models, was evaluated using the LOIO and
LOPO validation strategies. The score (lower is better) is computed using
Equation 3.

The observations suggest that the proposed RFM features
are effective in constructing characteristics that facilitate
the selection of algorithms, particularly when there is a
similarity between training and test instances. Additionally,
it is noted that RFM features exhibit behavior similar to
that of ELA features, though they score marginally lower
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on both the LIPO and LOIO tasks. However, it’s important
to highlight that both sets of features face challenges in
accurately selecting the most suitable algorithm for functions
that are completely out of distribution, a finding that aligns
with existing research [13], [60] in the field.

I. EXPLORING GENERATED FEATURE VALUES
It is crucial to not only consider the application of con-
structing random mappings with filters for classification
purposes but also to delve into the underlying reasons
for its expressiveness. In this subsection, we explore the
features created by the filters and how ‘‘close’’ in latent
space are the instances belonging to the same problem
class. Please note that the selection of these specific filters
and problem classes was made to illustrate the working of
the approach. Other filters, classes, or aggregate function
combinations might not produce such nice separable plots.
Figure 17 shows how problem instances are distributed when
features are created with the proposed technique. Here, each
problem instance is represented with one feature obtained
by an std-aggregated filter initialized with seed 703 (radius
0.165/size 3). To enhance the clarity of visualizations, only
problem instances belonging to classes 1, 8, 11, 16, and
22 are displayed. We can observe that the selected filter
aggregated with the std aggregate function can separate
some of the instances belonging to different problem classes.
For example, we can see that instances from classes 1 and
22 can be separated while instances belonging to classes
1 and 11 and grouped closer together and thus harder to
differentiate due to overlapping distributions. This essentially
shows that with the proposed approach it is often the case that
problem instances can be mapped into higher-dimensional
space where they can often be easily separated.

FIGURE 17. Kernel density estimate representing the distribution of
feature values for 500 problem instances across 5 different classes. Filter
initialized with seed 703 was in this case aggregated with the std
aggregate function.

Using the same filter as before, this time we plot mappings
obtained with multiple aggregate functions. Figure 18
shows the distribution of problem instance feature values
for 5 different problem classes. Essentially, every subplot
illustrates the data distribution generated by a particular
filter (seed 703) and a combination of two aggregated
functions. For instance, the third column of the first row
depicts the distribution pattern of problem instances resulting

from the mean and max aggregation of values obtained
from filter 703. It can be observed that even a single filter
using multiple aggregate functions can be beneficial for
differentiating problem classes. For example, using mean
and max aggregate functions with the filter initialized with
seed 703, problem instances from problem classes 1, 8, and
11 pose a challenge in distinguishing them as they are all
mapped to a common feature space. On the other hand,
usingmean and std aggregate functions can separate problem
instances belonging to classes 1 and 8 while still struggling
to distinguish between problem instances of classes 1 and 11.
This demonstrates that using diverse aggregate functions can
often be beneficial when constructing features.

FIGURE 18. Response of a filter that achieves the highest classification
accuracy aggregated by all five aggregate functions. Filter responses are
displayed for 100 problem instances from five different problem classes.

V. LIMITATIONS AND DISCUSSION
This section lists some of the limitations of the proposed
feature extraction methodology. While we believe we are the
first to propose this particular approach to feature extraction,
it is not without its limitations. One of the biggest downsides
is that most of the generated features are ‘‘weak’’ features that
(on their own) do not carry a lot of information. Most features
individually achieve poor classification accuracy. Only in
combination with other features does the classification
accuracy increase. This is in contrast to ELA features
where some individual features carry a large amount of
information and can achieve high classification accuracy on
their own. A closely linked problem is also that the number
of generated features might be extremely large. This may
pose a problem for machine learning algorithms that are
sensitive to noisy features. Furthermore, generating a large
number of features incurs high computational costs. A lot
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of computational resources might be wasted computing filter
responses that in the end turn out to be uninformative. The
same problem plagued algorithms in the time series domain
such as ROCKET, where the original paper [36] proposes
10,000 filters and 20,000 features but was later improved in
subsequent papers. For higher-dimensional problems (e.g.,
20D, 50D, and 100D problems) commonly studied as part of
the COCO benchmark, the proposed methods often require
a large number of filters. This is the primary reason why
the paper includes only lower dimensions, due to the high
computational cost.

The proposed filters incorporate some inductive biases that
might limit their usability, especially for high-dimensional
problems. For example, the methodology assumes that the
feature construction should only be based on the Euclidian
distance between samples. But it is well known that for
higher-dimensions Euclidian distance has severe limita-
tions [67], [68]). Moreover at most 14 samples are considered
when calculating filter response. Such assumptions may
result in inferior features. Unfortunately, optimal filter
construction for high-dimensional point clouds is still a
relatively new and largely unexplored area. To the best of our
knowledge, there are no filters proposed specifically for the
domain of optimization problems. Moreover, in contrast to
feature groups such as ELA, the features that are obtained
are not explainable. A single feature does not carry any
meaning and is hard to interpret for humans. On the
other hand, such features can be extremely powerful for
machine learning models. The proposed RFM approach
should be considered as a feature extraction framework that
can be extended/improved with new and modified filters in
combination with new aggregation functions. Hand-crafted
filters could be created that are sensitive to specific properties
of an objective function (e.g. filter that is sensitive to
particular noise or funnel structure) then objective functions
could be potentially described as a composite of smaller
elements that filters are able to detect and transform into
features.

Lastly, the COCO function classification is in itself
a metric that is not perfectly aligned with that kind of
feature and would be ideal when performing algorithm
selection/configuration meaning that a feature extraction
method that can differentiate between problem classes might
not provide useful representation for other tasks. Our aim
with the suggested RFM features is to establish a technique
that transforms comparable objective functions into a feature
space, ensuring their proximity. This approach aims to create
a representation that might be valuable for various other tasks.

VI. CONCLUSION AND FUTURE WORK
Characterizing optimization problems with numerical fea-
tures is a precursor for building automated algorithm
selection/configuration and can greatly help in deepening the
understanding of the properties of optimization problems.
We present a new technique for feature extraction in
numerical optimization problems. This approach merges

conventional practices of designing domain-specific filters
with randommapping-based methods. We show that by using
domain-tailored filters with randomly initialized weights, one
can extract ‘‘weak’’ features that on their own carry little
information but when combined can create useful numerical
representations of optimization functions. Our proposed
methodology has demonstrated the ability to differentiate
COCO problem instances with accuracy comparable to some
of the better-performing ELA feature groups. We delved into
the hyperparameters of the approach to gain a better compre-
hension of the feature extraction methodology. Furthermore,
we were able to offer a more comprehensive understanding
of our proposed method by visualizing the behavior of
newly designed domain-specific filters and examining the
resulting features. Lastly, we also explore how well the
proposed approaches predict the high-level properties of
the objective function where we show that the features
are relatively good at detecting global/funnel structure but
struggle to accurately predict the level of multimodality.
We believe that the proposed approach opens up a new way
of constructing features that may help in capturing knowledge
that other hand-crafted approaches might miss. Additionally,
the proposed filters provide an opportunity to conduct end-to-
end learning without the construction of intermediate feature
representations.

The immediate future steps are to further investigate how
to best construct domain-tailored filters that could potentially
extract more informative features. In this paper, we construct
task-agnostic features but it would also be interesting to
investigate updating the filter weights by using gradient-
based methods. Such filters could potentially reveal unique
structures in optimization problems that randomly initialized
filters might miss. Finally, we demonstrate that the features
can distinguish between different problem instances and that
they are able to identify high-level properties. The next step
would be to investigate whether the suggested features are
viable for algorithm selection and configuration.
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2.2.1 Statistical Analysis

Here, we present a statistical analysis of models for all three tasks—classification, high-
level property prediction, and algorithm selection—using a methodology similar to the one
described in Section 2.1.3.

For 2D classification problems as shown in Figure 2.3, the rfm achieves the same perfor-
mance as the best-performing ela_meta and ic feature sets. However, when differentiating
between problems with higher dimensions, the performance of rfm decreases relative to the
best-performing feature sets. As a result, the difference between the proposed feature sets
and the ela_meta feature set becomes statistically significant. Across all dimensions, the
proposed features consistently and significantly outperform the baseline, indicating that
the features are meaningful to some extent for differentiation between problems.

Figure 2.3: Critical difference diagram illustrates the results of the Neymani test. Feature
portfolios connected by lines indicate that there is no statistically significant difference
between their classification accuracies, while those not connected show a significant differ-
ence. The plot is only for 2D objective functions.

For high-level property prediction, the results are somewhat less clear, depending on the
problem dimension and the high-level property we are trying to detect. For multimodality,
the proposed features do not significantly outperform the baseline, except for problem
dimension 2. In terms of global structure detection, the rfm features are among the best
for lower-dimensional problems, with no statistical difference between the proposed features
and the best-performing ic features. However, for dimensions 5 and higher, performance
drops substantially, though the features still outperform the baseline. For the last high-
level property of funnel detection, the rfm features outperform the baseline for all problem
dimensions, though there is no statistical difference between them and the best-performing
feature sets.

For AS the conclusions with both LOIO and LOPO methodologies are almost identi-
cal to the topological features. Using the same approach as before, we conclude that for
LOIO, the ela feature groups significantly outperform the proposed topological features
at a significance level of 0.05. Additionally, AS models based on topological features sig-
nificantly outperform the proposed baseline. However as discussed in the previous section,
for LOPO, none of the AS models, including those based on both rfm and ela features,
statistically outperform the proposed baseline.

2.2.2 Discussion

This section explores a novel approach for feature extraction in single-objective optimiza-
tion problems using randomly initialized filters, focusing on their ability to differentiate
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between distinct problem instances and capture high-level problem properties, and algo-
rithm selection. The study evaluates the following hypotheses: H2a - Features based on
randomly initialized filters calculated using distances between optimization problem samples
are able to differentiate between distinct single-objective optimization problems and capture
their high-level properties, and H2b - Performance of predictive models for optimization
algorithm selection based on such features is comparable to the performance of models based
on existing exploratory landscape analysis features.

This study demonstrates that the proposed RFM features are capable of distinguish-
ing between optimization problems and effectively predicting high-level properties such as
multimodality and the presence of global or funnel structure. Across all instances, the pro-
posed features outperform the baseline in a statistically significant manner and are often
comparable to state-of-the-art approaches, confirming hypothesis H2a, as both problem
differentiation and high-level property prediction are successfully achieved.

The second approach in this study explores the application of RFM features for algo-
rithm selection. The results reveal that although these features significantly surpass the
baseline in the LOIO evaluation, they fail to outperform it in the LOPO evaluation. More-
over, and crucially, the proposed features perform worse than the ELA features in LOIO,
with no notable difference observed in LOPO. These outcomes lead us to reject hypothesis
H2b, as ELA features demonstrate superior performance under some evaluation methods.

The main contribution of the proposed approach for creating features based on ran-
domness is, therefore, the demonstration that these features encode useful information
about the objective function and can be used for some downstream tasks in the field of
optimization.
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Chapter 3

Feature Construction for Time Series
Analysis

This chapter delves into feature construction techniques within the context of time series
analysis. It specifically examines two critical aspects: the robustness and explainability of
these techniques. The first paper explores the selection of optimal forecasting algorithms
by leveraging time series features, emphasizing how these processes can be made more
explainable and interpretable. Meanwhile, the second part investigates the robustness of
feature construction methodologies against common time series distortions and assesses
their implications for subsequent classification tasks.

The paper Towards Understanding the Importance of time series Features in Auto-
mated Algorithm Performance Prediction (Petelin et al., 2023), published in Expert Systems
with Applications, focuses on applying an explainability approach to algorithm selection
pipelines. To the best of our knowledge, this is the first study to investigate the use of
explainability techniques for algorithm selection in this domain. The paper explores which
features are considered important when performing algorithm selection for forecasting mod-
els and examines whether these important features remain consistent across various feature
importance techniques and algorithm selection models.

The second part of this chapter presents the research that was recently submitted and
is currently under review for publication. This study examines the impact of common
distortions on time series classification, evaluating how different algorithms respond to
these perturbations. The focus is on measuring the decline in classification accuracy as the
severity of distortions increases, providing insights into the robustness of various methods.
For the sake of consistency, this work is structured as a paper, similar to previous studies.
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3.1 Towards Understanding the Importance of Time Series
Features in Automated Algorithm Performance Predic-
tion

When practitioners aim to select the most suitable time series forecasting algorithm, they
are often faced with a large pool of options to choose from. However, this selection pro-
cess is not always straightforward, as different algorithms typically have requirements and
limitations regarding the characteristics of the time series they can handle. These require-
ments may include stationarity, the length of the time series, heteroscedasticity, and one
or more seasonal patterns. Consequently, it is highly beneficial to automate this process
by recommending the appropriate forecasting algorithm based on the specific properties of
the time series.

The first paper examines the use of time series meta-features for predicting the perfor-
mance of various time series forecasting algorithms. The study evaluates multiple feature
construction techniques to create representations of time series data, which are subse-
quently used to train meta-models for forecasting algorithm performance prediction. This
paper investigates hypothesis H3.

The paper demonstrates that existing feature construction techniques can effectively
predict the performance of forecasting algorithms for new time series, significantly outper-
forming the baseline model in performance prediction. Beyond this, the primary goal is
to explore how algorithm selection models make predictions and identify the most rele-
vant features driving these decisions. The study highlights key features such as time series
median, standard deviation, autocorrelation at various lags, and skewness, which are con-
sistently identified as important across multiple algorithm selection models and feature
importance techniques. This consistency underscores the reliability of these features for
forecasting performance prediction and their value in algorithm selection. Overall, the
findings emphasize the critical role of feature extraction and analysis in automated algo-
rithm performance prediction, demonstrating that the careful selection and understanding
of relevant time series features can substantially enhance forecasting tasks.
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A B S T R A C T

Accurate and reliable forecasting is a crucial task in many different domains. The selection of a forecasting
algorithm that is suitable for a specific time series can be a challenging task, since the algorithms’ performance
depends on the time-series properties, as well as the properties of the forecasting algorithms. The methodology
and analysis presented in this paper are contributing towards understanding the performance of time-series
forecasting methods. Instead of using time-series meta-features only to obtain a good meta-model that can
predict the performance of a forecasting algorithm, the methodology can link which features are important for
which forecasting methods. We used time-series meta-features extracted using the tsfresh and catch22 libraries.
We also found that the importance of the meta-features changes depending on the meta-model that is used.
There are only a few meta-features that always appear important for a given forecasting method no matter
which meta-model will be used for learning, which further provides opportunities to select a model-agnostic
feature portfolio. In addition, different feature importance techniques can provide different results that are
related to the methodology that is used by the meta-model. By using the feature importance obtained by a
meta-model and a specified feature importance technique, we can define a representation of a forecasting
method behavior, which can further provide an insight into which forecasting methods have similar behavior.

1. Introduction

Nowadays, a lot of industrial real-world problems involve the anal-
ysis of time-series, i.e. chronologically collected data points. Tracking
the price fluctuations and price of a security over time in the finan-
cial, investment, and business domains, assessing disease risk using
longitudinal patient history data in the medical domain, and weather
forecasting are only a few examples to be mentioned. Due to their
ubiquitous presence in various domains, numerous algorithms have
been proposed for time-series forecasting and analysis (Dama & Sino-
quet, 2021). Supporting research in this direction, the Makridakis
Competitions have been largely responsible for pushing forward the
development and evaluation of novel time-series forecasting models by
evaluating their strengths, weaknesses, and suitability to different time-
series instances, as well as releasing diverse time-series datasets from
various fields. These competitions published a dataset of time-series
data instances, where different researchers test time-series forecasting
algorithms whose performances are further stored. In the end, the
algorithm that is the best on average across the test data instances is
selected as the winner.

∗ Corresponding author at: Computer Systems Department, Jožef Stefan Institute, Jamova cesta 39, 1000 Ljubljana, Slovenia.
E-mail addresses: gasper.petelin@ijs.si (G. Petelin), gjorgjina.cenikj@ijs.si (G. Cenikj), tome.eftimov@ijs.si (T. Eftimov).

Despite a lot of studies that have been already conducted in time-
series forecasting (Deng, Karl, Hutter, Bischl, & Lindauer, 2022), the
main challenge is which algorithm to select for each dataset, or even
more precisely, for each data instance. This is a well-known problem
called algorithm selection (AS), which endeavors to identify one or
several algorithms which are well-suited for a given task (Salisu, Ab-
dulrahman, Adamu, Ado, & Rilwan, 2017). The ever-increasing number
of Machine Learning (ML) algorithms, along with their potentially
infinite hyperparameter search spaces and the choice of constituents of
composite methods such as ensembles, produce an exponential number
of configuration combinations, which makes AS a challenging problem
with high computational costs (Cohen-Shapira & Rokach, 2021).

One way to perform AS is the use of meta-learning (Brazdil, Giraud-
Carrier, Soares, & Vilalta, 2009; Vanschoren, 2019), which involves
training a ML model to automatically predict the best performing
algorithm(s) for an unseen data instance, based on its (meta-) features.
The performance of an AS model is related to reliable performance
prediction, so automated algorithm performance prediction is a crucial
step in an AS pipeline. For this purpose, in this paper, we are focusing
on the automated algorithm performance prediction task.

https://doi.org/10.1016/j.eswa.2022.119023
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Algorithm performance prediction can be performed in different
learning scenarios. One way is to merge it with the AS step and treat
it as a multi-class classification task, where the goal is to predict a
single best algorithm, or treat it as a multi-label classification task,
where several algorithms can be selected. The other learning scenarios
involve solving a regression task, where the ML model predicts the
performance achieved by each algorithm (Talagala, Li, & Kang, 2021),
or ranking, where the aim is to rank the algorithms according to some
evaluation metric (Cohen-Shapira & Rokach, 2021; Tyrrell, 2020). In
the latter scenario, the AS step is performed on top of the regression
results. The advantage of developing regression models for automated
algorithm performance prediction over classification ones is to track the
magnitude of differences between performances of different algorithms,
as they predict numerical performance values.

