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Abstract

The work presented in this thesis deals with the yet unrealized potential of gradient-based
algorithms in the fields of computer science other than deep learning. Immense advances
in deep learning have revealed the power of both automatic differentiation and gradient
descent for solving large-scale optimization problems in a scalable and computationally
efficient way. However, its use is still extremely limited due to the lack of methodologies to
bring general optimization problems on a similar footing to that of deep learning, as well
as due to a belief that deep learning problems are somehow special and that the methods
employed there do not transfer well to other problems in computer science that include
optimization. In this thesis, we challenge this belief by demonstrating the usefulness of
gradient-based algorithms on a diverse set of real-world problems from machine learning
and large-scale optimization. One of the goals of this thesis is to show the universality and
usefulness of gradient-based algorithms even in the fields where it is not clearly obvious
how to apply them. To this aim, we have set out to focus on cases where the applicability
and efficiency of gradient-based algorithms seem especially surprising, such as discrete
optimization, clustering, and problems that include simulations.

In this thesis, we develop methodological frameworks for applying gradient-based algo-
rithms in machine learning and large-scale optimization by adapting (transforming) those
problems to a form where generic gradient-based algorithms can be freely applied. These
problem adaptations include developing viable ways to handle constraints, transforming
problems by using a more suitable encoding, and rewriting problems to a form that allows
gradient calculation (even for simulations and discrete problems). With the aim of com-
prehensibility, we tackle problems in all three branches of machine learning (supervised,
unsupervised, and reinforcement learning) and both discrete and continuous large-scale
optimization. We conclude the thesis with one of the open topics in gradient-based opti-
mization, adaptive parameter control of gradient descent. We propose a novel, algorithm-
agnostic approach to adapt gradient descent parameters in an online fashion.
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Povzetek

V disertaciji predstavljeno delo se ukvarja s Se nerealiziranim potencialom gradientnih
algoritmov na podro¢jih ra¢unalnistva izven globokega uc¢enja. Ogromen napredek na po-
droc¢ju globokega ucenja je razkril zmogljivost tako metode avtomatskega odvajanja kot
gradientnega spusta za reSevanje optimizacijskih problemov velikih dimenzij na skalabilen
in racunsko uc¢inkovit nac¢in. Vendar je njuna uporaba Se vedno zelo omejena zaradi po-
manjkanja metodologij, s katerimi bi lahko splosne optimizacijske probleme prilagodili do
oblike, znane iz globokega ucenja, kot tudi zaradi prepri¢anja, da so problemi globokega
uCenja na nek nacin posebni in da se metode, ki se pri njih uporabljajo, ne prenasajo
dobro na druge probleme v ra¢unalnistvu, ki vklju¢ujejo optimizacijo. V tej disertaciji
izpodbijamo to prepri¢anje s prikazom uporabnosti gradientnih algoritmov na raznolikem
naboru realnih problemov iz strojnega ucenja in optimizacije velikih dimenzij. Eden od
ciljev te disertacije je pokazati univerzalnost in uporabnost gradientnih algoritmov tudi
na podro¢jih, na katerih ni oditno, na kakSen nacin jih uporabiti. V ta namen smo se
osredotocili na primere, kjer se uporabnost in ucinkovitost gradientnih algoritmov zdita
Se posebej presenetljivi, kot so diskretna optimizacija, gruc¢enje in problemi, ki vkljuc¢ujejo
simulacije.

V tem delu razvijamo metodoloske okvire za uporabo gradientnih algoritmov v stroj-
nem ucenju in optimizaciji velikih dimenzij na nacin, da prilagodimo (transformiramo)
te probleme v obliko, v kateri je mogoce prosto uporabiti splosne gradientne algoritme.
Te prilagoditve problemov vkljucujejo razvoj izvedljivih nac¢inov za obravnavanje omeji-
tev, preoblikovanje problemov z uporabo primernejsih nacinov kodiranja in prepisovanje
problemov v obliko, ki omogo¢a izra¢un gradienta (tudi pri simulacijah in diskretnih pro-
blemih). V Zelji po izérpnosti smo se spopadli s problemi iz vseh treh vej strojnega ucenja
(nadzorovano, nenadzorovano in spodbujevano ucenje) ter v diskretni in zvezni optimiza-
ciji velikih dimenzij. Disertacijo zaklju¢imo z eno od odprtih tem v gradientni optimiza-
ciji, in sicer kontroli parametrov gradientnega spusta. Tu predlagamo novo, algoritemsko
agnosti¢no metodo za prilagajanje parametrov gradientnega spusta na sproten nacin, med
optimizacijo.
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Chapter 1

Introduction

Gradient-based optimization has recently become an important research topic thanks to
the triumph of deep learning. In the last decade, deep learning brought immense advances
in the field of artificial intelligence. Examples include image classification [1], speech recog-
nition [2], image caption generation [3], image generation from text [4], machine transla-
tion [5], game playing [6], natural language processing [7], drug discovery [8], and so on.
These achievements are nowadays attributed to the following four circumstances: accessi-
bility of large amounts of data, efficient GPU implementations, advances in neural network
architectures, and efficient training techniques [9]. The last point is inextricably linked to
the use of gradient-based optimization methods. Neural network training has been per-
formed almost exclusively by some form of gradient descent in the last decades, with
gradients being calculated using automatic differentiation. Even though gradient-based
optimization is so efficient in deep learning setting, it is currently rarely seen in research
focusing on optimization itself. Even though gradient-based optimization was prevalent in
the early days of computer science, it slowly fell out of favor [10] starting with the first
derivative-free methods in the 1960s [11].

There are several reasons for the shift in popularity from gradient-based to derivative-
free optimization methods. The first stems from the belief that a usual objective function
found in real-world optimization has a ubiquitous number of local minima with objective
values much larger than that of the global minimum. Following this belief, a gradient de-
scent would, due to its local behavior, on average, converge toward a local minimum with
a high objective function value and would therefore be inadequate for real-world multi-
modal optimization problems. Contrary, following the same train of thought, algorithms
with more exploration power would be able to explore new regions of the search space,
visit several local minima along the way, and converge toward a solution closer to global
optimum [12|. This belief contributed to a shift from single-solution-based optimization
algorithms, where there are fewer opportunities for exploration, toward population-based
ones, where it might be possible to balance exploitation and exploration, which would be
needed to search in multi-modal optimization landscapes. Another reason for shifting to
population-based algorithms is also their parallelizability. In population-based algorithms,
a whole population of candidates (typically around 100) need to be evaluated in order
to generate a new population of candidates for the next iteration of the algorithm. This
means that the evaluations of the objective function can be performed concurrently, for all
candidates in a population. If this parallelization is utilized, the runtime of the optimiza-
tion algorithm can be reduced by a factor equal to the population size. This is in contrast
to single-solution-based algorithms, such as gradient-based ones, where only a single eval-
uation of the objective function needs to be performed to generate a new candidate. This
scheme requires sequential evaluation of candidates and does not allow for parallelization
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of this type.

The success of deep learning puts the belief about the existence of a high number
of high-laying local minima in real-world optimization problems into question. Current
evidence, in fact, indicates that these “problematic” local minima occur only when search
space is low-dimensional and for objective functions that were specially designed to possess
this property [13]-[15]. Theoretical findings from statistical physics and random matrix
theory demonstrate that for randomly chosen objective functions, the likelihood of such
“problematic” local minima fall exponentially with the dimension of the search space [13]|-
[15]. For a Gaussian field, it was shown that the average difference in objective function
value between any local minimum and the global minimum falls exponentially with dimen-
sion [13]. In an earlier work [14], similar results were shown for a confined case (for random
error functions superimposed on a quadratic error surface) by analyzing the distribution of
critical points with respect to their type and objective function value. It was shown that
the probability that a critical point is a local minimum (as opposed to a saddle point) in-
creases when the objective function decreases. However, this switch between saddle points
and local minima becomes more and more abrupt when dimension is increased (also with
exponential dependency). In other words, for high-dimensional objective functions, all lo-
cal minima are very likely to have an objective function value that is very close to that
of the global minimum. Practically all other critical points with higher objective function
values are, therefore, saddle points. This phenomenon was also empirically observed in
several deep learning use cases [15].

We can also understand these results more intuitively. For a critical point to be a
local minimum, the objective function should “increase” in all possible directions from that
point. If there is only a single direction in which the function “decreases”, such a point is
a saddle point. When the dimension becomes very large, it becomes increasingly unlikely
that objective function “increases” in all possible directions. Probabilistically speaking, if
the space dimension is in the thousands or millions, it is quite likely that we can find at least
one direction in which the function decreases. There is, however, a geometric obstruction
that would make the local minima more likely, even in high-dimensional space. If the
critical point has an objective function value that is very close to the global minimum, it
is, due to geometry, difficult to find directions that would “decrease” the objective function.
This is why we can observe local minima that are concentrated very close to the level of
the global minimum while saddle points become abruptly and overwhelmingly predominant
above this level.

If we suppose that real-world optimization problems follow a similar distribution as
“random” functions, these findings indicate that reluctance toward gradient-based opti-
mization methods is largely unjustified if the dimensionality of the search space is large
enough. The well-known fact that gradient-based optimization algorithms converge toward
a local minimum, in this setting, means that the algorithm converges toward a point with
objective function value that is very close to the global minimum, which is the aim of
the global optimization. However, the usefulness of gradient-based methods is yet to be
verified in practice in several fields of machine learning and optimization.

It is important to note that the efficiency of optimization algorithms in the current age
is determined by applying them to a set of benchmark functions, such as the ones provided
by COCO platform [16]. These benchmarks usually consist of subsets with similar prop-
erties, such as separability, low/high conditioning, multi-modality, weak global structure,
and so on. These functions are well established and were hand-crafted to possess these
properties [17]. This means that the multi-modality of benchmark functions is enforced
by design and does not necessarily reflect real-world situations. Objective functions such
as Rastrigin, Weierstrass, Schaffer and Griewank-Rosenbrock can all be made to work on



high-dimensional search space and have a ubiquitous number of “problematic” local minima
because they were designed in such a way. But this does not necessarily mean that they
reflect characteristic objective functions from a real-world optimization. In some sense, the
shift to evolutionary algorithms that has been seen in the last decades in the optimization
research community might be simply due to their efficiency in these hand-crafted objec-
tive functions included in the benchmark sets. A similar claim was already expressed in
the case of CMA-ES (its derivatives are among the most efficient ones on the established
benchmark functions) that it works well due to its invariance to rotations and the fact
that rotations are used in benchmark sets to generate different (non-separable) function
instances [18].

The second reason for the shift in popularity from gradient-based to derivative-free op-
timization methods is the belief that gradient calculation is a highly nontrivial procedure
for a general optimization problem which also fueled the development of derivative-free op-
timization algorithms in the last decades [19]. In order to apply gradient-based algorithms
in optimization, one needs a method for calculating a gradient of the objective function
with respect to all variables in the search space. The belief is that there are cases where
the gradient of the objective function is unavailable, unreliable or impractical to obtain.
With the immense advances in metaheuristic methods that work well on a very diverse set
of problems, even those where gradient is “unavailable”; the interest moved away from var-
ious methodologies for efficient gradient calculation and consequently left gradient-based
optimization in the background.

This work will test this belief from two perspectives, that gradient is oftentimes “hard to
obtain” and that it is “not practical to use”. Several large-scale optimization problems will
be analyzed from different fields of computer science and industry and put to the test how
problematic is gradient calculation and whether it is useful. There are clues, however, that
already show that these two beliefs stand on shaky ground. The first statement that the
gradient is sometimes costly to produce (either computationally or from a programming
point of view), with simulation-based optimization being a common example [19], can be
refuted by considering automatic differentiation, which can produce a gradient with the
same time complexity as objective function evaluation and can be implemented without
extensive programming effort [20]. The space complexity can, however, be several times
larger (compared to objective function evaluation) but this factor is limited by the loga-
rithm of the runtime, which makes the method applicable to computational problems of
virtually any size [21]. The second statement that the gradient is sometimes not useful,
for example, when the objective function is very noisy or flat on a large proportion of the
search space, can be challenged by the success of deep learning where both properties are
common. Noisy function evaluation is standard in deep learning due to training neural
networks in batches but is especially notorious in the case of deep reinforcement learning.
Therefore, several methods emerged in the level of optimization algorithms that deal with
such noise, including the use of momentum, gradient clipping, individual adaptive learning
rates, and weight averaging [22|. Also, very flat regions of the optimization landscape can
be traversed more easily by the use of momentum and individual adaptive rates learning as
well as by plateau deflecting [15]. However, the current methodology does lack examples
of use in cases where search space is flat almost everywhere. This case will be analyzed in
this work in two different use cases, clustering and discrete optimization problems.

The prospect of gradient-based methods for large-scale optimization is further pro-
nounced by the difficulties of evolutionary algorithms in this setting. Evolutionary algo-
rithms are currently state of the art in optimization, however, their efficiency deteriorates
when search space dimension increases [23]. Due to their exploration power, they suf-
fer from the curse of dimensionality [24]. It is yet unclear how gradient-based methods
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compare to evolutionary algorithms for real-world large-scale optimization problems.

There are some instances in the literature where gradient-based methods have been
used in other machine learning fields outside of deep learning, especially in probabilistic
modeling. These examples include the use of user-friendly libraries established by deep
learning for performing general automatic differentiation, such as Theano [25|, Tensor-
Flow [26], Caffe [27], CNTK |[28]|, PyTorch [29], and so on. More specifically, Theano
was applied for Bayesian modeling by Markov chain Monte Carlo [30]|, TensorFlow for
probabilistic modeling, inference, and assessing the model’s goodness of fit (criticism) [31],
PyTorch for universal probabilistic programming with support for recursion and control
flow [32]. However, several fields of machine learning still remain untouched by gradient-
based methods.

Automatic differentiation has also been used in simulation-based optimization. Exam-
ples include simulations in atmospheric sciences [33], engineering design [34], structural
mechanics [35] and computational finance [36]. However, these papers left little impact
and preceded more advanced methods that emerged with deep learning. Even though
the mentioned works show that it is possible to calculate gradients, even when function
evaluation is a result of a simulation it remains unclear how well modern gradient-based
optimization algorithms perform in such simulation-based optimization.

An area of machine learning that routinely employs simulations is reinforcement learn-
ing which is becoming an increasingly important area of artificial intelligence. In rein-
forcement learning, however, simulations are not differentiated at all. In order to bypass
differentiating simulation control flow, deep reinforcement learning adopted complicated
mechanisms to generate gradients only from objective function values. Currently the most
common approaches include policy gradient method [37], actor-critic method [38] and Q-
learning [39]. They all suffer from stability problems and require extensive tuning. Several
mechanisms are normally used to combat these issues, including experience replay [40],
target networks [41] and batch normalization [42]. It remains unknown whether the use of
simulation differentiation alleviates these issues.

An important aspect of evaluating algorithm performance is how results are compared
and interpreted. In this thesis, we adopt specific methodological choices regarding the pre-
sentation and comparison of results. The evaluation of algorithm performance is presented
primarily through visual and distributional summaries, such as medians and intervals con-
taining two-thirds of the runs, rather than through classical statistical significance testing.
This approach is motivated by several practical considerations. Statistical tests may high-
light differences that are numerically small but practically irrelevant, and they rely on
assumptions (independence, identical distributions, large sample sizes) that are often vio-
lated in realistic optimization experiments [43]-[45]. Moreover, single-score comparisons in
machine learning can be misleading due to noise (introduced by splitting the data set into
training and test set) and one can observe statistical differences even between identical
approaches [46]. Information about statistical significance can thus give the reader the
impression that one algorithm is definitively better than another, even when differences
are practically irrelevant or the result of noise. Another aspect of single-score compar-
isons is that they fail to convey information about variability, robustness, and the range of
likely outcomes for the algorithm [47]. This can give the reader the impression that two
algorithms behave the same even when one is much more robust then the other.

In applied settings, practitioners such as engineers, computational biologists, or in-
dustry specialists are primarily concerned with whether an algorithm is likely to produce
acceptable results within limited computational budgets, rather than with formal statisti-
cal significance. This makes distributional summaries directly informative since they allow
users to assess the expected behavior, stability, and potential risks associated with each



1.1. Problem Definition 5

algorithm. Evaluating the practical usefulness of an algorithm for specific tasks, such as
protein structure prediction, finite-element simulation-based shape optimization, or other
domain-specific problems, requires expert knowledge of the problem context, constraints,
and acceptable tolerances. Accordingly, the thesis presents algorithmic behavior in a form
that supports informed decisions by domain experts, while leaving the assessment of task-
specific practical significance to the practitioners who operate within those fields.

1.1 Problem Definition

This work is intended to shed light on the usefulness of gradient-based optimization in a
broader sense, not only in deep learning but also in other machine learning approaches and
large-scale optimization in general.

The era of deep learning revived development of gradient-based optimization algorithms
and gradient calculation methods and also produced state-of-the-art libraries that employ
these approaches. From the standpoint of the optimization research community, the success
of gradient-based optimization in deep learning is rather surprising given the fact that the
optimization problem of training a neural network is known to be non-convex and multi-
modal [48]. The question arises whether the optimization landscapes in deep learning have
some special property that makes the success of gradient-based optimization possible, or
would such methodology work elsewhere as well.

The purpose of this work is to test whether the optimization approach used in deep
learning can be applied to other large-scale optimization problems and what kind of adapta-
tions are needed to make that happen. Since evidence shows that gradient-based methods
should work best when the dimension of the search space is large, our focus is on large-scale
optimization problems. We especially look into large-scale optimization problems in one of
the most favored areas in current computer science, machine learning. Gradient-based op-
timization will be studied in all three types of machine learning: supervised, unsupervised,
and reinforcement learning. In supervised learning, we will focus on a specific forecast-
ing problem and apply gradient-based optimization to custom physics-informed machine
learning models. In unsupervised learning, this work will center on (soft) clustering prob-
lems and dimensionality reduction problems which reduce to various types of matrix or
tensor decompositions. In reinforcement learning, full automatic differentiation will be
demonstrated, which does not require unstable deep reinforcement learning techniques.
The advantages and drawbacks of gradient-based approaches will be deduced using the
mentioned use cases.

Another aim of this work is to prove that gradient-based methods may be applied in
rather unexpected fields, including large-scale simulation-based optimization and discrete
optimization. In simulation-based optimization, we will focus on shape optimization and
show how gradient-based optimization can be used for problems with practically arbitrary
continuous objective functions, even ones that include complicated programs, such as simu-
lations. In discrete optimization, methods will be introduced that map discrete problems to
continuous ones where gradient-based methods may be applied. This approach is based on
modeling a discrete distribution using a continuous model and will be applied to scheduling
problems often found in industry and engineering.

The last topic of this thesis is the problem of efficient parameter control of gradient
descent algorithms which can also be tackled with gradient-based methodology by changing
control parameters with accordance to derivatives of the objective function with respect
to the control parameters.
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1.2 Hypotheses

The hypotheses of the thesis relate to the success of the developed methods for adapting
diverse set of problems in machine learning and large-scale optimization into a form that
can be solved with gradient-based algorithms. We are interested in the effect that this
adaptation has on convergence properties, computational efficiency, and stability of an
optimization or training procedure.

Hypotheses H1-H3 are connected to machine learning and address the potential of
gradient-based methods in each of the three types of machine learning. All three types of
machine learning have specific methodological gaps where gradient-based methods could
be beneficial. In supervised machine learning, it is known that there is a lot of potential
in using customized machine learning models to enhance their explainability and gener-
alization. We can incorporate expert knowledge into the structure of the model, which
is known to promote generalization and is especially relevant when only a small amount
of data is available. However, it not known how exactly training should be performed on
such specialized machine learning models. In unsupervised machine learning, gradient-
based methods are currently used in deep learning to model distributions and perform
dimensionality reduction. However, the task of clustering data instances to either overlap-
ping or disjoint groups is difficult to achieve due to the discrete nature of the problem. In
deep reinforcement learning, the training of the model is performed by circumventing the
calculation of the gradient of the reward function by employing elaborate and approximate
methods such as using a surrogate to differentiate the reward. This introduces instabilities
when performing gradient descent.

H1: Gradient-based algorithms are applicable and, due to their local nature, less compu-
tationally expensive for training custom supervised machine learning models where
there is no established training procedure and where general optimization methods
are usually employed.

H2A: It is possible to formulate (soft) clustering problems using continuous encoding by
imposing constraints and solve clustering problems posed in this form efficiently by
using gradient-based algorithms without separating the search space into blocks.

H2B: The continuous formulation of (soft) clustering enables a more flexible definition of
clustering and can in practice be used for data fusion and data imputation.

H3: Training instabilities observed in standard deep reinforcement learning can be elim-
inated by using exactly calculated gradients of the objective function, which can be
obtained by automatic differentiation.

Hypotheses H4-HB6 relate to large-scale optimization and address potential of gradient-
based methods to continuous and discrete optimization and parameter control. Contin-
uous large-scale optimization and especially simulation-based optimization problems are
currently being solved by derivative-free optimization algorithms. There are special cases
where gradient-based algorithms have been established historically. However, there is no
generality in the methodology in this cases. In discrete optimization, the objective func-
tion is flat almost everywhere in the search space, and there is no clear way to apply
gradient-based optimization in this setting. In parameter control, we focus on gradient-
based optimization algorithms, which include several control parameters that influence
their efficiency depending on the characteristics of the local optimization landscape. Dur-
ing the descent, the optimization landscape changes, however, current practice does not
take that into account but rather includes static parameter control that is oblivious of the
geometric nature of the current candidate surroundings.
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H4:

H5:

Hé6:

Automatic differentiation can be used to calculate the gradient of any computable
objective function (even those that include simulations) and this methodology can
be used in practice in conjunction with gradient descent to produce efficient ways of
solving general simulation-based continuous optimization problems.

Gradient descent can be applied to discrete optimization problems if we substitute a
discrete encoding for a (continuous) probabilistic one and adapt gradient calculation
scheme.

Adaptive parameter control scheme for gradient descent algorithms can be con-
structed in which change in parameter values is guided by the derivatives of the
objective function with respect to the parameters of the gradient descent. This ap-
proach alleviates the need for parameter tuning, which is a usual part of the workflow
that includes gradient-based optimization.

1.3 Scientific Contributions

Machine learning and large-scale optimization problems are at the core of many problems
found in industry, engineering, and academia, which is why improving the efficiency of used
algorithms is very relevant. The increase in data quantity and the tendency for higher res-
olution in computation directs research toward developing faster, more accurate, and also
reconfigurable algorithms. This work sheds light on whether gradient-based optimization
can be used to achieve this.

The main scientific contributions of this thesis can be condensed into the following
seven points:

1.

We challenge the paradigm that gradient-based optimization is primitive and appli-
cable only to simple optimization problems with a special structure (those with a
continuous objective function with a closed mathematical form).

. We transfer the well-developed gradient-based algorithms from deep learning to novel

contexts, most notably, physics-informed modeling, clustering, simulation-based op-
timization, and discrete optimization.

We develop novel adaptation methodologies that bridge the gap between deep learn-
ing problems and more general large-scale optimization problems. These adaptations
address traits that are not common in deep learning such as constraints, discrete and
mixed search spaces, and objective functions with computationally complicated con-
trol flow.

We demonstrate that gradient-based algorithms are competitive (and in some cases
superior) compared to commonly used metaheuristic ones in several different problem
settings that include large-scale optimization.

We develop an algorithm for soft and hard (co-)clustering that can accommodate
data fusion and can work on data sets with (many) missing values.

We develop a novel algorithm for discrete optimization that utilizes a new method
for encoding a distribution over discrete variables using deep neural networks.

We develop a novel adaptive parameter control strategy for gradient-based algorithms
and apply it to the Adam algorithm resulting in a new cAdam algorithm which
exhibits more favorable convergence.
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A byproduct of this thesis are implementations of the developed methods, which are
made publicly available under the “Unlicence” license (the software is dedicated to the
public domain without restrictions on its use). With the exception of our work on gas
demand prediction problem (Section 3) which is protected by the non-disclosure agreement,
all results of this thesis can be reproduced by third parties using our implementations [49]—
[54]. Because state-of-the-art libraries for automatic differentiation employed in our code
allow for differentiation of any differentiable program, our implementations can be deployed
for solving a wide range of large-scale optimization problems related to the ones considered
in this work. This brings a certain degree of universality and if a user is willing to implement
their own objective function using the same framework, our implementations can be used to
run the proposed methods on arbitrary problems. A highlight of our code collection is the
nmfgd library which includes extensive documentation and examples of its use. nmfgd can
be used for (soft) (co-)clustering and dimensionality reduction and is highly reconfigurable,
with support for data sets with missing values and for analyzing multiple related data sets
at the same time (data fusion).

This work also contributed (in collaboration with co-authors) to three published journal
papers [55]-[57], five published scientific conference contributions [58]-[62], two published
monograph chapters [63|, [64], and four published scientific conference contribution ab-
stracts [65]-68].

1.4 Thesis Structure

The thesis is composed of two introductory chapters, two three-chapter parts, each con-
sidering a different problem setting for the use of gradient-based optimization, and a con-
clusion. In Chapter 2, an introduction to gradient-based methods is presented, including
methods for gradient calculation and optimization algorithms that require gradients. Fol-
lowing the introductory chapters, Part I is composed of three chapters that correspond to
the three machine learning approaches: supervised, unsupervised, and reinforcement learn-
ing. Chapter 3 focuses on optimization methods for training supervised machine learning
models. The methods are applied to a real-world use case of gas demand forecasting and
include gradient-based optimization of custom machine learning models and recurrent neu-
ral network models. In Chapter 4, gradient-based optimization is applied to unsupervised
machine learning problems, including (soft) clustering, dimensionality reduction, and sim-
ilarity learning. The methodology is presented for transforming unsupervised problems to
a representation in which a gradient-based method can be applied. Chapter 5 is focused
on reinforcement learning, especially on the adaptation of the model training procedure so
that the gradients are calculated by automatic differentiation. To demonstrate the appli-
cability of gradient-based optimization in this setting, a protein structure prediction model
is trained without a data set using a reinforcement learning approach. Part II consists of
three chapters that deal with applying gradient-based methods in the three problem types
in large-scale optimization: continuous, discrete, and parameter control. In Chapter 6,
we are concerned with general large-scale optimization problems with continuous search
spaces. We focus on problems where the objective function is calculated by complicated
programs, such as in simulation-based optimization, and apply the developed methodol-
ogy to a shape optimization problem where the objective function is calculated using the
finite element method. In Chapter 7, a gradient-based optimization algorithm is developed
for general discrete optimization problems and applied to the traveling salesman problem.
Chapter 8 presents a novel parameter control method that can be used for gradient-based
optimization algorithms and is applied to the Adam algorithm. Finally, in Chapter 9,
conclusions are drawn.



Chapter 2

Gradient-Based Algorithms

In this work, gradient-based algorithms, as a term, encapsulates both optimization al-
gorithms that use gradients in their search as well as algorithms used to calculate or
approximate the gradient of the objective function. Both aspects are important for this
work, and in this chapter, we provide a brief introduction to the existing methods.

Gradient-based optimization is any method that uses gradients to search for the mini-
mum. The most basic example is “vanilla” gradient descent that in step 7 of the iteration
finds the next candidate x;4+1 by moving in the search space from the current candidate z;
in the opposite direction of the gradient of the objective function g;.