The success and reliability of an automated performance prediction
task are conditioned on several aspects, which should be addressed with
great care: (i) the quality of data used to train the ML model, (ii) the
representation learning method used to extract features to represent
the time-series data instances, and (iii) the selection of the ML model
that will be used for learning. In this study, the main focus is on
the intersection between the second and the third step or providing
explanations of which features are the most important for reliable
algorithm performance prediction.

Transforming time-series data into informative and interpretable
features can be a computationally expensive and challenging task.
Extracted features have to capture different dynamic time-series prop-
erties that are informative enough to be used in further pipelines
like regression, classification (Ruiz, Flynn, Large, Middlehurst, & Bag-
nall, 2021) or clustering (Eftimov et al., 2022). Multiple such sets
of features that define the data instance representation have been
proposed, which extract informative features across different domains
and applications, the most notable ones being the Canonical Time
Series Characteristics (catch22) and the representations provided by the
Time Series FeatuRe Extraction on basis of Scalable Hypothesis tests
(tsfresh) library. Recently, many representations are proposed that are
based on deep neural network representations (i.e. ROCKET (Dempster,
Petitjean, & Webb, 2020), MiniROCKET (Dempster, Schmidt, & Webb,
2021)), with the main drawback that they are black-box and limit
the opportunity for learning explainable ML models. In Henderson and
Fulcher (2021), different techniques and libraries for extracting time-
series meta-features are explored and the trade-offs between them are
analyzed. The limitation of most of the approaches where time-series
meta-features are extracted and used for AS is that the features cannot
capture all of the necessary information.

Our contribution: To go beyond this, in this paper, we analyze
the use of time-series features on the performance of ML models
predicting the performance of time-series forecasting algorithms. In
particular, we use the catch22 and tsfresh libraries to generate feature
representations of the time-series in the M4 dataset (Makridakis, Spili-
otis, & Assimakopoulos, 2018, 2020), which are then used to train
ML regression models to predict the performance of 61 time-series
forecasting algorithms. The main motivation is therefore not to create
a meta-learning approach that selects the best algorithm or a set of
algorithms and combines them to get good forecasting results, but to
explain what features are being used when predicting performance and
to quantify their importance. We also explore how feature importances
change with different meta-learning models and how they change
when predicting performance for a specific forecasting algorithm. To
provide a robust and fair analysis of the importance of each feature,
we employ several methods for determining feature importance, includ-
ing permutation feature importance, the SHapley Additive exPlanation
(SHAP) (Lundberg & Lee, 2017) framework, as well as the feature
importance derived from the intrinsic interpretability of models based
on decision trees. The obtained feature importance values are analyzed
to get a better insight into how they are related to predicting forecasting
algorithms’ performance. We provide a detailed exploration of which

meta-features are important for different forecasting algorithms and
meta-models used to predict performance.

The paper is organized as follows: Section 2 describes the existing
approaches for algorithm selection related to the domain of forecasting.
In Section 3 we introduce the methodology used to obtain feature
importances, followed by the results in Section 4 and limitations of the
study in Section 5. Finally, in Section 6 we conclude our work and put
forward some future research directions.

2. Related work

A large amount of research on diverse sets of time-series data
has been conducted (Makridakis & Hibon, 1979; Newbold & Granger,
1974) to determine if and how different time-series properties affect
the accuracy of forecasting methods. Analysis has shown that different
properties can have a large influence on the performance of forecasting
methods, although being able to capture more complex time dependent
relations, does not necessarily produce better results. The link between
forecasting accuracy and time-series features was explored in Meade
(2000) where authors trained a regression model to predict the perfor-
mance of nine forecasting methods based on 25 extracted times-series
features. At that time, methods for feature creation together with
datasets for forecasting were fairly limited.

Several research works have already explored the meta-learning
paradigm for automated AS for time-series forecasting. The Feature-
based FORecast Model Selection framework (Talagala, Hyndman, &
Athanasopoulos, 2018) applies a Random Forest(RF) model with time-
series features as inputs, for the selection of a single forecast model.
The Feature-based Forecast Model Averaging framework (Montero-
Manso, Athanasopoulos, Hyndman, & Talagala, 2020) applies a gra-
dient boosting model to select the weights for a weighted forecast
combination, using 41 features extracted by the tsfeatures (Hynd-
man, Kang, Montero-Manso, Talagala, Wang, Yang, & O’Hara-Wild,
2020) library. The Feature-based Forecast Model Performance Predic-
tion framework (Talagala et al., 2021) treats the forecasting AS problem
as a multi-class ranking problem, i.e. meta-learning is used to rank
forecast models by simultaneously predicting forecast errors, allowing
the user to identify a subset of forecasting models.

The benefits of ensembles in forecasting have been pointed out
in Gastinger, Nicolas, Stepić, Schmidt, and Schülke (2021), where it
was demonstrated that there is no single best ensemble model and
hyperparameter configuration which is well suited for all time-series
instances, introducing the need for meta-learning. The meta-learning
in this case is implemented by training a binary classifier for each
combination of ensemble model and hyperparameter configuration,
which indicates whether the model should be used for a specific time-
series instance. The instances are represented by the meta-features
extracted using the tsfeatures (Hyndman et al., 2020) library and seven
general meta-learning features, which are not specific to time-series.

A two-step meta-learning approach has also been proposed for
time-series forecasting ensembles (Vaiciukynas, Danenas, Kontrimas, &
Butleris, 2021), which first involves ranking the forecasting models by
predicting the error they would achieve on the testing instance, and
then determining the number of models that should be used in the
forecasting ensemble. Both tasks are performed using RF regression
models. The time-series instances are represented using 390 meta-
features, obtained by generating 130 different features on the original
time-series instances, as well as two transformations of each instance.
Permutation feature importance is used to analyze the contribution
of the meta-features to the meta-models’ performance. However, the
features are first grouped into several sets, and the importance is
reported on a set level, and not on the level of individual features. In
contrast, we are interested in how individual features contribute to the
meta-model’s performance.

We also need to emphasize that meta-learning studies that select
the most appropriate algorithms or combine them into an ensemble use
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an apriori selected algorithm portfolio (i.e., set of forecasting methods
that are used in the study). Nowadays, one of the biggest open research
questions is how to select which algorithms should be used in order
to generalize the meta-learning approach and to decrease the bias
presented in the selection of the set of methods. We are not addressing
this question in our study, since our goal is to provide a general method-
ology to see how the time-series features are linked to the performance
of any forecasting method. We are using a set of forecasting algorithms
that entered the M4 competition. However, we would like to point out
that the field of forecasting methods is increasingly moving towards
deep learning based models that can be trained on many instances
(sometimes referred to as global models (Hewamalage, Bergmeir, &
Bandara, 2022)) and are able to generalize the learned knowledge
to previously unseen instances. Such models include recurrent neural
networks (Werbos, 1990) with further improvements (Chung, Gulcehre,
Cho, & Bengio, 2014; Salinas, Flunkert, Gasthaus, & Januschowski,
2020), convolutional neural networks (Borovykh, Bohte, & Ooster-
lee, 2018; Chen, Kang, Chen, & Wang, 2020; Li et al., 2021) and
transformers (Vaswani et al., 2017). Focus is also shifting towards
neural networks that try to combine approaches from deep learning
and interpretability from classical statistical modes such as N-BEATS:
Neural basis expansion analysis for interpretable time series forecast-
ing (Oreshkin, Carpov, Chapados, & Bengio, 2019) and Temporal fusion
transformers (Lim, Arık, Loeff, & Pfister, 2021).

3. Methodology

Fig. 1 gives an overview of the proposed methodology for explaining
the importance of features used for representing time-series instances
for predicting the performance of ML algorithms achieved on them. The
methodology involves three main steps:

• Data collection, which involves extracting time-series features of
the data instances and collecting forecasting performance data
achieved on them. Here, features of individual time-series in-
stances are extracted and the performance of forecasting algo-
rithms is collected from a publicly available repository;

• Building a diverse portfolio of performance prediction models, where
forecasting performance of time-series algorithms is predicted
based on the extracted time-series features using different ML
models;

• Feature importance analysis, where multiple feature importance
approaches are used to determine which features are the most
influential ones for predicting forecasting performance and how
feature importance changes with different ML models.

3.1. M4 dataset

The M4 time-series forecasting dataset (Makridakis et al., 2018,
2020) was used for the fourth edition of the Makridakis Forecast-
ing Competition. The dataset consists of 100,000 time-series collected
either yearly, quarterly, monthly, weekly, daily or hourly. All the
time-series instances are divided into a training set for training the
forecasting models and a test set designed to evaluate forecasts. Train-
ing instances can also greatly differ in length. The shortest time-series
consists of only 13 yearly observations while the longest time-series
collected daily consists of 9,919 observations.

At the end of the competition, 61 forecasting algorithms were
submitted together with forecasts for all 100,000 time-series. Submit-
ted algorithms can be broadly categorized as statistical forecasting
algorithms, forecasting algorithms based on ML models or hybrid ap-
proaches. The best performing algorithm was a hybrid approach (Smyl,
2020) which combined exponential smoothing with a recurrent neural
network. Other top performing approaches mostly relied on combining
forecasts of different statistical approaches to achieve good results.

Fig. 1. Pipeline for calculating feature importance. Features and forecasting per-
formance is first extracted from M4 dataset. Extracted features and forecasting
performances are repeatedly split into 30 train/test sets on which performance
prediction algorithms are trained and feature values are calculated.

Table 1
Hyperparameters for the meta-models used to predict performance.

Model Parameter Value

Neural network

activation ReLU
number of hidden layers 3
hidden layer size 500
optimizer Adam

RF [MT]
number of trees 100
max depth No limit
min samples in a leaf node No limit

RF [ST]
number of trees 25
max depth No limit
min samples in a leaf node 2

XGBoost learning rate 0.3
maximum tree depth 6

KNN [Cosine] neighbors 5

KNN [Euclidean] neighbors 5

Mean – –

3.2. Extracting time-series features and collecting the performance data

The time-series data instances were used in the feature extraction
process to obtain tabular data that is further linked to the algorithm
performance.

3.2.1. Feature extraction
First, a set of time-series features are extracted from the training

part of each time-series instance in the dataset using the methods
described later in this section. When using forecasting algorithms to
predict the future behavior of time-series, a common practice is to first
transform time-series to achieve/improve stationarity or to stabilize the
variance. This is especially important for some forecasting algorithms
(e.g. MA, AR or ARMA) that can only operate on time-series that
are strictly/weakly stationary process (Patterson, 2011; Van Greunen,
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Heymans, Van Heerden, & Van Vuuren, 2014). One transformation
that makes time-series stationary is to compute the differences between
consecutive observations, also known as differencing. Differencing can
remove trends and seasonality which helps with stabilizing the mean of
a time-series. The other property that is desirable when forecasting is to
stabilize the variance of a time-series, which can be achieved by apply-
ing a logarithmic transformation. Before extracting features, we also
apply differencing and logarithmic transformation to the time-series.
Due to the specific structure and properties of time-series instances
contained in the M4 dataset, feature extraction methods may sometimes
produce invalid features (i.e. features with missing values) of features
with the same value for all time-series. Features with missing values or
identical values are therefore removed.

In our case, we used two well-known features sets for extracting
features for time-series data instances, Time Series FeatuRe Extraction
on basis of Scalable Hypothesis tests (tsfresh) (Christ, Braun, Neuffer,
& Kempa-Liehr, 2018) and The Canonical Time Series Characteristics
(catch22) (Lubba et al., 2019), which are most commonly used in time-
series forecasting tasks. These methods were used three times depend-
ing on which data were applied: (i) raw original time-series data, (ii)
its differencing transformation, and (iii) its logarithmic transformation.

tsfresh is a library for extracting a diverse set of features that
proved to be effective in capturing and extracting quality information in
different scientific areas (financial, biological, industrial applications,
etc.). The library can extract just under 800 features from the dif-
ferent feature groups (i.e. statistical, information based, model-based,
stationarity, frequency-based, domain-specific features, etc.).

catch22 is a subset of features that were selected as being the most
informative/discriminatory features from the set of over 7,700 features
from Highly Comparative Time Series Analysis (hctsa) (Fulcher, Little,
& Jones, 2013) evaluated on the University of California, Riverside
(UCR) dataset (Bagnall, Lines, Bostrom, Large, & Keogh, 2017). A sub-
set of 22 features was determined in three steps: (i) remove the features
that cannot be calculated or are sensitive to the mean and variance, (ii)
evaluate the predictive performance of features and discard features
that are below some preselected threshold, (iii) group features into
22 clusters and select the feature that is interpretable, achieves good
performance and can be efficiently computed.

We also need to point out here that a common approach for extract-
ing features from time-series is also by applying random convolutional
kernels to the existing time-series dataset as done in ROCKET (Demp-
ster et al., 2020) and later in MiniROCKET (Dempster et al., 2021). Sim-
ilarly, feature generation can also be performed by representing time-
series in a frequency domain (Chen et al., 2019; Srinivasan, Eswaran,
et al., 2005) or by using a discrete wavelet transformation (Chaovalit,
Gangopadhyay, Karabatis, & Chen, 2011). While such methods are ex-
tremely powerful when classifying time-series instances, the downside
of such approaches is mainly that extracted features are not meaningful
to humans and are hard to interpret. Since they provide black-box
representations, they were omitted from our analysis.

3.2.2. Performance data
When forecasts are performed, one has to measure the error or

forecast compared to the actual observations. The symmetric mean
absolute percentage error (sMAPE) (Hyndman & Koehler, 2006) is one
such measure that quantifies the prediction accuracy of a forecasting
method. The forecasted values are first subtracted from the actual ob-
served values and the absolute value is taken. The obtained difference
is further normalized by the sum of absolute values of the forecasted
and true predictions. Calculated errors are averaged over the whole
forecasting horizon. The following equation is used to calculate the
sMAPE metric:

𝑠𝑀𝐴𝑃𝐸 = 2
ℎ

𝑛+ℎ∑
𝑡=𝑛+1

|||𝑌𝑡 − 𝑌𝑡
|||

||𝑌𝑡|| + |||𝑌𝑡
|||

Fig. 2. Dendrogram of tsfresh (black) and catch22 (red) features based on the Pearson
correlation between features. The similarity measure is transformed into a distance
measure with 1 − 𝑎𝑏𝑠(𝑝𝑒𝑎𝑟𝑠𝑜𝑛(𝐹𝑖 , 𝐹𝑗 )) where 𝐹𝑖 and 𝐹𝑗 are extracted feature vectors
spanning all 100,000 time-series instances. Clusters are merged with the Ward linkage
function.
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Fig. 3. Pearson correlation between forecasting performance calculated using sMAPE on 100,000 time-series instances.

Fig. 4. MSE achieved by different ML models and different sets of features when predicting forecasting errors for 61 time-series algorithms.

where 𝑛 is the number of available datapoints in the training part of
each time-series, ℎ is the forecasting horizon and 𝑌𝑡 and 𝑌𝑡 are the
true and the forecasted value of time-series and time 𝑡. Lower sMAPE

values indicate lower prediction errors, so the goal is to minimize this
measure. Note that sMAPE is a modification of the MAPE metric and
improves on some shortcomings of MAPE such as having a lower bound
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Fig. 5. MSE for different ML models with tsfresh features and different thresholds for removing correlated features.

of zero and upper bound of two. Even with this modification, sMAPE
can have problems if both the forecast and the actual values are equal
to zero, making the denominator also zero. The M4 dataset shifts the
time-series in such way to avoid this problem.

Based on the known test parts of the time-series and forecasts
made with each of the 61 models, we do the performance extraction
by computing the forecasting error between all pairs of forecasting
algorithms and time-series instances, expressed using the sMAPE.

3.3. Building a diverse portfolio of performance prediction models

To predict the performance of the 61 forecasting algorithms on
the time-series data instances represented by the extracted features,
we build a diverse set of performance prediction models, which we
refer to as meta-models. The analysis of the meta-models is further
used to provide explanations about the importance of the time-series
features. For this purpose, the obtained time-series feature data and
performance data is first split into training and testing portions, making
up 90% and 10% of the original data, respectively. The procedure
is repeated 30 times using random sampling, to obtain 30 splits of
the original data. Further, we used different ML algorithms includ-
ing Neural Network, Random Forest (RF), XGBoost, K Nearest Neighbors
(KNN), and Mean baseline to train the meta-models on each of the
train splits and evaluated on the corresponding test sets. More details
about the algorithms used to train the meta-models are presented in
Appendix A. Repeating the model training on different train/test splits
guarantees that we get a robust estimation of the expected error when
predicting forecasting performance and subsequently what features are
used for making forecasts and how features differ with different data
splits handling the inherent bias that originates from the data quality
in different splits.

The meta-models were either trained as multi-target regression
(MTR) models, where one model predicts performance for all forecast-
ing algorithms, or as multiple single-target regression (STR) models,
where one model is trained for each forecasting algorithm. Due to
the computational complexity involved in training the models and
calculating feature importance, Neural Network and KNN were trained
only as MTR models. RF was trained twice, once as a MTR model and
once as a collection of multiple STR models. Lastly, XGBoost is designed
to only work as a STR model therefore one is trained for each of the
61 forecasting algorithms.

When training the meta-models used to predict forecasting algo-
rithms’ performance, an extensive hyperparameter search is desirable
or even required for obtaining models with state-of-the-art perfor-
mance. Due to the high computational costs, we did not extensively
tune the hyperparameters to obtain the best possible performance for
the meta-learning models used to predict performance. The goal was
primarily to ensure that selected models are diverse (use different
learning principles) to see how this influences the feature importance
values and the explanations provided for each model.

3.4. Feature importance for providing explanations

For each of the 30 train/test splits and corresponding performance
predicting meta-model, we evaluate what features are deemed to be
important. Feature importance can differ depending on several as-
pects: (i) the meta-model that predicts the performance based on the
extracted features, (ii) the forecasting algorithm whose performance is
being predicted and (iii) the method for explaining feature importance.
We analyze the feature importance considering each of the above-
mentioned aspects. To do this, we explore the following combinations
of feature importance measures:

(i) Permutation feature importance evaluated on neural network
(P/NN), multi-task random forest (P/RF), singletask random forest
(P/SRF), XGBoost (P/XGB) and Mean predictor (P/Mean)

(ii) SHAP feature importance evaluated with neural network (S/NN),
multi-task random forest (S/RF), singletask random forest (S/SRF), XG-
Boost (S/XGB) and Mean predictor (S/Mean)

(iii) Feature importance obtained during XGBoost training with dif-
ferent feature importance metrics (C/XGB, G/XGB, TC/XGB, TG/XGB,
W/XGB)

(iv) Feature importance obtained during random singletarget forest train-
ing (RF/SRF).

More details about the feature importance models are presented in
Appendix B.

4. Results

Here, the results from our analysis are presented, which are split
in three parts. First, we provide a separate analysis of the time-series
feature space and the performance space, treating them independently.
Next, we explore the time-series feature importance in combination
with different performance predicting models and time-series forecast-
ing models.
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Fig. 6. Ridgeline plot representing the MSE between the true forecasting performance
evaluated with MAPE and the performance predicted with RF for each of the forecasting
algorithms over 30 train/test splits. The row labels contain the feature names, while
the column labels contain the names of the meta-models.

4.1. Experimental setup

For the implementation of the meta-models, we used the scikit-
learn (Pedregosa et al., 2011), keras (Chollet et al., 2015) and XG-
Boost (Chen & Guestrin, 2016) python libraries. The workflow and
analysis are performed using Snakemake (Mölder et al., 2021), ensuring
reproducibility. The experiments were executed on a system using the
Ubuntu operating system, an Intel(R) Xeon(R) CPU E5-2680 v3 @
2.50 GHz, and 1 TB of RAM. The relevant code can be found at the Git-
lab repository https://repo.ijs.si/gpetelin/m4-feature-importance. As-
sociated data is available at https://zenodo.org/record/6637637. Rea-
sonable default hyperparameters were selected to balance model per-
formance during train and inference time. Table 1 describes the hy-
perparameters of the meta-models. Apart from this, feature importance
methods produce importance values that can differ in scale. For that
purpose, comparison of raw values between different feature impor-
tance methods is not always possible. In such cases, feature importance

is determined based on the rank of the feature compared to all other
features.

4.2. Feature space analysis

Applying the features extraction techniques described in Sec-
tion 3.2.1, we obtain six different sets of features for each time-
series instance. Each one was extracted using the tsfresh or catch22
libraries, in combination with the raw time-series, the time-series that
were transformed with the first difference, and the time-series with a
logarithmic transformation applied.

Fig. 2 shows a hierarchical clustering based on Pearson correlations
between the tsfresh and catch22 features obtained from the time-series
where no transformation was applied. Using this figure, we can observe
that a lot of extracted features are linearly correlated. In addition,
high correlations between tsfresh features are also presented, which
is expected, since some features are extracted using the same feature
extraction method, only with different parameters. Example of two such
features would be feature cwt_coefficients__coeff_1__w_10__widths_(2, 5, 10,
20) being strongly correlated with feature cwt_coefficients__coeff_0__w_
10__widths_(2, 5, 10, 20), with correlation of 0.96.

Comparing tsfresh (black) and catch22 (red) features in Fig. 2, we
can observe that there are a lot of features that are strongly linearly
correlated. The second more interesting observation is that catch22
features do not capture large parts of the time-series landscape. This
means that there is a large group of tsfresh features that are not
correlated with any catch22 features.

To further explore the correlations between raw and transformed
time-series feature, one can compare the Pearson correlation between
the raw features and the features obtained from the transformed time-
series. Focusing on catch22, the mean correlation between raw fea-
tures and their corresponding feature from log transformed time-series
is 0.88. This signals that on average, features from log transformed
time-series contain information correlated with raw features. For the
differenced time-series, corresponding features are not highly corre-
lated, with the average correlation being 0.24. A similar pattern can
also be observed with the tsfresh features. In that case, the features
extracted from log transformed and differenced time-series have Person
correlations with the raw features of 0.66 and 0.35, respectively. It is
also the case in both feature extraction methods that some log trans-
formed and differenced features have correlation of 1.0 with their raw
counterparts. An example of how extracting features from transformed
time-series does not always bring additional benefits is the feature
first_location_of_maximum, where raw and log transformation produce
the same values and therefore do not offer any additional value.

4.3. Performance space analysis

The M4 dataset consists of 61 forecasting algorithms and their
predictions for 100,000 time-series instances. Fig. 3 shows the Pearson
correlations between sMAPE forecasting performance on all 100,000
time-series instances that exist in the M4 dataset. We can observe that
performances of forecasting algorithms are usually strongly correlated,
meaning that if one algorithm performs well on a given time-series
instance, there is a high probability that another algorithm will also
perform well. Based on the performance we can also observe clusters of
similarly performing forecasting algorithms. One such example are the
algorithms MLP (perceptron with pre-applied detrending and deseason-
alization) and RNN (recurrent network with pre-applied detrending and
deseasonalization), both ML-based forecasting algorithms with highly
correlated performance. Similarly, algorithms sNaive, Naive and Naive2
form another cluster of algorithms where forecasting performance is
highly correlated. This is a consequence of the algorithms being similar
in nature (random walk models), with small modifications. One fore-
casting algorithm that is not correlated with other algorithms is the
forecasting algorithm 225 that achieves poor forecasting performance
evaluated with sMAPE on most of the time-series in the dataset.
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Fig. 7. Feature ranking for Theta (a) and ARIMA (b) forecasting algorithms based on the ranking averaged over 30 train/test splits. The row labels contain the feature names,
while the column labels contain the feature importance and meta-model names.

Fig. 8. Agreement on what 15 features are the most important ones as determined by different meta-model/feature importance methods for Theta forecasting algorithm, averaged
over 30 train/test splits.

4.4. Meta-model performance analysis

To provide a reliable analysis of the importance of each feature
when predicting the performance of a time-series forecasting algorithm,
we build diverse meta-models to predict the performance of different
forecasting algorithms from the obtained time-series features. Fig. 4

shows the performance of different meta-models when using different
sets of features averaged over 30 splits. For additional information,
black lines on top of each show the standard deviation in MSE. Each
meta-model (i.e., KNN with cosine similarity, KNN with Euclidean
similarity, RF, XGBoost, Neural Network, and Mean as a baseline) was
evaluated with five different feature sets.
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Fig. 9. Agreement on what 15 features are the most important ones as determined by different meta-model/feature importance methods for ARIMA forecasting algorithm, averaged
over 30 train/test splits.

Fig. 10. Agreement on what 15 features are the most important ones as determined by different meta-model/feature importance methods for all forecasting algorithms, averaged
over 30 train/test splits.

As feature sets we selected the tsfresh features calculated using the

raw time-series (tsfresh [raw]); catch22 features calculated using the

raw time-series (catch22 [raw]); fusion of all tsfresh features (tsfresh

[raw, diff, log]) calculated from the raw time-series, the transformed

time-series using differencing, and the transformed time-series using

logarithmic transformation; the same fusion using the catch22 fea-
tures (catch [raw, diff, log]) that fuse raw, differenced and log trans-
formed time-series features; and a fusion of tsfresh and catch22 features
calculated from the raw time-series data (catch22 [raw], tsfresh [raw]).

The meta-models are evaluated using a Mean Squared Error
(MSE) between the ground truth sMAPE performance and the predicted
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Fig. 11. Kernel density estimation feature importance of features median, lempel_ziv_complexity__bins_2, autocorrelation__lag_2 and skewness for Theta forecasting algorithms as obtained
with Permutation feature importance (left) and SHAP (right). Note that axis use different scales.

sMAPE performance, averaged across all 61 targets. We can observe
that the baseline model which always predicts the mean performance
for each forecasting algorithm, independent of the feature set used to
represent the time-series data instances, achieves a MSE of 0.032. The
other meta-models, which rely on the above-mentioned feature sets
achieve much better estimates of the performance of the 61 forecasting
algorithms.

Comparing the sets of features, we can observe that the tsfresh
features offer better predictive performance compared to the catch22
features, independent of the meta-model that is used. By fusing both
the catch22 and the tsfresh feature sets, the predictive performance is
almost identical to the performance obtained using only the tsfresh
features. We can therefore conclude that the 323 tsfresh features are
much more informative than the 22 features extracted with catch22
when predicting the performance of the 61 forecasting algorithms on
the M4 dataset. This is not surprising, since in the feature space analysis
(see Section 4.2), we have shown that the tsfresh features set is much
larger and covers parts of the feature landscape that are not covered
by the catch22 features, i.e. the catch22 features capture only a subset
of the information captured by the tsfresh feature set.

The second interesting observation is the predictive performance
obtained using the feature sets extracted from the differenced and log
transformed time-series. For catch22, fusing the features extracted from
the raw, differenced, and log transformed data has a large impact on the
predictive performance for all used meta-models. With the extended set
of catch22 features, all models achieve practically better MSE compared
to the features extracted just from the raw time-series. With the tsfresh
features, extracting features from the raw time-series and fusing them
with features from the differenced and log transformed time-series does
improve the meta-learner performance, but the difference in perfor-
mance obtained using only the raw time-series features, and the fused
time-series features is not as large as with the catch22 feature set. From
the results, it follows that all meta-learners achieve good performance

with the tsfresh features extracted only from the raw time-series data.
Therefore, we decide to only use this feature set for further analysis. We
need to point out here that if the predictive performance of the meta-
learners was the primarily goal, using the tsfresh features extracted from
the raw time-series and fusing them with the features extracted from
differenced and log transformed data would also be beneficial.

Since the feature space analysis shows that the extracted tsfresh
time-series features can be highly correlated (see Section 4.2), this can
sometimes adversely affect the training of certain models and subse-
quent methods for evaluating feature importance. A way to remove
feature correlations is to project data instances to a lower-dimensional
space using feature reduction methods, such as Principal Component
Analysis or Non-Negative Matrix Factorization. Unfortunately, such an
approach makes contributions of individual features difficult to com-
pute. For this purpose, we explore the performance of the meta-models
when correlated features are removed, if their correlation exceeds a
predefined threshold. Fig. 5 presents the meta-models’ performance
(MSE averaged across 30 train/test split with standard deviation) when
features which have correlations exceeding a certain threshold are
removed and thus not used during the training and testing. We have
evaluated six different correlation thresholds: 0.50, 0.60, 0.70, 0.80,
0.90, and 0.95. When the threshold is set to 1.00, this means that
all tsfresh features are kept for the learning process and we did this
only for comparing the performance with the meta-models achieved
with the reduced feature sets. Removing a subset of highly correlated
features slightly degrades the models’ performance, indicating that the
removed features, despite being linearly correlated, do in fact contain
additional information. For the purpose of reducing computational
costs associated with computing feature importance for the full set
of features and problems that can arise from determining the feature
importance of correlated features, we choose to work only with the
features that are not linearly correlated with other features above the
pre-selected threshold of 0.50.
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Fig. 12. Feature importance ranking for XGBoost with different feature importance methods aggregated over 30 runs and all forecasting models. For clarity, features are sorted
by the permutation feature importance.

Fig. 6 shows the MSE between the actual sMAPE obtained by
each forecasting algorithm and the sMAPE predicted with the best
performing meta-model RF with the reduced feature set with 0.50
threshold. The MSE is presented for 30 different train and test splits.
From the figure, we can see that the performance of the meta-models
is generally stable with relatively small deviations in the MSE across
different train/test splits.

We can also observe that estimating the sMAPE performance for
some of the forecasting algorithms is much more challenging than for
others. The MSEs for most of the forecasting algorithms are around
0.01, however for some forecasting algorithms the estimates of the per-
formance are less accurate with MSE above 0.02. The five forecasting
algorithms with a larger MSE whose performance is more difficult to
predict are algorithms 219, 225, 091, 258 and 244. In general, the
algorithms whose performance is hard to predict performed bellow
the average in the competition, meaning that their forecasting error
evaluated with sMAPE is higher.

4.5. Feature importance for explainability of forecasting algorithms

In this section, we investigate the feature importance obtained for
several forecasting algorithms, based on the meta-models and feature
importance methods used. In this scenario, a few forecasting algorithms
are selected and kept fixed while changing the meta-models and feature
importance methods.

Fig. 7 visualizes the top 20 most important features (globally across
all forecasting algorithms, meta-models and feature importance mod-
els) and how they are ranked with different meta-models/feature im-
portance methods for Theta and ARIMA forecasting algorithms. Note
that Theta and ARIMA forecasting algorithms were selected since they

are the baseline models with available source code and relatively
good forecasting accuracy compared to some other forecasting algo-
rithms. As expected, for the meta-model that only predicts mean values,
all features are assigned the same feature importance by both the
permutation-based and the SHAP feature importance methods. This
confirms that both feature importance methods can discover when
features are not used to make a prediction. Because all features have
the same importance values, they are omitted in Fig. 7 to improve
readability. Other meta-models, however, rely heavily on the features.
For those meta-models, large variation in the raking of individual
features can be observed based on the meta-model and feature impor-
tance methods used. The largest discrepancies in feature importance
orders are between model-specific methods (where feature importance
is determined while the model is built such as the XGBoost cover
feature importance - C/XGB) and model agnostic feature importance
(where feature importance is determined after the model is built such as
SHAP or permutation method). This demonstrates that model-specific
features that are built during the models’ construction from the train
set can substantially differ from other approaches. When comparing
feature importance between different meta-models using the same fea-
ture importance method, we can observe that tree-based models utilize
different features compared to the neural network. Lastly, the feature
importance ranking obtained with SHAP and the one obtained with
permutation importance is similar when the same meta-model is used.
This can be seen when comparing columns pairs such as P/NN and
S/NN or P/RF and S/RF.

To better demonstrate the similarities between different meta-
models and feature importance methods, Figs. 8 and 9 show how many
of the top 15 features are shared for different meta-model/feature
importance combinations for the Theta and ARIMA forecasting algo-
rithms. This is obtained as an average number of top 15 features
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Fig. 13. Feature importance ranks for different meta-models using permutation based feature importance averaged over all forecasting algorithms and 30 runs.

that are shared between all the pairs of 30 runs. We can observe
that selecting top 15 most important features can differ depending on
what meta-model and feature importance model is used. For example,
predicting performance of Theta forecasting algorithm using RF meta-
model with permutation feature importance (P/RF), top 15 features
agree on 14.3 out of 15 features between different train/test splits.
Diagonal elements of the figure thus show that even when meta-model
and feature importance models are fixed, top features may still differ
between different splits. Additionally, when comparing meta-models
with different feature importance methods, large disagreements can
be observed. For instance, XGBoost with permutation feature impor-
tance (P/XGB) and gain feature importance (G/XGB) achieve average
agreement only on 10.8 features for the Theta forecasting algorithm.

Fig. 10 also shows the global top 15 feature agreement between
all meta-model/feature importance combinations for 30 runs across

all forecasting algorithms. We can again observe that feature impor-
tance can vary depending on the meta-model and feature importance
method. Therefore, when determining feature importance one is highly
dependant on what methods are selected.

Further insight can be obtained when comparing the ‘‘raw’’ feature
importance values and not just the rank. Fig. 11 shows the distribution
of feature importance values for the Theta forecasting algorithm and
four selected features (median, lempel_ziv_complexity__bins_2, autocorre-
lation__lag_2 and skewness) as a distribution over 30 train/test splits
obtained with the SHAP and permutation feature importance meth-
ods. Observation can be made that feature importance distributions
differ with different meta-models. For the feature importance of the
median feature, obtained with permutation feature importance, we can
observe that the neural network assigns higher feature importance
values than the other methods. It is also interesting to note that the

68 Chapter 3. Feature Construction for Time Series Analysis



Expert Systems With Applications 213 (2023) 119023

13

G. Petelin et al.

Fig. 14. Feature importance ranks for different forecasting models using permutation based feature importance averaged over all meta-models and 30 runs.

feature importance distributions have different variance evaluated over
30 train/test splits. In this case, the feature importance distributions of
the neural network based meta-model has higher variance compared
to the tree based models. In this small example, we can see that
while feature importance ranking might be similar between SHAP and
the permutation based method, the raw values can have prominently
different distributions.

4.6. Feature importance for explainability of meta-models

This subsection investigates how feature importance values change
when the meta-model is fixed and we change feature importance
models and forecasting models. Fig. 12 shows the ranking for all the
feature importance methods for XGBoost, aggregated over all 30 splits
train/test and all forecasting models. In this case, XGBoost was selected
because it has multiple methods determining feature importance. From
Fig. 12, we can observe large differences between the importance scores
assigned by different feature importance methods for the XGBoost
model. In general, SHAP and permutation methods usually produce
a similar ordering of the features, based on their importance. On the
other hand, the feature importance obtained during the building of
the XGBoost model that are constructed from the training data differ.
Some features, which are ranked lower with SHAP/permutation feature

importance, are assigned high importance by the feature importance
methods built during XGBoost construction and vice versa. This signals
that even when the same model is used, the feature importance method
can have a large impact on how the features are ranked.