Titl = X — Qg; (2.1)

Fixed positive parameter a determines the step size and is known in machine learning
as the learning rate. This means that if « is infinitesimally small, each step of gradient
descent moves in the search space in a direction that is expected to decrease the objective
function the most. However, very small values of a lead to slow convergence because a
large number of steps are needed to descend to regions with small objective function values.
On the other hand, very large values of a can cause the algorithm to simply skip over such
regions and cause the algorithm to diverge. Therefore, the value of a needs to be carefully
chosen for a given problem. The basic form of gradient descent has some other notable
drawbacks. If the optimization landscape has very narrow valleys (high conditioning), the
algorithm will usually oscillate around the valley and take many steps to find the minimum.
Likewise, if the optimal descent path is very curved, it will converge slowly for the same
reason. Another possible reason that can slow the convergence of “vanilla” gradient descent
is descending in the regions of the landscape where the magnitude of the gradient g; is small
(for example, near saddle points and plateaus) [69].

In the recent decade, several new gradient descent-inspired algorithms were developed
and successfully used in deep learning. They build on the original gradient descent algo-
rithm with only minute changes (which is why they are all sometimes referred to as gradient
descent), however, they mended the drawbacks of the original algorithm to a large degree.
The introduction of momentum reduces oscillations and stabilizes the descent by using

Ti41 = Ty — My, (2.2)

where m; is some type of average of the gradients seen in this and previous steps. The
most usual version uses the exponential moving average

m; = fmi—1 + (1 — 5)gi, (2.3)

where § € [0,1) is a fixed parameter (with usual value of around § = 0.9). The use of
momentum also makes it harder for the algorithm to get stuck in shallow local minima and
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Table 2.1: Three examples of v; calculations used in modern gradient descent algorithm
implementations. v € [0,1) is a fixed parameter (with usual value of around v = 0.999).

Algorithm v; calculation rule description of the rule

(i — vy + g?

AdaGrad [71] v; = full arithmetic mean
i
RMSProp [72] v; =yvi_1 + (1 —v)g?  exponential moving average
- 1— 2
Adam [73] v, = Wi+ (1=9)g; unbiased exponential moving average

1—~t

makes it easier to traverse flat regions of the optimization landscape [70]. Since plateaus
and saddles become more pronounced when the dimensionality of the problem increases,
much effort was put into finding a way to appropriately scale step sizes made by the
algorithm, which would be based on the current geometry of the landscape. One of the
most established ways to achieve this is the adaptive per-parameter learning rate

gi

where v; is some type of average of gi2 over this and previous steps. With this method
the step size made for each component of z is scaled in accordance with the magnitude of
the previous gradients. Table 2.1 lists three algorithms that use such learning rate scaling
alongside with their update rules for v;.

Gradient descent algorithms have been extensively studied from theoretical point of
view as well. For “vanilla” gradient descent (defined in (2.1)), it is known that the minimal
magnitude of the gradient along the descent falls as O(1/v/N), where N is the number of
steps [74]. This is true for L-smooth objective functions that are bounded from below if
the learning rate o < \/§/ L, where L is the Lipschitz constant. For adaptive variants of
gradient descent the worst case guarantees are in general less favorable. For several adap-
tive variants (including Adam and RMSProp algorithms), the minimal magnitude of the
gradient along the descent falls as O(log(N)/v/N) under some reasonable conditions for
the parameter values [75]. Note that it is possible that adaptive variants do not converge
at all (even for convex objective functions) [76], but this can be avoided by an appropri-
ate choice of parameters [75]. If we allow the learning rate a to change during descent
(with a fixed decreasing schedule and some reasonable conditions on its magnitude), it
is possible to prove that the adaptive variants of gradient descent match the convergence
properties of “vanilla” gradient descent (O(1/v/N)) and also that they converge almost
surely [77]. Assuming a suitable learning rate schedule, it is even possible to prove the
convergence of Adam-like algorithms for non-smooth (locally Lipschitz continuous) objec-
tive functions [78|, which are often encountered in deep learning. In such setting Clarke
subdifferential [79] is used instead of gradient to provide rigorous mathematical analy-
sis. These results provide confidence that gradient descent algorithms converge relatively
quickly, at least toward some critical point in the optimization landscape.

Gradient-based optimization algorithms are almost exclusively single-solution-based
and, therefore, lack exploration power. There are, however, several hybrid versions of
gradient-based optimization with evolutionary algorithms [80] and fall to the class of
memetic algorithms meaning that the gradient method is only used to refine the indi-
viduals of the population and the evolutionary approach is used for global search rather
than to use extensive gradient descent as the foundation.

(2.4)

Titl =T; —
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If gradient-based optimization is to be applied to find an optimum of the objective
function, one needs to evaluate both the objective value and the gradient for every candi-
date. There are several ways a gradient can be calculated, and which is the most efficient
depends on the nature of the problem. We recognize three classes of gradient calculation
methods:

1. symbolic differentiation,
2. numerical differentiation, and
3. automatic differentiation.

In symbolic differentiation, the computational graph for gradient calculation is constructed
using standard differentiation rules, especially the chain rule, from the objective function
definition. A computer algebra system and compiler can be used to construct this com-
putational graph in case of complicated objective functions. Mathematica, Maxima, and
Maple have efficient implementations for symbolic differentiation when the objective func-
tion has a closed mathematical form. It must be noted that symbolic differentiation can
also be applied when the objective function is defined by a computer program, for exam-
ple, including loops, conditionals, and computational behavior that depend on the input.
Machine learning framework Theano is an example of such a library that can, for example,
symbolically differentiate branching conditionals by lazy-evaluation scheme and loops of
unknown length using symbolic scan loops [25]. The workflow of using Theano for gradient-
based optimization consists of writing a program for objective function calculation using
Theano programming constructs. Theano compiler then traverses the computational graph
of this program and constructs another computational graph of how the gradient of the
result of this program is calculated using symbolic differentiation rules. Both graphs are
then compiled to C++ code in a numerically stable way. The resulting code can then be
freely run, taking a single candidate point in a search space as input and returning the
objective function value alongside with the gradient in that point. This workflow can be
used regardless of the complexity of the program that calculates the objective function and
can be regarded as a general differentiation method for gradient-based optimization.

Numerical differentiation is the finite difference approximation of derivatives using val-
ues of the original function evaluated at some sample points. In its simplest form, it is
based on the limit definition of a derivative:

0f(x) _ f(x+ hei)
8@- - h ’

(2.5)

where e; is the i-th unit vector and h > 0 is a small step size. This has the advantage of
being uncomplicated to implement and disadvantages of performing O(n) evaluations of f
for a gradient in n dimensions and requiring careful consideration in selecting the step size
h. Numerical approximations of derivatives are inherently ill-conditioned and unstable [81].
However, special schemes of numerical differentiation can be used in optimization setting
when the objective function is especially noisy such as in using OpenAlI ES for reinforcement
learning [82].

Automatic differentiation (AD) is a derivation type where the intended form for ex-
pressing the objective function is a computer program. While symbolic differentiation can
also be extended to work on programs, AD is designed for such description of functions.
It exploits the fact that every computer program, no matter how complicated, executes a
sequence of operations that are well understood from a mathematical point of view. By
applying the chain rule repeatedly to these operations, derivatives of arbitrary order can
be computed automatically, accurately to working precision, and using at most a small
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constant factor more arithmetic operations than the original program. Two main types of
AD are forward AD, where the chain rule is propagated in the direction from the inputs
to the outputs of the program, and reverse AD, where the chain rule is propagated on the
program computational graph in reverse, from the outputs to the inputs. Forward and
reverse mode are just two (extreme) ways of traversing the chain rule. The problem of
computing a full Jacobian with a minimum number of arithmetic operations is known as
the optimal Jacobian accumulation problem, which is NP-complete [83]. It is known that
reverse AD is more efficient when the number of inputs is much larger than the number
of outputs, which is the setting of optimization, and forward AD is more efficient in the
opposite case [84]. It must be noted that a recent proof shows that symbolic and forward
AD are equivalent [85] and, in the modern view, the difference between the two boils down
to the question of when the computational graph for the gradient is constructed. If it is
constructed beforehand, at compilation time, we talk about symbolic differentiation, and
if the computational graph for the gradient is constructed during the program execution,
we talk about forward AD.

An objective function is usually represented as a computer program that gets a candi-
date (element of the search space) as input and returns the objective value(s). If the inputs
are continuous variables, then any program that manipulates these values to produce objec-
tive value(s) can be differentiated using AD. Almost all programming language constructs
(control flow, recursion, mutation) can be handled using AD, even some that seem discrete
at first glance, such as finding a maximum of a list and index substitutions [86].

A real-world program has a finite number of branchings, for example, if clauses, which
means that it is, mathematically speaking, a piecewise differentiable function. This means
that it is possible that the gradient is not mathematically defined for some points of the
search space. This fact fueled some reluctance toward using gradient-based methods in
the past, even though the subset of the search space for which this is the case has measure
zero. However, the gradient-based optimization becomes theoretically well-founded even for
piecewise differentiable objective functions if we switch gradients for subgradients. With
this, every program is differentiable on the entire domain. A subgradient is defined as
any element of the convex hull of limits of gradients at nearby differentiable points [87].
Therefore, a subgradient can be chosen to be the gradient from any of the differential pieces
the point borders to or their average [26]. A gradient-based optimization algorithm can
be used without modification to work on subgradients instead of gradients, and in some
cases, we also have proof of convergence in this setting [88|.

This work centers around large-scale optimization problems (which include machine
learning problems) because for those we have indications [13]-[15] that all local minima
are very likely close to the global one. Given the nature of high-dimensional optimiza-
tion problems, the central issue of gradient-based optimization is, therefore, plateaus near
saddle points and not local minima. The deep learning community developed or rediscov-
ered several tactics that improve the behavior of gradient-based optimization near saddle
points and narrow valleys. In addition to advances in gradient-based optimization algo-
rithms, deep learning also fueled the development of general differentiation libraries like
Theano [25|, TensorFlow [26], Caffe [27], CNTK [28], PyTorch [29], and so on. They im-
plement either symbolic or reverse automatic differentiation of general and possibly very
complex programs that may include condition-controlled loops, exceptions, conditional
constructs, and so on. Even though these libraries were designed to differentiate neural
network control flows, they are applicable for any program and, therefore, for optimization
of any objective function described by a computer program.
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Chapter 3

Supervised Learning

A modeling task of finding a model where both the input and the output of the model
are known is denoted as supervised learning. In this setting, a function is sought that
when given known inputs as an argument returns values that are as close as possible to
the known outputs. Below are four key ingredients that are needed for supervised machine
learning;:

1. Data set: A set of known inputs and corresponding outputs for the model.

2. Model: A class of functions with domain and codomain reflecting the properties of
the data set (dimensionality and variable types of the inputs and outputs in the data
set). The specific function that belongs to this class is determined by the model
parameters which in turn determine the model behavior.

3. Metric: A (quasi)metric on the codomain space of the model that enumerates what
“close” means for the specific problem in mind. For a given output of the model and
the known, desired output from the data set it returns the error, cost, loss of the
model.

4. Learning algorithm: An algorithm that sets the parameters of the model based on
the given data set and the chosen metric. This is usually an optimization algorithm
deployed to minimize the error of the model on the given data. This algorithm can
be specialized to work well for a specific class of models or it can be a more general
purpose optimization method.

The task of supervised machine learning is, therefore, a task of finding the parameters of
the model that minimize the error calculated using the chosen metric on the given data
set using the chosen learning algorithm.

The key parts of the supervised machine learning task mentioned above can be chosen
to be rather generic and general or more customized in order to reflect more the underlying
process that is modeled. For example, the chosen model can be a generic kernel machine or
an artificial neural network which are known to work for almost every supervised machine
learning task [89], [90] or more customized models that are structured specially for the given
problem and include expert knowledge. It is known that customized models perform better
than generic ones and require less data to generalize well [91] and can, depending on the
design, bring superior explainability compared to generic ones. The learning algorithms
deployed to train the model can also be more generic or more specialized. In the case
of general-purpose machine learning models there is usually a set of commonly used and
established optimization methods known to work well for a given model type. For example,
greedy local search for training decision trees, interior-point method for training kernel
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machines, and gradient descent for training artificial neural networks. However, for more
customized models the optimization methods used for training are not that well explored,
and, in many cases, more generic, metaheuristic optimization algorithms are deployed that
are known to work satisfactorily for a wide range of optimization problems.

In this chapter we test whether gradient-based optimization methods can be used as a
generic learning algorithm in supervised machine learning by using it on several different
models ranging from highly customized, physics-informed models to generic neural network
models. By this, we investigate if gradient-based optimization can be put by the side of
common metaheuristic optimization algorithms usually deployed when training specialized
models that are not well established. In the setting where models are customized for a
specific task in mind common choices for training algorithms include differential evolu-
tion [92], covariance matrix adaptation evolution strategy [93|, genetic algorithm [94], and
so on. Gradient-based optimization, on the other hand, was not well studied as an option
for a generic large-scale optimization in supervised machine learning in recent years. To
test whether gradient-based optimization is a suitable option for a model training algo-
rithm a real-world machine learning use case of forecasting residential natural gas demand
was chosen since real industrial problems are the most eligible for assessing the practical
usability of the methods.

It must be noted that supervised learning is methodologically the most appropriate set-
ting for applying gradient-based optimization for model training. This is because machine
learning models are usually functions with a closed mathematical form that are parame-
terized by numerical parameters. This means that the objective function used for training
is well understood and can be easily differentiated. This is not the case in other chapters
of this thesis where additional constructs were developed to rewrite the problems into a
form that a problem from supervised learning already possesses. This is why it is also
instructive to start with supervised learning (apart from it being the most common type
of machine learning). There are, of course, also examples of supervised learning problems
that do not fall under this broad category, however, other chapters of the thesis address
these types of problems. Chapter 6 introduces methodology for dealing with models that
do not have a closed mathematical form and Chapters 4 and 7 with models that are not
parameterized by continuous variables.

A large part of the work reported in this chapter was also published in a conference
paper dealing with the development and training of the physics-informed models [58], a
journal paper where a comparison of a broader set of models for demand forecasting was
performed [55], and a journal paper in which neural network models were more deeply
explored [57]. All publications mentioned here were prepared in collaboration with Primoz
Potocnik from the Faculty of Mechanical Engineering at the University of Ljubljana, who
contributed to data preparation and feature extraction. Our contributions were data anal-
ysis, model development and implementation, optimization (training of the models), and
analysis of the results. In a review paper on advance computing approaches to support
climate neutrality [57], we contributed to the energy forecasting use case, while the other
two use cases were covered by Gasper Petelin and Vida Vukasinovié¢ from the Jozef Stefan
Institute.

3.1 Problem of Forecasting Residential Natural Gas Demand
in Ljubljana
In this section we present a real-world supervised machine learning problem of demand

forecasting which will be used as a use case to assess the usefulness of gradient-based op-
timization for training both custom and more standard models in a supervised manner.
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Figure 3.1: The problem of forecasting future gas demand. The shaded area is a 24-hour
time range for the forecast, and the cross-shaped ticks are the desired output of the forecast
model for each hour in that range. Reprinted from [55].

Forecasting natural gas demand is essential for efficient logistics in the energy sector espe-
cially for energy management and transportation. The issue of transporting natural gas
via pipelines is a significant example of a situation where such predictions are required.
Such transportation must be planned in accordance with the anticipated demand that will
occur in a few days. While industrial gas demand can be planned in accordance with the
timetable for each industrial client individually, this is not possible for the residential gas
demand. This portion of gas demand must be forecasted using computational models. The
task of modeling all of the factors that influence residential gas demand is extremely chal-
lenging. An accurate forecast model must take into account the physics of heat transfer
and the accumulation of heat within buildings (because heating is the primary use of resi-
dential gas [95]) and socioeconomic factors which include the dynamics of the population’s
preferences for indoor temperature, hot water consumption, cooking, daily migrations, and
SO on.

We worked on the specific use case of forecasting residential natural gas demand in
Ljubljana, Slovenia. To ensure the applicability of this work, the use case was handled
as realistically as possible, considering characteristics of purchasing bulk natural gas in
Slovenia for further distribution to the end users. In Slovenia, an order for a bulk gas
purchase needs to be placed up to two days before its consumption, together with the
quantity that will be consumed in the span of 24 hours. Since there are only minute gas
reserves present in Slovenia, ordering an inaccurate quantity of gas results in considerable
penalties. The aim of our modeling is to minimize the penalties considering the imposed
forecasting scheme. The forecasting framework is illustrated in Figure 3.1 with temperature
as an example input feature. The output of the forecast model is the gas demand within
a 24-hour time range with an hourly resolution for a given forecasting horizon. The input
of the model is a certain subset of the available time data, the past weather data, the
forecasted weather data, and the past gas demand. The figure points out the important
fact that the forecast model can only use measured variables from the past and forecasted
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Table 3.1: Variables used by the models in this work. Variables ph, sh and hw are boolean
whereas the others are real.

variable meaning

P gas demand

T outdoor temperature

tq time of the day

tw time of the week

ph presence of public holiday
sh presence of school holiday

hw day between public holiday and weekend

variables for the future (even though we may posses actually measured values, since we
train on historical data). By using this forecasting framework, the error of the models is
not underestimated and our setting is more in line with what is expected in the model
deployment phase. Researchers working with this data set have even found that training
on forecasted weather features leads to more accurate models in the validation phase [96].
They hypothesize that this is due to some unidentified biases in the weather forecast
service that the model can correct for. This gives an additional reason for us using such a
forecasting framework.

Details regarding the data set, feature extraction, and the metric suitable for this
problem are described in [58|. Here we offer only a short summary. We operate with
8 winter seasons (spanning roughly from September to March) of gas demand data in an
hourly resolution, which was provided by a major gas distribution company in Slovenia and
includes values of total residential gas demand in the city of Ljubljana, Slovenia. Because
the gas demand data is confidential, all figures and tables in this thesis present normalized
gas demand values, expressed in units of maximum daily demand (MDD). Because of
confidentiality we were also not allowed to publish the data set or the implementations
of our models that used this data set for training. A comprehensive correlation analysis
of gas, weather, and time data was made to extract the most relevant features. Outdoor
temperature, together with time seasonalities, were found to be the most relevant features,
see Figures 3.2 and 3.3. Full list of features used as the model input is in Table 3.1.

In this use case, the model’s future gas demand predictions are not only evaluated
for statistical accuracy but also for their direct economic impact. The gas distribution
company orders gas several days ahead, and its costs are determined by how much the
ordered quantity deviates from the actual consumption. This makes it possible to design
and train our models using a metric that directly reflects the company’s financial exposure,
rather than relying solely on standard statistical metrics. However, since the exact pricing
mechanism is confidential (we are allowed to only disclose the crude shape of it shown in
Figure 3.4), we report results using the mean absolute error metric. Importantly, the true
cost function is closely aligned with this metric in the regime of large deviations, which
are precisely the errors that matter most in practice and where our model provides the
greatest benefit.

3.2 Physics-Informed Semi-Empirical Models

It is known that customized models, such as those whose structure is specially tailored to
the problem, perform better than generic ones and require less data to generalize well [91].
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Figure 3.2: Density of data points for different values of hourly gas consumption and
temperature. The two branches correspond to daytime and nighttime gas consumption
behavior. Reprinted from [58].
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Figure 3.3: Density of data points for different values of hourly gas consumption and hour
of the week. The white line is the median gas consumption with respect to hour of the
week.
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Figure 3.4: Depiction of the general shape of cost of gas with respect to prediction error
(difference between forecasted and consumed quantity of gas). The exact way the price is
calculated is confidential.

One way to construct such customized models is to include expert knowledge in its structure
so that some properties of the system do not need to be learned by the model in the training
phase but are already known, so fewer patterns need to be recognized. This difference in
the number of patterns that need to be identified is the reason why less data is usually
needed for training such models compared to generic machine learning models. Physics-
informed model is a term designating a model that, in its structure already includes,
to some degree, the underlying physics of the system in question. In this respect, the
model cannot be trained in a way that violates the laws of physics, which restricts the
parameter search space of the model and makes its optimization more straightforward. For
example, in plasma turbulence control (for confined fusion reactors) it was observed that
neural network models become considerably more accurate in predicting dangerous plasma
breaches if a special scheme is used that constrains the predictions of the model so that
they follow Braginskii two-fluid theory [97]. Another example comes from surface crack
detection on metals, where it was found that the accuracy can be improved by enforcing
acoustic wave equation into the neural network structure by using adaptive activation
functions [98|. Physics-informed machine learning has been especially successful in solving
inverse problems where it was applied in thermodynamics [99], quantum chemistry [100],
and seismology [101].

The other possible aim of constructing a customized model is to make it more explain-
able. The importance of model explainability has been increasingly more recognized in
recent years in the field of artificial intelligence because systems for which we can explain
their decisions/predictions give higher confidence for their validity to the end users. It
was shown that this confidence is a crucial factor in deciding whether to deploy machine
learning in real-world applications as opposed to opting for a fully explainable expert sys-
tem [102].

In this section, we present machine learning models whose structure stems from the
physics of accumulation and transfer of heat in buildings (heating is the most considerable
contribution to gas consumption) and from empirical observations about the data distri-
bution of the Ljubljana gas demand data set. The models were constructed in a way that
their parameters have a clear interpretation that humans can understand. This is in con-
trast to popular machine learning methods such as neural networks, tree ensembles, and
kernel machines, which all belong to a black-box model category. The explainability of



3.2. Physics-Informed Semi-Empirical Models 21

different parts of the model brings opportunities for understanding how gas is consumed.
Parameters of the trained model can tell us things like what are the statistical properties
of heat transfer and its accumulation in buildings, how humans decide when to heat their
homes, how they migrate daily, and many more.

Three types of models of increasing complexity were constructed, and, given their
form, they do not belong to any established category of machine learning models. This
means that, due to the lack of use in the literature, there is also no established training
algorithm. Therefore, some general optimization method needs to be used to train the
models, that is, to find model parameters that minimize the error of the model. We
will test whether gradient-based optimization is a suitable choice for training such models
by considering resulting model accuracy, training time, and efforts needed to implement
gradient calculation which is an essential requirement in gradient-based optimization.

In this section, physics-informed semiempirical models (such that are based partially
on theoretical and partially on empirical considerations) will be devised. Two aims will be
followed to construct the gas demand models:

1. to include, in the structure of the model, the laws of accumulation and transfer of
heat in buildings as they are related to space heating and, consequently, gas demand
and

2. to structure the model in a way that would allow disentanglement of the contributions
of different features, which increases model explainability.

The second point has to do with the troubles encountered with analyzing the Ljubljana
gas demand data set, which was addressed in [58]. To more thoroughly understand the gas
consumption behavior in a way understandable to humans, the dependency needs to be
split into parts that depend on a small number of variables. For example, it was observed
in [58] that the influence of temperature on gas consumption changes with time, and the
dependence even has a different shape in daytime compared to nighttime. The aim is to
form a model that would allow qualitative observations about the nature of what drives
gas demand in Ljubljana as opposed to considering all possible features that were found
to be entangled in a complicated manner.

3.2.1 Two-Reservoir Model

The following physics-informed semiempirical model was constructed by incorporating the-
oretical physics considerations described in [103] and empirical analysis of the Ljubljana
gas demand data set conducted in [58]:

P = ny(tw)na(ta) f(T) + g(T) + ww(tw)ud(ta)
tqg =t (mod) 1 day (3.1)
tw =t (mod) 1 week,

where P is gas consumption, ¢ is time, 71" is outdoor temperature and n;, f, g and u; are
unknown functions. These unknown functions have a clear interpretation which is outlined
below. The structure of the model is based on the following observations:

1. the two temperature-dependent functions f(7") and g(T') were created because the
influence of T" on P is different at night than during the day (see Figure 3.2),

2. the general shape of the dependence of the hour of the day on P is similar regardless
of the day of the week, therefore, the product form n(t) = n,(ty)ngq(tq) is a compact
way to introduce the proper scaling due to day-of-the-week dependence, and
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3. P is nonzero even at high temperatures, therefore, we introduce the temperature-
independent term w(t) = wy (ty)uq(tq).

The interpretation of the first two summands of Eq. (3.1) gives rise to the name of this
model: the two-reservoir model (TRM). Each of the two temperature-dependent terms
represents a heat reservoir with possibly different heat-transfer characteristics. The first
reservoir is made up of buildings where only a percentage of them are heated, and the
second of buildings with constant heating. The last term envelopes gas demand other than
heating and is only time-dependent. Having a clear interpretation of unknown functions
makes TRM more explainable.

The unknown functions n;, f, g and u; were parameterized as a linear combination of
predetermined basis functions (differently positioned hard sigmoid and ramp functions).
This means that Eq. (3.1) can be rewritten in an alternative form that is more useful
for training so that all points in the data set are considered at once. In such form, all
parameters of the model are aggregated in a single vector p and the summands of Eq.
(3.1) are element-wise multiplications (marked with ®) of matrix multiplications with p:

P=M,,p®M,p®Mip+ Myp+ M,,p© M,,p. (3.2)

Matrices M; are constructed based on the temperature and time data and the choice of
basis functions for parameterization of functions n;, f, g, and u;. This form is also more
in accordance with the form in which most optimization problems are presented. To train
the model, the following optimization problem needs to be solved:

Poptimal = arg min HPreal - anp O] Mndp O] pr + Mgp + Muwp O] Mudp‘
P

o (33)
where P ey is the vector of measured gas consumptions (for our data set the characteristic
dimension of Prey is ~ 35,000) and Peptimal hold the parameters of the ideal TRM that
predicts gas consumption as close as possible to the measured ones (acknowledging the
mean absolute error metric).

3.2.2 Two-Reservoir Model with Linear Memory

TRM can be upgraded by also considering heat accumulation in buildings. Following [103],
the effects of heat accumulation in buildings (and also heat conduction through the ground)
can be fully described by the use of a linear operator on the function of temperature
dynamics to acquire heat demand. In discrete case, and acknowledging the time invariance
of physical laws, this reduces to discrete convolution operation * on a column of past
temperatures with some unknown response function:

f(T)=r;+T and ¢(T)=ry*T, (3.4)

where vector r; holds the parameters of the model and is learned (see Figure 3.5 for visual
depiction). Eq. (3.4) is equivalent to

(rp = T) (t) = rYT(t) +rfT(t — 1) +173T(t = 2) + ..., (3.5)

where rjf are the components of vector ry and constitute the new parameters of the model
and T'(t) is the temperature in time t. These new calculations of functions f and g are still
linear with respect to model parameters and, therefore, conform to the scheme presented
in Eq. (3.2).

The model described with Eq. (3.1) where f and g are defined as in Eq. (3.4) will
be referred to as two-reservoir model with linear memory (TLM). This model can model
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Figure 3.5: Example of how f(T') is calculated in TLM using a discrete convolution on
past temperatures with a learned response function.

memory effects that are known to be relevant [103]. However, it does so in a linear way and
can not capture the nonlinear dependency seen in Figure 3.2. It is nonetheless a reasonable
approximation and allows for explainable learning of memory effects in gas demand data.
For further details on the arguments behind TLM structure, see [58], [103].