4.7. Feature importance with fixed feature importance methods

This subsection describes how keeping the feature importance
method fixed but changing the meta-model and forecasting model
changes feature importance. Fig. 13 the feature rankings obtained using
permutation based feature importance for different meta-models. Ranks
are averaged over all forecasting methods and over 30 runs. We can
observe that tree-based meta-models assign a similar rank to features.
The outlier in this case is the neural network meta-model, where the
feature order substantially differs from the rest of the meta-models.

Averaging can also be performed across multiple meta-models with
the same feature importance method, to show what foresting algo-
rithms are using what features, independent of the meta-model. Fig. 14
shows feature importance ranks for different forecasting algorithms.
Observation can be made that some forecasting algorithms rely on
different features than others. One example of this are the MLP and
RNN forecasting algorithms where the order of features differs com-
pared to the other three forecasting algorithms. Although we do not
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Fig. 15. Feature importance averaged across all forecasting algorithms based on the frequency of the time-series.

go into details about what forecasting algorithm uses what features,
one possible explanation for this is that some algorithms can have
problems on time-series instances where the mean is not zero or where
the standard deviation is not constant over time.

4.8. Time-series and forecasting algorithm types

All the time-series in the dataset also have a frequency with which
they were collected (hourly, monthly, yearly, . . . ). When forecasting
models are being built, the frequency of the time-series can have a
large effect on model selection and further also on the selection of
forecasting model hyperparameters. Therefore, Fig. 15 shows SHAP

feature importance based on the frequency of a time-series. The fre-
quency of the individual time-series was available as part of the M4
competition. Note that only SHAP values can be used for this pur-
pose, since they are the only ones that give feature importance on
an instance level. We can observe that based on the frequency of
the time-series, different features are relevant. If we focus on the
feature agg_linear_trend_attr_‘‘stderr’’_chunk_len_5_f_agg_‘‘max’’, we can ob-
serve that this feature is not assigned high importance values when
dealing with hourly time-series. On the other hand, for the time-series
collected daily, this is assigned high importance. A conclusion can be
made that when performing algorithm selection, it is beneficial to know
the frequency with which the time-series was collected.
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Fig. 16. Feature importance ranking based on the type of an forecasting algorithm. Types for each of the forecasting algorithms are available in Appendix C.

Similarly to the previous plot where time-series instances are
grouped by frequency of observations, a plot can be made by group-
ing forecasting algorithms by the type of the model (i.e. statistical,
machine-learning, . . . ). Fig. 16 shows the feature importance based on
the forecasting algorithm type (Statistical, Machine Learning, Hybrid,
Combination). Feature importance values are obtained by computing
the mean over all feature importance and meta-models. Based on the
type of the forecasting algorithm the feature importance values differ
slightly, but it is important to note that Hybrid category only has one
algorithm while the ML one is an average of three algorithms. Due
to this small number of samples in two of the categories, drawing a
conclusion is not possible.

Lastly, we visualize the similarities between feature importance
values that are produced with different meta-models for different fore-
casting algorithms. Since feature values are high-dimensional vectors,
visualizing them is challenging. One of the techniques for visualizing
such vectors is t-SNE embeddings (Van der Maaten & Hinton, 2008)

where each high-dimensional vector is projected into two-dimensional
space with the goal of preserving distances. We select feature im-
portance vectors from nine different forecasting algorithms obtained
with four different meta-models. Since we are repeating this 30 times,
we embed all 30 vectors for each combination of meta-model and
forecasting model. A few interesting observations can be made from
the Fig. 17, showing t-SNE embeddings with cosine metric. Even when
the meta-model is fixed, the embeddings calculated based on feature
importances can have pronounced differences. For example, comparing
feature importance embeddings calculated with the RF meta-model
for RNN and ARIMA forecasting algorithms, we can notice a large
difference in the dispersions of the embeddings, with embeddings for
RNN forecasting models being close together for all 30 splits of the
data, while ARIMA embeddings are more dispersed. It is also interesting
to note that when tree-based models are used, the embeddings are
much more closely grouped together compared to the neural network
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Fig. 17. t-SNE embedding of permutation feature importance values for different forecasting algorithms/meta-learning algorithms.

meta-model. When a neural network is used, the dispersion of embed-
dings is much larger with clusters of individual forecasting algorithms
overlapping.

5. General limitations

This section explains some of the limitations of the methodology
for exploring feature importance for predicting the performance of
forecasting methods.

The first limitation of the proposed methodology is the selection
of the forecasting algorithms. The M4 competition was conducted in
2020 and some of the forecasting methods that were developed later
outperform the forecasting methods proposed up to the end of the
competition. We limited the scope of the study to only methods that
were submitted during the competition. Some later methods that obtain
better performance do not report performance for every individual
time-series instance included in the competition. Evaluating all the
models after 2020 that claim to have improved performance on the
M4 dataset would involve constructing all the models together with
extensive hyperparameter tuning on models that we are not experts
on. For that reason, this study should not serve as an overview of
the forecasting models that are available, but as a way of determining
feature importance when selecting forecasting algorithms.

Additionally, some of the forecasting methods that were submitted
during the competition were trained on multiple time-series instances

(aggregated by data frequency). Such is also the case for the three
winning forecasting algorithms that first extract patterns from all time-
series instances and combine those patterns to forecast future points
for an unseen instance. Therefore, it is important to note that when we
split the time-series instances in train/test sets and use them to predict
performance, some of the forecasting algorithms already introduced
information from the test set. Although we realize that such algorithms
might bias the results, we still use them in the analysis.

There are numerous libraries for extracting time-series features that
could be used as features for a meta-model. We focused only on the
libraries that are able to generate features that are interpretable and
we, therefore, did not use deep learning-based feature representations
since a further analysis of comparing features would not be meaningful.
Focusing only on interpretable feature sets, we examined the following
possibilities that were most commonly used representations to the best
of our knowledge: hctsa, catch22, tsfeatures, feasts, Kats, tsfresh, and
TSFEL. We ruled out of consideration the hctsa feature set since the
features are extremely expensive to compute and require a Matlab
licence. In Henderson and Fulcher (2021) authors show that features
from catch22, feasts, Kats, tsfeatures, and TSFEL are generally correlated
with hctsa. We therefore selected catch22 as a subset of hctsa since the
features are obtained directly from hctsa and are cheaper to compute.
tsfresh was selected because it includes more features from Fourier
transform (i.e. real and imaginary parts, magnitudes, phase angles)
while other feature sets include only some summary statistics.

72 Chapter 3. Feature Construction for Time Series Analysis



Expert Systems With Applications 213 (2023) 119023

17

G. Petelin et al.

An additional limitation of the study is the selection of error metrics
such as sMAPE and MSE. Selecting what metric to use for reporting an
error introduces biases. The forecasting error metric was selected based
on the following criteria: (i) the sMAPE metric was used in the M4 com-
petition where we obtained performance data. There, the goal was to
minimize sMAPE and using another metric for which algorithms were
not trained/optimized for might introduce a substantial decrease in
performance and thus influence feature importance values, (ii) sMAPE
penalizes the relative errors and not the absolute differences which can
be large for certain time-series. A more detailed look at the limitations
of metrics can be found in Kolassa (2020). However, in future the
proposed methodology can be used for any performance metric used as
a target, and will further provide insights to the users which features
are important depending what is their goal (objective) they want to
achieve.

When interpreting feature importance values, one has to also be
aware of the limitations of existing methods. Methods that calculate
importance during model construction such as RF and XGBoost obtain
those features from train data and overfitting the models can distort fea-
ture importance values (Strobl, Boulesteix, Zeileis, & Hothorn, 2007).
Similar limitations are also present in model agnostic approaches where
correlations (Fryer, Strümke, & Nguyen, 2021; Kumar, Venkatasubra-
manian, Scheidegger, & Friedler, 2020) and model loss (König, Molnar,
Bischl, & Grosse-Wentrup, 2021) can have an impact on estimating
importance values.

It is also important to note that when calculating Shapley feature
importance, only the first 512 time-series instances from the test set
were used. This limitation is due to the high computational complexity
of SHAP. Similarly, while KNN-regressor appears as one of the meta-
models, it was not used for feature importance calculations due to its
slow inference time. Due to the time complexity needed to train the
meta-models, an exhaustive parameter search was not performed.

Performing this analysis was extremely costly and most of the
limitations and trade-offs are therefore related to the available com-
putational power.

6. Conclusion

In this paper, we apply the concept of meta-learning for predicting
the performance of time-series forecasting methods, accomplished by
training various machine-learning models using features describing
characteristics of each time series instance, extracted by the tsfresh and
catch22 libraries.

We conduct a comprehensive evaluation of the contribution of the
features in the meta-models’ predictive performance, using several fea-
ture importance methods. A few conclusions follow from the performed
analysis. Our results indicate that there are a lot of features that are
strongly linearly correlated, however, there is a large subset of tsfresh
features that are not correlated with any catch22 features, meaning that
catch22 features fail to capture some areas of the time-series landscape.
This is also evident from the fact that tsfresh features offer better
predictive performance compared to the catch22 features, regardless of
the meta-model that is being used, and the fact that there is a negligible
difference between the predictive performance obtained by fusing the
catch22 and tsfresh feature sets and the performance obtained using
only the tsfresh features. Looking at the features extracted from log
transformed and differenced time-series, we observe high correlations
between the features of the log transformed and the raw time series,
and lower correlations between the features of the differenced and the
raw time series. For catch22, fusing the features extracted from the
raw, differenced, and log transformed data has a large impact on the
predictive performance for all used meta-models, while this difference
is lower when using the tsfresh features. The analysis of the forecasting
algorithm performance revealed strong correlations between the algo-
rithms’ performance, meaning that if a single algorithm performs well

on a given time-series instance, it is likely that another algorithm will
also perform well.

We also find that model-specific features built during the models’
construction from the train set can substantially differ from other
approaches. The comparison of feature importance between different
meta-models using the same feature importance method shows that
tree-based models use different features compared to the neural net-
work model. This analysis also reveals that similar feature importance
rankings are obtained with SHAP and the permutation importance
when the same meta-model is used.

We show that assigning importance to the individual features is a
challenging task that depends on the selection of meta-model as well
as the method to calculate feature importance values. Regardless of
this, there are a few features that are consistently marked as high-
importance ones for predicting performance. Such features are for ex-
ample time-series median, standard deviation, length, autocorrelation
at different lags and skewness.

One should also note that feature importance values may vary
depending on the forecasting method for which performance is be-
ing predicted. Some methods assume that time-series have certain
properties such as stationarity and homoscedasticity and when those
properties are not met, forecasting performance accuracy can decrease.
Features that capture such properties can therefore be assigned high im-
portance for estimating the performance of some forecasting algorithms
while being uninformative for others.

The immediate future step for this research is to also include hy-
perparameters for forecasting algorithms and explore how hyperpa-
rameters affect the feature importance. A similar approach can also
be extended to multivariate time-series forecasting. Especially inter-
esting would also be applying a similar pipeline for predicting the
performance of time-series regression or classification algorithms and
assessing the similarity of the importance of features in these tasks,
compared to the forecasting algorithm performance prediction task.
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Table C.2
Forecasting algorithms, their type (Statistical, Machine Learning, Hybrid,
Combination) and the average sMAPE obtained in the competition.
Rank For. algo. sMAPE Type

0 118 0.114 Hybr.
1 072 0.117 Comb.
2 245 0.117 Comb.
3 069 0.118 Comb.
4 237 0.118 Comb.
5 036 0.119 Comb.
6 238 0.119 Comb.
7 260 0.120 Stat.
8 078 0.120 Comb.
9 039 0.121 Comb.
10 243 0.121 Comb.
11 005 0.121 Stat.
12 132 0.122 Comb.
13 251 0.122 Stat.
14 235 0.123 Stat.
15 Theta 0.123 Stat.
16 223 0.124 Comb.
17 227 0.125 Comb.
18 250 0.125 Comb.
19 239 0.125 Comb.
20 104 0.126 Comb.
21 231 0.126 Comb.
22 Com 0.126 Comb.
23 216 0.127 Comb.
24 Damped 0.127 Stat.
25 ARIMA 0.127 Stat.
26 ETS 0.127 Stat.
27 212 0.129 Comb.
28 211 0.129 ML
29 082 0.129 Stat.
30 236 0.131 Comb.
31 SES 0.131 Stat.
32 248 0.132 Comb.
33 030 0.133 Stat.
34 106 0.135 Stat.
35 Naive2 0.136 Stat.
36 009 0.136 Stat.
37 255 0.136 Stat.
38 252 0.136 Stat.
39 256 0.136 Stat.
40 024 0.138 Stat.
41 Holt 0.138 Stat.
42 234 0.138 Comb.
43 043 0.140 Comb.
44 Naive 0.142 Stat.
45 218 0.143 Stat.
46 169 0.144 Comb.
47 253 0.145 Stat.
48 sNaive 0.147 Stat.
49 241 0.149 Comb.
50 191 0.154 Comb.
51 249 0.159 Stat.
52 070 0.159 Comb.
53 126 0.165 Comb.
54 244 0.166 ML
55 091 0.185 ML
56 258 0.191 Stat.
57 219 0.196 ML
58 RNN 0.212 ML
59 MLP 0.217 ML
60 225 0.261 Stat.

Appendix A. Meta models

Random forest is a ensemble learning model (Ho, 1995) where
multiple simpler trees are built and predictions are made by combining
the predictions of individual trees. Trees are trained with bootstrap
aggregating also know as bagging (Breiman, 1996) where each indi-
vidual decision tree is trained on randomly sampled training data with
replacement. Such an approach means that a specific tree can learn on
a training set that contains one or more identical instances. Using such
a training procedure ensures that trees that are built are more diverse.

Neural networks are parametric models composed of a series of
interconnected units, i.e. neurons, each associated with a corresponding
weight. The mapping between the input and output data is learned
by iteratively adjusting the weights of each neuron through a process
referred to as backpropagation, which attempts to find the minimum
of the error function in the weight space using the method of gradient
descent (Rojas, 1996). Neural networks generally require larger quan-
tities of training data compared to traditional ML models, and are well
suited for modeling complex, non-linear relations between the input
and output data (Lancashire, Lemetre, & Ball, 2008; Tu, 1996).

The K-Nearest Neighbors Algorithm (KNN) is a non-parametric
algorithm which, in order to predict the value of a target variable for a
given instance, performs aggregation of the values of the target variable
of the K instances which are most similar to the new instance, based
on some similarity measure. The algorithm uses instance-based, lazy
learning, meaning that it is not trained to learn any weights, but instead
uses entire instances to predict the output and the entire computation
is performed at prediction time.

Extreme Gradient Boosting (XGBoost) (Chen et al., 2015) uses
a principle of combining multiple weak learners to obtain better pre-
dictions. It is essentially a decision-tree-based ensemble that uses a
gradient boosting framework (Friedman, Hastie, & Tibshirani, 2000)
and is designed to be extremely computationally efficient and scalable
for large amounts of data. XGBoost works especially well on tabular
data (Shwartz-Ziv & Armon, 2022)

Appendix B. Feature importance

Feature importance and feature selection are closely linked and are
one of the most studied topics in the field of ML. Selecting informative
features can drastically decrease the computational cost of training ML
models, improve models’ performance and even provide feedback to
the users on what features are important and what features are not
important or redundant.

Feature importance/selection methods can be divided into multiple
groups depending on the principle of how importance is determined.
One class of methods are filter feature importance methods where
feature importance is determined based on the various statistical tests
for their correlation with the predicted variable. Such methods are inde-
pendent of any ML model and are generally used as a prepossessing step
to remove uninformative features (Pearson’s Correlation, LDA, ANOVA,
Chi-Square). Feature importance/selection can also be determined with
so called wrapper methods (Forward Selection, Backward Elimination,
Recursive Elimination) model is trained and evaluated on a subset of
features. Features are then added or removed based on the performance
of the trained model. Our primary goal is not to select a subset of
features to determine the importance of all the used features. For that
reason we primarily focus on feature importance methods that can
either be obtained when model is already trained or that are calculated
during the model construction and are commonly known as embedded
feature importance approaches.

Permutation feature importance determines the importance of a
feature by observing the difference in the model’s prediction error when
values of the feature in question are randomly shuffled. The feature
is considered important if shuffling the values increases the model’s
error. This method can produce reliable results for features that are not
correlated or correlations between features are low. A problem arises
when the model being evaluated is trained on correlated features. In
this case, randomly shuffling only one feature might not produce the
correct importance of a feature, since the model will still have access to
the information present in the feature in question through its correlated
feature, resulting in a less pronounced change in performance, which
may not be indicative of the feature’s importance. Using correlated
features can decrease the importance of correlated features by splitting
the importance between them.
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Shapley value Additive feature importance methods use an expla-
nation model, which is an interpretable approximation of the original
model, to provide interpretability for complex models, such as ensem-
bles or deep neural networks, which may not be innately interpretable.
The explanation model is a linear function of binary variables indicat-
ing whether each feature is used in the model. The explanation model
then assigns an effect score to each feature, such that summing the
effects of all features approximates the output of the original model.

SHapley Additive exPlanation (SHAP) (Lundberg & Lee, 2017) val-
ues are a type of additive feature importance methods derived using
game theory, which satisfy the desirable properties of local accuracy,
missingness, and consistency. The feature scores are assigned based on
the change in the expected model prediction when conditioning on
that feature and explain how to get from the base value that would
be predicted if none of the features are known, to the current output
obtained for a particular observation.

Random forest The importance of a particular feature used by a
RF model can be determined by observing the decrease in the impurity
after splitting the data by the feature in question, in each internal
node in the trees. Since the RF model internally uses several trees, the
overall feature importance is computed by averaging its importance
over all trees, and normalizing the importance scores. One of the
drawbacks of this approach is that the importance scores are computed
on the training set and do not reflect the usefulness of the features to
the generalization of the model on the test set. High importance can
therefore be obtained for features that the model uses to overfit on
the training data. Furthermore, the approach tends to assign higher
importance to numerical features and categorical features with high
cardinality, and neglect the importance of correlated features.

XGBoost Similarly to random forest, feature importance can also
be obtained during the construction of XGboost model. (List options)
‘weight’: the number of times a feature is used to split the data across
all trees., ‘gain’: the average gain across all splits the feature is used
in., ‘cover’: the average coverage across all splits the feature is used
in., ‘total_gain’: the total gain across all splits the feature is used in,
‘total_cover’: the total coverage across all splits the feature is used in.

Appendix C. Forecasting algorithm type

Table C.2 show that types for all of the forecasting algorithms that
were submitted as a part of the M4 competition together with the
average performance of the algorithm.
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3.1.1 Discussion

This study explores the use of meta-learning to predict the performance of time series
forecasting algorithms, with a focus on explaining the importance of various time series
features. By leveraging feature extraction libraries such as tsfresh and catch22, and em-
ploying diverse machine learning models, we evaluated the impact of different features on
forecasting performance. Our results show that although some features are highly corre-
lated, the tsfresh features provide more comprehensive information compared to catch22,
resulting in better performance in forecasting algorithm predictions. Notably, features such
as the time series median, standard deviation, and autocorrelation consistently emerge as
important predictors across various meta-models. The main contribution of this work
is, therefore, an in-depth analysis of the features that are important for predicting the
performance of forecasting algorithms.

Moreover, hypothesis H3, defined as Meta-models for selecting time series forecasting
algorithms are able to be explained using feature scoring techniques, is confirmed. We
first build meta-models that outperform the proposed baseline meta-models in terms of
accuracy when predicting the performance of forecasting algorithms based on a specific
set of features. Once this is achieved, feature importance analysis is used to demonstrate
the influence of specific time series characteristics on algorithm performance prediction.
Additionally, we observe similar feature importance scores across different meta-models
and feature scoring techniques, highlighting the consistency of the identified important
features, which is a crucial step in confirming the hypothesis.
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3.2 Benchmarking the Robustness of Time Series Classifica-
tion Algorithms Against Common Distortions

When working with time series data, one of the common tasks is TSC. To achieve this,
multiple approaches exist, ranging from simpler distance-based methods to complex deep-
learning techniques. Due to the large variety of such approaches, selecting the most suitable
one is not always straightforward. While there are benchmarks that evaluate the accuracy
of TSC techniques, what is often even more relevant is their robustness to various naturally
occurring distortions and how these algorithms behave in the presence of such distortions.

This section evaluates existing TSC algorithms to analyze how they perform when
distortions are introduced during inference and how this impacts the accuracy of classifiers.
This study investigates hypothesis H4. We approach this by simulating the most frequent
types of distortions and empirically evaluating the robustness of different TSC algorithms.

We demonstrate that existing TSC algorithms exhibit significant variations in their ro-
bustness when exposed to distortions. While some state-of-the-art algorithms may perform
exceptionally well on undistorted data, their performance can deteriorate rapidly when en-
countering distortions. Moreover, algorithms with similar accuracy on undistorted data
can show vastly different levels of robustness when exposed to distortions. This finding
highlights that selecting a TSC algorithm cannot rely solely on accuracy benchmarks for
clean data but must also consider performance under realistic conditions where distor-
tions are present. This insight is crucial for practical applications, where robustness to
imperfections in the data is often just as important as, if not more important than, raw
accuracy.

3.2.1 Introduction

The domain of time series analysis, and more specifically time series classification (TSC),
has attracted considerable attention as vast amounts of temporal data are now being gath-
ered across multiple fields. Due to the sequential nature of time series data, it inherently
presents unique challenges for classification. Consequently, researchers have investigated
and assessed a variety of classification techniques (Middlehurst et al., 2023). With an in-
creasing number of TSC algorithms emerging, it becomes crucial to clearly delineate the
advantages and limitations of each method across different datasets and scenarios. This
comprehensive evaluation not only reveals which algorithms perform best under specific
conditions, but also uncovers areas where further improvements are necessary or where
certain approaches particularly excel.

In practical scenarios, TSC algorithms frequently face both anticipated and unfore-
seen distortions in the input data, such as noise introduction or missing values. These
distortions can result from issues like sensor inaccuracies (Q. Liu et al., 2015), system
glitches (Ribeiro & de Castro, 2021), or even deliberate data manipulation (Belkhouja &
Doppa, 2022; Ismail Fawaz et al., 2019a). Evaluating and understanding how these algo-
rithms cope with such challenges is critical for several reasons. Firstly, insights into their
responses can uncover new perspectives on current methodologies, which is valuable for
refining existing algorithms and developing novel approaches, as demonstrated in fields like
natural language processing (Chang et al., 2021), computer vision (Naseer et al., 2021),
time series analysis (Petelin et al., 2023), and optimization (Nomura et al., 2023). Sec-
ondly, this understanding is vital for constructing robust systems that depend on various
TSC algorithms (Wenninger et al., 2019). In real-world applications, practitioners might
need to balance performance with robustness—sometimes accepting a minor reduction in
performance to ensure the model remains resilient against data distortions. By examining
these interactions, we aim to highlight the robustness and sensitivity of TSC methods.
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In this study, we assess the robustness of TSC algorithms when faced with data distor-
tions. Our primary objective is to determine: How effectively do current TSC algorithms
handle various distortion types? We conduct an in-depth analysis of both accuracy and
resilience across a range of TSC methods using diverse datasets from the UCR reposi-
tory (Dau et al., 2018). Specifically, we examine how these algorithms perform under
different distortions—including noise, time/magnitude warping, and permutations—each
applied with escalating intensity. Our investigation serves two purposes: firstly, to ex-
plore how these distortions affect algorithm accuracy, and secondly, to quantify the rate
at which performance decreases with each distortion. By determining whether some al-
gorithms demonstrate superior robustness against particular distortions across multiple
datasets, our findings aim to provide valuable insights into their comparative performance.
Ultimately, answering this question can assist practitioners in making more informed al-
gorithm selections, reducing reliance on trial and error.
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Figure 3.1: Evaluation of the robustness of various time series classification algorithms to
different distortions. A trained TSC algorithm is evaluated on both a standard test set
and a version of the test set with added distortions to measure the reduction in accuracy
resulting from these distortions.

To evaluate how TSC algorithms withstand distortions, we adopt the methodology
depicted in Figure 3.1. Initially, the algorithms are trained on an undistorted training
set. Subsequently, a designated distortion is introduced into the test set, and the already-
trained TSC model is employed to classify the altered data. This process enables us to
determine the reduction in classification accuracy attributable to the distortion, thereby
pinpointing the threshold at which performance starts to decrease and quantifying the
extent of this drop. While recent studies have predominantly examined the robustness of
TSC algorithms to adversarial attacks (Ismail Fawaz et al., 2019a; Karim et al., 2020), the
degradation in performance due to general data distortions and interferences has received
comparatively little attention. This research seeks to address that gap by assessing how
TSC algorithms perform when exposed to common data distortions and perturbations.

Our contribution: We offer an extensive study of TSC algorithms, providing a fresh
perspective on their resilience to a variety of time series distortions. We assess a range of al-
gorithms across 128 UCR datasets to uncover performance correlations on clean data. Fol-
lowing this, we examine the impact of specific distortions on selected algorithms. In doing
so, we identify notable patterns in robustness; algorithms that are typically seen as high-
performing often show reduced robustness compared to their simpler counterparts. More-
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over, we reveal that algorithms exhibit different sensitivities to local distortions—those
affecting only a small segment, like noise—and to global distortions, such as permutations
that alter the overall structure of the time series. These findings underscore the need to
consider the unique characteristics of both the data and the distortions when evaluating
the effectiveness of TSC algorithms, highlighting that an algorithm’s superiority is largely
dependent on the expected properties of the dataset it is applied.

Outline: This study is organized as follows: Section 3.2.2 describes the existing ap-
proaches to perform algorithm classification. In Section 3.2.3, we introduce the method-
ology for evaluating the existing TSC algorithms, followed by the results in Section 3.2.4
and the discussion in Section 3.2.5. Finally, in Section 3.2.6 we conclude our work and
propose future research directions.

3.2.2 Related Work

In this section, we first present a review of time series classification algorithms and asso-
ciated techniques, followed by an overview of techniques and methodologies exploring the
robustness of machine learning algorithms in various domains.

3.2.2.1 Time Series Classification Algorithms

In the field of TSC, researchers have investigated a wide range of methods to address the
unique challenges that come with temporal data. The transition from traditional machine
learning techniques (Fulcher & Jones, 2014) to advanced deep learning models (Bagnall
et al., 2017; Middlehurst et al., 2023) emphasizes the growing importance of understanding
the strengths and limitations of these diverse approaches. Although many algorithms exist
for classifying time series data, they can generally be organized into a few broad categories,
as discussed in studies like (Faouzi, 2022) and (Gupta et al., 2020).

Nearest-neighbor methods (Bagnall & Lines, 2014) serve as one of the cornerstones
of TSC. These approaches classify a time series by measuring its similarity to previously
observed examples, relying on a similarity metric that quantifies how close data points
are. Various metrics have been proposed, each yielding different levels of success (Abanda
et al., 2019). Shapelet-based TSC algorithms (Hills et al., 2014; Li et al., 2020) represent
another key category. They work by extracting shapelets—subsequences that are highly
indicative of a particular class (Ye & Keogh, 2009)—and then comparing these shapelets
to segments within a time series to determine similarity, effectively basing classification
on the presence or absence of these distinctive patterns. Dictionary-based methods take
a different approach by converting time series data into sequences of symbols. These
algorithms extract words using a sliding window technique and count the frequency of
each word against a predefined dictionary, classifying the series based on the distribution
of these symbolic representations (Large et al., 2019). Deep learning-based TSC algorithms,
perhaps the most rapidly evolving group, employ neural networks to automatically learn
feature representations directly from raw data, thereby eliminating the need for manual
feature engineering. A detailed overview of recent advances in this area can be found
in (Ismail Fawaz et al., 2019b). In addition to these groups, there are algorithms that
do not neatly fit into any single category. For instance, ensemble approaches (Bagnall
et al., 2012; Bai et al., 2021; Ismail Fawaz et al., 2019c) combine multiple individual
algorithms—sometimes drawing from several of the above categories—with the HIVE-
COTE family of algorithms (Lines et al., 2018; Middlehurst et al., 2021) being a notable
example.
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3.2.2.2 Robustness of Machine Learning Algorithms Across Different Do-
mains

The robustness of machine learning algorithms in handling various distortions and pertur-
bations in data has emerged as a key area of research across many fields (Tocchetti et al.,
2022). A robust algorithm is characterized by its ability to deliver accurate predictions
while effectively managing outliers, perturbations, and shifts in data distribution without a
significant drop in performance. This quality is essential for ensuring consistency and reli-
ability in practical applications, particularly in critical sectors such as healthcare (Qayyum
et al., 2020), finance (Zeng & Yan, 2008), and security (Yu et al., 2022), where data vari-
ability and unpredictability are common. Nonetheless, it is important to note that there
is often a trade-off between robustness and accuracy, as algorithms engineered for greater
robustness may sometimes sacrifice precision (Tsipras et al., 2018).

Various techniques can improve the robustness of machine learning algorithms under
diverse conditions. For instance, adversarial training incorporates adversarial examples to
defend against attacks (Goodfellow et al., 2014), while data augmentation (Cubuk et al.,
2019) enlarges the training set with modified samples to boost generalization. Regulariza-
tion helps prevent overfitting, enhancing resistance to input variations (Ying, 2019), and
ensemble methods combine multiple models to reduce individual errors (Dietterich, 2000).
These strategies are also widely used in TSC (Alemany & Pissinou, 2020; Ding et al., 2023;
Iglesias et al., 2023; Wen et al., 2020), collectively contributing to more robust and effective
systems.

Although such techniques are crucial for enhancing the robustness and generalizability
of ML algorithms, it is important to understand their limitations. Expertise is often re-
quired to determine when to apply specific techniques and when not to, as indiscriminate
application can lead to adverse effects. Consequently, practitioners often face challenges
in choosing the appropriate ML algorithm and deciding how to modify data or fine-tune
models to improve performance and robustness. Additionally, when building models, the
techniques’ relevance depends on the context of the specific ML algorithm used. For in-
stance, in the domain of time series classification, certain augmentations are only applicable
in specific cases (Batista et al., 2014).

Robustness to distortions has been widely studied across various domains, providing
insights into algorithm performance and guiding practitioners’ expectations. In computer
vision, for instance, studies such as (Kamann & Rother, 2021) have examined how deep
neural networks cope with common corruptions like blur, noise, contrast, and compression,
with extensions to tasks such as segmentation (Kamann & Rother, 2021) and spatiotem-
poral modeling (Yi et al., 2021). Additionally, works like (Geirhos et al., 2018; Naseer
et al., 2021) reveal that convolutional neural networks often show a stronger texture bias
than transformers. In natural language processing, research has explored model perfor-
mance under simple distortions—such as added, dropped, paraphrased, or swapped words,
and typographical errors (Belinkov & Bisk, 2017; Jia et al., 2019; Pruthi et al., 2019)—as
well as under more complex adversarial attacks (Zhang et al., 2020). These investigations
collectively enhance our understanding of how modeling techniques respond to various
distortions.

Unfortunately, in the domain of TSC, the area of robustness has received relatively
little attention. Some works have investigated the behavior of features and their invari-
ance (Grabocka, 2016; Schäfer, 2015). Additionally, multiple works have investigated the
robustness of TSC algorithms to adversarial attacks (Abdu-Aguye et al., 2020; Ding et
al., 2023; Ismail Fawaz et al., 2019a). However, to the best of our knowledge, there has
been almost no exploration of robustness for TSC algorithms to commonly encountered
distortions that occur in real-world applications and are not the product of adversarial
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attacks.

3.2.3 Methodology

In the introduction, we outline the primary research question: How robust are TSC algo-
rithms to common distortions? Additionally, we explore performance similarities among
TSC algorithms across the UCR dataset. To investigate these issues, we present the
methodological approach illustrated in Figure 3.1:

1. Divide the data into train and test sets.

2. Train TSC algorithms on the train set as is without applying any of the distortions
before model construction.

3. Apply a single distortion (such as adding noise or spikes) to the test set and then
use the pre-trained TSC method to perform classification.

4. Investigate the decrease in accuracy that results from applying distortions.

This methodology allows us, for each dataset and TSC algorithm, to accurately measure
the effect of distortions on performance, identifying the threshold at which accuracy begins
to decline. By analyzing how various algorithms respond to these transformations, we gain
deeper insights into their robustness and adaptability. Applied to all TSC algorithms in
Section 3.2.3.3, this approach evaluates performance across all 128 datasets from the UCR
repository.

For completeness, we also examine the performance of TSC algorithms on undistorted
time series, demonstrating how they perform when trained and tested on data from the
same distribution. Note that the comparison of various algorithms has been extensively
explored in previous studies (Bagnall et al., 2017; Ismail Fawaz et al., 2019b; Middle-
hurst et al., 2023), which offer a comprehensive overview of state-of-the-art TSC methods.
Our focus here is on identifying correlations between the performances of different TSC
algorithms, as this can reveal underlying similarities among them.

3.2.3.1 Distortion

This section outlines the time series distortions examined in our study. Although the
literature documents a wide range of distortions, we concentrated on those most com-
monly applied in practice. We selected these distortions primarily because they frequently
occur in real-world TSC applications (Fishburn et al., 2019; Örnhag et al., 2022). For a
more comprehensive list of potential distortions, augmentations, and transformations, refer
to (Iwana & Uchida, 2021a; Wen et al., 2020). In our research, we evaluated the following
distortions, as illustrated in Figure 3.2:

Jitter: The original time series is augmented by introducing random noise drawn from
a Gaussian distribution with a mean of 0 and standard deviation σ, as described in (Iwana
& Uchida, 2021b; Um et al., 2017). This type of perturbation often appears in practical
domains, including digital signal processing (Vasilescu, 2005), exoplanet detection (Shallue
& Vanderburg, 2018), and financial modeling (B. Liu & Cheng, 2024).

Random walk: A random walk-based time series is generated by drawing step sizes
from a Gaussian distribution with standard deviation σ. This random walk is subsequently
combined with the original time series, resulting in a distorted version. Analogous to
jitter, this distortion frequently arises in practical scenarios, such as sensor data exhibiting
drift (Örnhag et al., 2022; Wu et al., 2020), financial price modeling (Adhikari & Agrawal,
2014), and biomedical signal analysis (Shah & Seghouane, 2014).
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Figure 3.2: A single time series from the BME dataset in the UCR archive is depicted. In the
left column, the original, undistorted time series is displayed. The middle column shows
the time series with a moderate level of distortion added, while the right column presents
the time series with a higher magnitude of distortions.

Shift: The time series is randomly shifted at multiple points, each shift corresponding
to the standard deviation computed from the original time series, and repeated n times.
Such distortion commonly arises in biomedical applications (Perpetuini et al., 2021), par-
ticularly with EEG and fNIRS technologies (Hossain et al., 2022), where motion-induced
artifacts alter the signals. Similar distortions can also be observed as sudden shifts in
financial markets driven by unexpected events (Au Yeung et al., 2020), or in reliability
analysis (Martínez-Arellano et al., 2019), where equipment degradation causes abrupt sig-
nal changes.

Spike: Similar to shifting, the original time series is modified by introducing spikes at
random positions. Each spike has a magnitude equal to three times the standard deviation
of the original time series and lasts exactly one timestamp. The total number of spikes is
denoted by n. This form of distortion closely resembles shifts and is therefore prevalent in
similar contexts.