3.2.3 Two-Reservoir Model with Nonlinear Memory

To add nonlinearity to the temperature dependency of TLM while retaining memory effects,
at the same time we need to compose nonlinearity application and convolution. In order to
conform to the model structure set in Eq. (3.1), we can not parameterize both operations
at the same time. We chose to have fixed convolution kernels while the nonlinearity is
trainable:

f(T) = Zﬂ-(n xT), (3.6)

where functions f; are parameterized in the same way as in the TRM version and r; are
exponentially decreasing functions

ri(t) = exp(—t/7;) /7. (3.7)

See Figure 3.6 for a depiction of such a definition of the temperature-dependent part of
the TNM. Because r; * T can be interpreted as temperature average on time scale 7;, we
can interpret Eq. (3.6) as a sum of nonlinearly mapped temperature averages on different
time scales. The model employing functions f and g in this manner will be referred to as a
two-reservoir model with nonlinear memory (TNM). For further details on the arguments
behind TNM structure, see [58], [103].

3.2.4 Training the Custom Models

The three custom models for gas demand forecasting (TRM, TLM, and TNM) all have
the same underlying structure. Their return value is calculated as a sum of element-wise
products (marked with ®) of matrix multiplication on their parameters:

P = Z @ M;jpij = Z Miipi1 © Migpiz © Mizpiz © ... (3.8)
K3

i

Models of this type were not extensively studied, so there is no established algorithm for
training them. Therefore, some generic optimization algorithm needs to be used to find
the values of parameters p;; in order for the resulting gas demand P to be as close as
possible to the measured one.
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Figure 3.6: Example of how f(7') is calculated in TNM using fixed convolutions and learned
nonlinear functions to result in a model that includes both nonlinearities and temperature
history. Symbol o represents function composition.

With proper implementation, the calculation in Eq. (3.8) can be extremely fast, how-
ever, this calculation is nonlinear with respect to the parameters. Consequently, searching
for the optimal values of the model parameters requires nonlinear optimization techniques,
and we will test both derivative-free and gradient-based algorithms. The gradient of the
error with respect to p can, due to the closed form of the problem, be calculated analyti-
cally using symbolic differentiation. An important practical aspect of this problem is that
it is possible to construct a good initial point in the search space (as detailed in [58]). This
is achieved by fixing different subsets of the parameters and, for each subset, solving a
linear regression-type subproblem. Specifically, when the other parameters are fixed, the
objective function becomes quadratic in the active subset of parameters, and the optimal
solution can be obtained efficiently (by solving the corresponding linear system). Since
our actual loss function is the mean absolute error, this quadratic treatment is an approx-
imation, but it still provides a computationally inexpensive and effective way to generate
high-quality initial points. The main workload of this initialization procedure is therefore
solving these linear regression subproblems, which can be done very efficiently. From the
initial point in parameter space we need to continue the optimization considering all pa-
rameters at the same time. Since the mean absolute error is used as a metric, the gradient
is not defined everywhere. For this reason, a subgradient is used (mentioned in Chapter 2)
with the definition abs’(0) = 0. In this way, gradient-based optimization can be deployed
in a mathematically rigorous way.

We tested three optimization algorithms for training our models:

1. Differential evolution (derivative-free, population-based),
2. Nelder-Mead algorithm (derivative-free, single-solution-based), and
3. Quasi-Newton method (gradient-based, single-solution-based).

We chose those specific algorithms in order to cover all the major categories of the popu-
lar metaheuristic algorithms. Differential evolution is a population-based algorithm, while
the other two are single-solution-based. Nelder-Mead algorithm is derivative-free, while
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the Quasi-Newton method is gradient-based. We used default configurations for these
algorithms as implemented in Matlab. In this way, without any parameter tuning, the
comparison is fair from the perspective of a user from industry. For all three algorithms,
we used approximation from the previous paragraph as an initial point. The initial popula-
tion for Differential evolution was sampled from the isotropic normal distribution centered
around this initial point (the point itself was also directly added to the population). For
the Nelder-Mead algorithm the initial simplex was chosen to also be centered around that
initial point. All three algorithms were run on hardware with an Intel i7-4500U proces-
sor and with 8GB of RAM. Further details on the implementation of the experiments are
described in [58].

Unlike the other two methods, the Quasi-Newton method requires the gradient of the
objective function with respect to the model parameters to be supplied in each function
evaluation. The gradient for the Quasi-Newton method was calculated using symbolic
differentiation. The gradient calculation brings some overhead to the function evaluation,
however, the computation time of the Quasi-Newton algorithm is, nonetheless, due to
faster convergence, orders of magnitude smaller compared to Nelder-Mead and Differential
evolution. Table 3.2 reports the training times. We can see that the Quasi-Newton method
requires only seconds before converging while Nelder-Mead requires minutes. Since Nelder-
Mead, to some degree, follows gradient descent logic but in a derivative-free way, we can see
here the power of having an efficient way for gradient calculation. Differential evolution,
on the other hand, has more capacity for exploration, however, in higher dimensions this
can bring a high penalty in runtime.

Each model was tested on forecasted weather data. In this way, the models were tested
as they would be used in a realistic setting, as depicted in Figure 3.1. In this study, each
season is treated as an independent observational unit, with summer months representing a
natural interruption in gas demand patterns. Consequently, classical k-fold cross-validation
is applied across the eight seasons, training on seven and testing on the remaining one in
each fold. This ensures that all folds have an identical training set size, mitigating bias
associated with varying data volumes [104] and providing a more consistent and robust
estimate of forecasting error. Moreover, due to the seasonal interruption, the temporal
ordering of the test set relative to the training set is less critical and each winter season
can be considered approximately independent. As a result, the test set does not necessarily
need to follow the training data chronologically, since the summer gap effectively resets
the system, reducing temporal dependencies between folds and justifying the use of non-
sequential cross-validation. This type of error estimation should be close to the error of
the model if it were used in real life.

The Quasi-Newton method does not only converge faster, but it also produces the
most accurate models (with respect to both training and test error). Figure 3.7 shows
the model errors calculated with cross-validation for the three models considering different
forecasting horizons in accordance to the modeling framework shown in Figure 3.1 for all
three training methods. Differential evolution was tested only on the TRM due to very
long training time'. This shows that gradient-based optimization found parameters for
the model that is accurate in practically negligible computation time compared to other
algorithms we tested. By this fact we can confirm hypothesis H1 for the specific case of
the three custom models on the given data set.

To produce Figure 3.7, the model needs to be trained 312 times — for 38 different forecasting horizons
and for 8 different cross-validation folds.
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Table 3.2: Training times for the three models when using the Quasi-Newton method,
Nelder-Mead algorithm and Differential evolution. Differential evolution was applied only
to the smallest model due to its long runtime.

test error [MDD)]

test error [MDD]

mean training time [s]

model - #fparameters Quasi-Newton Nelder-Mead Differential evolution
TRM 81 1.1 36 2665
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Figure 3.7: Comparison of test error for models when trained by gradient-based Quasi-
Newton method, gradient-free Nelder-Mead method, and differential evolution for different
values of the forecasting horizon. Differential evolution was applied only to the smallest
model due to its long runtime. The last graph compares the errors for all three models
when the Quasi-Newton method is used, which was found to bring better accuracy for all
models and forecasting horizons.
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Figure 3.8: Depiction of feedforward artificial neural network model with two hidden layers
where every step of model calculation is explicitly shown. W; are matrices and o is element-
wise nonlinear function. [57]

3.3 Neural Network Models

The second class of models we apply to the gas demand forecasting problem are artificial
neural networks. They belong to the black-box category of machine learning and, therefore,
do not offer explainability. They are, however, known to be of extremely high capacity,
and their training usually results in very accurate models. It is known there is a trade-off
between model accuracy and explainability [105]. If in the previous section we were dealing
with more explainable and less accurate models, we now move toward less explainable and
more accurate models. Neural networks are in the last decade trained almost exclusively
by gradient-based optimization which makes them a good choice for this thesis. Modern
training implementations use automatic differentiation for gradient calculation which is
in this case more efficient compared to symbolic differentiation especially when recurrent
neural networks are deployed, which will be the case in this section.

The work presented in this section was also reported in [55] and [57]. It must be
noted that this section is more interesting from the machine learning point of view and
less from the optimization point of view. Since gradient-based optimization is already
a well-established training method for neural networks, it is not surprising that gradient
descent algorithms work well in this setting. It is nonetheless an example of gradient-based
optimization in supervised machine learning and neural network models complement the
physics-informed ones from a machine-learning point of view. Here we offer only a brief
summary of results that outline how different types of neural network models are trained
with gradient-based optimization using the same gas consumption forecasting use case.

Artificial neural network (ANN) is a machine learning model that consists of a composi-
tion of parameterized linear maps and fixed element-wise nonlinear maps interchangeably.
An example of one such model is depicted in Figure 3.8. It is known that ANN can approx-
imate arbitrary functions to an arbitrary precision [90]. This means that ANN can capture
any function if ANN is large enough. If there exists a function that takes available data as
input and returns gas consumption, a big enough ANN can approximate this function. It
is only a question of our ability to find those good ANNs using optimization techniques. If
ANN model consists of several applications of linear and nonlinear maps, we talk about a
deep neural network. The depth of ANN significantly improves the capacity of the model,
which means that deeper ANNs are able to capture a wider range of functions [106].
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Figure 3.9: Example of RNN model architecture where all layers and units are explicitly
shown. Connections between layers are shown with arrows. Hidden layers consist of
reccurrent units which need values from the previous time step. For this purpose, one step
delay is represented with a black square. Reprinted from [57].

For the forecasting use case studied here, the ANN model estimates gas consumption
from several days of past weather data (accounting for heat accumulation [50]) as well
as other relevant features, such as temporal and calendar information. Consequently, a
sufficiently wide ANN is required to process multiple days of input simultaneously. How-
ever, since the number of ANN parameters grows quadratically with width, increasing the
width too much can quickly lead to overfitting. There is, however, another way for ANN to
know of past data. A recurrent neural network (RNN) can be used, an example of which
is depicted in Figure 3.9. Such ANN includes feedback loops that allow the network to
keep a memory of previous inputs. Therefore RNN can be fed one weather data instance
at a time, one for each time step in a season. This way, ANN with a small width (and
therefore a manageable number of model parameters) can be used that still takes past data
into account. Therefore, the RNN type ANN is used in this section since it is the most
suited for this problem. We tested three different RNN architectures: simple recurrent
network (SRN), long short-term memory (LSTM) and gated recurrent unit (GRU). More
information on the models and the comparison can be found in [57|. Unlike the models
presented earlier, our RNN also incorporates past gas consumption as an input feature.
Previous models were manually designed based on physical and empirical knowledge, mak-
ing it difficult to incorporate past gas demand features, whereas the RNN can account for
historical usage and, if necessary, adjust its forecasts when past demand deviates from the
model’s predictions.



3.3. Neural Network Models 29

3.3.1 Training the Neural Network Models

Neural network models were trained using the root mean square propagation (RMSProp)
algorithm [72] which is a gradient descent variant that employs per-parameter learning
rate adaptation and is currently the default algorithm in many deep learning libraries.
The gradient of the error with respect to network parameters was calculated using sym-
bolic differentiation with the Theano library [25]. Theano is a Python library that allows
to define, optimize, and evaluate computational graphs involving multi-dimensional arrays
efficiently. It is essentially a mathematical compiler (CPU and GPU) for the generation
of efficient and stable code for gradient calculation by symbolic differentiation technique.
Using Theano, the user needs to provide only the code for objective function calculation
while the code for gradient calculation (and optimization) is generated automatically. In
this case, we provided the code for the structure of the model (how the model output is
calculated) and how to calculate the error of the model. Theano took care of the differen-
tiation and optimization, even taking care of graph unfolding since the data instances are
time series of unequal length. This means that the gradient calculation graph was dynamic,
for example, involving a while loop which accumulates contributions to the gradient for
each time step until the time series instance runs out of time steps.

RNN models are known to be more difficult to train compared to classical feed-forward
ANN models [107]. This is in part due to more computationally expensive objective func-
tion evaluation (a single data instance is one season of gas consumption) and in part due
to the fact that RNN’s behavior is more sensitive to changes in network parameters (opti-
mization landscape can change abruptly). This is why RNNs are usually trained for much
longer than classical ANNs. In our case, we found that training them for 10,000 epochs
was sufficient for convergence. Due to such computationally extensive training, the opti-
mization was run on a cluster with 2 Intel Xeon E5-2680 v3 processors and 1 TB of RAM
with available GPU Tesla K80. Training times are reported in Table 3.3. Because each
training can last for hours, we restricted our analysis to only a 24-hour forecasting horizon.
Otherwise, the evaluation methodology is identical to the one reported in Section 3.2. It
is interesting that the implementation run on GPU was, in fact, slower than the one run
on CPU. We suspect that this is due to sequential nature of RNN operations.

From an optimization point of view, we observed one interesting phenomenon concerned
with the convergence of the RMSProp algorithm. It seems that RMSProp is drawn to
minima that not only have a low training error but low test error as well. In other words
RMSProp is inclined to converge toward wide minima rather than toward narrow ones.
In machine learning, there is an empirically well-studied observation that wide minima
generalize better (have low test error) compared to narrow minima in which overfitting
is likely to occur [108]. Figure 3.10 shows two characteristic convergence paths of the
RMSProp algorithm for our training use case. The first is standard convergence we observe
when the model trains without overfitting (test error is slightly higher than training error
but they both have the same general shape). The second, however, shows how RMSProp
guides the model toward overfitting. In the middle of optimization, the test error starts
to increase, meaning that RMSProp is exploiting a narrow minimum representing a model
that is very accurate on the training set but gets increasingly inaccurate on the test set.
However, RMSProp does not get stuck in this narrow minimum. Further optimization
moves the model away from this area of overfitting, and RMSProp starts to converge
toward a region with a wider landscape resulting in much better model generalization and
consequently lower test error. It must be noted that in all RMSProp optimization runs
performed in this use case (240 in total) there were no instances of overfitted models that
were not resolved by the end of training. This means that RMSProp found high-quality
wide minima with an extremely high success rate.
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Table 3.3: Training time of RNN models in hours for different unit types and for different
hardware with respect to number of layers. All models used have an overall number of
parameters equal to 4000 and are therefore comparable. One training comprises of 10,000
epochs or = 70,000 gradient descent steps.

on CPU on GPU
#layers

SRN LSTM GRU SRN LSTM GRU
1 1.1 2.0 2.2 6.0 11.3 16.4
2 1.6 2.9 3.5 9.9 20.6 30.2
3 1.9 4.0 4.7 13.8 28.6 42.8
4 2.3 5.0 59 17.7  36.5 54.5
5) 2.6 6.0 7.0 21.6 44.7 68.3
(a) e training — test
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Figure 3.10: Convergence of training and test error during optimization when using RM-
SProp algorithm. (a) An example of the standard training progress without overfitting
where test error is slightly higher than training error. (b) An example of overfitting in the
middle of training that was resolved after continuing optimization.
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Figure 3.11: Test error of RNN models for different model architectures with respect to
the number of layers. All models used have an overall number of parameters equal to 4000
and are therefore comparable.

To compare the accuracies of different model architectures after training (optimization),
it is fair to compare models with the same number of parameters (same search space
dimension). Because different unit types (SRN, LSTM, and GRU) have quite different
structure this is extremely difficult to guarantee, especially if we are interested in how the
depth of the model influences its accuracy. To accomplish a fair comparison for each unit
type and layer count, two models were constructed with different layer widths. The two
models had parameter counts just below 4000 and just above 4000. So, a theoretical error
of the model with 4000 parameters was approximated to be a weighted sum of the two
models whose parameter count is closest to 4000. In this way the model instances are
really comparable. The accuracies of models for different unit types and different numbers
of layers are depicted in Figure 3.11. As expected, the SRN models were found to be the
least accurate. This can be attributed to the inability of SRN to account for long-range
dependencies. For a low number of layers, the LSTM unit is clearly superior, while for
deeper architectures, the LSTM and GRU units are comparable.

3.4 Discussion

In this chapter, we used gradient-based optimization to train different types of supervised
machine learning models. In all cases, the search space was high-dimensional (ranging
from 80 to 4000 model parameters). In this setting, we observed that gradient-based
algorithms indeed did not get stuck in “problematic” local minima as was expected based
on theoretical considerations [13]-[15]. This is indicated by models acquiring low training
error. It also turned out that training with gradient-based optimization guided models
toward regions of the search space with low test error. This is extremely important for
supervised machine learning use cases since it prevents model overfitting. From the point of
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view of the optimization landscape the gradient-based algorithms are much more likely to
converge toward wider minima compared to narrower ones. This is not only supported by
the fact that trained models acquired low test error but also by the fact that overfitting of
the models was in fact observed in our experiments during training and that it was resolved
by further optimization (see Figure 3.10). This means that in cases where gradient descent
led models to narrow valleys it also guided them out of those valleys, to wider regions of
the landscape (and this by only going downhill).

Optimization algorithms used for training supervised machine learning models are di-
verse and usually specialized for a specific class of models. When a new type of model
is designed (that incorporates expert knowledge of the underlying problem) there is no
clearly evident choice for an algorithm that would efficiently train those models. We show
in this chapter that gradient-based optimization algorithms can be regarded as a generic
general-purpose training algorithm as long as the search space is large enough. This would
put them alongside other general-purpose optimization algorithms used for training this
type of models such as differential evolution [92], covariance matrix adaptation evolution
strategy (93], genetic algorithm [94], and so on. Our custom physics-informed models which
were specially designed to offer better qualitative explanations for the patterns of gas con-
sumption were trained most efficiently by gradient-based algorithm. When considering
the gas demand use case we can, without a doubt, confirm hypothesis H1. Compared to
other general-purpose optimization algorithms gradient-based one was orders of magnitude
faster (see Table 3.2) and even found the most accurate models (see Figure 3.7).

This chapter is methodologically speaking quite undemanding because objective func-
tions used for training are well-behaved and have a closed mathematical form. There was
no need to develop any novel constructs to deal with discrete variables, constraints, or
gradient calculation. Symbolic differentiation was used to acquire the gradient? of the ob-
jective function and standard gradient-based optimization algorithms were run to optimize
the error of the models. Since all the encountered objective functions had a closed mathe-
matical form symbolic differentiation has a similar time complexity compared to automatic
differentiation. It is also an option that we are usually more accustomed to and leads to
less overhead when conceptually designing the implementation. Implementing gradient
calculation can be laborious and error-prone if done by hand, however, using a symbolic
differentiation engine, such as Theano, can completely dissipate any implementation over-
head. Theano can generate stable and efficient code (with built-in parallelization and GPU
support) for gradient calculation without any intervention by the user. Therefore, to use
gradient-based optimization in this setting the user only needs to invest in learning how
to use such automatic code generation frameworks. As we have seen, when search space is
large enough, this investment can bring superior models and a reduction of training time
compared to other general-purpose algorithms. We believe that current state-of-the-art
evolutionary algorithms are a good choice for supervised learning, however, only if the
number of model parameters is small enough. When the number of model parameters
comes close to ~ 100 we believe gradient-based optimization should be considered as a
legitimate option. In this sense the two optimization methodologies are complementary
and each should be used in their own specific setting.

This chapter also presents interesting machine-learning results that are of great im-
portance in energy demand forecasting. In Table 3.4 we can see how different types of
models compare with respect to accuracy and training time. The custom explainable
models (TRM, TLM, TNM) achieve reasonable accuracy but are not as accurate as the
generic state-of-the-art model (RNN). They are, however, much easier to train and offer

2Strictly speaking, a subgradient was used, since the metric used is the mean absolute error, which is
not differentiable at zero. The subgradient is computed using the convention abs’(0) = 0.
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Table 3.4: Mean absolute error (MAE), mean absolute percentage error (MAPE), and
training time of the tested models when hourly resolution is required (hour) and when daily
resolution is required (day). All models were trained using gradient-based optimization and
using a data set for a 24-hour forecasting horizon.

-3
model MAE [10~° MDD)] MAPE [%] training time [s]
hour day hour day
TRM 2.17 32.9 19.8 11.2 1.1
TLM 1.84 32.5 15.4 10.5 1.6
TNM 1.66 25.2 15.8 8.6 3.6
RNN 1.06 18.3 9.3 6.8 21,545.3

much greater level of explainability. Observation about the tradeoff between accuracy and
model explainability [105] holds for our forecasting models as well. It is also important
to note that the difference in training time is very large. This means that abandoning
explainability for a small improvement in accuracy results in much more extensive training
which might not be practical in many supervised machine learning use cases.
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Chapter 4

Unsupervised Learning

A modeling task where unlabeled data is processed with the aim of acquiring a more
compact representation of the data distribution is termed unsupervised learning. Loosely
speaking, in unsupervised learning, we are mining the data in order to uncover its properties
which in turn offers us a better understanding of the data we are dealing with. In this
setting, we are working with untagged, unlabeled data, and we are trying to detect patterns
or more general properties attributed to this data set. The use of unsupervised learning
usually falls into either of the three categories:

1. modeling probability distribution of the data set,
2. dimensionality reduction, and

3. clustering.

Nowadays, tasks under the first two points are oftentimes solved by deep learning [109]
which uses gradient-based optimization for model training by default. Clustering, on the
other hand, has been largely untouched by gradient-based methods and will be the main
focus of this chapter.

It is important to note that all three categories of unsupervised learning are, nonethe-
less, related among themselves. For this thesis, the connection between dimensionality
reduction and clustering is especially important, which is why our introduction covers
both of them. Dimensionality reduction is a class of methods that attempt to reduce the
number of relevant features in the data set. For example, if we have a data set where
each data instance is described by 100 features, the aim is to find a data representation
where data instances can be effectively described by a smaller number of features, say 20
instead of 100. If we succeed in this, we have found a 20-dimensional subspace embed-
ded in a 100-dimensional feature space and a large majority of data points reside near
this embedded subspace. Now, instead of describing a data instance using 100 features,
we can use the 20 coordinates defined on the embedded subspace with, if the model is
very accurate, negligible information loss'. The most basic example of such a method is
principal component analysis (PCA) which can find linear subspaces in the full feature
space [111]. However, in real-world data sets, relevant subspaces are usually not linear
and can even be topologically complicated manifolds [112]. This is why deep learning is
oftentimes used in such cases [113], [114], because deep neural networks are able to capture
highly complicated geometrical patterns. Somewhere between PCA and deep learning is
the nonnegative matrix tri-factorization (NMTF) method which is not linear, however, not
as strong as deep learning (or as time consuming). NMTF and its variants will be pivotal
for our work with clustering.

'Models can also be designed so that this information loss is useful, for example, to denoise data [110].
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The term clustering, on the other hand, refers to the grouping of data instances. The
goal of clustering is to assign each data instance to clusters in a way that similarity among
instances that belong to the same cluster is high compared to the similarity between in-
stances that belong to different clusters. Clustering is distinct from supervised classification
that also groups data instances into classes, however, it does so based on the class labels
that are included in the data set. In clustering, however, the data set is assumed to be
unlabeled, meaning that the ideal grouping of the instances is not known beforehand and
must be found by other means. In other words, clustering groups unlabeled data to ensure
higher intra-cluster similarity and lower inter-cluster similarity [115]. It must be noted
that the similarity between two data instances is not a universally well-defined concept.
What can be considered a similarity measure for a given data set strongly depends on
the problem formulation, structure of the feature space, and the underlying data distri-
bution. For numerical features, similarity measures are usually related to spatial distance
between the instances in the feature space, represented as vectors. Common examples
include Euclidean, cosine, Levenshtein and Manhattan distance [116].

In this chapter, we make an effort toward transforming clustering problems using a
formulation where gradient-based methods can be used for model training. This is not a
trivial task since clustering problems involve decisions of whether a given data point belongs
to a given cluster and is, in its foundation, a discrete optimization problem. This discrete
nature makes the optimization landscape for training clustering models non-differentiable
(locally flat with jumps). Therefore, in this setting, gradient-based optimization is an
unusual choice, to say the least. However, there is an alternative formulation of clustering
problems: as a limiting case of dimensionality reduction with additional constraints. When
one thinks in this fashion, clustering is really an extreme case of dimensionality reduction
where data instances are reduced in dimension to such a degree that their values are simply
a measure of how much a data instance belongs to a given cluster. If the cluster centroids
are well separated, we end up with a standard (hard) clustering. However, if clustering
centroids are overlapping, we end up with soft clustering where, unlike in hard clustering,
we allow a given data instance to belong to more than one cluster at the same time. Soft
clustering is not just of theoretical interest, as a mathematical tool, but has real-world
applications. For example, when clustering genetic data, it is quite usual that one gene
contributes to several different processes in a living organism and not only to a single one.
A more everyday example is also the use of soft clustering in recommender systems where
a single person might like both action movies and romantic comedies and, therefore, strict
separation of clusters is not reasonable.

Another machine learning task connected to clustering, that falls under supervised
learning, is also similarity learning. This is a task of finding a model able to predict
how similar two data instances are. However, in similarity learning, the similarity values
for each pair of data instances are included in the data set. Therefore, a model can be
trained in a supervised fashion to predict similarities included in the data set as accurately
as possible. Connection to clustering comes from the fact that clustering, in its loose
definition, is to partition a data set to instances that are similar among themselves. A
good model for measuring similarity among data instances allows us to partition a data
set into groups of similar instances which is equivalent to clustering. This loose definition
of clustering allows us to apply this methodology in areas where clustering is not that well
defined, such as clustering the nodes on a graph, which is becoming very important with
the ever-increasing availability of data with graph-like properties. In this chapter, we will
touch on several interconnected topics in unsupervised learning mentioned earlier and test
how model training can be achieved using gradient-based optimization and especially what
kind of adaptations and tricks need to be employed to make that happen.
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A large part of the work reported in this chapter was also published in a journal paper
dealing with the development of algorithms for optimizing NMTF objective function [56]
and in the following series of conference papers/abstracts and book chapters on: multi-
objective NMTF [60], [63], [66], development of algorithms for multi-type NMTF [67],
development of algorithms for hard clustering by NMTF [61] and clustering scientific bib-
liographic data [68]. All publications mentioned here were prepared in collaboration with
co-authors. In [56], [67] we contributed to the data preparation of (one of three) data
sets, the development and implementation of (two of four) algorithms, and the preparation
and analysis of results, Janez Povh from the {Rudolfovo — Science and Technology Centre
Novo mesto made contributions of equal scope across these tasks, Gasper Petelin from the
Jozef Stefan Institute contributed to the implementation of (one of four) algorithms, Vida
Vukasinovi¢ from the Jozef Stefan Institute contributed to the analysis of the results, and
Nataga Przulj from the MBZUAI contributed to the preparation of (one of three) data sets.
In [61], [68] we contributed to the development and implementation of (one of two) algo-
rithms, and to the preparation of results, Janez Povh made contributions of equal scope
across these tasks, and Andrej Kastrin from the Faculty of Medicine at the University of
Ljubljana contributed to the preparation of the data sets, and the analysis of the results.
In [60], [63], |66] we contributed to the development and implementation of algorithms,
and to the preparation and analysis of results, while GaSper Petelin and Vida VukaSinovié¢
contributed to the initial investigation of multi-objective algorithms for the problem and
to the analysis of the results.

4.1 Nonnegative Matrix Factorization and its Connection to
Unsupervised Learning

Suppose we have a data set with n instances, each described by m numerical features, and
the task is to better understand the data set by finding out how the data is distributed
in the feature space, whether some data instances are clustered to smaller regions of the
feature space and where are those regions. We can pack the data set in a n x m matrix R
whose rows are data instances and columns represent different features. It is worth noting
that practically all data sets can be represented in such a fashion. For example, if the
data set includes nonnumerical, discrete features we can transform them to numerical ones
using, for example, one-hot encoding. Also, if data instances do not have the same number
of features, we can use missing values to fix the number of features. Such matrix encoding
may make the data set less space efficient, however, it does not reduce its information
content.