Window slicing: The fundamental idea behind slicing involves enhancing the dataset
by removing time steps from the edges of the pattern. In our context, a single parameter,
denoted as α (0 < α < 1), governs the proportion of the time series that is trimmed. When
α is set to 0.5, half of the time series (from beginning, end, or both) is removed, whereas
an α of 1 preserves the original time series without any alterations. Window slicing often
occurs either as a preprocessing step, where long time series are split into shorter ones and
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processed individually, or in early time series classification (Faouzi, 2022), where the full
window is not always known. In both cases, the discriminative features of a time series
might not be fully visible to the model, making classification more challenging.

Scale: This distortion multiplies an entire time series by a constant c. When c = 1,
the series remains unchanged; c = −1 flips it; and c = 0 reduces it to zeros, removing all
information. Although time series are typically rescaled before classification, this distor-
tion is used to assess how TSC techniques handle improperly scaled data. It commonly
occurs in practice, such as in human activity recognition due to orientation variability or
device misalignment (Gil-Martín et al., 2023; Golestani & Moghaddam, 2020), and in ECG
systems because of electrode-skin impedance variability (Showkat et al., 2023).

Constant: This distortion shifts a time series by adding a constant value to every
point. In our study, a distortion of magnitude σ means a random scalar—sampled from
a normal distribution with mean zero and standard deviation σ—is added to the series.
For instance, with σ = 5, each series is shifted by a random value drawn from a nor-
mal distribution with a standard deviation of 5. Although constant drift is common in
applications like fNIRS-related tasks (Hossain et al., 2022) (and such series are usually
normalized to have zero mean), we include this distortion to assess the TSC algorithm’s
ability to mitigate its effects.

Permutations: This distortion reorders segments within a time series to create a
new pattern. In our approach, the series is divided into n equal-sized segments that are
then rearranged, with the rule that a segment cannot return to its original position. This
transformation, as proposed in (Um et al., 2017), simulates errors common in IoT data
transmission (Moore et al., 2020; Shukla et al., 2023) and tests how TSC methods cope
when the global structure of the time series is disrupted.

Quantization: This distortion rounds each value in the time series from a continuous
range to a discrete set. In our scenario, values are divided into n distinct buckets based
on the time series’ minimum and maximum. This process is particularly relevant when
transmitting or storing large volumes of data, as commonly encountered in IoT applica-
tions (Chiarot & Silvestri, 2023; de Oliveira et al., 2023).

Data Loss: This distortion randomly removes points from a time series. Prior to
classification, missing segments are imputed using the method outlined in Section 3.2.3.4.
The proportion of dropped values is represented by α, where 0 ≤ α ≤ 1. Data loss
commonly occurs during data collection (Silva et al., 2012), transmission (Velasco-Gallego
& Lazakis, 2020), or due to sensor failures (H. M. Ahmed et al., 2022).

Magnitude Warp: This distortion, as proposed in (Um et al., 2017), alters the
magnitude of time series by introducing small variations that randomly increase or decrease
sections. We use an implementation from (Iwana & Uchida, 2021a) where each time series
is scaled by a curve generated using cubic spline interpolation with 6 fixed knots and a
variable distortion magnitude σ. This distortion is common in sensor data due to factors
such as aging and temperature fluctuations (Anik et al., 2021; Teh et al., 2020), and in
electrophysiological data analysis (Al-Ayyad et al., 2023), where variability arises from
differences in equipment and individual physiological states.

Time Warp: This distortion modifies the temporal dimension of a time series. We use
the implementation from (Iwana & Uchida, 2021a) with 6 knots and a temporal distortion
magnitude σ. Time warping commonly occurs in human activity recognition, as people
perform actions at different speeds (Lara & Labrador, 2012), in manufacturing processes
where machinery speeds vary (Pittino et al., 2020), and in speech recognition due to varied
speaking tempos (Sood & Jain, 2021).

Smoothing: This operation smooths a time series by convolving it with a kernel
of length k, where each element is 1/k. Padding is applied using the edge values to
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facilitate convolution. A larger k results in greater smoothing. While this distortion is
rare and primarily used to benchmark TSC algorithms, it can occur in scenarios such
as mechanical (Angolkar et al., 1992) and hardware component degradation (Albarbar &
Teay, 2017).

It is important to note that not every distortion is applicable to all datasets. For ex-
ample, in an accelerometer dataset for human activity classification, such as the CricketX
dataset, distortions like jittering or random walk may occur due to sensor drift and noise
variations, as well as differences in sensor orientation (which could lead to a flipped time
series). In contrast, flipping the time series of a spectrograph is unlikely in real-world sce-
narios since it could result in invalid data. Moreover, some distortions like flipping might
change the class of the time series, meaning a flipped instance could belong to a differ-
ent class. Despite these considerations, we have applied each distortion across all UCR
datasets to comprehensively assess their impact.

3.2.3.2 Datasets

Historically, TSC algorithms were often assessed on a single—or even an artificially gener-
ated—dataset to showcase their capabilities. To overcome this limitation, the University of
California, Riverside introduced the UCR time series classification repository (Dau et al.,
2018), now containing 128 diverse datasets with varying numbers of classes and time series
lengths. However, comparing classification accuracies across these datasets is challenging
due to differences in class counts and inherent difficulty levels, where some datasets allow
near-perfect accuracy while others pose significant challenges.

3.2.3.3 Time Series Classification Algorithms

This section briefly describes the selected algorithms used in our research. We curated a
diverse subset of TSC methods based on their mechanisms (feature-based, deep-learning-
based, and distance-based), classification accuracy, training speed, community prevalence,
and code availability. The algorithms are as follows:

hivecotev2 (Middlehurst et al., 2021): An ensemble TSC algorithm that integrates
classifiers like shapelet and dictionary methods via a hierarchical voting mechanism. It
improves computational efficiency for larger datasets and is widely regarded as one of the
top TSC methods.

rocket (Dempster et al., 2020): This method transforms time series using numer-
ous random 1D convolutional kernels that capture features such as shape, frequency, and
variance, then trains a classifier on the transformed features.

drcif (Middlehurst et al., 2021): A component of the hivecotev2 framework that ex-
tends the CIF algorithm by representing randomly selected intervals with catch22 features
and employing an ensemble of decision trees for classification.

inception (Ismail Fawaz et al., 2020): Utilizes stacked inception modules with convo-
lutional layers of varying filter sizes and residual connections to capture temporal features
at multiple scales while mitigating the vanishing gradient problem.

tsfresh (Christ et al., 2018): Automatically extracts a broad range of hand-crafted
features (e.g., statistical measures, autocorrelations) from time series data and uses a
random forest for classification.

weasel (Schäfer & Leser, 2017): Converts time series into a bag-of-patterns representa-
tion by extracting sub-sequences from overlapping windows and counting their occurrences
to form fixed-length feature vectors for classification.

tsforest (Deng et al., 2013): An ensemble of decision trees that builds each tree from
random time series segments, extracting features like mean, variance, and slope, with final
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predictions determined by majority voting.
catch22 (Lubba et al., 2019): Provides 22 selected features that capture key time

series dynamics (e.g., autocorrelation, distribution). Like rocket and tsfresh, it requires
a separate classifier—in our case, a random forest—to perform classification.

eknn (Abanda et al., 2019): A distance-based method that uses the Euclidean version
of the 1-NN algorithm to classify time series by comparing them based on a chosen distance
metric, offering a faster alternative to methods like DTW.

cnn (B. Zhao et al., 2017): Applies convolutional layers to capture local dependencies
and pooling layers to reduce dimensionality, followed by fully connected layers for classifi-
cation. This approach was among the first CNN-based TSC methods and has evolved into
more advanced architectures like inception.

baseline: A simple model that always predicts the majority class, serving as a reference
point for evaluating other algorithms.

3.2.3.4 Preprocessing Steps

We apply a standard scaler (z-score normalization) by subtracting the mean and dividing
by the standard deviation to achieve a zero mean and unit variance (Bhanja & Das, 2018).
Since many UCR datasets contain gaps, we use linear interpolation (DeLang et al., 2022)
to impute missing values, estimating them via a straight-line trend between neighboring
points.

3.2.3.5 Statistical Comparison

Various techniques exist for comparing classifiers across multiple datasets (Demšar, 2006;
Garcia & Herrera, 2008). In our work, we adopt an approach similar to that in (Is-
mail Fawaz et al., 2019b; Middlehurst et al., 2023). We use the critical difference di-
agram (Demšar, 2006) to visualize average ranks, grouping classifiers into cliques that
indicate no statistically significant differences. Pairwise Wilcoxon signed-rank tests are
performed, and cliques are formed using the Holm correction for multiple comparisons (Be-
navoli et al., 2016).

3.2.3.6 Measuring Robustness to Distortions

To evaluate how much a time series can be altered before a TSC algorithm’s performance
begins to decline, we introduce the Distortion Error (DE) metric, as described in Eq 3.1. A
concept akin to DE has been explored in computer vision to assess the effects of distortions,
as highlighted in (Hendrycks & Dietterich, 2019). The primary difference in our approach
is the comprehensive evaluation of multiple TSC algorithms across diverse datasets. Since
raw classification accuracies cannot be directly compared across datasets, it is essential to
design a metric that accounts for inherent variations in baseline accuracies. To achieve
this, we normalize classification accuracies in the computation of DE, ensuring that the
best-performing TSC algorithm on the original, undistorted dataset attains a DE score of
1, while a baseline classifier that always predicts the majority class is assigned a score of
0. The scores of all other classifiers are then scaled within this range. The DE is formally
defined as follows:

DEa,l =

∑
d∈D DEa,l,d

|D|
(3.1)

DEa,l,d =
CAa,l,d − CAbaseline,l,d

maxa∈ACAa,clean,d − CAbaseline,clean,d + ϵ
(3.2)
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CAa,l,d =

∑
r∈RCAa,l,r,d

|R|
(3.3)

The variable a represents a specific TSC algorithm from the set of all algorithms A for
which the DE is computed. The variable l denotes the severity level of a given distortion,
while r corresponds to an independent execution of an algorithm from the set of runs
R. Additionally, d represents a dataset from the collection D on which the method was
applied. The classification accuracy of algorithm a on dataset d under distortion level
l, with a particular initialization seed r, is denoted as CAa,l,r,d. These accuracy values
are then averaged to obtain CAa,l,d, which represents the mean classification accuracy of
an algorithm on a given dataset under the specified distortion. Finally, these values are
aggregated into DEc,l to quantify the reduction in accuracy for a specific distortion level.
It is important to note that, for certain datasets, some algorithms fail to outperform the
baseline even on the original, undistorted data. To prevent division by zero in such cases,
a small constant ϵ of 0.01 is added to the denominator.

3.2.4 Results

Here, we present the results from our analysis, which are divided into the following sec-
tions. We start with the experimental setup in 3.2.4.1 and algorithm comparison in 3.2.4.2,
followed by sections that investigate the robustness in 3.2.4.3.

3.2.4.1 Experimental Setup

This section outlines our experimental setup and TSC algorithm configurations. Un-
less noted otherwise, all algorithms used their default sktime settings. Due to the high
computational cost of retraining, we avoided extensive hyperparameter tuning, although
for resource-intensive algorithms—especially those processing long or numerous time se-
ries—we adjusted hyperparameters to reduce computational load. Table 3.1 lists the key
hyperparameters, and all reported classification accuracies are averaged over ten indepen-
dent runs.

To conduct the experiments we used the following libraries: scikit-learn (Pedregosa
et al., 2011), sktime (Löning et al., 2019), aeon (Middlehurst, Ismail-Fawaz, et al., 2024),
TensorFlow (Abadi et al., 2015) and PyTorch (Paszke et al., 2019). The experiments were
conducted on a machine running the Ubuntu operating system, powered by an Intel(R)
Xeon(R) CPU E5-2680 v3 @ 2.50GHz and equipped with 1 TB of RAM. The associated
code is accessible at repository https://gitlab.com/gapi.petelin/ts-rep.

3.2.4.2 TSC Algorithm Comparison

In Section 3.2.3.3, several commonly used TSC algorithms are introduced. Before as-
sessing their robustness, it is essential to first examine how these algorithms compare in
terms of accuracy and their relative rankings on the UCR datasets. Figure 3.3 illustrates
the average rankings of TSC algorithms across all datasets in the UCR repository, with
additional horizontal bars highlighting statistically significant differences. Notably, there
are considerable ranking differences among certain algorithms. Using the predefined hy-
perparameters, hivecotev2 achieves the highest ranking with an average rank of 2.49,
significantly outperforming all other algorithms. This is followed by the rocket classifier,
which holds a rank of 2.96. Other strong performers include drcif and inception. On
the other hand, feature-based and distance-based algorithms, along with cnn, rank lower
in terms of performance. As expected, the majority class classifier performs the worst,

https://gitlab.com/gapi.petelin/ts-rep
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Table 3.1: The main hyperparameters of TSC algorithms used in our study.

Model Hyperparamater Value

hivecotev2
time_limit_in_minutes 10
n_jobs 10

rocket num_kernels 10000

drcif n_estimators 200

inception
n_filters 32
depth 6

tsfresh (+rf)
default_fc_parameters efficient
n_estimators 100

weasel
window_inc 2
alphabet_size 2
anova True

tsforest
min_interval 3
n_estimators 200

catch22 (+rf)
replace_nans true
n_estimators 100

eknn
n_neighbors 1
distance euclidean

cnn
kernel_size 7
n_conv_layers 2

baseline strategy prior

1234567891011

10.7480baseline
8.7165cnn
8.6378eknn
7.3661catch22
6.2323tsforest
5.6575weasel

5.4291tsfresh
4.1693inception
3.5945drcif
2.9606rocket
2.4882hivecotev2

Accuracy

Figure 3.3: Critical difference diagram shows the average ranks of TSC algorithms em-
ployed in this study.

with an average rank of 10.74. These results align with the findings of (Middlehurst et
al., 2023), where both hivecotev2 and rocket were identified as top-performing classi-
fiers. However, it is important to note that the TSC algorithms examined in this study
were used with default hyperparameters rather than optimized settings. This decision was
made due to the high computational cost of tuning certain TSC algorithms. It is worth
emphasizing that hyperparameter tuning, particularly dataset-specific optimization, can
further enhance classification performance.
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Figure 3.4: Spearman correlation among TSC algorithms based on classification accuracies
obtained on UCR datasets.

Comparisons of TSC algorithms can also be conducted based on their performance
across UCR datasets. Each method in TSC is represented as a vector of 128 values,
capturing the classification accuracy of a given algorithm on a particular dataset. Figure 3.4
presents the Spearman correlation among TSC algorithms across all datasets. Notably,
strong correlations exist between certain algorithms. Specifically, when two algorithms
exhibit similar rankings, they tend to have a high Spearman correlation, suggesting that
they might utilize a common underlying technique for classification. From the figure,
it is evident that rocket and hivecotev2 exhibit the highest correlation, which aligns
with their relatively close rankings (see Figure 3.3). Interestingly, despite catch22 and
tsforest having comparable rankings, their correlation is notably weaker. This highlights
that algorithms with similar average performance can still differ in terms of which datasets
they excel or struggle with—an important aspect to consider when developing algorithm
selection meta-models.

Lastly, Figure 3.5 demonstrates the use of Spearman correlation to examine relation-
ships between datasets. Each dataset is represented by a vector of classification accuracies
obtained from the previously mentioned TSC algorithms. While the limited number of
algorithms constrains the robustness of this analysis, certain trends remain apparent. In
the performance space, clusters of datasets emerge, suggesting a strong degree of similarity
among some datasets, as previously explored in (Eftimov et al., 2022). Based on algorithm
performance, datasets such as MiddlePhalanxOutlineAgeGroup, Herring, PigCVP, and
others form a distinct group, while additional datasets cluster in a similar manner. No-
tably, some datasets, such as Earthquakes, exhibit no correlation with any other dataset.
This highlights that no single algorithm can be universally considered the best across all
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Figure 3.5: Spearman correlation among UCR datasets based on classification accuracies
from various TSC algorithms.

datasets, as algorithm rankings fluctuate significantly depending on the dataset in question.

3.2.4.3 Robustness Comparison

Here, we explore how robust various TSC algorithms are when subjected to different trans-
formations. Initially, each TSC algorithm is trained on an undistorted dataset from the
UCR archive. After training, the algorithm is evaluated on test data exposed to progres-
sively severe distortions. The aim is to identify the threshold of transformation intensity
at which the algorithm’s performance starts to decline significantly. Given the impracti-
cality of presenting detailed performance results for each algorithm-dataset pair across all
possible distortions, we have concentrated our analysis on the most relevant and intriguing
combinations, reporting only aggregated performance metrics.

3.2.4.3.1 Jitter Let us initially consider the simplest and arguably most prevalent
distortion, where random noise is introduced into the data. Figure 3.6 demonstrates the
classification accuracy of various classifiers as the amount of white noise added to the
test data increases. Each line represents an individual UCR dataset, and each subplot
corresponds to a different TSC algorithm. Several observations become apparent. Al-
though TSC algorithms differ in terms of performance, they also exhibit varying levels of
robustness against noise. To illustrate, consider the dataset TwoLeadECG. As anticipated,
increasing jitter levels lead to decreased accuracy across all models; however, the extent of
performance degradation differs among the TSC algorithms. For the majority of these al-
gorithms, a significant accuracy drop happens between jitter levels σ of 0.01 and 1.0. Even
by examining only a select few datasets, notable differences in robustness to jitter among
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chosen algorithms emerge. For example, the inception model shows strong performance
at lower jitter levels but rapidly declines when noise increases, eventually performing worse
than simpler methods such as eknn. Moreover, the speed at which accuracy decreases under
increasing jitter varies between the algorithms. Specifically, on the TwoLeadECG dataset,
performance degradation with the weasel algorithm is relatively swift, whereas the cnn
algorithm experiences a more gradual decline.
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Figure 3.6: Comparative visualization of classification accuracies for various TSC algo-
rithms under increasing jitter levels. Each subplot represents a specific TSC method, and
each line within illustrates classification accuracy for a single dataset.