One of the approaches to better understand our data set R is to reduce its feature di-
mensionality m using dimensionality reduction and by this transform the existing features
to new ones that have as little correlation among them as possible. PCA is a classical
method to be employed for such a task, and many machine learning pipelines employ PCA
as the first data processing step that extracts the most relevant features and minimizes
correlations among them (feature extraction). It works by employing low-rank approxi-
mation by decomposing the matrix R, usually using singular value decomposition (SVD),
and dropping the columns/rows in the decomposition that are less important (have small
singular values):

R 6 Rnxm

R~GH', GeR™k (4.1)
H € R™*F,
The point behind this is that if the approximation is close to equality and k < m, matrix G
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holds the same information as matrix R and we can use matrix G as our data set instead
of R and, by this, reduce the number of features from m to k. SVD can be efficiently
performed using state-of-the-art methods such as the Augmented Lanczos bidiagonalization
algorithm, especially when the chosen k is small. The implicitly restarted version of the
algorithm can also handle sparse R matrices in an efficient manner, however, there is
no specialized algorithm for SVD on R with missing values. In this case, some type of
imputation is usually employed.

A special case of such dimensionality reduction is a nonnegative matrix factorization
(NMF) where nonnegativity constraint is enforced on one or both of the factors of the
decomposition:

R~G,H' Gy >0

. (4.2)
Ry ~GiH, Ry, Gy, Hy >0.

In the first case in Eq. (4.2), we have an arbitrary data set R that can have both positive
and negative values but we decompose it in a way that the new, reduced version of the
data set G4 contains only nonnegative values. As will be shown in the next section, such
constraint G4 > 0 adds additional interpretability to the decomposition that is not present
in Eq. (4.1) where only a reduction of the number of features is achieved. The second case in
Eq. (4.2) applies when the data set R only has nonnegative values by definition (quantities
in R have no meaning if negative). Examples of nonnegative data sets include count data
(text, recommender systems, genetics), image data (medical imaging and spectroscopic
data in astronomy), similarity data (graph analysis), and so on. However, nonnegativity
constraint on any of the factors also makes the use of efficient linear algebra algorithms
for decomposition useless, and such decomposition is currently only performed using some
type of optimization algorithm.
The second special case is nonnegative matrix tri-factorization (NMTF):

Ry ~GyS{H| Ry, Gy, 5+, Hy 20

: (4.3)

Ry ~ G4 S,G Ry,G4+, 5+ >0.
In the first case of Eq. (4.3), the middle matrix S allows us to have G and H, with
a different number of columns. Also, it was shown that NMTF has a more favorable
optimization landscape compared to NMF [117] even though the two decompositions are
mathematically equivalent if S, is square. The second case in Eq. (4.3) applies when R
is a symmetric matrix as is the case in graph and similarity data due to Ry = RI ==
Gy =Hy.

It seems that by imposing a nonnegativity constraint on the factors, we only lost the
benefit of using efficient linear algebra algorithms for factorization, however, as we will see
in subsequent sections, this constraint brings important interpretation to the components
of the factors that are related to the clustering task. Nonetheless, the necessity of using
general optimization for such factorizations brings some flexibility that we cannot afford
when using linear algebra algorithms. As we will see in subsequent sections, we can afford to
have (a lot of) missing values in R and even perform multiple factorizations simultaneously
and, in this way, fuse information from several data sets into a single representation.

4.1.1 Soft Clustering from Nonnegativity Constraint

For many data sets, there are groups of data points that are more similar to each other
than to other points. We call such groups clusters. In some cases these clusters are
well-separated in feature space. For example, in optical character recognition, images of
the same character will be very similar to one another, and we would observe the same
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hard soft

Figure 4.1: A simple example of hard and soft clustering on a sample data set. Reprinted
from [118].

number of clusters as there are different characters in our data set. But (possibly even
more commonly) clusters may overlap, so that a single data instance can belong to several
clusters at the same time. Examples include genetic data (one gene can belong to several
groups of genes with related expression patterns), text data (a document may belong to
several topic clusters), medical data (a person can have several diagnoses, that is, groups
of symptoms), recommender systems (a user may like several groups of items), and so on.
With respect to this we distinguish between two types of clustering: soft clustering, which
allows cluster overlaps, and hard clustering, which does not. Figure 4.1 depicts a simple
example of soft and hard clustering on the same data set.

We will now show that nonnegativity constraints in Eq. (4.2) and (4.3) come from
the perspective of soft clustering of data set R. Let us begin with the most general case
where matrix R is unconstrained (it may have mixed signs). Suppose we use a k-means
algorithm for clustering our data set R, meaning that we cluster data instances R; (rows
of R) and obtain cluster centroids in the feature space H ]T (columns of H). Let G; denote
the cluster indicators for data instance R;, that is, G;; = 1 if data instance R; belongs to
cluster j (defined by centroid H ]T ), and G;; = 0, otherwise. It was shown in [119] that the
k-means clustering (more formally minimum sum-of-squares clustering) objective function
is equivalent to

YD GulRi—Hj|>=|R-GH'|* (4.4)
i

We see that the k-means clustering objective can be alternatively viewed as an objective
function for matrix approximation with a constraint on G that each row of G has one
component equal to 1 and all others are 0. Moreover, this k-means clustering will generally
be softer if we relax the constraint by allowing G; to range over values in [0, 1] or values
in [0,00). Figure 4.2 shows the same point in a more visual manner, and we can see how
rows of H' hold centroids in the feature space and rows of G' how much each instance
belongs to the given cluster.

The values of G, if interpreted as cluster affiliations, cannot be negative. The nonneg-
ative values of G; place the data instance R; to a feature space by encoding its position
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Figure 4.2: Depiction of matrix factorization with the meanings of rows and columns for
each matrix.

with linear combination of centroids H ]T in the following way:

R; ~ Z GinjT = GﬂHIT + GiQH; + -+ Gz’ka;T~ (4°5)
J

Therefore, nonnegativity ensures that instances are localized to a hyperrectangle with
centroids defining its vertices. This holds when 0 < G;; < 1, however, if only nonnegativity
is enforced on G it is always possible to rescale G and H so the interpretation presented
holds also for G > 0.

In case the data set R, is nonnegative by definition, the centroids of the clustering must
also be nonnegative which gives us Ry ~ G4 HI factorization with the same interpretation
as stated before, matrix G as an indicator matrix and H, as the matrix holding centroids
for soft clustering [117]. However, if tri-factorization Ry ~ G1S{H] is used, the scale
factors for centroids can be absorbed by the S and both G and H; can be interpreted
as indicator matrices, and such factorization produces simultaneous soft clustering of both
the rows and columns of R, at the same time [120]. By this, we see that tri-factorization
enables co-clustering and allows, by choosing S to be nonsquare, clustering rows and
columns of Ry so that row space and column space have different number of centroids,
which is beneficial because, in general, there is no guarantee that the number of clusters in
the data set to be equal for both data types. Such type of clustering is, in turn, equivalent
to bipartite graph clustering [121]|. For example, consider a matrix of gene expressions for
a number of subjects. Using NMTF, both subjects and genes are soft-clustered, and G
holds the clusters of subjects and H, the clusters of genes, while S measures how each
cluster of subjects is connected to each gene cluster. In this example, it is clear that the
number of gene and subject clusters will not be the same.

A relevant special case is when R4 = RI, which implies G+ = H. Examples of such
data sets fall under the category of similarity data with use cases from graph analysis, text
mining, gene co-expression, protein interaction, chemical reactions, and many more. Soft
clustering can be performed in the same manner as mentioned in the previous paragraph,
but now only one indicator matrix is present:

Ry ~G.S.G1. (4.6)

In this case, it is necessary to use tri-factorization because we need a matrix S; to absorb
the scale factors, and the components of S; represent how clusters are interconnected
among themselves. For example, in text mining, if Ry is a co-occurrence matrix (value
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R;; is the number of documents which contain both word i and word j), NMTF can be
performed on Ry and G4 would define word clusters, and S would measure how frequently
any pair of clusters of words occur in the same document.

Soft clustering can, therefore, be achieved by performing matrix factorization where
nonnegativity is enforced. Nonnegativity constraint upgrades dimensionality reduction via
factorization into soft clustering.

4.1.2 Hard Clustering from Orthogonality Constraint

We have seen in the previous section that the nonnegativity of a factor in factorization
implies soft clustering. We will now show that if we add the orthogonality constraint to
that factor, it implies hard clustering. In connection with Eq. (4.4), we already mentioned
that if all rows of G have one component equal to 1 and all others equal to 0, we get hard
k-means clustering. We will now show that a more relaxed requirement, orthogonality of
columns of G, implies the same meaning. Our treatment will follow [120] and [122].

Let us consider the basic NMF objective function J for a general data set R (with
negative and nonnegative values) and, therefore, we impose the nonnegativity constraint
on only one factor:

J=|R-G. H"|% (4.7)

We can rewrite this expression using a trace of a matrix by employing well-known trace
properties [123| in the following way:

J=Tr(R"R) - 2Te(GLRH) + Tr(GLGH" H). (4.8)

Using zero gradient condition 0J/0H = 0, we can express H applying differentiation rules
for traces [123]| and obtain:

H = R'G.(GIGy)™

4.9
H' = (G[G4)"'GLR. (49)
We can now plug these expressions into Eq. (4.8) while ignoring the constant term that
depends only on R. By using the cyclic property of trace [123|, we can reorder the result
to

J=-Tr((GLG+)'GLRR"Gy). (4.10)

On the other hand, the k-means clustering optimization problem was proven to be equiv-
alent to [124]:
max Tr(G]RR'G ). (4.11)

The two objectives would be equivalent if GIG+ = I. Since H can be freely rescaled, this
condition can be further relaxed to

R~G.H' with G.>0 and G'G diagonal. (4.12)

Therefore, if G is nonnegative with orthogonal columns, NMF performs hard clustering.
In the same manner, this can be proven for other variants of nonnegative matrix fac-
torization [120], when orthogonality is imposed in addition to nonnegativity on any of the
factors, the soft clustering is constrained to hard clustering. Below we list all the variants
of NMF and NMTF problems that are equivalent to hard k-means clustering of uncon-
strained data set, nonnegative data set, on a bipartite graph (simultaneous co-clustering on
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nonnegative data set) and on a general graph (clustering on similarity data), respectively:

R~G.H' Gy >0 and G'G diagonal
Ry ~G.H] Ry, G, Hy >0 and G'G,H'"H diagonal (413)
Ry ~G S H/ Ry,G., S+, H, >0 and G'G,H'H diagonal '
Ry~ G+S+GI Ry,G4,5+ >0 and G'G diagonal.

4.1.3 Connection to Data Imputation and Data Fusion

In many practical applications of clustering based on matrix factorization, the available
data departs from the idealized setting of a single, fully observed matrix of data values.
Two important situations arise frequently:

1. matrix to be factored includes (a great amount of) missing values and

2. there are several data sets (matrices) available related to the same system that is
being modeled which could be factored simultaneously in order to perform a more
thorough unsupervised learning benefiting from all data sets not just a single one.

The first point can be achieved by slightly altering the objective function of NM(T)F.
We will demonstrate this technique on an NMF problem, however, it can be applied to any
nonnegative matrix factorization version listed in Eq. (4.13). Suppose we have a matrix
R with missing values. We compose a matrix W of the same shape whose values are 1 on
positions of matrix R where data values are available and 0 on positions where the values
are missing. The objective function is then modified to include contributions to the error
only for components of R that are available, while the error is not calculated for values
that are missing:

HW@(R—G+HT)H2. (4.14)

In Eq. (4.14), we see that the errors where R components are missing get multiplied by 0
and errors where R components are known get multiplied by 1. In this way, only available
data in R contribute to error calculation. This means that imputation does not need to
be performed on R, which is of great advantage since there is no clear theory that would
tell which imputation method would produce good results on a given data set [125].

The capacity of NM(T)F to factor R with missing values to a product G4 H ' allows
for NM(T)F itself to be used as a data imputation method. By multiplying the factors, we
get an approximation of the original matrix G4 H' = R that does not have any missing
data. By substituting missing values from R for the ones in R, we get a data imputation
method for our data set which also comes with feature dimensionality reduction and soft
clustering, three important unsupervised learning tasks with one method. Data imputation
can also be understood here as a method for prediction, as is used in the scope of supervised
learning, for example, as link prediction in graphs [126].

The formalism of NM(T)F also enables data fusion. We can easily compose several
factorizations in the same objective function and perform several related factorizations at
the same time. We will highlight two not mutually exclusive schemes for data fusion by
NM(T)F, both of which have been used to perform data fusion in real-world cases of very
large data sets with enormous performance gains compared to processing each data set
individually.

The first example is from [127], where genetic data was clustered using three different
data sets. The task was to find groups of human genes that contribute to four types of
cancer by clustering human genes based on three different similarity measures at the same
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Figure 4.3: Data fusion approach when data sets are available that measure the same
quantities in different ways in case of symmetric NMTF. Reprinted from [127].

time. The rationale behind this is that each gene similarity measure has its advantages
and drawbacks, and with missing values distributed differently in each of them. Clustering
by considering all three of them at the same time would allow to use their joint infor-
mation. Three gene similarity data sets were used: protein-protein interaction A, gene
co-expression Ao, and genetic interaction As. jk components of matrices A; measure how
much gene j is similar to gene k by its function, expression and interaction. Since A; are
similarity matrices, they are nonnegative and symmetric, so NMTF was applied to perform
soft clustering using the following objective function that enables data fusion of those three
data sets in the following way:

3
> A - GLSiGL. (4.15)
i=1

See Figure 4.3 for a more visual depiction of the way the factorization model is structured.
This use case presents an example of indicator matrices G4 being shared among three
different factorizations with different S matrices. Therefore, the clustering of genes speci-
fied by G+ is the same for all data sets, however, how these clusters are connected among
themselves, which is specified by matrices 5;, are different for the three data sets.

The second example is to perform data fusion by sharing indicator matrices among
factorizations that only have one data type in common, not two, as was the case in the
former paragraph. The concrete example was taken from [128] and deals with web search
data. Four types of objects are considered, which are to be clustered:

1. users (G1),
2. web pages (G2),
3. search queries (G3), and
4. words (Ga).
Five data sets are available that help us cluster these objects:
1. web pages viewed by the users (Ri2),
2. search queries done by the users (Ri3),
3. web pages referenced by the queries (Ra3),
4. words contained in web pages (Ra4), and

5. words contained in search queries (R34).
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Figure 4.4: Multi-type data fusion approach where several object types are clustered si-
multaneously using several data sets. Reprinted from [128].

See Figure 4.4 for a more visual depiction of the way this factorization model is structured.
Clustering of each of the four objects by using only the available data can be performed
using the following objective function:

> IRy — GiSiGy |I> = | Raz — G1812Gs ||> + || Ras — G1S13Gy ||+
& (4.16)
|Ros — G2S23G1 ||* + || Raa — G2S24G{ ||* + || Rsa — G3S34G4 ||

We could, of course, cluster each of the five matrices individually using standard NMTF,
however, mutual information contained in all five data sets is much more informative for
quality clustering. Even if only one object type needs to be clustered, it is more efficient
to implement such a data fusion approach despite higher computational costs [128].

We conclude this section with another benefit of before mentioned flexibility that
NM(T)F offers. Up until now we wrote the objective function as a square of Frobenius
norm of the difference between real R and the predicted one. This is customary for SVD
and other standard matrix factorization from linear algebra because it allows linearization
and efficient linear algebra algorithms to be deployed for performing factorization. How-
ever, since optimization will be used to perform NM(T)F, we are free to use a metric that
is more in accordance with the modeling problem at hand. For example, absolute error
can be more meaningful than square error for assessing how well G H " approximates R,
or even divergence instead of the norm could be used, such as Kullback—Leibler divergence
for positive matrices [129], Bregman divergence [130], and total variation norm that was
found to be superior for image data [131].

4.2 Soft Clustering on Graphs and Similarity Learning

In this section, we consider the problem of soft clustering on graphs or, equivalently, the
symmetric NMTF problem. We present a methodology for using gradient-based methods
to optimize the encountered objective function and, in turn, train the clustering model.
A more comprehensive comparison of methods for this type of optimization problems is
presented in a journal paper [56], and in this section, we offer a summary of that paper.
Additionally, we present our results for solving a multi-objective version of the symmetric
NMTF problem where both the accuracy of the model and the number of clusters are being
minimized. Full treatment of this effort is reported in [60], [63], [66].

The symmetric NMTF problem is an important variant of NMTF that is specialized
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for decomposing symmetric nonnegative matrices:
R~GSG'" with R G, S>0 and R=R' (4.17)

This problem naturally encodes the clustering of nodes of a graph where components of
matrix R are interpreted as similarities between each pair of nodes. Component R;; is seen
as a similarity between node i and node j. The decomposition GSG T, therefore, encodes
in what way the nodes of the graph are soft clustered. Component G;; measures to what
degree node ¢ belongs to cluster k, and component Si; measures to what degree cluster k is
similar to cluster [. However, this problem formulation has been used for a much broader
category of clustering problems by defining matrix R as a block matrix. For example,
in [132] multi-type clustering (similar to the problem shown in Figure 4.4) of 6 different
types of graph nodes was performed using 11 data sets that measure similarities between
the nodes. Formulation (4.17) was used for acquiring the clusters by using the 11 data
sets as blocks of R form (4.17) while keeping the other components of R zero. We can,
therefore, view (4.17) as a general formulation for soft clustering, even for problems with
several types of objects to cluster (multi-type clustering). However, formulation (4.17) still
does not include the possibility for data fusion in its full generality. To achieve this, we
need to allow several matrices R to be factored simultaneously (as in Figure 4.3) using the
same factor G. Therefore, in this thesis, we consider the optimization problem that allows
both of those features:

N
min{ZHRZ»—GsiGTH?: G, 8 >0, S; :SJ}. (4.18)
=1

We use two measures for the quality of our optimization (4.18): the objective function
which is the square error (SE) of the factorization and mean square error (MSE), which is
a relative value of SE and is used for analysis:

SE =) |Ri - GS,GT|’ (4.19)

iR — GS;GT|]
MSE = STRE (4.20)

4.2.1 Handling Nonnegativity Constraint with Search Space Transfor-
mation

One of the major obstacles to applying gradient-based optimization to problem (4.18) is
the nonnegativity constraint. The large majority of gradient-based optimization algorithms
were designed for searching in the unbounded real space without considering either bounds
or constraints. This means that if we want to use generic gradient-based optimization
algorithms, we need to handle the constraints in (4.18) in some other way. In our case,
we need to ensure that the path of the descent during optimization is localized only to the
feasible region. One common way to achieve this is to iteratively project a candidate to
the boundary of the feasible region [133]-[135], however, by this, we disturb the descent
and impose steps that are not necessarily beneficial. To circumvent this, we developed
a different method that is based on the so-called space transformation where we replace
the nonnegativity constraints for G' and S; by transforming objective function SE. By
moving constraints to the objective function, we are free to apply generic gradient-based
optimization. We can transform the feasible set for G and S; from the nonnegative part of
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the search space to the entire real domain by a simple variable substitution

G = f(G) (4.21)
Si = (S, (4.22)

where G, S; are nonnegative matrices, G’, g@ are real matrices and f is an appropriate
transformation function that is applied element-wise.

The transformed optimization problem, with G, S; as new variables, is an unconstrained
optimization problem, however, this gain is traded for a more complicated objective func-
tion

SE = Z 1R — F(G)f(S:) F(G)TII. (4.23)

The advantage of this approach is that common local search algorithms developed for un-
constrained optimization problems can be applied without modifications. This technique
has a long history in non-linear optimization and is usually employed in order to trans-
form bounded search space variables to unbounded ones. Examples of transformations
used in the literature include smooth transformation of open hyper-rectangle to R™ [136],
continuous transformation of closed hyper-rectangle to R™ [137] and even continuous trans-
formation of closed hyper-rectangle to search space with toroidal topology [138|.
In this work, we consider two transformation functions:

1. element-wise absolute value (search space boundary extension by mirroring [137]
adapted for nonnegativity)
H(X) = |X] (4.24)

and

2. element-wise square

R(X)=X0X. (4.25)

We can apply fi and f2 to any matrix, regardless of its dimension. The benefit of using
absolute value is that this transformation does not change the characteristics of the opti-
mization landscape in any way. However, by using absolute value, the objective function
ceases to be a polynomial. Element-wise square, on the other hand, changes the optimiza-
tion landscape, however, the objective function remains a polynomial, but with doubled
degree.

Function f may also be only piecewise differentiable. This is the case for fi(X) = | X]|
from above, which is non-differentiable at any component of X equal to 0. In such a situ-
ation, we use sub-derivatives instead of derivatives in the non-differentiable points. In the
case of f1, the set of all possible sub-derivatives is [—1, 1]. Therefore, we are free to make
a choice f1(0) = 0, which is also in accordance with the statement of Fermat’s theorem on
stationary points, which says that every local extreme is a stationary point (the function
derivative is zero at that point). This is a very common approach in gradient-based opti-
mization, especially in deep learning. However, the proof of mathematical validity of using
subgradients in stochastic optimization is, despite its wide use, remarkably recent [88|.

4.2.2 Adaptive Moment Estimation Algorithm for Solving Symmetric
NMTF Problem

In this section, we show how to apply an established gradient descent algorithm to the
symmetric NMTF problem. The adaptive moment estimation (Adam) 73] is a gradient-
based optimization algorithm and is currently the state-of-the-art algorithm for training
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deep neural networks. It was designed for problems with high-dimensional search space,
noisy objective function, and sparse gradients. Adam cannot be straightforwardly applied
for solving (4.18) due to nonnegativity constraint. However, this limitation can be circum-
vented by using a transformed formulation of (4.18) presented in (4.23), which releases the
nonnegativity constraint.

In order to apply Adam to (4.18), we chose to transform search space by using element-
wise absolute value, that is, f = fi. We decided to use absolute value because this oper-
ation is the most computationally efficient way to guarantee nonnegativity since it can be
implemented with a conditional clause and no other operations. Also, this transformation
leaves the optimization landscape unchanged. The use of absolute value implies the use of
sub-derivatives, as explained in the previous section.

In the Adam algorithm, steps are not made in the direction of the gradient but in the
direction of the moving average of the gradient. Another trait is step size scaling which is
adapted for each matrix element independently. The update rule for both G and S; are the
same, therefore we only state the one for G, which is updated using the following formulas:

Mg + BiMg+ (1= B1) VESE (4.26)
Ve < B2Va+ (1 - B2) VASE © V5SE (4.27)
C~1<—C~¥—anMG®(\/V>@+€), (4.28)

where @ denotes element-wise division of two matrices and y/ and adding ¢ are applied
element-wise. The Greek symbols are scalars, and Mz and V= are the matrices of the same
size as G and contain the information about the mean and the variance of gradient V&SE,
respectively. Parameter n changes with a predetermined schedule as statedin [73].

The Adam algorithm is controlled by four parameters (a, £1, B2 and ¢) which influ-
ence its efficiency. The most important one is the so-called learning rate a. The usual
magnitude of the learning rate is & ~ 1073, however, due to descent direction scaling by
using second moment V', algorithm efficiency is intended to be robust with respect to this
choice. Another important parameter is 51, which should be chosen in accordance with the
noise level and gradient sparsity level. However, there are no theoretically founded ways to
assess appropriate parameter values based on the optimization problem at hand. Therefore
some degree of parameter tuning is normally used. In our experiments we used o = 0.002,
B1 =0.95, By = 0.995 and € = 10~8. More comprehensive analysis showed that the perfor-
mance of Adam is not very sensitive to changes in control parameters for problem (4.23)
and a large proportion of the parameter space results in comparable performance [56].

The gradient calculation for objective function (4.23) with respect to G and S; was
performed by automatic differentiation. For this, the TensorFlow library [26] was used,
which is one of the state-of-the-art frameworks for deep learning applications. One of the
major advantages of TensorFlow is its highly efficient compiler which results in optimized
and stable computational graph for gradient calculation with built-in parallelisation. In
this regard, it is able to construct a graph for gradient calculation with respect to both
G and S; simultancously. This is in contrast to more usual gradient-based algorithms
for NMTF that split the search space into blocks and iteratively optimize each block
separately [56]. To use the Adam algorithm inside the TensorFlow library in order to solve
(4.23) we only need to implement the code for the calculation of the objective function
(4.23). The computational graph for gradient calculation is generated automatically by
TensorFlow from the code we supplied, and we can directly use the built-in implementation
of the Adam algorithm. We chose this method because it is computationally efficient and
requires less programming effort and is therefore less error prone.
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Empirically, Adam has proven to be very efficient, especially in deep learning, and with
a superior convergence rate compared to other gradient-based optimization algorithms [73].
However, contrary to these findings, there are no guarantees that the algorithm converges.
In [76], an explicit example of a simple convex optimization problem was provided where
Adam does not converge to the optimal solution. In practice, however, such convergence
problems are seldomly encountered and can be mended by changing the initial point and /or
algorithm parameter values that influence the algorithm’s behavior.

4.2.3 Exact Line Search Algorithm for Solving Symmetric NMTF Prob-
lem

Using automatic or symbolic differentiation, the problem (4.23) can be solved by any
generic gradient-based algorithm. However, our problem (4.23) has a special form that
allows us to devise a more specialized algorithm. If we take f form (4.23) to be an element-
wise square f(X) = X ® X, our objective function SE is a polynomial of degree 12. This
property allows us to devise a gradient descent algorithm that makes optimal-size steps in
the direction of the gradient. This means that the learning rate of gradient descent does
not need to be preset but is calculated for each step separately so that the step minimizes
SE the most. Such an algorithm would, therefore, have no tunable parameters.

To devise our algorithm, we follow the design of a basic line search algorithm where
we establish the descent direction to point in the direction opposite to the gradient of the
objective function SE that we are minimizing:

G« G—tVsSE (4.29)

Si+ 8 —tVgSE (4.30)

t = argmin SE(G — ¢t V&SE, S; —t V3 SE). (4.31)
t T

In general, the descent direction in line search need not be parallel to the gradient. This is
the case in the nonlinear conjugate gradient method [139], Gauss-Newton algorithm [140]
or Levenberg—Marquardt algorithm [141]. The step size ¢ is calculated independently for
each specific step made so that the step taken minimizes SE. Optimization problem (4.31)
can be solved either exactly or inexactly. In this regard, we distinguish between exact and
inexact line search methods. In our case, minimization (4.31) is a uni-variate minimization
of a polynomial of order 12, which can be solved exactly (up to numerical errors). We call
the algorithm employing this technique gradient method with exact line search (GM-ELS).
By choosing f = fa, the objective function becomes

2
)

SE =) |Ri - G*S}G*T| (4.32)

where squares act element-wise. To find out how SE changes when moving in the direction
of the gradient we substitute G and S; in (4.32) with right-hand sides of (4.29) and (4.30).
We observe that SE changes with ¢ as a polynomial

12

p(t) =) at'. (4.33)

=0

By finding ¢ that minimizes p(t), we find how large of a step to make in the direction of
the gradient so that SE is minimal. This polynomial tells how SE changes with respect to
step size t when making a move in the direction of the gradient.
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Due to exact calculation of optimum ¢, SE monotonically decreases during iterations,
hence it converges to some nonnegative value. This means that at some iteration, we have

min p(t) =~ p(0). (4.34)

The equality can (approximately) hold only if the polynomial p(¢) has a minimum at point
t = 0, which indicates that the gradient of SE is zero and proves convergence of GM-ELS
toward a point with zero gradient.

A full mathematical description of how polynomial p(¢) is calculated is presented in
the appendix of [56]. It is important to note that the calculation of coefficients ¢; re-
quires a far higher number of matrix multiplications compared to the number needed for
gradient calculation. In our implementation, these computations are left to the Tensor-
Flow library, which manages to do them efficiently due to its compiler optimizations, such
as the elimination of common subexpressions and simplification of arithmetic statements.
However, the time needed for this step was still non-neglectable (approximately 7 times
longer compared to gradient calculation). We also tried to reconstruct coefficients of p(t)
by polynomial curve fitting methods using evaluations on > 13 points, but the step lengths
obtained this way yielded worse performance. For the actual minimization of polynomial
p(t), we used analytical methods. Minimization was performed by finding all roots of
the derivative of p(t). We used NumPy’s function roots that relies on computing the
eigenvalues of the companion matrix.

4.2.4 Experiments on Synthetic and Real-World Similarity Data Sets

In this section, we use the developed methodology and apply our algorithms to perform soft
clustering on several collections of data sets from various domains. In order to assess the
performance of Adam and GM-ELS algorithms, we compare them to two other algorithms
for solving (4.18) that were developed by the co-authors of [56]. The two algorithms
used for comparison are the fixed point method (FPM) and the block coordinate descent
with projected gradient (BCD). It is important to highlight some differences in design
methodology between the two groups of algorithms. While Adam and GM-ELS use search
space transformation to handle constraints, FPM and BCD do this by addressing the
Karush-Kuhn-Tucker conditions [56]. Both FPM and BCD optimize G and S; alternately
which means that they are variants of the block-coordinate descent method since, in each
iteration, an update is made on one block of variables while keeping the other fixed. Adam
and GM-ELS, on the other hand, update the entire candidate in a single step without
blocking. The full description of FPM and BCD algorithms as applied to symmetric
NMTF problem can be found in [56].

4.2.4.1 Data and Implementation

We benchmark our methods on three data set collections: on a set of synthetic random
matrices generated by [56], real-world similarity matrices gathered by [142] and biological
network data compiled during the study [127|. A full description of the data set can be
found in [56]. All three data collections are also included in the publicly available GitLab
repository [49] that contains the code for our experiments.

The set of synthetic random matrices consists of 30 instances of 5-tuples of nonneg-
ative symmetric matrices of dimension n € {100,200, 500,1000,2000,5000}. For each
n, we have five matrices with rank 50, meaning that it is possible to factor them using
G, S; with 50 columns. The second data set consists of five symmetric nonnegative ma-
trices (named Aural, Protein, Voting, FaceRec and Zongker) which are commonly used
to benchmark similarity learning algorithms. They are real-world similarity or proximity
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matrices from different fields of data science and have dimensions n = 100, 213, 435, 945
and 2000. The third data set is a biological molecular network data for five different species
(fission yeast, baker’s yeast, fruit fly, nematode worm, and human). For each species, we
have a 4-tuple of nonnegative symmetric matrices that encode different ways to measure
genetic similarity (protein-protein interaction, gene co-expression, genetic interaction, and
sequence similarity). The matrices in this collection are quite large and have dimensions
n = 4979, 5890, 13190, 17519 and 20967, respectively. These networks represent real-world
use cases where several matrices need to be factored simultaneously in order to integrate
multiple data sources and produce more consistent, accurate, and useful information.

Before we run the algorithms, we need to decide on the number of clusters we assume
are present in our data. In symmetric NMTF clustering formulation, the number of clusters
is equivalent to the number of columns k that matrices G,.S; have. Currently, there is no
streamlined way to approximate k, and the usual approach is to simply run clustering
algorithms for several different k. In this way, we can observe how the quality of clustering
changes with k and decide on the value of k that is a good trade-off between the clustering
quality and our ability to analyze the clustering with this many clusters. For synthetic
data collection, we know that the ideal number of clusters is 50 [56], therefore, we run the
algorithms for k € {10, 20, 30,40, 50,60}. However, in this case, we know that for k& = 50
and k = 60, by construction, the optimum MSE,,, = 0, and our results demonstrate
the capability of the methods we used to reach a global optimum. For real-world data
sets, on the other hand, we evaluated the methods for five different numbers of clusters
k = [v/n/5],2[v/n/5],...,5[y/n/5], where [-] denotes rounding to the nearest integer.
This choice is in accordance with a commonly used rule of thumb for the expected number
of clusters in data sets [143]. However, for some real-world similarity matrices gathered
by [142], we found that these values were too large and adjusted them accordingly (for
Voting, FaceRec, and Zongker k € {1,2,3,4,5}).

All four algorithms that are compared were run on the same hardware and using a
unified methodology for initial point generation and termination criterion. Full implemen-
tation details are reported in [56]. For initial point generation, we tested both random
initialization and deterministic initialization by using eigenvalue decomposition [144]. Our
analysis shows that random initialization on average results in slightly worse objective val-
ues compared to deterministic initialization, which is why we use the latter. This means
that all algorithms reported here are completely deterministic. As advice to the reader,
we suggest using random initialization only when matrices are small and when small dif-
ferences in objective value matter greatly to the user. In this case, many runs can be
performed, and there is a reasonable probability that some runs using random initializa-
tion will end up lower in objective value than the one from a deterministic point. It must
be noted that this procedure is orders of magnitude more time-consuming and, therefore,
not suitable for large matrices. The stopping criteria for all methods were the maximum
number of iterations (4000 for FPM, 300 for BCD, 1000 for GM-ELS, and 3000 for Adam)
or if the MSE falls below 1072 or if the absolute difference between the MSE in given
iteration and the MSE in the previous iteration is below 10719, All four algorithms were
run on the same type of node that is part of high-performance cluster at the University of
Ljubljana, Faculty of Mechanical Engineering (E5-2680 V3 (1008 hyper-cores) DP cluster,
with IB QDR interconnection, 164 TB of LUSTRE storage, 4.6 TB RAM).

4.2.4.2 Optimization Results

Results of the four algorithms, when applied to all 16 data sets, are shown in Figure 4.5.
The figure shows how MSE changes with number of clusters k. We can clearly see that the
MSE decreases with an increasing number of clusters k, the only exception is the Zonker
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data set, where MSE values are very small at the very beginning (below 1072) and due to
the stopping criteria MSE does not decrease any further, actually it even slightly increases
for the case of FPM, but remains below 1072,

On the synthetic data collection, FPM, GM-ELS, and Adam are very competitive
regarding the MSE, while BCD yields worse MSE for larger values of n. A deeper analysis
shows that the worse performance of BCD is due to a small number of iterations (it was
limited to 300). When we allow 1000 iterations, the resulting MSE was of the same order
of magnitude, that is, below 1072 as for the other three methods.

When the algorithms are run on real-world similarity matrices, we can see that the
mean values of MSE for Voting, FaceRec, and Zonker are falling rapidly towards 0, which
demonstrate that all four methods are capable of finding the optimum decompositions when
k is increased. However, for Aural and Protein, the MSE does not come very close to
0. This can mean that those two matrices cannot be factored in the proposed way due to
the noise, or the inner dimension was not correctly identified, or some other hidden reason
might be present. For this data set, we observe no clear pattern that would declare which
algorithms are systematically better than the others. For large k, all algorithms obtain
similar MSE values (with the exception of Protein where BCD is clearly not as good as
the others). In the case of smaller k, the ranking of the algorithms changes with respect
to problem instance and inner dimension k.

Applying the four algorithms on biological network data instances was very time-
consuming and memory-consuming. GM-ELS even ran out of memory for the largest
three tuples of matrices, while the other three methods always terminated regularly, ac-
cording to our stopping criteria. Regarding the MSE we observe that FPM, BCD, and
Adam perform similarly. For the largest instance (Human HSA), Adam returns slightly
worse MSE, but the difference is quite small. A similar situation can be noticed in the case
of Yeast SPO and Yeast SCE, where MSEs for the FPM algorithm are systematically
slightly higher. GM-ELS, on the other hand, is consistently worse than others or, for larger
data sets, even runs out of memory. This indicates that GM-ELS is not an appropriate
choice when factoring large data sets. This is a result of considerable resources needed for
the calculation of the 12-th order polynomial used for determining the ideal step size for
GM-ELS.

To provide a better insight into which algorithms perform best on a given instance
(regarding the MSE) we show the winners in Figure 4.6. More precisely, for each synthetic
instance, each real-world similarity instance, and each biological network instance, we plot
at position (log(n),log(k)) the symbol denoting which one out of the four algorithms gives
the lowest MSE for a given instance within this numerical evaluation. The more signs
appear in this plot, the more often the corresponding algorithm returns the lowest MSE.
We can observe that Adam the most often (in approximately 50% of the cases) gives the
best MSE, followed by BCD and FPM, each winning in approximately 24% of the instances.
The GM-ELS results with best MSE only in two cases. Additionally, Adam outperforms
the other algorithms for larger values of the inner dimension k, while for the smaller values
of k the winners are usually FPM and BCD.

It is also important to consider the time efficiency of the compared algorithms. Depic-
tion of the characteristic convergence curves of the algorithms is shown in [56] and here we
offer a short summary of our findings. Results indicate that the algorithms that end with
the lowest MSE in Figure 4.5 also spend much more time to reach these results compared
to the others. If we limit the time to a quite modest range, then the FPM outperforms the
others since it demonstrates the best convergence at the beginning and computes the low-
est MSE in a given (short) time frame. Otherwise, the overall ranking of algorithms FPM,
BCD, and Adam are quite uniformly distributed when considering their entire runtime.
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Figure 4.6: The plot shows which algorithm achieved the lowest MSE of all four algorithms
considered with respect to the matrix dimension n and the chosen number of clusters k.
Each marker position represents one symmetric NMTF problem, and the type of marker
encodes which algorithm has found the best solution for that problem. The plot includes
results for all three data collections considered. Reprinted from [56].

The exception is GM-ELS which systematically lags behind the others and oftentimes does
not converge to a similar MSE level as others do in the given computational budget.

Considering the results, we can confirm hypothesis H2A for the soft clustering case
since we have shown in practice that the Adam algorithm can be used to efficiently soft
cluster data sets. General-purpose gradient-based algorithms are applicable to clustering
problems and, in the case of Adam can even find superior solutions with high probability.
We have tested this claim on a diverse set of data sets by reformulating soft clustering
problems and using automatic differentiation and gradient descent for soft clustering. For
large data sets, our methodology can converge slower compared to the current state-of-
the-art approach (FPM), however, this is in large part due to FPM exploiting matrix
sparsity. TensorFlow, on the other hand, did not have support for sparse matrices at the
time of this study, however, this has changed in the meantime with the introduction of
module tensorflow.sparse. This means that we can expect even faster convergence of
gradient-based methods for clustering in the future.

4.2.5 Multi-Objective Approach to Soft Clustering

In the previous section, we have seen that soft clustering of the same data set was performed
several times for different number of clusters k. The reason for this is the absence of a
methodology for determining the number of clusters during the clustering process itself.
The problem behind it is that when we increase the number of clusters k, the quality
of clustering also increases. But, on the other hand, working with an exceptionally large
number of clusters defeats the purpose of clustering, which is to better understand the data.
This is why, in practice, we want to find clustering with manageable number of clusters
that still has a sufficient quality to be meaningful. Looking for this trade-off between
the number of clusters k, and the clustering quality naturally leads us to multi-objective
optimization. In this setting, we would like to minimize both the number of clusters k£ and



54 Chapter 4. Unsupervised Learning

1.2 B

0.8 |-

0.6 |- E -

e =T

0.2+ |

% RSE before crossover
ol |

| |
no Crossover SBX SPX DE RC
crossover operator

RSE

Figure 4.7: Distributions of RSE values of individuals produced by crossover from parents
with RSE from the shaded range. The crossovers considered are simulated binary crossover
(SBX), simplex crossover (SPX), differential evolution crossover (DE), and choosing ran-
dom columns (RC) with uniform probability out of both parents. The trivial solution is a
candidate with all components of matrices G, S; equal to zero. Reprinted from [63].

the clustering error RSE:
o T2

minimize - SR
k= dimS; and subject to G, S; >0, SiT =5;.

with respect to G,Si (4.35)

By solving problem (4.35), we would acquire a set of clustering solutions for different
number of clusters (similar to the plots in Figure 4.5) and by this, avoid running opti-
mization several times on the predetermined set of values k. For more information on the
nature of multi-objective optimization and methods usually employed in this setting, see,
for example, books [145], [146].

In this section, we provide a short summary of the work reported in [60], [63], [66]. It
represents an effort toward finding a way to efficiently solve optimization problem (4.35)
either by evolutionary algorithms or by hybridization of gradient descent with evolution-
ary algorithms. The necessity to turn toward evolutionary algorithms comes from the fact
that the current methodology in the literature heavily relies on population-based methods
for solving multi-objective problems [147] even for large-scale problems [148]. However, it
turns out that problems of the NMF type have not been well-studied using evolutionary
approaches. It is not known what kind of recombination and mutation operators work well
in this setting (when candidates encode matrices). To identify possibly useful operators,
we first focused on a single-objective case (4.18) and tested several evolutionary opera-
tors known from the literature to work well in continuous search spaces. We have found
that none of them was able to produce offspring that would have comparable fitness in
comparison to their parents (see Figure 4.7).

Based on the results, we see that classical crossover operators do diversify the popula-
tion, which is also their aim, however, to such a degree that an offspring appears random
compared to its parents. In our experiments, we have observed that, when pure evolution-
ary algorithms are run to solve (4.18), the population of candidates remain on similar fitness
level throughout the optimization even when the algorithms are run for exceptionally large
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number of iterations?. Our interpretation is that in the absence of fitness inheritance, the
evolutionary algorithms when applied agnostically to problem (4.18) search in a similar
manner than random search does. It is known from the literature that inheritance is a
crucial property for this type of algorithms with a guideline that crossover in an idealized
setting should create instances with higher fitness [149].

The lack of fitness inheritance when using classical evolutionary operators leads us
either towards finding a more meaningful encoding for the individuals or towards devising
new evolutionary operators that would be more in line with the nature of our optimization
problem (4.35). In [60], we have devised a novel mutation and crossover operators that
treat columns of G (and associated components of S;) as the atomic elements for the
operators. Using the clustering interpretation of problem (4.35) means that these operators
can only lose or attain an entire cluster definition from its parent and do not have the
capacity to merge cluster definitions (and consequentially corrupt them). By leaving each
individual cluster inside a candidate intact, we can guarantee the inheritance of fitness
from parents to offspring. In the case of lossless crossover, which was devised specifically
for the multi-objective case, we can prove that the RSE objective value of the offspring
is less than or equal to the average of RSE objective values of the parents [63]. However,
since these operators can only delete or introduce new clusters, they are unable to change
the magnitudes of how much each data instance belongs to each cluster. To change those
magnitudes, we would need some type of cluster merging crossover, and all operators of
this type that we tested were found to be detrimental to the convergence (see Figure 4.7).

One way to circumvent this problem is to search for appropriate magnitudes using some
other algorithm that is not native to the evolutionary setting and, by this, develop a hybrid
approach. Since we already know that gradient descent algorithms work well for a single-
objective variant of our optimization problem, we opted to look in the direction of memetic
algorithms that attempt to join the strengths of population-based and single-solution-
based optimization algorithms. For more information on the common hybridization design
patterns for memetic algorithms, see the review [150]. Informally, the memetic algorithm
uses a population-based global search technique to broadly locate good areas of the search
space while repeated usage of some local search heuristic is employed to improve the quality
of offspring as far as possible. The local search heuristic is used to refine individuals and
correspond, in the original metaphor of memetic algorithms, to the lifetime learning of the
individuals.

Our memetic algorithm is specifically tailored to solve (4.35). For the local search
part of the algorithm, we decided to use Adam which was already proven to work well in
the previous section. It is important to note that, when solving (4.35), Adam can only
improve the first objective RSE while keeping the second objective k constant. This is
why the population-based part of the hybrid is required to change the number of columns
in matrices G, .S; in order to explore different values of k£ for our second objective. This is
achieved by exchanging columns among the population using column-based evolutionary
operators from [60]. Informally, the evolutionary part of the proposed memetic algorithm
is focused more on the “discrete” part of the search space (how many clusters and which
data instance belongs to which cluster) while Adam is more focused on the “continuous”
part of the search space (to what degree a given data instance belongs to each cluster).

We tested several variants of a memetic algorithm to solve (4.35). The main differ-
ence between them was how column-based evolutionary operators are implemented. We
observed that column-based crossover works best when the number of columns that are
discarded is as small as possible. Inheritance of the RSE objective is maximal if all columns

2We have tested this on small matrices where we could afford trillions of evaluations. For large matrices,
on the other hand, computational resources limit us to ~ 10* evaluations.
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Figure 4.8: Box plot of hypervolumes for the three algorithms considered. Hypervolume
is one of the measures used to assess the quality of solutions found by multi-objective
optimization algorithms. Higher hypervolume value indicates a higher-quality solution.
M1 is a memetic algorithm when only mutations are applied, M2 when both mutation and
crossover are applied, and NA is the naive approach where only Adam is applied from
random points with different and predetermined values of k. Reprinted from [60].

of the parents end up in the offspring. This means that the crossover can only increase
the second objective k& (number of columns), however, it does provide an offspring with
an inherited low RSE objective that is used as an initial point for Adam. For exam-
ple, consider two parents that were produced by Adam in the objective space (RSE, k).
Crossover between (0.42,2) and (0.29, 3) would produce an offspring (0.35,5). Compared
to a randomly generated individual, which is, for example, (1.04,5), this offspring has a
much smaller RSE objective and should be a better starting point for Adam. The mutation
operators considered either adding or deleting clusters from an individual. This mutation
works best if the added columns are populated by small numbers so that the RSE value
of the offspring is reasonably close to the parent. For the column deletion, we found that
the convergence of the memetic algorithm is more favorable if the deleted columns are the
ones that contribute the least to the Y, [|GS;GT||?>. These experimental results led us to
the final version of evolutionary operators which can change objective k& while minimally
altering objective RSE. The full design and implementation of our algorithms is reported
in [60].

Figure 4.8 shows how our memetic algorithm compares with respect to solution quality
if only mutation is applied (M1) or if both mutation and crossover are applied (M2) to
the naive approach (NA), where we apply Adam on random points with different and
predetermined values of k. We can see that NA finds the best approximation of the Pareto
front. This is a surprising result since we know from the previous section that when Adam
is started from an initial point with lower RSE, it produces better-quality solutions. This
is why the SVD decomposition was used to generate initial points for Adam in the previous
section. Using evolutionary operators to generate initial points with low RSE, however,
does not bring the same benefits. In order to understand this discrepancy, it is instructive to
look at the convergence of Adam from the initial points that were generated by evolutionary
operators. Figure 4.9 shows how Adam converges when applied to a crossover offspring
compared to the convergence from a random individual with the same k. We see that the
initial RSE of the offspring is indeed smaller compared to the random point, however, the
convergence curves look quite different. When Adam is applied to individuals created by
crossover, RSE steeply falls, but shortly after, the convergence becomes very slow.

Comparing M1 and M2 in Figure 4.8, we see that the use of the column-based mutation
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Figure 4.9: Progress of the Adam algorithm when initial points are individuals created
by crossover compared to the random individuals. All solutions here have & = 10, and
crossovers were performed using already descended individuals with & = 3,4,5,6,7 (3+7,
4+ 6 and 5+ 5). Full lines are the medians, and the shaded areas represent the range of
the central 66% of runs. Reprinted from [63].

is less problematic compared to the crossover. It turns out that the M1 algorithm also
required the least amount of evaluations out of the three algorithms [60]. This means
that our mutations supplied individuals in the population on which Adam converged faster
than when started from random points but to RSE values that are worse compared to
NA. If we look at the convergence of Adam started from different mutated individuals (see
Figure 4.10), we can see why this is so. If mutation adds only one column, the convergence
of Adam is approximately three times faster compared to Adam started from a random
individual. The best RSE found is worse for the mutated individual, however, the difference
is quite small. This result can guide us to an improved version of the M1 algorithm, which
would iteratively: (1) add a single random column to an optimized individual and (2)
apply Adam to it. Such an algorithm could start with & = 1 and use Adam and mutations
to fill in the Pareto front for each k (by iteratively increasing it by one) up to the desired
maximum value. However, we did not decide to implement this because NA has two clear
advantages over such an algorithm. The first is that RSE values found by NA are better,
and the second is that NA allows the user to increase k in steps larger than one. This way,
the user can first explore the Pareto front with bigger steps and use smaller steps in the
region of the Pareto front that is of bigger interest. On the other hand, mutations that
would be needed for increasing k in bigger steps were found to be more detrimental to the
final quality of the Pareto front approximation (see Figure 4.8).

The results presented in this section show that the difficulty of determining the ap-
propriate number of clusters for a given data set persists even if we use NMF formulation
of clustering. Machine learning and data science communities have been working on this
problem using the classical formulation of clustering for decades with very limited suc-
cess [151]. In this section, we can observe how these difficulties manifest in the NMF
formulation of clustering. We have found that, even for NMF formulation of clustering,
the most efficient way to find the correct number of clusters is to run a clustering algo-
rithm (Adam) several times, once for each number of clusters & (NA algorithm), which
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Figure 4.10: Median progress of the Adam algorithm when initial points are random indi-
viduals compared to mutated individuals. All solutions here have k = 10, and mutations
were performed using already descended individuals with & = 4,5,...,9. Quantity Ak
tells how many columns were added via mutation and represents the extent to which an
individual was mutated. Reprinted from [63].

is also the guideline in classical clustering. From the perspective of memetic algorithms,
when applied to NMF-type problems, we have shown that fitness inheritance is a crucial
property of evolutionary operators, but it is not the whole story. If fitness inheritance is
low, we get an algorithm analogous to random search, but if fitness inheritance is high,
the algorithm can concentrate on degenerate parts of the search space where convergence
of the local search is very slow. We deduce that fitness might not be the most important
trait to be inherited but rather the ability of Adam to converge to optimum with a small
number of steps. However, finding a meaningful mathematical description of such a trait
and designing operators that would inherit such a trait requires a more involved treatment
of problem (4.35), both theoretically and experimentally.

4.3 Hard Clustering on Graphs

The current methodology presented in Section 4.2 allows us to perform soft clustering on
a data set using gradient-based optimization algorithms. In this section, we augment this
methodology so that we are able to perform hard clustering as well. The task of hard
clustering is much more prevalent in the literature and is regarded as a more classical
formulation of clustering, even though soft clustering is gaining an increasing amount of
attention in the last decades [152|. In hard clustering, data instances cannot belong to
several clusters at the same time but are clustered in a way that a single data instance can
only belong to a single cluster. This is an important distinction because this effectively
moves us into discrete optimization domain. When performing soft clustering, the natural
encoding is continuous (for each data instance and each cluster, we have a nonnegative
real number that conveys to what degree an instance belongs to that cluster), but when
performing hard clustering, the natural encoding is categorical (for each data instance we
have an integer that conveys to which cluster the instance belongs). This fact makes the
applicability of gradient-based algorithms quite surprising in this setting. To achieve hard
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clustering, our treatment will follow theoretical considerations of Section 4.1.2 where we
retained the continuous encoding of soft clustering and acquired hard clustering interpre-
tation of the solution by imposing an additional constraint, orthogonality. In this way, we
do not rely on the natural discrete encoding of hard clustering at all. This allows the ap-
plication of gradient-based optimization and represents one way to circumvent the discrete
nature of the optimization problem in question. The results presented in this section were
also partially reported in [61], [68].

As with soft clustering, we will restrict our treatment to a multi-type graph clustering
problem which is a generalization of a common clustering task and includes many clustering
schemes as a special case3. The problem formulation is an extension of (4.18) adding
an orthogonality constraint to matrix G. This problem is now called symmetric multi-
type orthogonal nonnegative matrix tri-factorization (SONMTEF') problem. The data to be
clustered is, in this setting, an N-tuple of symmetric nonnegative matrices (Ry,..., Ry),
which we want to factorize simultaneously by solving

N
mm{E:HRr—G&GTW: GJ%ZO,SQ:SJ,GTG:J}, (4.36)

=1

where [ is the identity matrix. It is important to note that properties “G is orthogonal”
(GTG is diagonal) and “G is orthonormal” (GG = I) are equivalent for problem (4.36),
since the norms of columns of G can always be absorbed into matrices S;. This is why in
the common literature, constraint G' G = I is usually called orthogonality even though it
should be called orthonormality from a mathematical point of view.

4.3.1 Imposing Orthogonality Constraint while Using Gradient-Based
Algorithms

Compared to the nonnegativity constraint that was handled using search space transfor-
mations (see Section 4.2.1), the orthogonality cannot be imposed in such a manner due to
the complicated geometry and topology of the feasible region. The subspace of the search
space on which orthonormality is satisfied is known as the Stiefel manifold, which is a com-
pact and, in general, not simply connected manifold [153]. This means that the feasible
space is, in this case, curved and twisted in a non-trivial fashion. This is in contrast to the
nonnegative subspace (from Section 4.2.1), which is simply connected and non-compact,
which makes it quite similar to the unconstrained search space with regards to geometrical
and topological properties. This is why nonnegativity could be imposed by search space
transformations from the unconstrained search space onto the feasible region of the search
space. But when imposing orthogonality, such transformations onto the Stiefel manifold
are non-trivial to calculate as a function. This is true even if an algorithm is designed for
a specific matrix shape (n, k) on which orthogonality is imposed [153]. There is no known
computationally efficient way to perform a coordinate transformation that would work for
any matrix shape from the search space onto the Stiefel manifold. This means that orthog-
onality will need to be handled in a different way, without search space transformations.

A common approach in the literature for dealing with orthogonality constraint when
solving orthogonal NMF-type problems is penalization [154]-[158]. By this technique, a
penalty is added to the objective function, which increases when the solution deviates
away from the Stiefel manifold. Usually, constraint G' G = I is imposed by turning the
objective function being minimized into

IR —GH|?>+ \|GTG - I (4.37)

3See the paragraph leading to (4.18) for examples.
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We tested various versions of such penalization, including adding |GT G — I[P for different
values of p, adding the sum of cosines of angles between all pairs of columns (also using
various powers of p) and adding measures that penalize linear dependence, such as Pearson
correlation among columns of the matrix. We found that none of these methods work
well in conjunction with the gradient descent algorithm without extensive tuning of the
penalization constant A\. We saw that the success of the descent was quite sensitive to
A and that the value for “optimal” A strongly depends on the shapes of matrices as well
as on the data distribution itself (statistical properties of components of matrix R). It
seems that when both orthogonality and nonnegativity are imposed, the feasible space
splits into regions that are weakly connected among themselves. If an algorithm is only
allowed to traverse over the feasible region, it is very difficult for it to jump from one region
to another. We can back this claim with a consideration on the nature of the problem that
orthogonal NMF is solving. In hard clustering interpretation of NMF, we are solving a
mixed optimization problem with a discrete part that tells to which cluster a given data
instance belongs and a continuous part that tells to what degree it belongs to that cluster.
The discrete part of this optimization results in the splitting of the feasible space to regions
that are not well connected among themselves. Because gradient descent follows a path
in a search space and because feasible space is, in this case, not well path-connected, we
need to ensure that the gradient descent is allowed to leave the feasible space and can
follow the path that lowers the objective. At least during the first stage of optimization,
the penalization due to constraints needs to be weak compared to the objective.