Figure 3.6 provides comprehensive information about the classification accuracy of each
TSC algorithm on various datasets at different levels of jitter. However, a more effective
approach for comparing algorithms involves evaluating their relative ranks, similar to the
method employed in Section 3.2.4.2, but specifically focusing on varying jitter intensities.
Figure 3.7 (top) depicts this comparative analysis, illustrating how TSC algorithms perform
across different jitter levels. One particularly surprising result is the varying sensitivity of
the methods to jitter. Specifically, hivecotev2, despite being the highest-ranked algorithm,
experiences a relatively sharp decrease in performance as jitter increases. This outcome is
unexpected, especially considering that hivecotev2 is a meta-model composed of multiple
algorithms, typically presumed to offer robustness against jitter. On the other hand,
tsforest and eknn exhibit an interesting performance pattern: they rank poorly under
conditions of little or no jitter but outperform most other algorithms when exposed to
higher levels of jitter.

Another perspective on the observed patterns involves examining the Distortion Error
(DE), as defined in Section 3.2.3.6 and illustrated in Figure 3.7 (bottom). This measure
reflects the relative decline in accuracy for each algorithm across all datasets in the UCR
archive. In this visualization, a DE value of 1.0 indicates that a particular algorithm con-
sistently outperforms all others across datasets, whereas a value of 0.0 signifies performance
comparable to that of the majority class baseline. When averaged over all datasets, no-
ticeable variations emerge regarding jitter sensitivity. For instance, the weasel algorithm
demonstrates relatively low robustness, experiencing a rapid deterioration in accuracy once
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Figure 3.7: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of jitter distortion applied.

the jitter magnitude exceeds 0.01. Interestingly, while eknn does not lead in classification
accuracy, it emerges as the most robust method, tolerating relatively high jitter levels (up
to σ = 1.0) before showing significant performance degradation.

3.2.4.3.2 Random Walk Next, we examine how robust TSC algorithms are to dis-
tortions introduced by adding random walks to the time series. Figure 3.8 illustrates the
ranks and DE values for various TSC methods as the intensity of random walk distortions
increases. Although certain differences in robustness among TSC algorithms can be ob-
served, these differences are generally less significant compared to the scenario involving
added noise. Here, the ranks of most methods remain relatively consistent, converging
toward the baseline as random walk levels range between 1.0 and 10.0. Notably, two al-
gorithms deviate from this trend. The eknn classifier performs slightly better than others
in terms of ranking at higher random walk levels, whereas the inception algorithm shows
a noticeable decline in performance already at distortion levels around 0.1. Therefore,
we conclude that variations in drift robustness among different algorithms are relatively
minor.

3.2.4.3.3 Shift/Spike Here, we examine two distortions: introducing spikes into the
time series and applying shifting distortions. Initially, we evaluate the robustness of TSC
algorithms to the addition of spikes. Figure 3.9 illustrates the DE values and ranks of
individual TSC algorithms when spikes are introduced into the time series. We immediately
observe significant sensitivity across all algorithms to spike distortions. Typically, even the
addition of a single spike causes a performance drop of up to 20%. Consistent with earlier
observations, the tsforest and eknn algorithms again demonstrate the highest robustness
against spike-induced distortions. The DE plot indicates that the least robust method,
weasel, approaches baseline-level performance after approximately 20 to 50 spikes, whereas
eknn continues to outperform the baseline even when subjected to more than 100 spikes.

Next, we evaluate the impact of shift distortion, as illustrated in Figure 3.10. Here, the
drcif and hivecotev2 algorithms exhibit the highest robustness, clearly outperforming
other methods across all distortion levels. Conversely, cnn and inception rank among the
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Figure 3.8: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of random walk distortion applied.
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Figure 3.9: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of spike distortion applied.

least robust algorithms, rapidly deteriorating in performance as measured by ranks and
DE scores. At a distortion level of ten shifts, both cnn and inception fail to surpass the
baseline performance, whereas drcif maintains approximately half of its original accuracy.
Additionally, the response of the eknn classifier is noteworthy; while it demonstrates strong
robustness against spike distortions, it is significantly less resilient to shifts. This discrep-
ancy arises from the nature of the distortions: spikes affect only local values, whereas shifts
alter the overall global structure of the time series. Thus, although spikes and shifts may
initially appear conceptually similar, algorithms can respond very differently to these two
types of distortions.
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Figure 3.10: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of shift distortion applied.

3.2.4.3.4 Quantization/Data Loss Quantization and data loss represent two forms
of distortion commonly encountered in signal transmission. Here, we first address quanti-
zation, a process where values are discretized into several distinct levels. In the extreme
scenario, values are represented using only two levels (1-bit quantization), whereas in the
optimal case, they can be represented by 64 levels (6-bit quantization). Starting with the
scenario involving 64 quantization levels, it is clear from Figure 3.11 that higher quanti-
zation levels minimally disrupt the structure of the time series. At 6-bit quantization, the
ranks of TSC algorithms closely match their performance without quantization. However,
the effects of quantization become increasingly evident as fewer levels are utilized. At
4-bit quantization, a noticeable decline in performance emerges for all algorithms. With
two and three-bit quantization, most algorithms still perform marginally better than the
baseline. Among these, eknn demonstrates the greatest robustness, followed closely by
tsforest and hivecotev2. Conversely, weasel proves to be the least robust, experiencing
the steepest decline in accuracy under increased quantization. In summary, quantization
levels below four bits significantly deteriorate algorithm performance, though performance
losses become progressively less pronounced as the quantization precision increases.

Regarding data loss distortion, random values are removed from a time series and subse-
quently imputed using the preprocessing approach described in Section 3.2.3.4. Naturally,
data loss and subsequent imputation introduce errors, thereby complicating classification
tasks. Figure 3.12 displays the ranks and DE values for various TSC algorithms under
different levels of data loss. The results show that up to approximately 50% data loss, the
impact on classification accuracy is relatively modest and similar across all algorithms. No-
table exceptions, indicated by their DE scores, include inception, catch22, and weasel,
which experience slightly faster performance declines. However, as data loss surpasses 50%,
the performance of all classifiers deteriorates quickly. Notably, hivecotev2 demonstrates
the highest robustness against data loss up to around 90%, whereas tsforest is the most
resilient algorithm under even more severe data loss conditions. These findings highlight
that moderate data loss generally allows most TSC algorithms to maintain adequate perfor-
mance, but once data loss exceeds approximately 70%, performance degradation becomes
pronounced, with varying levels of robustness observed among different algorithms.



3.2. Benchmarking the Robustness of TSC Algorithms Against Common Distortions 95

2

4

6

8

10

Ra
nk

0 10 20 30 40 50 60
Distortion Intensity n

0.0

0.2

0.4

0.6

0.8

DE

baseline
catch22

cnn
drcif

eknn
hivecotev2

inception
rocket

tsforest
tsfresh

weasel

Figure 3.11: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of quantization distortion applied.
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Figure 3.12: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of data loss distortion applied.

3.2.4.3.5 Permutation Permutation distortion involves segmenting a time series into
equally sized portions and randomly rearranging these segments, disrupting the global
structure. Figures 3.13 illustrate the rankings of various TSC algorithms and their corre-
sponding DE values when subjected to such permutations. Without permutation, hivecotev2
emerges as the best-performing algorithm, as anticipated. However, upon permuting the
time series, most algorithms exhibit a considerable decline in accuracy, although this de-
crease varies among methods. For instance, after just one permutation, algorithms like
tsforest, eknn, and cnn fall below the baseline, highlighting their sensitivity to global
structural disruptions. Conversely, other algorithms, such as inception, hivecotev2, and
various feature-based classifiers, display greater robustness, maintaining better accuracy
even as the number of permuted segments increases. Although permutation still signif-



96 Chapter 3. Feature Construction for Time Series Analysis

icantly impacts performance, these methods consistently outperform the baseline. The
varying robustness among algorithms is attributable to their inherent design characteris-
tics. Algorithms such as eknn consider the entire time series as indivisible units, making
them particularly susceptible to global structural changes. On the other hand, methods like
weasel segment the time series into smaller intervals before classification, thus partially
insulating them from permutation effects. Feature-based approaches similarly maintain ro-
bustness since permutations typically affect only specific subsets of features, leaving others
intact for accurate classification.
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Figure 3.13: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of permutation distortion applied.

3.2.4.3.6 Magnitude/Time Warp Here, we investigate how robustness of TCS algo-
rithms is affected by time and magnitude warping. Figure 3.14 shows algorithm rankings
and corresponding DE scores when magnitude distortions are introduced to a time series.
Clearly, even though algorithms differ slightly in robustness to magnitude warping, all
methods demonstrate a similar reduction in accuracy when magnitude distortions occur.
In particular, with magnitude distortions around σ = 1.0, each algorithm’s performance
approximately halves compared to the baseline. The only notable deviation from this
trend is the weasel algorithm, which improves in rank from approximately 6 without
distortion to around 4 under magnitude warping. For larger magnitudes of distortion,
algorithm performances generally converge toward the baseline. Furthermore, the relative
rankings of algorithms remain largely consistent across various distortion magnitudes, in-
dicating that no single method significantly outperforms or underperforms others in terms
of robustness.

Figure 3.15 presents the ranks of algorithms and their associated DE scores at various
levels of time warping. The examined TSC algorithms display relatively limited differences
in sensitivity to these distortions. All methods uniformly show a significant and rapid drop
in performance as the magnitude of time warping increases. The algorithm rankings re-
main largely unchanged across all distortion intensities. Notably, the algorithms most
sensitive to distortion, namely cnn and eknn, reach baseline performance earlier as distor-
tions become more pronounced. Overall, although all algorithms are negatively impacted
by both magnitude and time-warping distortions, hivecotev2 maintains superior perfor-
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Figure 3.14: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of magnitude warp distortion applied.

mance across all tested distortion levels, despite experiencing accuracy reductions when
distortions are introduced.
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Figure 3.15: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of time warp distortion applied.

3.2.4.3.7 Smoothing Moving average smoothing consists of convolving a time series
with a filter of specific size k. Figure 3.16 demonstrates how different TSC algorithms
respond in terms of robustness to smoothing distortions. Unsurprisingly, all algorithms
exhibit reduced performance due to smoothing effects on time series data. Although al-
gorithm rankings shift, these changes are less pronounced compared to other distortion
types. The feature-based method catch22 is particularly vulnerable to smoothing, experi-
encing a reduction in classification accuracy of over 50% with a smoothing filter size of 10.
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Conversely, methods such as eknn, tsforest, and hivecotev2 display stronger robustness,
maintaining significantly better performance than the baseline, even with relatively large
smoothing filters (filter size k > 30). This finding highlights that certain algorithms can
still effectively classify data despite the loss of high-frequency information resulting from
smoothing.
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Figure 3.16: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of smoothing distortion applied.

3.2.4.3.8 Window Slice Window slicing is a simple distortion technique involving the
removal of values from the edges of a time series. This distortion frequently occurs during
preprocessing steps, where long time series are segmented into multiple shorter series,
and cuts may be selected arbitrarily. Figure 3.17 illustrates algorithm ranks and their
respective DE scores as an increasing proportion of edge values are discarded. Here, cnn
and eknn demonstrate the lowest robustness, with their classification accuracy dropping
close to baseline performance after approximately 30% of edge values are removed. In
contrast, hivecotev2 and inception exhibit the greatest robustness to this distortion,
consistently outperforming the baseline method at all tested distortion levels. Moreover,
these algorithms maintain superior DE scores compared to the baseline, even when up
to 60% of edge information is removed. This indicates that certain methods retain the
capability to accurately identify patterns and classify series despite the loss of boundary
information due to improper segmentation.

3.2.4.3.9 Scaling/Constant Here, we examine transformations of time series data
through scaling and addition of constants. It is essential to highlight that these trans-
formations—adjusting the scale or shifting the series—are somewhat different from other
types of distortions. Usually, issues arising from incorrect scaling or shifting of time series
are resolved during preprocessing before classification. Additionally, certain TSC algo-
rithms inherently address such adjustments by dividing a series into segments, individually
scaling these segments, and then using them for further analysis. In these cases, prelimi-
nary scaling or shifting becomes unnecessary since the classifier internally manages these
processes. The test set time series undergo initial scaling as described in Section 3.2.3.4
and are subsequently deliberately rescaled or shifted by a particular scalar. While this
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Figure 3.17: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of window slice distortion applied.

scenario might not be typical in real-world applications, it provides valuable insights into
how widely used TSC algorithms perform when confronted with improperly scaled time
series. Despite the common practice of scaling time series prior to classification, we assess
classifier performance by deliberately introducing incorrectly scaled series.

Initially, we explore the impact of shifting individual time series by adding constants.
These constants are randomly sampled from a normal distribution with zero mean and a
specified standard deviation, σ. Figure 3.18 presents the algorithm ranks and associated
DE scores as a function of the magnitude of the constants added. The findings indicate
that not all algorithms are robust against constant addition; indeed, most experience a
reduction in accuracy. Only eknn, hivecotev2, and rocket maintain stable performance
despite this distortion. Among algorithms negatively affected, weasel, inception, and cnn
show the least robustness. These results emphasize the significance of proper normalization
of time series data, as introducing constants of larger magnitudes substantially impairs the
performance of many algorithms. Although preprocessing generally addresses such issues,
assessing the sensitivity of various implementations to improperly normalized data remains
beneficial, given that many algorithms still exhibit decreased accuracy under this form of
distortion.

The next distortion we investigate involves scaling time series data. Figure 3.19 illus-
trates the ranks and corresponding DE scores for algorithms under various scaling condi-
tions. It is evident that most TSC algorithms evaluated in our study are sensitive to incon-
sistent scaling. Specifically, algorithms like catch22, drcif, tsfresh, cnn, tsforest, and
inception demonstrate significant reductions in accuracy when scaled with positive scalars
different from those used during training. Conversely, the implementations of hivecotev2,
rocket, weasel, and eknn exhibit robustness against scaling changes. An intriguing sce-
nario occurs when using negative scalars, effectively flipping the time series. With a scalar
of zero, individual time series lose all information, leading to poor classification performance
across all algorithms. However, the most surprising observation arises when the scalar is
set to negative one, causing the series to flip. In this scenario, drcif and catch22 perform
best, closely followed by tsfresh, while other algorithms perform similarly to or slightly
better than the baseline. This finding is notable since the top-performing methods utilize
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Figure 3.18: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of constant distortion applied.

handcrafted features either directly or internally. Although we do not explicitly examine
the reason behind the robustness of feature-based methods to flipped series, one plausible
explanation is that certain features within catch22 and tsfresh might be invariant to
flipping. This could clarify why feature-based methods surpass the baseline despite the
observed accuracy decrease, given that not all features would inherently remain invariant
to this type of distortion.
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Figure 3.19: Ranks of TSC algorithms (top) and their DE scores (bottom) with varying
levels of scale distortion applied.

3.2.5 Perspective

Fully understanding why a particular algorithm exhibits greater robustness than another
is beyond the scope of this research, as it would necessitate a detailed analysis of each algo-
rithm’s individual components—an inherently complex task, especially with deep learning
methods and ensemble models. Nevertheless, we can still draw general conclusions re-
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garding algorithm robustness. Although certain robustness characteristics might already
be recognized within the research community, the primary contribution of this study is
to quantify precisely how various distortions impact accuracy. Our findings align with
previous research on adversarial robustness, which typically did not emphasize naturally
occurring distortions common in real-world sensor data. By specifically addressing these
real-world distortions, our study expands existing literature, highlighting the fact that
even state-of-the-art algorithms can exhibit reduced performance under non-adversarial,
naturally occurring conditions.

Feature-based methods, such as catch22 and tsfresh, operate by extracting hand-
crafted features from time series data. Because these methods comprise numerous diverse
features, they generally demonstrate robustness to distortions affecting only a subset of
features, leaving most unaffected or minimally altered. Examples of distortions to which
these approaches are robust include permuting a series, flipping it (scaling by −1), or
adding constants. Their resilience primarily stems from the invariance or minimal sensi-
tivity of certain features to these changes. For example, the count_above_mean feature,
which counts values above the mean, remains unaffected by adding a constant or permuting
the series. If classifiers heavily rely on such robust features, distortions that modify the se-
ries without significantly affecting these specific features result in only slight reductions in
performance. In practice, some features naturally exhibit greater robustness than others.
During training, a classifier may learn to rely on features that are either robust or sensitive
to particular distortions. During inference, classifiers use a mixture of distortion-sensitive
and distortion-robust features, causing overall accuracy to decrease based on the propor-
tion and importance of these features. Nevertheless, the catch22 and tsfresh feature
sets become less robust when faced with more extensive distortions affecting numerous
features. A related but somewhat distinct method is drcif, which internally leverages
handcrafted features for classification. Under several distortion conditions, drcif consis-
tently outperforms both catch22 and tsfresh, indicating that extracting features from
subsets of the time series for classification purposes can enhance both performance and
robustness. This advantage is particularly noticeable when significant distortions occur
at only a few points within the series, such as spikes or abrupt shifts. Additionally, an
advantage of handcrafted features is that some possess invariance, or partial invariance,
to specific transformations (e.g., incorrect scaling or flipping), a property not commonly
found in automatically derived features.

We next consider the weasel algorithm, which, similar to catch22 and tsfresh, con-
structs features from time series data. Although weasel automatically generates features
rather than relying on predefined handcrafted ones, its behavior under distortions closely
mirrors that of catch22 and tsfresh. The primary distinction is evident in its response to
scaling and flipping distortions. Given the automatic generation of features, it’s unlikely for
weasel to develop features specifically invariant to flipping a series, resulting in decreased
robustness under such conditions. Conversely, when a series is scaled by a positive factor,
weasel maintains performance stability, which contrasts with catch22 and tsfresh, both
of which are sensitive to scaling by positive factors.