Because it is difficult to assess beforehand the span of values and gradients of the
objective for a given matrix, it is also difficult to select an appropriate penalization constant
A. If taken too large, the descent will be restricted to a feasible region closest to its initial
value and will not be able to leave it. If, on the other hand, A is chosen too small, the
descent will practically ignore the constraint and can end up in a minimum that is far away
from the feasible region. In our tests, we found that it is beneficial to employ a strategy
of using a small penalization in the first stage of the optimization and increasing it in the
last stages. In this regard, the gradient descent moves towards a region with low objective
values in the first stages and then, with a sharp increase in penalization, it jumps onto
the feasible region and then traverses in that region to a minimum that is close in value
as before the penalization increase, but now lying on a feasible set as desired. Looking at
this strategy from the hard clustering point of view, this means that we first find a soft
clustering for the data, allowing data instances to be in several clusters at once, and then,
for a given data instance, find out to which cluster it belongs the most and then adjust
the degree of belonging to that cluster until a minimum is found.

4.3.2 Three Stage Scheme for Solving General Orthogonal NMF Prob-
lems

As mentioned in the previous section, it is beneficial to increase the penalization constant
A during the descent. We now explain how building on this idea results in a simpler
three-stage scheme for solving orthogonal NMF problems that do not include penalization
at all. When experimenting with gradient descent with increasing penalization in time,
we found it difficult to assess the penalization degree in the first stage of the descent
because the optimization landscape can be quite flat close to the initial point, and even
the slightest value for A can pull the descent to unpromising regions from where gradient
descent may converge with a very slow pace. In addition, it is also difficult to decide
beforehand when the increase in penalization should happen, since it is not known at
what scale the optimum objective is. This led us to completely dismiss the penalization
in the first stage of the optimization and run the descent until the convergence criterion is
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Figure 4.11: Depiction of the three-stage scheme for using a gradient-based algorithm for
finding orthogonal nonnegative solutions of arbitrary NMF problem. The color signifies an
optimization landscape, with yellow tones indicating more optimal solutions. The orange
line represents a subset of the search space where orthogonality is fulfilled (in addition to
the nonnegativity). The three stages are depicted with black arrows where the first stage
finds a good solution outside of the feasible space, the second projects the solution onto
the feasible space by orthogonalization, and the third finds a good solution while restricted
to the feasible space of orthogonal nonnegative matrices.

satisfied without any regard to the orthogonality constraint. At this point, a descent with
strong penalization should be started, however, we found that even better results can be
obtained with a simplified version for the second stage. Instead of using penalization to
first find a nearby feasible region and then traverse through it while following the gradient,
we can simply project the current point in the search space onto the Stiefel manifold in
one step. Such a projection is mathematically viable and can be performed in an efficient
manner. By this, we save a number of gradient steps needed from the current point to
the feasible region. Now highly penalized version should commence ensuring that gradient
descent cannot leave the feasible region, however, it is computationally more efficient to
use a restricted version of the gradient descent without any penalization. Such restricted
descent is only able to move in a current feasible region and find a minimum that is also
feasible. This is more computationally efficient because gradient descent inside the Stiefel
manifold can be performed in much smaller space compared to the unconstrained search
space (dimensionality of the feasible space is k-times smaller with k being the number of
columns of the matrix on which the orthogonality is imposed).

This three-stage scheme is applicable for solving any variation of the NMF problem
that includes orthogonality constraints. Also, any version of a gradient-based algorithm
(such as Adam or GM-ELS) can be used for the gradient descent part. A crude depiction
of the scheme is shown in Figure 4.11, showing all three stages together with an example
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optimization landscape and feasible region of orthogonal matrices. The advantage of this
three-stage scheme is also simplicity. We simply ignore orthogonality to find a good solu-
tion, then force the matrices to be orthogonal, and then use gradient descent again, now
in a much smaller (feasible) space to find a good feasible solution.

In the following sections, we provide a full description of the three-stage scheme.

4.3.2.1 First Stage: Gradient Descent with Nonnegativity Constraint

In the first stage, the same method is employed as when performing soft clustering (de-
scribed in Section 4.2.1). Some type of gradient descent is used to minimize an objective
that was modified using the search space transformation method (to ensure that the so-
lutions fulfill the nonnegativity constraint). In summary, variables with nonnegativity
constraint are in the objective function substituted for their absolute value or element-wise
square or similar transformation function. For example, by using the absolute value for
symmetric NMTF problem:

Objective function: ||R —GSGT|? — ||R—|G||S||G|"|?
Constraints: G>0, >0 — none '

The transformed problem can now be treated as unconstrained, and any gradient-based
algorithm can be applied to it. The benefit of using the absolute value is that this trans-
formation does not change characteristics of the optimization landscape in any way. Using
this transformation, we can now apply any gradient descent algorithm such as Adam, RM-
Sprop or GM-ELS, however, with GM-ELS it is more prudent to use the square as the
transformation function as explained in Section 4.2.3.

This stage is performed until the gradient descent converges. This can mean until a
satisfactory objective value is reached, or when the computational time budget is expended,
or when consecutive improvements in the objective value fall below some threshold. In our
usage of this method, we employ the same termination criteria as already described in
Section 4.2.4.1.

4.3.2.2 Second Stage: Orthogonalization

The second stage of the proposed three-stage algorithm is orthogonalization, where a non-
negative solution is mapped to the closest possible orthogonal nonnegative solution. We
will demonstrate this procedure on the SONMTF problem where orthogonality is imposed
on matrix G, however, this can be easily expanded for other types of NMF problems.

It is important to understand that when matrix G is both orthogonal and nonnegative,
it will have at most one nonzero component in a row. To prove this, let us denote the
i-th column of G as g; and let us take two columns g, and g, of matrix G. If a # b,
then it follows from orthogonality that g, - g5 = 0 and because all components of G are
nonnegative, this means that all summands in the scalar product g, - g, are zero as well.
In other words, G;,Gj = 0, and this holds for all rows ¢ and for arbitrary a # b. Now
suppose that component G;. is nonzero. From G;,G; = 0 for a # b, it follows that all
components in row ¢ are zero except for Gj.. This means that at most one component is
nonzero in a given row of GG if G is both orthogonal and nonnegative.

Now let us consider how to turn an arbitrary nonnegative matrix G into an orthogonal
nonnegative matrix so that the result will be as close as possible to the original matrix
G, a task we call an orthogonalization. The naive way to perform orthogonalization of
nonnegative matrix G is to set all but the maximal component of every row of G to
zero. This is the minimal alteration of G with respect to any p-norm ||G||, and produces
orthogonal nonnegative G. However, this is not necessarily the best way when considering
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how this matrix G is used in our model. More ideally, we should perform orthogonalization
in such a way that would least change the objective value MSE when moving from the
current G to its orthogonal version. With respect to our optimization problem, not all
columns of G are equally important. For example, if S,; = S; = 0 for all 4, then column
ga does not contribute to the MSE at all. In this case, column g, is utterly unimportant
and should be set to zero when performing orthogonalization, no matter how high the
values in that column are. This indicates that values of matrix S should also be considered
when performing orthogonalization.

Given the nature of the underlying factorization problem, the more relevant measure
of how much objective value MSE changes when G changes is ||GSGT||. When G is
orthogonalized, the difference between orthogonal and non-orthogonal version should be
small with respect to this measure. In this way, the values of matrices S also contribute
as opposed to the naive way outlined in the previous paragraph. One way to achieve this
is by scaling G and S in the following way:

- 5 Ski
Gik: = Gikhka Skl = m, where hk = Z Sleﬂ = Z Skl Z G]l 4 38

Vector h can be interpreted as the column sum vector of matrix G multiplied by S. Such
scaling has no effect on our model, that is, GSGT = GSG". We can easily see that this
is true if we look at this scaling in another way, G = GD and S = D~1SD~! where D =
diag(h). Let us now look at the norm of GSGT since we wish that our orthogonalization
of G has a small impact on this product. It turns out that such calculation is especially
simple if, instead of Frobenius norm, we take 1-norm:

Z ‘ ZGkSle]l‘ = ZszZSle]l - ZG/‘C - HGHI
ij

(4.39)

|asaTl, =" \@géﬂ
1]

In this calculation, we used the fact that G’ and S are nonnegative and that
ZSMGJZ Z - h (Ghy) = Zsklc:ﬂ (4.40)

where we used the definition of hg. This means that with such scaling we achieved that the
I-norm of GSGT directly corresponds to the 1-norm of G. Therefore, we can now use the
naive approach of orthogonalization where we, in each row of G, set all but the maximal
component of every row of G to zero. Intuitively, our scaling weighted the columns of G
in such a way that the actual values of components of G correspond to the importance of
those components to our final model result GSG, or more precisely to its 1-norm.

This procedure can be extended to other variations of NM(T)F problems, such as,
multi-relational (R; ~ GS;G"), multi-type (Rij =~ GiSijG;r), or even multi-relational
multi-type problems (R;jr ~ G;5;j1G;). The difference here is only that vectors h are
acquired by summing several S matrices (in multi-relational case) or that each matrix
G; has its own vector h; that is used for scaling G; = G; ® h;. But it must be noted
that the proposed procedure of orthogonalization is only an approximation in cases where
orthogonalization is required on both G; and G matrices for problems R;;, ~ G;S;1.G;.
This is also the case when G; and G; are the same matrix, as is the case with symmetric
NMTF from our treatment above R ~ G'SG . This is because vector h is calculated from
G itself and each alteration of G, such as zeroing out components, alters the value of h. This
means that Eq. (4.39) does not hold any more if we alter components of G. However, this
approximation is accurate in practice, since our orthogonalization procedure eliminates
only those components that contribute the least to the 1-norm ||G||1, or equivalently,
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to ||GSGT||;. Moreover, our experiments (see Section 4.3.3) show that the matrices G
subject to orthogonalization are typically already close to being orthogonal. Consequently,
the components removed during orthogonalization are generally small compared to the
dominant ones that remain unchanged.

4.3.2.3 Third Stage: Restricted Gradient Descent with Orthogonality and
Nonnegativity Constraint

The third stage of the proposed three-stage algorithm is the refinement stage, where gra-
dient descent with nonnegativity is executed again but with a restriction which ensures
that orthogonality of the solution is fulfilled throughout the descent. Matrix G generated
in the second stage (orthogonalization) has one nonzero value in every row, and during
the third stage, the position of this nonzero component will not change anymore. The
gradient descent is, in this stage, allowed to change only a single component in a row while
leaving others at zero value. This means that the search space dimension is reduced sub-
stantially. Implementation-wise, this is achieved by masking the gradients with a pattern
that was found during orthogonalization so that the masked gradients never point outside
of the feasible region®. Using masked gradients, any gradient-based algorithm can be used
to refine the values of the nonzero components of G while leaving the zero components
constant throughout the descent. The S matrix is also refined during this stage, however,
no restriction is made on this part of the search space because the orthogonality constraint
only applies to the G matrix and not S. This stage is run until a satisfactory solution is
found or some other termination criterion is fulfilled. In our implementation, we set the
maximum number of steps equal to the fifth of what is set as the maximum in the first
stage of this scheme.

4.3.3 Results on Synthetic and Real-World Similarity Data

In this section, we present empirical results for our three-stage scheme when applied to
SONMTTF problems. To test our methodology, we used synthetic and real-world similarity
data. We tested the three-stage scheme using the Adam algorithm for the gradient descent
part since it was found to be most efficient for soft clustering in Section 4.2. Configuration
of Adam (initialization, hyperparameters, stopping criterion, etc.) is identical to the one
already described in Section 4.2.4.1 with the only difference that in the third stage Adam
is run for a smaller number of steps. In our experiments we found that Adam converges
approximately five times faster in the third stage compared to the first stage. This is why
the maximum number of steps was set to 3000 in the first stage and 600 in the second
stage.

We use SE for the objective function and MSE for analysis, as described in Section 4.2
with Eq. (4.19) and (4.20). For easier analysis, we define a measure for orthogonality of
matrix G of shape (n, k):

IGTG — 1)

orthogonality = 1 — ki —1)

(4.41)

In this definition, we assume that columns of G are normalized }, G?l =1 for all [. This
is not true in general, however, we can always normalize G by absorbing norms of columns
of G into matrices S;. Orthogonality measures a degree to which G is orthogonal, and it

4More precisely, let Gortn be the G matrix acquired by the orthogonalization, which has one nonzero
component per row. We define a mask M = sign(Gorwn) that has ones where Gorn is nonzero and zeros
everywhere else. For descent direction, we now use M ® VgMSE instead of gradient VgMSE. This
guarantees that during the descent we never leave the feasible set.
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Figure 4.12: Comparison of the best objective values obtained with the three-stage Adam
algorithm for different ratios of k/K, where k is the number of columns in G and K the
rank of matrices R;. For better visibility, the case k = K is shown in greater scale on the
right and, since the optimization finds extremely low values, using a logarithmic scale.

can be between 0 and 1. Orthogonality is 1 when G is orthogonal and zero when all of
the columns of G are identical (for example, if G is an equi-valued matrix Gj; = 1/y/n).
Denominator in (4.41) ensures that the orthogonality is always between 0 and 1, regardless
of the shape of G.

We first present results for synthetic data sets described in Section 4.2.4.2. This is a
collection of 5-tuples of symmetric matrices of dimension spanning from 100 to 5000 of
rank spanning from 10 to 50. This data set collection was constructed using orthogonal G
matrices, therefore, it is suitable for testing the three-stage scheme as well. Because this
collection includes a large number of data sets, we have sufficient statistics to study how the
initial point influences the optimization when orthogonality is considered. As mentioned
in Section 4.2.4.2, we can use random or SVD-based initialization. SVD produced slightly
better results for the nonorthogonal case, however, the improvement in MSE was small
(below 0.01). For SONMTF problems, we found that this difference is more pronounced
with SVD-based initialization being substantially better in some cases or equally good in
others. Figure 4.12 shows aggregated results for all problem instances in the synthetic data
collection and shows how random initialization compares to SVD decomposition method.

Based on the findings, we focus on optimization performed from SVD-based initial
points. This makes our optimization completely deterministic and makes our experiments
less computationally expensive since we require only a single run of the algorithm for each
data set in the collection. In Table 4.1 we report the main performance metrics of our
three-stage method with Adam compared to one-stage Adam (method from Section 4.2
that ignores orthogonality constraint) for different dimensions of R; and G when applied
to synthetic data sets. To make the analysis as realistic as possible, we pretend not to know
the ideal number of clusters K (rank of matrices R;) and run the algorithms for several
different number of clusters k£ (number of columns in matrix G). We can observe that one-
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Table 4.1: Optimization results for the one- and three-stage Adam algorithm when applied
to synthetically generated data sets. m is the number of objects in a data set, K is the
actual number of clusters in a data set and k is our guess for the number of clusters. If
k = K, the optimal MSE is known to be zero, while for k¥ < K the optimal MSE is not
known. However, it is known that optimal MSE is a monotonously decreasing function of

k.

one-stage Adam three-stage Adam
n K k| MSE orthogonality time [min] | MSE orthogonality time [min]
100 30 26 | 0.0986 0.9935 0.37 0.1112 1.0 0.43
100 30 27 | 0.0757 0.9953 0.37 0.0852 1.0 0.35
100 30 28 | 0.0496 0.9970 0.38 0.0556 1.0 0.38
100 30 29 | 0.0255 0.9985 0.38 0.0274 1.0 0.36
100 30 30 | 0.0000 0.9999 0.18 0.0000 1.0 0.26
200 30 26 | 0.1039 0.9931 0.55 0.1154 1.0 0.59
200 30 27 | 0.0786 0.9952 0.56 0.0877 1.0 0.56
200 30 28 | 0.0528 0.9969 0.56 0.0593 1.0 0.56
200 30 29 | 0.0263 0.9982 0.57 0.0301 1.0 0.61
200 30 30 | 0.0000 0.9999 0.24 0.0000 1.0 0.36
500 30 26 | 0.0994 0.9936 0.58 0.1103 1.0 0.70
500 30 27| 0.0719 0.9954 0.59 0.0806 1.0 0.71
500 30 28 | 0.0497 0.9967 0.59 0.0544 1.0 0.71
500 30 29 | 0.0247 0.9981 0.59 0.0268 1.0 0.72
500 30 30 | 0.0003 0.9996 0.46 0.0000 1.0 0.59
1000 30 26 | 0.0971 0.9934 2.18 0.1087 1.0 2.65
1000 30 27 | 0.0740 0.9952 2.18 0.0834 1.0 2.65
1000 30 28 | 0.0506 0.9967 2.20 0.0556 1.0 2.67
1000 30 29 | 0.0252 0.9982 2.19 0.0281 1.0 2.66
1000 30 30 | 0.0001 0.9996 1.73 0.0000 1.0 2.22
2000 30 26 | 0.0968 0.9931 10.02 0.1076 1.0 12.12
2000 30 27 | 0.0722 0.9949 10.03 0.0810 1.0 12.14
2000 30 28 | 0.0485 0.9965 10.06 0.0543 1.0 12.17
2000 30 29 | 0.0242 0.9980 10.01 0.0267 1.0 12.11
2000 30 30 | 0.0002 0.9995 6.79 0.0000 1.0 8.89
5000 30 26 | 0.0921 0.9931 69.13 0.1085 1.0 84.02
5000 30 27 | 0.0690 0.9950 69.68 0.0803 1.0 84.63
5000 30 28 | 0.0442 0.9964 69.55 0.0534 1.0 84.60
5000 30 29 | 0.0246 0.9977 70.42 0.0279 1.0 85.47
5000 30 30 | 0.0003 0.9994 51.20 0.0000 1.0 66.18
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stage Adam finds solutions that are very close to the feasible space (orthogonality =~ 1).
This makes sense for kK > K since a good algorithm should come close to an orthogonal
solution because an optimal solution is known to be orthogonal (this is how synthetic
problems were constructed). But when the number of clusters is underestimated (k < K),
which is more aligned with real-world use of clustering®, this result is rather unexpected.

When we have a data set that was synthetically constructed to have K clusters and
we attempt to cluster this data with a model that allows a strictly smaller number of
clusters k < K, we would expect that the model would compensate by overlapping clusters
for some instances (making clustering softer instead of hard) in order to acquire a more
accurate clustering model. This should cause a deviation of the final solution away from
orthogonality. This does not happen, though, and it seems that the gradient descent favors
solutions that are close to orthogonal subspace at the expense of higher objective value®.
In other words, the gradient descent is naturally drawn to the region of the search space
where the separation of the clusters is large, even if the guessed number of clusters is
insufficiently small. This is important because it provides further arguments for our three-
stage approach, because it seems that the first stage is unlikely to end up far away from
the feasible set. Therefore, our three-stage optimization is less likely to encounter large
jumps in the objective value during the second stage.

If we compare the three-stage Adam with the one-stage variant, we can observe (in
Table 4.1) that enforcing orthogonality slightly worsens the result when the number of
columns of G is smaller than the rank of matrices R;. This is expected since hard clustering
is a more difficult problem compared to soft clustering. Also, one would expect a decrease
in model accuracy when additional constraint is enforced. However, if G is chosen to
be of suitable size, the orthogonalization improves the quality of the solution. This is
less expected, and we speculate that this has to do with the fact that orthogonality also
implies sparsity, and it is known from the machine learning literature that sparse models
can bring improvements in accuracy [159]. We can also take a look at how well the three-
stage method works specifically in the case k = K. Figure 4.13 shows the results averaged
over rank of R; for different dimensions of matrices R;. There we see that, on average,
the objective values obtained using the three-stage method are well below any reasonable
threshold needed for practical clustering. We can also observe that the best MSE found
by the algorithm increases with the size of matrices R;, however, the average values are
extremely small, even for larger matrices.

To better understand the three-stage scheme, it is illustrative to present an example of
the optimization progress when solving a SONMTF problem. This is shown in Figure 4.14
for the three-stage Adam algorithm. We can observe that, in the first stage, MSE gradually
decreases while orthogonalization increases. In the second stage, MSE drops from MSE ~
1073 to MSE ~ 10~*, while orthogonality jumps to exactly 1. In the third stage, MSE
rapidly decreases and in the end we achieve MSE ~ 10~!5 which is much better than
actually needed in practice.

To test our methodology on a real-world use case, we applied it to a problem of clus-
tering scientific bibliographic data. The data set originates from a work performed in [61]
and contains co-occurrences of biomedical terms present in the scientific literature. We can
understand this problem as a clustering of a weighted graph. This graph has biomedical

5The aim of clustering is to better understand the data, therefore, we want a good tradeoff between
the accuracy of the clustering model and the number of clusters (see Section 4.2.5 for more information on
multi-objective treatment of clustering problems).

6Ideal orthogonal solution with k < K necessarily has larger MSE compared to non-orthogonal one,
because k < K implies that some clusters were merged, meaning that some instances are misclassified
resulting in larger MSE. In non-orthogonal case (soft clustering), misclassification error is not so pronounced
due to the possibility of cluster overlaps.
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Figure 4.13: Comparison of best objective values obtained with the three-stage Adam
algorithm for different sizes of synthetic matrices R;.
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Figure 4.14: Example of the progress of optimization when the three-stage scheme is
used in conjunction with the Adam algorithm. The blue line shows how objective value
MSE changes in logarithmic scale and the red line how the orthogonality changes with the
number of gradient descent steps. The shaded area represents the third stage of the scheme
and the border between the white and the shaded area is where orthogonalization takes
place (the second stage). The matrix being factorized is an instance from the synthetic
data set collection with dimension of n = 5000 and rank £k = K = 20. This means that
the global minimum is known to be exactly zero.
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Figure 4.15: Toy example of a weighted graph with one cluster that joins biomedical terms
that are semantically more related among themselves than the rest of the terms in the
graph.

terms (such as diseases, drugs, genes) for vertices and edges that measure how many times
a pair of terms was used in the scientific literature. Figure 4.15 depicts a very simple exam-
ple of such a graph. In this toy example, there are vertices that are weakly connected and
vertices that are strongly connected, such as Alzheimer’s disease and amyloid beta. Those
two are connected by an edge with a weight of 841, which means that 841 scientific papers
included both of those terms in their content. We can observe a cluster that includes terms
that are oftentimes used simultaneously in the literature. The specific cluster marked in
red is well-connected because of the fact that PSEN1 gene encodes a protein called amyloid
beta, and because it was found that amyloid beta plays a role in the onset of Alzheimer’s
disease. Clustering such data is worthwhile because it can reveal novel connections among
biomedical terms that were not discovered yet directly. In this way, such clustering can
provide guidelines for future research in the biomedical community.

The real-world data set consists of four matrices. The first three include co-occurrences
for 28,693 general biomedical terms while considering the scientific literature in three dif-
ferent time spans (1966-2010, 1966-2015, and 1966-2020). Factorizing different time spans
is useful for evaluation purposes. Suppose that we obtain a factorization R ~ GSG' of
the co-occurrence matrix R for the time span 1996-2010. Now suppose that component
(GSGT);; is large while the same component in the data R;; is small. This means that
our model predicts that concepts ¢ and j are strongly related while in the data from 1966-
2010 indicates that they are weakly related. But it might be that this relation between
the concepts had not been discovered yet (as of 2010). If we can show that the scientific
literature in 2010-2020 found a strong connection between those concepts (R;; for time
span 1966-2020 is large), we would have proven that our model can predict relations be-
tween concepts that have not been discovered yet. The full data set (1966-2020) includes
944,878,660 overall co-occurrences with 34,876,520 unique pairs of terms found in the lit-
erature. This means that the three matrices considered are sparse with ~ 4% nonzero
components. The fourth data set is a filtered version of 1966-2020 data limited to terms
related to COVID-19 and includes 1880 terms with a matrix with 7960 nonzero components
(0.2% sparsity).

In this section, we do not focus on the clustering analysis since this entails expert
knowledge for proper interpretation of results but rather focus on the aspect of optimiza-
tion. Some rudimentary results on clustering and interpretation of this real-world data
set can be found in [61]. We applied the three-stage Adam algorithm to all four matrices
using the same settings as with synthetic data. Table 4.2 reports the main metrics of this
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Table 4.2: Objective values for the one- and three-stage Adam algorithm when applied to
real-world data sets.

instance 1 one-stage Adam three-stage Adam
MSE orthogonality ~time [h] | MSE orthogonality ~time [h]
1966-2010 5 | 0.1070 0.9886 25.41 | 0.1056 1.0 29.68
1966-2010 10 | 0.0606 0.8627 24.79 | 0.0572 1.0 29.06
1966-2010 15 | 0.0536 0.7315 22.01 | 0.0536 1.0 26.15
1966-2010 30 | 0.0454 0.5618 25.85 | 0.0448 1.0 30.39
1966-2010 45 | 0.0355 0.5855 21.86 | 0.0366 1.0 26.48
1966-2015 5 | 0.2034 0.8999 23.70 | 0.1788 1.0 28.09
1966-2015 10 | 0.0969 0.8645 22.53 | 0.0900 1.0 26.79
1966-2015 15 | 0.0801 0.7984 22.57 | 0.0787 1.0 26.84
1966-2015 30 | 0.0620 0.6054 22.40 | 0.0606 1.0 26.75
1966-2015 45 | 0.0466 0.6107 22.66 | 0.0471 1.0 27.65
1966-2020 5 | 0.2144 0.9921 22.91 | 0.2137 1.0 27.34
1966-2020 10 | 0.1179 0.9737 23.69 | 0.1179 1.0 27.89
1966-2020 15 | 0.1024 0.8962 28.39 | 0.1004 1.0 33.48
1966-2020 30 | 0.0732 0.7578 25.69 | 0.0732 1.0 30.38
1966-2020 45 | 0.0561 0.7201 26.02 | 0.0567 1.0 30.88
covid 51 0.3533 0.8888 0.06 | 0.4201 1.0 0.13
covid 10 | 0.1906 0.9090 0.14 | 0.2511 1.0 0.32
covid 15 ] 0.1385 0.9311 0.15 | 0.2090 1.0 0.32
covid 20 | 0.1080 0.9360 0.16 | 0.1732 1.0 0.36
covid 25 | 0.0940 0.9442 0.15 | 0.1549 1.0 0.34
covid 30 | 0.0848 0.9444 0.19 | 0.1500 1.0 0.40
covid 35 | 0.0758 0.9507 0.17 | 0.1398 1.0 0.38
covid 40 | 0.0736 0.9439 0.17 | 0.1449 1.0 0.37
covid 45 | 0.0666 0.9560 0.19 | 0.1282 1.0 0.43
covid 50 | 0.0585 0.9596 0.18 | 0.1146 1.0 0.39

optimization. We can see that, for the first three data sets, the results are satisfactory with
an error of ~ 0.05 of the full matrix norm. What is interesting is, contrary to what was ob-
served on synthetic data, that orthogonality of the best solution decreases with increasing
k. For synthetic data, orthogonality was practically independent of k. What we see here is
that for low k, the clusters found by the first stage are well separated, but when we allow
a larger number of clusters k, clusters found by Adam are starting to overlap which results
in decreasing orthogonality. However, after the second and third stage, solutions are found
with practically identical (or better) MSE but now orthogonal. This shows that orthogonal
solutions are possible, but without the three-stage method, such solutions are not found
for larger k by one-stage Adam. This behavior shows that the additional two stages we
introduced can divert optimization toward feasible regions without severely impacting the
final objective value. For smaller number of k, we can see that the additional two stages,
in fact, improve the objective value despite imposing additional constraints.

The COVID-19 matrix shows an opposite behavior with regard to orthogonality for
one-stage Adam, it increases when k increases. However, it must be noted that this matrix
is much more sparse compared to what we encountered so far. In fact, when k = 5,
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the non-orthogonal model has 9415 parameters (number of independent components in G
and S) while the matrix R holds only 7960 nonzero components. When orthogonality is
imposed, the number of model parameters decreases to 1895 (because G than has only one
nonzero component per row while the others are constrained to zero). Therefore, this data
set is an extreme case, and optimizing our model might result in some overfitting even for
small k. However, without more involved cluster analysis, this is impossible to know, and
it nonetheless represents an interesting example with regard to optimization. Here MSE
falls more gradually with & when comparing it to the first three cases, however, a similar
best value is achieved in the scale of ~ 0.05 of the full matrix norm. But contrary to the
first three matrices, here, the additional two stages universally increase MSE for about
~ 0.05, independently of k.

At this point, we can confirm hypothesis H2A for the hard clustering as well. We have
demonstrated that the three-stage methodology developed, in this case used in conjunction
with Adam gradient descent, is able to efficiently factor even very large matrices in a
way that the solution can be interpreted as hard clustering. Additionally, the three-stage
approach showed remarkable versatility that was not initially expected. We have seen that
for data sets that include well-separated clusters (synthetic data), the first stage is naturally
drawn to the feasible subspace and additional two stages reach exceptionally small error.
For data sets where separability is not guaranteed (real-world data) and, therefore, the first
stage finds a solution not that close to the feasible subspace, the subsequent two stages are
very effective in guiding descent onto the feasible subspace while retaining the low error or
even in some cases reducing it.

4.4 The nnfgd Library for Solving General NM(T)F Problems
with Gradient-Based Methods

In this section, we present a general-purpose library we developed for solving all types of
NM(T)F problems with gradient-based methods and show the flexibility of this formulation
in order to confirm the hypothesis H2B. This hypothesis claims that the formulation of
(soft) clustering by (orthogonal) NM(T)F brings additional flexibility and allows clustering
data from different data sets at the same time, resulting in data fusion and enabling
clustering of data sets with (lot of) missing values. The last point is also connected to data
imputation because after factorizing a data set with missing values, the factor matrices can
be multiplied to acquire a reconstruction of the original data set that, in this form, does
not include any missing values. This method can be used to fill out the values that are
missing, and such an imputed data set can be used in further machine-learning piplines.
Therefore, the NMF method can be used as a stand-alone imputation method. Both data
fusion and the ability to work with missing values allow better utilization of the available
data, because there is no need to drop any data instances or work on separate data sets
individually and, in effect, losing mutual information.

All optimization methods presented in this chapter that employ gradient-based opti-
mization using the full gradient with respect to the entire search space are gathered in a
general-purpose library for NM(T)F called nmfgd [50]. This library implements the GM-
ELS and the Adam algorithms for all types of nonnegative factorizations mentioned so far.
It exploits the automatic differentiation of the TensorFlow library to calculate gradients of
any type of factorization scheme, data fusion scheme, constraint, accuracy norm selected,
has support for missing values, implements several regularizations to impose factor spar-
sity and many more features. It does, however, currently lack the support for efficient
factorization of sparse matrices.

nmfgd software relies on the TensorFlow library to perform gradient calculation by
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In this example we will be solving a problem with the structure shown bhelow,
where thick rectangles represent all G matrices with their shape and for
each possible pair of G matrices there is a double line rectangle with a
possible data matrices that connects that pair of data types.

R 221 = G 2.5 221.G_2'
R 222 = G_2.5 222.6_2'
R_111 = 6_1.5_111.G_1" | —|R_223 = G_2.5_223.G_2'
G 1 R 12k not known G 2
n_1xk_ 1 n_2xk 2
R 131 = G_1.5_131.6_3"' R_231 = G_2.5_231.G_3"
R 232 = G_2.5_232.G_3"
G_3
n_3xk_3

|

The shape of matrices R ijk is n ixn j and S ijk is k 1xk 2. The matrices R
are supplied in variable called data which is a two-level nested list and its
structure defines the graph shown above. In this case

R 331
R 332

aon

data = [ [R_111], (1, [R_131],
[R_221, R 222, R 223], [R 231, R 232],
[R 331, R 332] ].

Figure 4.16: A snippet from an example file GNMTF.py that shows a problem of simulta-
neously factorizing 9 matrices describing relations between 3 types of data objects. For
some relations, many matrices are available, while for some, there are none available. This
example demonstrates the flexibility of nmfgd with regards to problem formulation that
can imply data fusion of many data sets.

automatic differentiation and to allow parallelization inside one node or execution on GPU.
Numpy is the library used for some supplementary matrix manipulations. For reading
large text files efficiently, the Pandas library is used (NumPy’s loadtxt is extremely slow in
comparison for large data sets). There is one optional dependency for performing parameter
tuning of gradient-based algorithms for which the sobol_seq library is needed. The nmfgd
library supports a very flexible problem formulation. In its most general case it can factorize
problems of form

Riji, ~ GiSijiG] (4.42)

where i, j, k indices index different data sets (matrices). In Figure 4.16, we can see a
diagram taken from one of the examples of nmfgd use that demonstrates one possible
way to use nmfgd for a more general factorization problem that employs data fusion of
many data sets. nmfgd can solve both NMF and NMTF problems, that is, problems with
or without S;j; matrices. Additionally, one can set if some of the matrices need not be
nonnegative. This is useful for cases where some part of the desired factorization scheme
does not need to possess clustering interpretation (see [127| for example). The metric that
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defines how to calculate the error from the deviation between R;j; and GiSZ-jkG;r can be
chosen freely with the following four options offered in a more user-friendly way:

‘ sum mean
B o AT |Rijk_GiSijkG;'r|
abs Zijk’ka — GiSijrG; | Zijk Rnl . -

A T2 |Riji—GiSijrG |2

square | 5[ Rijr — GiSiGy 7 D i T Ragr?
Matrices to be factorized can include missing values, in which case missing value masks
Wi are supplied that have zeros on spots where associated R;j; matrices have missing
values and ones elsewhere. Implementation-wise the gradient is calculated only on errors
that result from known values and ignoring the missing ones. This is achieved by defining

objective function in the following way:

3 HW”’“ © (Rijh — GiSinG] ) H . (4.43)
ijk

Three gradient descent algorithms were implemented: vanilla gradient descent, Adam and
line search (GM-ELS).

The library implements several penalty functions, including |G G; — I|P for different
values of p, the sum of cosines of angles between all pairs of columns of G; (also for differ-
ent powers p), measures that penalize linear dependence of columns of G; using Pearson
correlation among columns of the matrix and |S;;,|P to induce sparsity (used in [127], for
example).

Initial points for GG; and S;j;, can be constructed easily using well-scaled random matri-
ces or using SVD decomposition. A proper scaling of the random initial point generation is
based on probability theory. Initial matrices G; and S;;;, are randomly generated but scaled
in a way that ||R;;| ~ ||GiSijkG;~r||. This calculation can be performed approximately if
using 1-norm, and is analogous to the one shown in Section 4.3.2.2.

The three-stage scheme is also implemented and can be used in conjunction with ordi-
nary gradient descent, Adam or line search algorithm. The implementation of the three-
stage scheme is agnostic to the form of the factorization problem and can be used for any
NMF variant. From an implementation point of view, it is also important to point out
that in the orthogonalization stage, S;;r can be adapted in addition to G; to minimize any
changes in objective value. An approximate projection method for S;;;, was developed as
well, however, it was not thoroughly tested. For now, we suggest to not use any projection
operation of Sjj.

4.4.1 Solving Multi-Relational Multi-Type NMTF with nmfgd

In this section, we demonstrate the power of the nmfgd library on a very general example
that is shown in Figure 4.16 and is one of the examples for using the library. In order to
show the flexibility of nmfgd, we generated a random synthetic problem of soft clustering
3 types of data objects whose clusterings will be held in G;—; 23 and the relations among
these data objects are stored in 9 matrices R;j; in the following way

Ry ~ G1S111GY Roo1 ~ G2S291Gy Ry ~ G2S200Gg
Rao3 & Go9S23Gq Raz1 = Go9S231Ga Rago = Gi9S932G4
Ra31 ~ G3S5331G4 Rs3p ~ G'35330G4 Ri31 ~ G1S13:G4

as shown in Figure 4.16. To demonstrate that gradient-based algorithms can easily handle
missing values, we set 80% of values in R;j; to nan. The problem in its full scope is
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Figure 4.17: Progress of optimization using the Adam algorithm to solve a multi-relational
multi-type NMTF problem with 80% of missing values and using a flexible metric choice
RAE.

mathematically formulated below. To show that MSE is not the only applicable metric for
use with gradient-based algorithms, we chose to minimize objective function (4.44) that
uses 1-norm” and scales each summand individually with appropriate R;ji. We call this
metric relative absolute error (RAE).

With T = {(1,1,1), (1,3,1),(2,2,1),(2,2,2),(2,2,3),(2,3,1), (2,3,2),(3,3,1), (3,3,2)}
the objective function to be optimized is

i (- 507)
Wik © Rijrll, ’

(4.44)

RAE = Z

(3,5,k)el
where R;jx, Wik € Riixnj are constant and G; € R’_fth and S € Rﬁkai are the variables
of the optimization®. We have chosen n; = 2100, ny = 3020, nz = 1803, k1 = 12, ko = 33
and k3 = 19. The matrices Wi, have 80% components equal to zero, which means that
the model treats those components as missing values.

For optimization the Adam algorithm was used with identical settings as in previous
sections. After 3500 gradient descent steps, the objective value reached RAE = 9.27-1073.
When the model was applied to reconstruct the missing values of R;j;, that was not used
during optimization, this error was only slightly higher RAE = 9.61-1073. This proves an
exceptional ability for data imputation, even when as much as 80% of data instances are
missing. Figure 4.17 shows the progress of the optimization and is in shape quite similar
to the ones seen in simpler SNMTF problems.

Here we have shown that the methodology developed in this chapter can be used in a
much wider context than we are used to in mainstream unsupervised learning (compared
to methods such as k-means, DBSCAN, BIRCH, and so on). We have demonstrated that

72-norm (MSE) is more prevalent in the literature because it can simplify expressions for some types
of algorithms. Up until now, we used MSE solely for easier comparison with other algorithms that are
limited to this type of metric.

SRy ={r€R:2>0}
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our methodology works well on a very complicated model that includes data fusion of many
different data sets, all with a large proportion of missing values. We have also demonstrated
that our methodology can be used for data imputation (prediction of values on previously
unseen data was found to be extremely accurate with RAE ~ 1072). This is especially
relevant because 80% of values were unknown, which is a substantial proportion. This also
means that our methodology can be used as a part of a preprocessing pipeline in machine
learning by using it to fill in the missing data and use such data in other machine learning
pipelines that do not naturally support missing values. By these two observations (the
ability of data fusion and data imputation), we have confirmed the hypothesis H2B. It
is worth noting that specialized optimization methods that were specially developed for
solving some variants of NMF problems cannot be so easily adapted to employ all these
options, even handling orthogonality is quite troublesome for many methods. In this way,
we have shown that using our methodology coupled with general-purpose gradient-based
algorithms brings additional flexibility, which is an extremely important property in the
fast-paced field of machine learning.

4.5 Discussion

In this chapter, we used gradient-based optimization to train different types of unsupervised
learning models primarily used for clustering. Since clustering problems are inherently dis-
crete in nature, a special methodology was developed to formulate these problems in a more
continuous form which allows the usage of general-purpose gradient-based optimization al-
gorithms. This methodology consisted of rewriting clustering problems into a more general
form (as a nonnegative matrix factorization problem) and imposing constraints (that al-
low clustering interpretation) in a way compatible with gradient-based optimization. By
introducing search space transformation (for nonnegativity constraint) and a three-stage
scheme (for orthogonality constraint), we developed a framework where one can use any
gradient-based optimization algorithm to train clustering models. We found the Adam
algorithm to perform especially well. It found clustering models that were even orders
of magnitude more accurate than required in practice. By this, we confirmed hypothesis
H2A, which states that both soft and hard clustering problems can be reformulated into
continuous form and solved by gradient-based optimization.

An important part of using gradient-based optimization for training clustering models
is a way to calculate the gradient of the objective with respect to search space variables.
Most current algorithms in this field that rely on derivatives (such as block coordinate
descent) calculate partial derivatives for only a part of the search space at the time and
do not consider the full gradient. This simplifies some operations for this specific type of
objective functions. We, on the other hand, opted for full gradient calculation in the same
way that training is performed in deep learning. Because our aim is to use general-purpose
gradient descent algorithms, partial gradients are not directly useful. To calculate the full
gradient, we used automatic differentiation as opposed to symbolic differentiation that was
used in Chapter 3. Automatic differentiation offered more flexibility and allowed gradient
calculation code to be generated without any explicit coding. To perform automatic dif-
ferentiation, the TensorFlow library was used, which requires the user to define only how
the objective function is calculated while the library builds the code for calculating the
gradient of that objective. In this way, the process of writing code for the training routine
is quite universal for both gradient calculation and optimization. The only exception to
this universality is that we require a way of dealing with constraints, which was addressed
by the methodology presented in this chapter.

Gradient-based optimization makes sense in this setting because the search space is
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very large (its dimensionality scales linearly with the number of data instances). This
aligns well with theoretical [13], [14] and empirical [15] results which show gradient-based
optimization to be the most effective in large-scale setting. Additionally, gradient-based
optimization tend to converge toward wide minima [108], which is beneficial for machine
learning applications since it prevents overfitting. We have, up to now, observed this prop-
erty both in supervised (see Figure 3.10) and unsupervised learning (Table 4.2). More
specifically for clustering, we have observed that gradient descent tends toward minima
where clusters are well separated rather than overlapping, even in the absence of con-
straints that impose separation. Furthermore, using our three-stage scheme we have found
that explicitly imposing cluster separation oftentimes results in solutions of very a simi-
lar objective value than before imposing separation. This indicates that the optimization
landscape includes several minima with a similar objective value, with some having larger
cluster separation than others. In this manner, gradient descent, out of many possible
minima, tends to converge toward the ones that are less sensitive to changes in the data
(due to the width of the minimum) and that are easier to interpret (due to higher cluster
separation). These properties show that gradient-based optimization should be considered
as a legitimate option for training unsupervised learning models.

In unsupervised learning, gradient-based optimization is currently becoming a preva-
lent method of training dimensionality reduction models [160], while for clustering, training
is still largely performed by specialized algorithms [161]. We have seen in our experiments
that specialized training algorithms (such as the fixed point method) produce clustering
models of similar accuracy as gradient-based optimization algorithms. However, special-
ized algorithms are not as flexible since they were devised for a specific model in mind and
for a specific setting. In many cases, it is difficult to tailor model architecture, loss function,
and other attributes to our needs. This is not the case with gradient-based optimization,
and, in this chapter, we showed that we are able to train custom models that enable data
fusion, that can handle missing values, and allow custom loss functions (not solely mean
square error). By this, we confirmed hypothesis H2B, which states that continuous for-
mulation of clustering offers more flexibility and enables data fusion and data imputation.
This flexibility also opens novel possibilities for the use of gradient-based optimization for
training semi-supervised learning models. Since we know that the same training algorithm
can be used for both supervised and unsupervised learning, it should also be possible to
train specialized models that perform both of those tasks at the same time (semi-supervised
learning). This is becoming an increasingly important topic in machine learning since it
can circumvent labor-intensive data annotation [162].

When considering the drawbacks of using gradient-based optimization in unsupervised
setting, we should mention that the implementation of training routines requires some
expertise and experience with frameworks that allow gradient calculation. For the specific
case of clustering, however, we developed a user-friendly library nmfgd that allows users
to deploy gradient-based training with no prior knowledge of automatic differentiation
frameworks. It must also be noted that our implementation was, in most cases, more
computationally demanding than specialized algorithms. However, we can attribute this
to the lack of support for sparse matrices in our implementation. With further effort on
the implementation part, we expect this computational burden to reduce considerably and
become competitive with specialized clustering algorithms. We believe this to be the case
because the TensorFlow library also has excellent support for hardware acceleration (such
as computation on GPU) which is currently absent for most implementations of specialized
clustering algorithms.
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Chapter 5

Reinforcement Learning

A modeling task where the outputs of the model are not known, but there is a way to
calculate how well the model performs, is termed reinforcement learning. The archetypal
example is the control of a mobile robot where the model receives environmental sensor
data as input and returns actions that result in robot movement. There is no way to
say what is the optimal action to take, however, there is a way to assess how good the
robot’s actions were with regard to the goal behind the robot’s movement. In reinforcement
learning terminology, this quantity is called a reward and during model training the reward
is being maximized. The difficulty of reinforcement learning comes from two main sources:

1. delayed reward calculation with respect to performed actions and
2. black-box nature of reward calculation.

The first point means that the reward may not be known instantly after an action is per-
formed by the model (contrary to supervised learning). Instead, reward may be accessible
only after a multitude of actions have been performed by the model and this single reward
evaluates all performed actions collectively. If the possibility of reward calculation is sparse
in time, this slows down the convergence of training since many model actions are needed
to achieve only a single objective function evaluation. One way to remedy this is to use a
surrogate model for calculating the reward. Such a surrogate is able to approximate the
reward not only for some special states but for all states of the environment. In this way,
the model that performs actions can be updated for every action made by using the re-
ward calculated by the surrogate model. The surrogate model itself is, on the other hand,
updated every time a state is reached which allows real reward calculation [163]. This
can speed up the convergence of the model if implemented correctly, however, it can bring
additional training instabilities that result from maximizing the surrogate reward instead
of the real reward.

The second point will be addressed in this chapter. Contrary to supervised learning,
where the objective function usually has a closed mathematical form, in reinforcement
learning the objective function (reward) is calculated by a black-box program. This is a
limiting factor because many machine learning models have their own preferred training
methods that are known to work well and that usually have some requirements and as-
sumptions on the nature of the objective function. However, if reward calculation is a
black-box program, these requirements are not usually met. Therefore, when it comes to
training, the reinforcement learning community employs a much broader set of optimiza-
tion algorithms. In contrast with other branches of machine learning where deviations
from well-established training procedures are rare in the literature, in the reinforcement
learning literature it is not rare to apply various metaheuristics that are not limited by the
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black-box nature of the objective function [164]. In this chapter, we will show that, with
some caveats, gradient-based optimization is also not limited by this black-box nature and
could be applied in a generic way, much like their metaheuristic counterparts.

It must be noted that using metaheuristic optimization is not the most common way
of dealing with the black-box nature of the reward calculation in the literature. In fact,
the reinforcement learning community developed several constructions that are able to
circumvent the black-box limitation while still using the preferred training algorithm for
optimization. One reason these constructions might be preferred is that they usually
address several limitations of reinforcement learning at the same time [165]. For example,
if we use a surrogate model for the reward calculation (due to the problem of delayed
rewards), then the objective function values are just outputs of a machine learning model.
If our preferred and well-established training algorithm requires an objective function with
specific properties, we are able to tailor the surrogate model to this aim [163].

In this chapter, we will focus on deep reinforcement learning which has become the
leading methodology in the field with major achievements in autonomous driving [166],
game playing [167], robotics [168], control [169], and so on. In deep reinforcement learning,
the model is some type of neural network that gets environment variables as input and
returns actions. Based on those actions, the reward is calculated and the weights of the
model are adjusted in order to maximize the reward. The preferred way to maximize the
reward in the literature is by gradient descent [170]. In order to calculate the gradient
of the reward with respect to model parameters, one would need to differentiate both the
reward calculation and action calculation. In other words, to know how reward changes
when we perturb model parameters, we need to know how actions of the model change with
respect to this perturbation and how this change in actions affects the final reward. The
state-of-the-art methodology is to only differentiate the model, use derivatives of actions
with respect to model parameters and reward values to approximate the gradient of the
reward. The most common method to construct this approximation is to use a surrogate
reward [163], as we mentioned before, or to accumulate the gradients of actions and then
update the model by weighted sum of gradients with rewards as weights [171]. The second
option is, in its basic form, applicable only to models that return a discrete set of actions
of small cardinality. For continuous actions, additional constructs need to be added [37].
However, because the gradient of the reward is, in all cases, calculated only approximately,
the training procedure is usually quite sensitive and unstable [170].

In this chapter, we will show that the gradient of the reward can also be calculated ex-
actly without any approximations. We will achieve this by using automatic differentiation
to fully differentiate all parts of the objective function calculation which entails differen-
tiation of both the model and the program for reward calculation in a single sweep. We
expect that substituting approximative gradient calculation for an exact one would reduce
training instabilities and result in faster convergence of the training stage. This method-
ology is suitable for reinforcement learning problems where reward calculation is made
by a known computer program, such as a simulation. This is not, however, universally
true in reinforcement learning. In general, the reward can be tied to some measurements
made in the physical world. For example, suppose we are training a model for controlling
plasma in a fusion reactor by influencing magnetic fields in the chamber [169]. In this
case, the reward would be calculated from sensor readings and should reflect how stable
the plasma is at any given time. However, training such a reinforcement learning model
in its entirety using an actual physical reactor would take a very long time and could also
harm the reactor. This is why training is in practice performed using simulations of the
environment while the actual physical environment is used only to fine-tune the model.
Therefore, reward calculation based on simulation is a widespread setting in reinforcement
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learning. Our methodology of differentiating reward calculation is, consequently, relevant
for many real-world reinforcement learning use cases.

Part of the work reported in this chapter was also published as a conference paper [59]
and a conference abstract [65] in which we explored the problem of protein structure
prediction using reinforcement learning.

5.1 Deep Reinforcement Learning with Exact Gradient

Reinforcement learning problems have various equivalent forms alongside with many forms
that are more specific or more general [172]. Different ways of looking at these problems can
help us to relate methods from other fields and make such methods useful in a wider scope.
Probably the most prevalent way of looking at a reinforcement learning problem is that
of an agent (controlled by a machine learning model) that performs actions in reaction to
its environment with the aim to maximize the reward [165]. An alternative interpretation,
and relevant to this thesis, is that of optimal decision-making. In this interpretation, an
algorithm searches for an optimal action given the current environment [172]. Such an
interpretation makes sense if reward is accessible at all times, which is the case when
reward calculation is a computer program, for example, a simulation. In this sense an
algorithm is solving an optimization problem every time a new action is performed and
ideally finds the action that maximizes the reward. The objective function (reward) is
dependent on the environment and, if actions are sequential in nature, this naturally gives
a parallel to dynamic optimization problems [173]. In optimal decision-making, we have
an objective function (reward) that changes (as the environment changes) and we require
an algorithm that can efficiently search and follow the optimum.

If reward is always accessible, we can unify these views into a single formulation that
will be the basis for our reinforcement learning methodology. Let the state of the envi-
ronment be encoded as a vector s € S where S is a set that holds all possible states the
environment can be in. We allow s to be any type of object (discrete, ordinal, continuous,
mixed) and our only requirement is that we can encode s as a numerical vector!. Vector
s can also hold information about the past environment (and actions) so that we can also
accommodate reinforcement learning problems with sequential nature (partially observable
Markov decision processes) as done in [175]. The reinforcement learning model g, therefore,
receives environment state s as input and returns an action x € X where X’ is a set of all
possible actions:

g:5§— X
x =g(s).
How well the model g performs is measured by a reward function f that evaluates an action

x given the current environment s. Therefore, the reward function f takes both s and x
as an argument and returns reward r which is a real number:

f:(8,%)—R

r= fs(x).
To simplify later discussion, we adopt the notation fs(x) instead of f(s,z), since this
allows us to naturally treat fs : X — R as a function in its own right and reason about its

properties without repeatedly referring to the partially applied function f(s,-). An action
optimal . . . . . . .
Ts is optimal in environment s when the reward is maximal:

optimal — oo max f(z) (5.3)
TEX

(5.1)

(5.2)

X

'The deep learning literature offers many ways to encode highly diverse objects as numerical vectors,
such as one-hot encoding, embeddings, positional encoding, and so on [174].
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optimal j¢ i3ch a model that always returns an

An optimal reinforcement learning model g
optimal action:
goPtimal(s) = argmax fs(z) = x?ptimal. (5.4)
zeX
We see that the model g°P'"™?! returns a solution to the problem of maximizing fy(z).

From an optimal decision-making perspective, fs represents an objective function de-
fined on a search space X, and the ideal model g°P" ™2 returns the solution to that op-
timization problem. Here we can make a connection to the field of specialized heuristic
optimization algorithms that are specially developed for a specific class of optimization
problems. For example, there are specialized heuristics known to work well for vehicle
routing [176], production scheduling [177|, protein folding [178], and so on. Heuristics are
especially useful if similar problems need to be solved repeatedly. In this regard, a set of
functions {fs : s € S} is a special class of objective functions and s parametrizes that space
of functions. For example, in production scheduling, s would encode quantities and dead-
lines for products that need to be produced and x would encode a schedule for producing
those products. To find the optimal schedule 2°Pt™2! one needs to minimize the cost func-
tion fs, which assigns a cost to each schedule x. In practice, if many such minimization
problems for different s need to be solved frequently, a tradeoff between computational
costs and solution quality needs to be addressed. Where we set this tradeoff is probably
the most meaningful measure for separating the concepts of reinforcement learning and op-
timal decision-making. In reinforcement learning, the authors tend to prioritize the speed
of the algorithm that generates actions because the actions are needed very frequently (for
autonomous driving it is of the order of 10ms [179]). In optimal decision-making, on the
other hand, more computational resources can be invested in order to get closer to the
optimal action (in production scheduling the schedule is usually generated overnight or
over the weekend [180]).

In this chapter, we focus on deep reinforcement learning which means that g is some
type of neural network that, based on environment vector s, returns an action z = g(s).
Because neural networks are known to be very fast in the prediction phase?, our method-
ology is more appropriate for problems where quickly acquired approximate solutions of
optimization problems (that belong to a given class of problems { fs : s € S}) are required.
It must be noted that approximately solving optimization problems quickly is not an easy
task and for our neural network model g we require that it can do so for all problem spec-
ifications s € S. In general, S can be extremely large and the neural network would need
to be trained so that each problem specification s is accurately mapped to the optimal
solution x?ptimal. It is known that a neural network can approximate an arbitrary function
to an arbitrary precision [90], therefore, g°P"™a! can be approximated well using a neural
network. However, it is not known how large such a network would be and whether it is
possible to find it using the established training techniques.

In order to find neural network g that would accurately approximate function goPtmal,
we can use different training strategies. The most straightforward is to follow supervised
learning methodology and train model g by minimizing an objective function

J = Z Hg(sz) - ngtimal

, (5.5)

where || - || is some metric that is meaningful for our class of problems {f; : s € S}.

2Deep neural network training is usually quite computationally demanding. However, when the net-
work is trained, using this model to generate predictions is very fast. This is not universally true for all
machine learning models. For example, models that belong to the class of kernel methods (support vector
machines, Gaussian processes, kriging, and so on) are examples for which predictions can also be quite
computationally expansive [55].
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Objective functions of these type are routinely encountered in supervised deep learning
and the optimization method of choice is gradient descent applied to minimize J with
respect to parameters of network g [9]. Such training can be easily implemented and the
gradient calculation is, due to J having a closed mathematical form, trivial to perform.
It is important to note that the optimization landscape for finding ¢ is not similar to
fs landscape. Network parameters encode a strategy for predicting x?ptimal from s, so
optimization is not performed on a single problem encoded by s, but for all possible s at
once.