The distance-based eknn algorithm stands out as one of the most robust among all eval-
uated algorithms, particularly when handling larger distortions. It demonstrates strong
robustness against the addition of jitter, random walk distortions, spikes, quantization,
missing data, smoothing, and constant value shifts. However, the algorithm struggles with
distortions that alter the global structure of a time series, such as shifts, permutations,
warping, and flipping. In this case, understanding why certain distortions significantly
reduce performance is relatively straightforward: distortions that change the global struc-
ture of the time series degrade performance substantially, whereas those that modify only
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the local structure, such as noise, have a smaller impact on accuracy. While noise in-
creases the Euclidean distance between the distorted and original time series, the overall
shape and order of the series remain largely consistent, preserving the pattern used for
comparison. In contrast, global distortions are more disruptive because Euclidean distance
is highly sensitive to the alignment of corresponding time points. Even small distortions
can cause significant misalignment, leading to a large increase in Euclidean distance and a
corresponding decrease in algorithm performance.

The rocket algorithm deserves special consideration regarding robustness. Although
generally robust, certain scenarios highlight its vulnerability. Specifically, two primary
cases emerge: (i) when numerous minor distortions, such as added noise, collectively mod-
ify the kernel activation values slightly, their aggregate effect—particularly through the
proportion-of-positive-values function—may sufficiently alter the distribution to trigger
misclassification; and (ii) when substantial distortions, like the introduction of spikes, sig-
nificantly shift the distribution for a few activations, affecting classification accuracy. De-
spite its relative robustness, these vulnerabilities suggest sensitivity under conditions where
distortions alter kernel activations either cumulatively in small amounts or significantly in
isolated cases.

Comparing neural network-based algorithms, such as cnn and inception, poses chal-
lenges due to significant architectural differences. Furthermore, neural networks often
operate as black boxes, complicating interpretations of classification decisions. The cnn
method is among the earliest convolutional algorithms applied to time series data but lacks
many contemporary enhancements implemented in inception. Given the relatively weaker
performance of cnn, we primarily examine inception. Generally, inception demonstrates
strong performance compared to other approaches but is notably sensitive to severe dis-
tortions. The reasons for this sensitivity likely relate to input preprocessing practices
for neural networks. Correct scaling and normalization are essential for optimal perfor-
mance, and distortions significantly deviating from the training data distribution—such as
spikes or substantial jitter—can introduce previously unseen values, causing error propa-
gation through network layers and resulting in reduced accuracy. Moreover, both cnn and
inception struggle when distortions include added constants, scaling, or flipping, as these
transformations substantially alter the underlying structure of the time series beyond what
convolutional filters alone can effectively address. These results underscore the importance
of data augmentation during neural network training to ensure the network learns more
generalizable features by encountering diverse inputs. Surprisingly, inception displays ro-
bustness against permutation distortions, an unexpected outcome given its convolutional
structure.

Finally, we examine hivecotev2 alongside two related algorithms, drcif and tsforest,
as their robustness patterns exhibit similarities. Notably, drcif constitutes one compo-
nent of hivecotev2, whereas tsforest was initially developed as an independent classifier
before becoming part of hivecotev2’s predecessor. Typically, drcif serves primarily to
evaluate individual component behaviors within hivecotev2, and it is not commonly em-
ployed independently. Given the complexity and multi-component nature of hivecotev2,
pinpointing the exact reasons behind its robustness to certain distortions is challenging.
Hence, analyzing and understanding the robustness of its individual components becomes
a practical alternative. Although hivecotev2 typically achieves the highest performance
under undistorted conditions, it is not consistently the most robust under all distortions.
All three methods share comparable robustness profiles, yet drcif and tsforest generally
lag behind hivecotev2. An exception occurs when evaluating flipped time series, where
both drcif and tsforest outperform hivecotev2. This observation suggests that en-
semble methods generally provide greater robustness than individual algorithms, although
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specific distortions, such as time series flipping, can yield greater robustness from single-
component methods due to inherent invariances within those components.

3.2.6 Conclusion

This study evaluated the robustness of time series classification algorithms under various
common distortions, providing insights into their performance in real-world scenarios. Un-
derstanding these aspects is crucial for several reasons. Primarily, it aids in gaining deeper
insights into existing time series classification algorithms and developing improved ones.
Additionally, it assists practitioners in real-world situations by simplifying the decision-
making process regarding selecting the most suitable algorithm and augmentation tech-
niques when distortions are anticipated.

To quantify performance degradation across different algorithms, the study introduces
the Distortion Error metric, which captures the effect of distortions on classification accu-
racy. This metric normalizes results across multiple datasets, facilitating equitable com-
parisons and offering insights into the anticipated performance decline in the presence of
distortions. Additionally, we assess robustness by ranking the algorithms, ensuring that our
comparisons are both dependable and reflective of modern as well as traditional evaluation
benchmarks.

Our findings reveal notable variability in the robustness of time series classification al-
gorithms. Performance shifted significantly with increasing levels of distortion, highlight-
ing the inherent limitations of certain TSC methods. While state-of-the-art approaches
excelled on clean data, they did not always retain their advantage under distorted condi-
tions. In contrast, simpler algorithms frequently exhibited stronger robustness, at times
outperforming those traditionally viewed as the best. The study also uncovered distinct
patterns in how different algorithms react to various distortions.

Overall, our research offers valuable insights into the resilience of time series classifica-
tion algorithms, equipping both practitioners and researchers with a deeper understanding
of their performance in practical, real-world scenarios. By examining the strengths and lim-
itations of various methods when confronted with common distortions, our findings lay the
groundwork for developing more adaptable and robust classification frameworks tailored
to a range of time series applications. This enhanced understanding ultimately enables
practitioners to make more informed, context-specific decisions when selecting algorithms.

3.2.7 Discussion

This study investigates the robustness of existing time series classification algorithms and
their responses to distortions of varying magnitudes. It provides detailed robustness pro-
files for multiple TSC algorithms, evaluated across a wide range of distortion types. The
findings reveal significant differences in robustness between algorithms, with older, simpler
methods often outperforming state-of-the-art approaches under certain distortion scenar-
ios. Furthermore, the robustness of these algorithms is shown to depend heavily on the
underlying principles driving their design. Understanding these behaviors is crucial, as
it enables practitioners to select the most appropriate algorithm for specific applications,
ensuring better performance and reliability in real-world scenarios. The main scientific con-
tribution is the additional insight that can guide researchers in refining existing approaches
and developing new methods that are inherently more robust to diverse distortions, thereby
advancing the field of time series classification.

With this, we confirm the hypothesis H4, By simulating the most frequent types of
distortions, it is possible to empirically evaluate the robustness of different time series clas-
sification algorithms in terms of their classification accuracy in the presence of various
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data distortions. We demonstrate that it is indeed true that existing algorithms exhibit
varying robustness patterns when encountering distortions. For some distortions, simpler
models that typically achieve lower classification accuracy may be considered more robust
than more complex state-of-the-art models, which can suffer a rapid decline in accuracy.
Additionally, we observe substantial differences in sensitivity to global distortions (e.g., per-
mutations) versus local distortions (e.g., added noise), where a model might be extremely
sensitive to one distortion but not to others.
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Chapter 4

Conclusions

The main focus of this thesis is the exploration of feature construction techniques in time
series analysis and single-objective continuous black-box optimization. For single-objective
optimization, we propose two novel representations for constructing features tailored to
such problems. In the domain of time series analysis, our emphasis lies on the explainability
of feature construction approaches for algorithm selection and enhancing the robustness of
classification methods when faced with distortions.

The first feature construction technique is based on topological data analysis, a set
of techniques designed to extract features that capture the topological structures of point
clouds, such as the presence of holes across different scales. These structures are primarily
identified through the distances between samples, making the features invariant to rota-
tions and translations. As a result, tools from topology are particularly well-suited for
feature construction in the single-objective optimization domain. We adapt this technique
to single-objective optimization functions and demonstrate that the proposed features ef-
fectively differentiate between COCO problem instances. Furthermore, we show that these
features can predict high-level properties of previously unknown functions. Lastly, we ex-
plore the use of topological features for algorithm selection, revealing that the proposed
features significantly outperform baselines when new problems share some similarities with
the problems used to train the meta-model. However, performance decreases when new
problems are substantially different.

The proposed topological approach is followed by a method where features are con-
structed using random functions. Random functions have proven successful in other do-
mains for extracting meaningful features, with their main advantage being the flexibil-
ity for users to define how feature extraction functions are created. These functions are
then applied to generate feature representations. Similar to the topological approach,
we demonstrate that this method can extract features capable of differentiating between
COCO problem instances. Additionally, we show that the proposed randomness-based
filters can effectively detect high-level properties of objective functions. Lastly, we employ
the extracted features for algorithm selection, reaching conclusions similar to those with
topological features: the proposed random function-based features are effective for algo-
rithm selection when new objective functions do not differ significantly from the training
data.

Exploring new feature construction techniques for optimization problems is essential for
several reasons. Firstly, new features can uncover information about objective functions
that existing approaches fail to capture. Secondly, these new perspectives on objective
functions can aid in designing more representative benchmarks. Lastly, the ultimate goal
of feature construction is to enhance our understanding and effectiveness in solving opti-
mization problems.
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In time series analysis, we approach feature construction with a focus on explainability
and robustness. We begin by examining the use of time series meta-features to predict the
performance of various forecasting algorithms, emphasizing the importance of transparency
in algorithm selection techniques. Our work demonstrates that existing feature construc-
tion methods can accurately predict forecasting algorithm performance on new time series,
significantly outperforming baseline models. We highlight key features that play a critical
role in predicting algorithm performance and show a strong agreement between different
algorithm selection models and explainability techniques in identifying the most relevant
features.

We explore the robustness of feature representations and the effects of distortions on
classification accuracy. We evaluate existing time series classification algorithms to as-
sess their performance when encountering naturally occurring distortions of varying mag-
nitudes. Detailed robustness profiles are provided for multiple classification algorithms,
covering a wide range of distortion types. Our findings reveal significant differences in
robustness between algorithms, with older, simpler methods often outperforming state-of-
the-art approaches under certain distortion scenarios. The robustness of these algorithms
is shown to depend heavily on the design principles underlying their development. These
insights can assist practitioners in selecting the most appropriate classification algorithms
and contribute to the development of new algorithms by highlighting where current meth-
ods fail, enabling the creation of more robust solutions.

In the time series domain, we approach feature construction from the perspectives of
robustness and explainability. The main scientific contributions are as follows. For time
series forecasting, we demonstrate that explainability techniques can make the algorithm
selection process more transparent, offering significant benefits by uncovering patterns
that explain why certain forecasting algorithms are more suitable than others. Addition-
ally, we investigate the robustness of feature representation techniques and examine how
distortions impact downstream tasks. These insights enhance our understanding of feature
construction methods, helping to identify when one technique is more appropriate than
another.

4.1 Related Hypotheses and Contributions

In this thesis, we explore hypotheses primarily related to constructing representations in
the domains of time series analysis and single-objective continuous optimization. The
hypotheses addressed in this thesis are as follows:

H1a: Using insights from topological data analysis, it is possible to construct rotation and
translation invariant features that differentiate between single-objective optimization
problems and capture their high-level properties.

H1b: Performance of predictive models for optimization algorithm selection based on such
topological features is comparable to the performance of models based on existing ex-
ploratory landscape analysis features.

H2a: Features based on randomly initialized filters calculated using distances between op-
timization problem samples are able to differentiate between distinct single-objective
optimization problems and capture their high-level properties.

H2b: Performance of predictive models for optimization algorithm selection based on such
features is comparable to the performance of models based on existing exploratory
landscape analysis features.
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H3: Meta-models for selecting time series forecasting algorithms are able to be explained
using feature scoring techniques.

H4: By simulating the most frequent types of distortions, it is possible to empirically eval-
uate the robustness of different time series classification algorithms in terms of their
classification accuracy in the presence of various data distortions.

The thesis focuses on feature engineering and representation learning in both time
series analysis and single-objective continuous optimization domains. We develop novel
methodologies for feature construction and evaluate existing ones for various tasks. Each
scientific contribution is closely related to the proposed hypotheses. The main scientific
contributions of this thesis are as follows:

SC1: We propose a novel feature extraction approach based on topological data analy-
sis for constructing representations of single-objective continuous optimization func-
tions (Petelin et al., 2024). By capturing the intrinsic structural properties of the
optimization landscapes, the proposed topological approach provides a compact yet
informative characterization of problems. These representations enable us to perform
various tasks, including problem differentiation and high-level property prediction.
In the context of problem differentiation, also referred to as problem classification, we
show that topological features substantially outperform the baseline and are almost
on par with existing state-of-the-art approaches. In terms of capturing high-level
properties of objective functions, we demonstrate that topological features are able to
detect high-level function properties such as multimodality and global/funnel struc-
ture better than the proposed baseline, although they are still somewhat less powerful
than some of the existing state-of-the-art approaches. As the proposed methods in
both cases outperform the baseline, hypothesis H1a is confirmed. Building on that,
hypothesis H1b concerns the use of the proposed topological features for algorithm
selection. We show that in scenarios where objective functions do not differ substan-
tially, the proposed features can be used to recommend the most suitable algorithm,
but fall behind in terms of accuracy compared to the state-of-the-art approaches.
However, when the problems in the training and test sets differ significantly, the
topological features are not effective for algorithm selection, as performance is on
par with the baseline, thus leading to the rejection of hypothesis H1b. Although
not captured in the hypotheses, the proposed topological features also exhibit addi-
tional desirable properties, such as rotational and translational invariance. The main
contribution to science is, therefore, a set of newly proposed features that capture
topological properties and can be used for various downstream tasks in optimization.

SC2: The proposed research introduces a novel feature extraction approach based on ran-
domly initialized functions for constructing representations of single-objective con-
tinuous optimization functions (Petelin & Cenikj, 2024b). To evaluate the informa-
tiveness of the proposed approach, two hypotheses are considered. Hypothesis H2a
concerns the use of the proposed feature extraction technique for problem differen-
tiation and high-level property prediction. For both tasks, the proposed approach
substantially outperforms the baseline and, in some cases, is comparable to state-of-
the-art methods. We therefore conclude that hypothesis H2a is confirmed. However,
we reject hypothesis H2b, as our results show that the proposed approach performs
worse than state-of-the-art methods when the training and test sets are similar, and
achieves only baseline-level performance on completely unseen objective functions.
An additional scientific contribution, not fully captured by the proposed hypothe-
ses, is that the extracted features provide complementary information to existing
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representations, thereby enhancing performance in these tasks. These features are
therefore an important contribution, as they have shown potential for use in various
tasks within the domain of optimization.

SC3: We integrate explainability techniques into the forecasting algorithm selection pipeline
to enhance transparency in decision-making and to identify the most influential time
series properties affecting algorithm performance (Petelin et al., 2023), as stated in
hypothesis H3. We first train performance-predicting meta-models that map time
series features to the performance of forecasting algorithms on the same time series.
The trained meta-models substantially outperform the baseline, indicating that they
are indeed capable of identifying the most suitable forecasting algorithms based on
the time series characteristics. Following that, we demonstrate that incorporating
explainability into a forecasting algorithm selection meta-modeling pipeline provides
deeper insights into the decision-making process and highlights the most relevant
time series properties. Furthermore, the thesis shows that important features are
consistently identified, regardless of the explainability method or the algorithm se-
lection model used. The main scientific contribution related to hypothesis H3 is
thus a better understanding of how meta-models make decisions based on time series
features.

SC4: As part of hypothesis H4, the thesis investigates the impact of naturally occur-
ring distortions on feature extraction and downstream classification performance. It
examines how classifier performance degrades in the presence of distortions, demon-
strating that models with similar accuracy on undistorted data can exhibit signifi-
cantly different levels of robustness. For certain types of distortions, state-of-the-art
models may underperform compared to simpler models in terms of classification
accuracy, confirming the hypothesis that models indeed exhibit varying levels of
robustness to distortions. Additionally, the thesis provides explanations for the un-
derlying factors contributing to these differences in classifier robustness. The main
contribution to science is the identification of which specific time-series classification
algorithms are more sensitive to particular distortions, as this may help practitioners
select the most appropriate models to use.

4.2 Future Work

While previous chapters already cover some aspects of future work for the presented ap-
proaches, here we summarize and provide a broader overview of future work and open
challenges.

For feature construction in continuous black-box optimization, the major challenges
are related to the generalization of features and the efficient computation of those fea-
tures. By feature generalization, we refer to the ability of features to better capture the
underlying properties of the optimization function so that they perform well in a leave-
problem-out algorithm selection setting. This is not the case with any existing feature
set, including the ones proposed in this thesis. As such, the primary challenge remains
the construction of features that can generalize effectively. Another significant challenge
is the computational efficiency of the proposed approaches, which may require substantial
computational resources, especially for high-dimensional problems. While some potential
directions have already been discussed in the respective papers, two key avenues for re-
ducing computational cost include improved parallelization and the use of approximate
algorithms wherever possible, particularly in the case of topological approaches.
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In the second part of the thesis, we primarily explore constructed representations in
the domain of time series, specifically how these representations can be used in forecasting
algorithm selection and classification tasks. Future work in this area includes the construc-
tion of more comprehensive feature sets that are better suited to predict the performance
of forecasting algorithms, the training of meta-models on larger and more diverse datasets,
and the mitigation of computational costs associated with the computation of features used
for meta-learning. In terms of robustness, future work should focus on the explainability
of representations, understanding why some are more robust than others, and the devel-
opment of methods that yield features potentially invariant to specific transformations.
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