However, the supervised learning approach has several critical drawbacks. To mini-
mize J, we need to have access to optimal solutions a:(s)zptimal. These are not known in
general. They can be generated before training by using some external optimization al-
gorithm that finds x?ftimal for many different s;. In this way, we can build a large data
set of pairs (si,a:gftimal) that is used during the minimization of J but this can lead to
substantial computational costs. Also, solutions found in this way may only be approxi-
mately close to optimal ones and poor data quality usually results in a poor model g after
supervised training. Another important drawback is that this approach requires the user
to define a meaningful metric in the action space X. Norm || - || in (5.5) is measuring a
difference between an ideal action and the action generated by our model. From an op-
timal decision-making perspective, this means that we require a concept of a distance in
the search space. However, the search space could be populated by practically anything
(permutations, graphs, ordinal variables, mixed). This is why the supervised approach,
in general, requires some extra thought to base this distance metric on expert knowledge
related to the problem class {fs : s € S}. Nonetheless, there are examples of this approach
in the literature with data instances generated via optimization [181] and also by using
z2Ptmal easured in nature [182].

A different approach is to employ reinforcement learning which circumvents the need to
know the optimal solutions x?lptimal during training. Instead of minimizing the “distances”

between optimal solutions and model actions ¢(s;) we maximize the reward
E=3  fu(g(s). (56)
i

This is much less convoluted from a theoretical point of view because reward is the natural
measure to assess the quality of the model g. However, in this formulation, the gradient
needed for training g with gradient descent is no longer trivial to calculate. To calculate the
gradient of E with respect to parameters of g, we require the Jacobian matrix of reward
function fs. Since fs is most commonly a simulation, the implementation of gradient
calculation becomes more involved.

In the literature, two common approaches are used to circumvent differentiating through
a simulation. The first is Q-learning, where a second neural network @ is introduced to
approximate the reward function f and is trained alongside the model g [163]. The training
procedure involves solving two optimization problems simultaneously:

maximize Z Qs,(9(s4)),

(5.7)
minimize Z Qs (w3) — fs, (i) ||-

This approach is generally considered easier in terms of gradient computation, at the
expense of having to train two models, g and @, in parallel. With regard to gradient
calculation, the differentiation of fs is now substituted for differentiation of @)s. Since
Qs is a neural network, gradient can be calculated trivially using the backpropagation
algorithm.



82 Chapter 5. Reinforcement Learning

The second method commonly used in the literature to circumvent the differentiation of
fs is the policy gradient method. This method requires g to be a probabilistic model [171].
This means that g does not return a single action but a probability distribution over
actions. In this case, the reward function is

F= ZEx~g<s,.> [fs(2)]. (5.8)

Here, the expectation is taken over x sampled from the distribution g(s;), that is, = is a
random variable with probability density g(s;) = dP/dz. In this formulation, when g(s) is
a distribution, the gradient of the reward (with respect to parameters of g) can be written
as [171]
VE =Y Eogs) [fsi(2:)VIogg(si)]. (5.9)
i

The advantage of such gradient calculation is that it does not involve differentiation of
fs- The drawback, however, is that the expectation calculation is required which involves
sampling over all possible actions. This method is straightforward to implement only if
the action space X is discrete and small because, in this case, the expectation E becomes a
summation over a small set. The policy gradient method requires additional constructions
for problems where the space of actions X’ is continuous, and when strictly deterministic
models are needed [37]. Both of the methods mentioned above have many variations and
further subtleties. The equations above are meant to illustrate the basic ideas of those
methods.

Our methodology in this chapter is to employ exact gradient calculation. We will
maximize F from (5.6) via gradient descent using exactly calculated gradients, without
approximations using surrogates (as in (5.7)) or sampling for expectation calculation (as
in (5.9)). Fortunately, derivation of fs can also be performed using automatic differenti-
ation, that is, applying chain rule coupled with dynamic programming. There are many
libraries that perform such differentiation, for example, Theano [25], TensorFlow [26] and
CNTK [28]. In this work, Theano was used to write expressions for the calculation of E.
These expressions are then transformed into a computational graph for the calculation of
E which can be used to build a computational graph for gradient calculation V E using the
chain rule. In this respect, procedure is returned for analytical gradient calculation VE
without any assistance from the user. Computational graphs for £ and V E calculation can
be compiled to C++, CUDA or OpenCL, which brings multi-processor support and can easily
be accelerated on GPU or even FPGA [183|. Therefore, the use of Theano is beneficial
even if just a calculation of F is needed.

Therefore, by using automatic differentiation with Theano, the neural network g can
be trained using gradient descent so that E from Eq. (5.6) is maximized without any
additional mathematical constructions. The user needs to supply only the code for the
calculation of E and the gradient calculation VE is generated by the library. This does
bring some further work with regard to implementation since the code for the calculation
of E needs to be written in a way that is supported by an automatic differentiation library.
Also, there is a learning curve for using automatic differentiation libraries because they
usually employ a function programming style which is not the most common paradigm
in programming. However, automatic differentiation libraries are numerous, and there is
support for differentiating programs in many different languages, for example, C++ [184],
Fortran [185], Java [186], and many more. If our reward calculation is written in several
different languages, the code segments need to be differentiated separately which makes
implementation more involved.

Compared to the supervised learning approach, our method is not limited by the
amount of training samples. They can be drawn from a desired distribution over s; without
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major computational effort. Comparing J from (5.5) and E from (5.6) we see that one
training sample for J costs us one run of some optimization algorithm while one training
sample for E costs us only one objective function (reward) evaluation®. These two costs
are orders of magnitude apart. It is true, though, that the training samples for J can be
reused during training (the number of times a sample is used during training is called the
number of epochs). However, the number of epochs in neural network training is typically
~ 10, while the number of function evaluations in a well-designed heuristic optimization
algorithm typically goes into thousands or millions. This means that our methodology
should be orders of magnitude faster compared to the supervised approach. Additionally,
using F instead of J, there is no overhead of implementing and testing efficient optimiza-
tion algorithms to generate high-quality training samples or the need for samples to be
acquired by experimental measurement.

Compared to Q-learning and policy gradient method, our method has no approxima-
tions which should be beneficial for training convergence. In addition, the computational
complexity of one iteration should be slightly smaller since there are no additional con-
structs, such as sampling or additional network training. However, both of those meth-
ods are well established and there are good implementations available, while our method
requires more programming, especially if the user is new to automatic differentiation.
Nonetheless, the approximative nature of Q-learning and policy gradient method make
training more sensitive and less stable. It is customary to invest a fair amount of time into
fine-tuning the training method and to find specific variation of those methods in order to
get a satisfactory convergence of gradient descent. Our methodology is aimed at reduc-
ing this burden at the expense of implementing reward in a way applicable to automatic
differentiation.

5.2 Application to a Protein Structure Problem

To demonstrate the usefulness of our methodology (presented in Section 5.1), we will apply
it to a protein structure problem. This is an optimization problem that needs to be solved
frequently as a part of several computational pipelines used to, for example, discover new
drugs, catalysts, new imaging reagents, molecular motors, and so on [187|. In this respect,
the protein structure problem belongs to the category of optimal decision-making problems
as mentioned in Section 5.1. It is an optimization problem of determining the 3D structure
of a protein from a sequence of its residues. A protein is a chain of amino acids, and
the interaction among its constituents and the solvent determine its 3D structure, which
in turn determines how the protein interacts with other proteins, DNA/RNA, and small
molecules. The native 3D structure of a protein is achieved when the free energy of the
structure is minimal. Therefore, using notation from Section 5.1, we have

optimal

x$ = arg min fs(z), (5.10)
zeX

where s is the sequence of amino acids, z°P%™al is the 3D structure (such as position and
orientation for each amino acid in the sequence s), and f; is a function that returns the free
energy of a protein based on its 3D structure z°P™2 and the sequence of its constituents
s. In general, function f, is a simulation that involves electrostatic field calculations of
how amino acids in a given spatial configuration influence the polarity of themselves and
the solvent (usually water) and how the solvent influences them in return [188].

3More precisely, to calculate the gradient of F using automatic differentiation, the cost is approximately
two times the cost of function evaluation fs.
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Figure 5.1: Small-scale example of how network g receives the protein specification and
how its output is interpreted. If a protein is shorter than the size of the network’s input
layer, zero is placed on sites where there are no amino acids. In this case some angles from
the output are discarded (crossed out outputs). Reprinted from [59].

Comparing optimization problems (5.10) with (5.3) from Section 5.1 we see that the
protein structure problem is already in the right form to apply our methodology of deep
reinforcement learning with exact gradient. What remains are details connected to imple-
mentation. For free energy calculation function f we used generalized three-dimensional
AB off-lattice protein model detailed in [59]. In this model, each amino acid in s is de-
scribed using hydrophilicity which is a single real number that conveys to what degree an
amino acid binds to water. This means that s is a real vector with a length equal to the
number of amino acids in a protein n. The 3D protein structure x; was encoded using
angles 0; and ¢; with some of them fixed in order to eliminate rotational symmetry (see [59]
for more details). The number of angles needed to fully describe the 3D structure in this
encoding is equal to 2n — 5, making x, a real vector of length 2n — 5.

We chose a neural network with dense layers to be the machine learning model g
that generates x; out of s. Since both s and x, are sequences, it might be tempting to
use architectures from time series modeling such as recurrent or convolutional networks,
however, it turns out that parts of the protein that are far apart in s can be very close
in 5. This means that interactions between all pairs of amino acids in a protein need to
be considered, not only between the ones that are close with regard to their position in
the chain. This makes the use of network architectures developed for time series modeling
unsuitable for this problem. The most standard network architecture that allows modeling
correlations between any pair of input features is a dense network. However, the size of
such a model grows quadratically with the size of the input. This is why we have set a
limit on the length of the input for model g so that it can only generate 3D structures for
proteins with up to n = 100 amino acids. This means that the input layer of the model
has a static size of 100. Following the input layer are hidden layers with a size of 200 and
the output layer with a size of 195, which is aligned with the size of x5 when n = 100. The
network was implemented in such a way that s of a shorter length than 100 is also a valid
input by using zero padding. In this case, the redundant angles in xs are also ignored in
the structure of the protein. Depiction of how this works is shown in Figure 5.1. Rectified
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linear units were used as activation functions on hidden layers and tanh on the output
layer to ensure that 6;, p; € [—7, 7).
In accordance with our methodology, we trained the model by minimizing

B
BE=Y"fulo(s)), (5.11)
=1

where s; are proteins in a given batch of size B. In each step of training, a batch of proteins
s; of random length was randomly selected. Distribution over length was uniform, and over
hydrophilicity, a mixture of two Gaussians with mean at +1 and standard deviation 0.15
(see [59] for more details about this choice). By experimenting with different batch sizes
B, a good balance between speed and accuracy was found at B = 512. For gradient-based
optimization, we used the Adam algorithm [73]. Informally, model training works in such
a way that in each step, the network ¢ tries to solve 512 random protein optimization
problems and gets updated in the direction that would improve its solving capabilities for
those 512 proteins. Because network g gets a different batch of random proteins in each
step, it converges to a state that is able to solve all protein optimization problems equally
well. Picking training batches randomly also ensures that the network g cannot overfit
since duplicates in the training data are extremely unlikely. Therefore, the quality of our
models during training is not a biased estimate of its quality, and the test quality is, in
fact, calculated equivalently to the training quality.

To calculate the gradient of E with respect to network parameters, we used the Theano
library. This means that we implemented the calculation of E (including free energy cal-
culation f) using constructs supplied by Theano and then used the Theano differentiation
engine to construct the code for the calculation of the gradient VE. Implementing the
generation of random proteins s; as well as operations connected to the neural network g
is rather rudimentary in Theano. However, implementing f in Theano is more involved.
Porting simulations to frameworks such as Theano means reimplementing them in a func-
tional programming style (to some degree). This is beneficial because it allows the compiler
to find more ways for parallelization, however, it is also time-consuming because most code
in scientific programming is still written in imperative style. This can make translations
from one style to another more time-consuming.

Before training, the initial weights of our neural network g need to be set. Initial
weights were generated randomly using Glorot initialization [189]. However, we observed
that this initialization sometimes causes very large initial gradients. This has to do with
the fact that initial g can predict very densely packed structures x where some amino
acids can be very close to one another. Since free energy function f has singularities in
such cases the gradient can also be extremely large. Therefore, a prefactor w was added
to initialization, and neural network models with w = 0.1 and w = 1.0 were trained. To
mitigate the effect of these singularities during training, we used gradient norm clipping.
In other words, if the gradient length exceeds a given threshold, the gradient is clipped so
that its length is equal to the threshold.

The quality of our neural network g depends on the number of layers. This dependence
is usually monotonic [9], but for this problem, this is not the case (see Figure 5.2). This
can be attributed to the sensitivity of training to the selection of the initial weights. Neu-
ral networks were initialized using random matrices with small components. Therefore,
the magnitude of neural network output falls exponentially with the number of layers. In
other words, an initial neural network with a small number of layers predicts very folded
structures, while an initial neural network with a high number of layers predicts practically
straight structures. Figure 5.2, therefore, also conveys that initial neural network predic-
tions should not be very folded nor very straight. The best initial models are somewhere in
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Figure 5.2: The objective function value achieved by our models with respect to the number
of hidden layers for two different magnitudes of initial weights w. The full line is the mean
objective function value achieved by the models, the shaded area shows the range of the
objective function for the central 66% of the models, and the dashed line is the objective
function of the best model. To obtain these values, 100 runs of training were performed
for each configuration. Reprinted from [59].

between. The best neural network models found have three layers. Given that our models
are able to partially solve an optimization problem this is a surprisingly shallow neural
network architecture.

We have observed that gradient norm clipping was very beneficial for model train-
ing. Figure 5.3 shows the progress of training with and without the use of gradient norm
clipping. Occurrence of very high gradients is rare, however, we observed that they sub-
stantially disrupt the training progress. In this regard, we cannot fully confirm hypothesis
H3 because we can still observe training instabilities that are not so pronounced in other
branches of machine learning. It seems that the instabilities are not the sole results of non-
ideal gradient calculation, which is otherwise characteristic of reinforcement learning. In
our work, the gradient was exactly calculated through the entire pipeline, and the training
still experienced unusual jumps during optimization. It is, however, true that the insta-
bilities were not so severe. We were able to remedy them with simple gradient clipping
without resorting to more advanced techniques characteristic of standard reinforcement
learning.

We now have trained neural network models that are able to predict a solution to an
optimization problem fs(x) = min. But to fully assess the quality of these predictions, we
need to compare them to the actual optimal solutions. The exact solutions are not known
for this specific class of objective functions, however, we can find good approximations to
them using established optimization algorithms that were found to be especially successful
for this class of problems. A comparison study of optimization algorithms performed for
this specific objective function class revealed that differential evolution is especially suit-
able for this problem [190]. Therefore, we can compare the objective function obtained
by differential evolution to the objective function of the prediction by our model. Spec-
ifications of the implemented differential evolution algorithm were taken from [190], but



5.2. Application to a Protein Structure Problem 87

20 [ Without gradient norm clipping

|
With gradient norm cfipping

mean free energy

—20

| | | | |
2,000 3,000 4,000 5,000 6,000

number of gradient descent steps

|
1,000

Figure 5.3: The objective function value during training. The upper plot shows the progress
of a usual gradient descent procedure, while the lower plot shows progress when the gradient
norm has a predefined upper bound by using gradient norm clipping. Reprinted from [59].

Table 5.1: Free energy calculated for three proteins found in nature by using structures
predicted by our neural network model and by differential evolution (DE).

protein length our best DE mean DE best

1CB3 13 —4.6235 —2.1513 —6.7700
1CRN 46 —42.765 —64.948 —79.906
2EWH 98 —65.163 —148.32 —-170.47

without parameter control. We used the best/1/bin type with a population size of 100.
Mutation with dithering was employed with a mutation constant taken between 0.1 and
1, and the recombination constant was 0.9. For comparison, we have chosen three pro-
teins found in nature of length 13, 46, and 98. Free energy of structures predicted by our
neural network model and by differential evolution is shown in Table 5.1. The differential
evolution algorithm was run 30 times to get a more reliable estimate for the minimum
free energy value. For the sense of scale, Table 5.1 also reports the mean objective value
obtained over 30 runs of differential evolution algorithm.

We can observe that the quality of structures predicted by our neural network model
degrades when protein length increases. This is expected since the complexity of the
optimization problems also grows (exponentially) with protein length. Based on Table 5.1,
our neural network model predictions are never especially close to the best known solution,
however, they do provide less than a trivial approximation of the protein structure that can
be useful in some other way. In a setting where this type of optimization problems need
to be solved repeatedly, we can benefit from these predictions by using them as an initial
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Figure 5.4: Progress of 30 runs of differential evolution by using a random initial population
or initial population partially populated with solutions predicted by our neural network
models. The full line is the mean over all runs, shaded area shows the range of the central
66% of runs, and the dashed line shows the best run. Reprinted from [59]

point for a more reliable optimization algorithm and possibly accelerate its convergence.
We tested this strategy using an already implemented differential evolution algorithm. We
performed another 30 runs of differential evolution algorithm for the three proteins from
Table 5.1 with initial population where 50% of candidates were predicted by our neural
network models. Since we performed 100 training runs, we are able to generate up to
100 different initial solutions. We found this strategy to be beneficial. When using the
predicted initial population, differential evolution converges to lower values of free energy
(see Figure 5.4). But the convergence is slightly less rapid for the predicted population,
which could indicate that the population is less diverse. On the other hand, differential
evolution progress is less dispersed among runs which means that fewer runs are needed to
find a satisfactory solution. In the case of the 1CB3 protein, the predicted structures are,
in fact, so good that all runs converge to the best known solution in just 100 generations.
For larger proteins the predicted solution are not as good, however, this strategy performs
considerably better when using the predicted population compared to the random one.

5.3 Discussion

In this chapter, we demonstrated that it is possible to train deep reinforcement learning
models using gradient descent without resorting to any approximative gradient calculation
methods. We have shown that, in this setting, automatic differentiation is sufficient to
differentiate the objective function in an exact manner even if it cannot be formulated
in a closed mathematical form. Our methodology consists of reimplementing reward cal-
culation into a programming framework that allows off-the-shelf automatic differentiation
(for example Theano). This allowed us to use standard gradient descent training tech-
niques characteristic of supervised learning without excessive fine-tuning. In this sense, we
substitute the burden of fine-tuning additional reinforcement learning hyperparameters (a
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process that is also usually plagued by high levels of noise) for the burden of reimplement-
ing reward calculation code. In order to appreciate this substitution, it is important to note
that, in deep reinforcement learning, there are, in addition to standard supervised deep
learning hyperparameters, dozens of additional hyperparameters related to reinforcement
learning methodology. For example, the soft actor-critic method has over 20 hyperparame-
ters [191], many without an intuitive default setting. In this regard, we offer a methodology
for those who are well versed in the use of modern deep learning libraries (all of which use
an automatic differentiation engine) and supervised learning, but are not highly skilled in
deep reinforcement learning techniques.

In our use case of protein structure prediction, we have trained deep learning models
that are able to approximately solve protein structure optimization problems. The training
procedure was not completely straightforward since it required gradient norm clipping and
smaller initial weights than in standard supervised learning. We attribute this to the
properties of the objective function which is not a completely well-behaved function (it even
includes singularities). Comparing our objective function (free energy calculation) to a loss
function from supervised learning (which includes absolute value, square, categorical cross-
entropy) it makes sense that, in our setting, more care is needed to find a configuration of
gradient descent that would work well. In this regard, we have wrongfully assumed that the
larger effort needed to train deep reinforcement learning models is primarily due to inexact
gradient calculation. In our case, the gradient was calculated exactly, but we still observed
moderate difficulties during training. For this reason, we can reject hypothesis H3 that
claimed that training instabilities can be eliminated by exact gradient calculation. It seems
that approximative gradient is only one source of training instabilities in reinforcement
learning and that possibly complicated geometry of the reward function also contributes
to this effect. However, we believe that fine-tuning our training procedure was still easier
compared to orthodox reinforcement learning since it included techniques that are also
known to supervised deep learning users, especially those that have dealt with recurrent
neural networks.

The accuracy of the models trained by our methodology for protein structure prediction
might seem quite unexceptional at first glance. But given the computational complexity
of applying our prediction model, its accuracy is quite surprising. Our model produces
a solution for the price of just 4 matrix-vector multiplications (of size 200), which is of
similar order as a single objective function evaluation. That predicted solution is with
respect to objective function value as good as the best solution found by differential evo-
lution after hundreds or even thousands of generations. This means that our models have
the potential to speed up such optimizations. We have proven that using our predicted
solutions as initial points for differential evolution substantially increases the probability
that a given optimization run finds the best-known solution. This shows the potential of
using reinforcement learning in this way even if the models are unable to predict solutions
very close to the optimal ones.
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Chapter 6

Continuous Optimization

Continuous optimization is a process of finding the maximum or minimum of a function
over a continuous domain, such as open subsets of real numbers. It is a powerful tool
for solving complex problems in various scientific and engineering fields. Continuous opti-
mization problems are frequently encountered in, for example, operations research, energy,
chemical, electrical, mechanical, civil, and nuclear engineering [192]. Continuous search
spaces represent a special category inside all possible objective function domains because
they possess a topological and geometric structure with notions such as distance, angle,
projection, and so on. This can help with the algorithm design because functions of real
variables are studied extensively, and the resulting geometrical knowledge and tools can
be used to devise good strategies for efficiently sifting the search space.

One of the most useful notions in continuous optimization is the gradient. Fermat’s
theorem tells us that the gradient in all (local) extrema of a differentiable function is zero.
This gives us an option to even solve optimization problems analytically in some special
cases (for example, unconstrained quadratic optimization problems). However, in real-
world applications, the objective function usually has many local extrema! and inspecting
all stationary points in an exhaustive manner becomes intractable. For this reason, general-
purpose optimization algorithms usually employ other, approximate search strategies to
search for global extremes.

In recent decades, the design of continuous optimization algorithms has been centered
on derivative-free methods. General-purpose optimization algorithms are designed to work
on any reasonable objective function without assuming the availability of the gradient.
Their search logic is usually founded on some geometric considerations that stem from
properties of the continuous search space. For example, the covariance matrix adaptation
evolution strategy (CMA-ES) keeps track of how the objective function changes in different
directions of the search space by learning a second-order model of the underlying objective
function similar to the approximation of the inverse Hessian matrix in the quasi-Newton
method in gradient-based optimization. Its current state is a distribution from which
new candidates are drawn, and the update of the distribution parameters resembles the
descent in the direction of a sampled natural gradient of the expected objective function
value [193]. This method works very well for objective functions with high conditioning
and is a popular general-purpose optimization method.

In CMA-ES, a lot of computational effort is put into finding out how the objective
function looks like geometrically. It takes several function evaluations to attain enough
information to reasonably approximate the slope and curvature of the given region of
the search space. In higher-dimensional search spaces, this fact becomes especially pro-

! Alongside local extrema, there might also exist saddle points in the landscape. In these points, which
are of no interest in optimization, the gradient is also zero.
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nounced since the number of function evaluations needed for this scales between O(n) and
O(n?), where n is the search space dimension [194]. This curse of dimensionality plagues
many derivative-free metaheuristic algorithms and makes them less suitable for large-scale
optimization [24]. To combat these issues, many large-scale variants of metaheuristic al-
gorithms were devised over the years. In case of CMA-ES, we have sep-CMA-ES [195],
VkD-CMA-ES [196], LM-CMA [197] and RmES [198], to name some. Even though these
variants employ special techniques to infer the needed geometric information using as few
function evaluations as possible, they converge linearly at best [199]. In other words, the
number of function evaluations needed for convergence of the algorithm scales, at best, as
O(n).

Unlike derivative-free methods, gradient-based ones seem to converge in the number
of steps that is independent of the search space dimension n, that is, the number of steps
needed scales as O(1). This property was observed empirically in deep learning, where it
was shown that the number of iterations needed for gradient descent to converge scales
linearly with respect to the size of training data while it is independent of the size of the
model [200]. In other words, gradient descent in deep learning converges in a constant
number of steps. In fact, for large-scale models, the number of training epochs rarely
exceeds 100 epochs [201]| and there are known guidelines in deep learning that training for
only a single epoch is sufficient for convergence [202].

This discrepancy in convergence properties between gradient-based (O(1)) and deriva-
tive-free (O(n)) optimization algorithms indicates that gradient methods perform search
in a space that is effectively “smaller” in dimension. Our interpretation is that gradient
methods, since they move in the search space by loosely following the gradients, concentrate
their search on a subspace of the search space that is spanned by the previously observed
gradients. This subspace is low-dimensional, and its size is dependent on the choice of
algorithm parameters®. In other words, a gradient-based optimization algorithm ignores
the part of the search space in which the objective function does not change®. On the
other hand, derivative-free optimization requires several function evaluations (typically
O(n) [203]) to acquire information about which directions are more or less promising.

It is important to note that the interpretation presented above only considers the
number of function evaluations until convergence and says nothing about the quality of the
region of the landscape to which the algorithm converges. Modern metaheuristic algorithms
are designed to converge toward the global extreme, and for state-of-the-art ones, we have
empirical evidence on a wide variety of low-dimensional functions that they converge toward
a global extreme on average if run for a long enough time. However, by analyzing COCO
post-processed data archive [204]|, we can observe a clear deterioration when dimension
increases®. It is important to also note that this holds for hand-crafted objective functions
that do not necessarily reflect the properties of objective functions encountered in real-
world problems.

For gradient-based optimization algorithms, there is no extensive evidence for how likely
they converge toward the global extreme. However, there are implicit indications that they
are likely to converge to a level close to the global extreme for large-scale optimization prob-
lems. Firstly, there are theoretical proofs that a characteristic high-dimensional function

2For example, gradient descent with momentum has a parameter 3, that controls how many formerly
observed gradients contribute to the next move, which in this sense can be interpreted as the parameter
that controls the effective dimensionality of the search space where the search is being performed.

3In directions orthogonal to the gradient, the directional derivative is zero.

4Using data gathered by [204], the best algorithms solve 100% of the problems up to n ~ 20 and than
the success rate decreases to 50% when dimension approaches n = 100.
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has all local minima very close in value to the global minimum?® [13]-[15]. This means that
if an algorithm can efficiently cross saddle points, a gradient-based algorithm will converge
on average to a point very close in value to the global minimum. The second indication is
the empirical success of gradient-based optimization in deep learning [9]. This is only an
indication because there is no evidence that the optimization landscapes encountered in
neural network training are rich enough to transfer these findings to a general optimization
setting.

The work reported in this chapter was also published as a conference paper [62] in
which we made a case for treating gradient-based optimization algorithms as a proper
metaheuristic (via the use of automatic differentiation).

6.1 Optimization Methodology in Simulation-Based Shape
Optimization

To evaluate the usefulness and applicability of gradient methods in general continuous
setting, we focus on simulation-based shape optimization problems. This is a class of
problems where, for each function evaluation, a simulation needs to be run and where
candidates are shapes in two- or three-dimensional space. Here, we make a distinction
between shape and size optimization as in [205], for example. In size optimization, the
general shape is already set, and only the sizing of the different parts of the shape is being
optimized, such as distances between components, thicknesses, cross-sections, and so on.
Shape optimization, on the other hand, modifies the design geometry more broadly to meet
the required objective, changing the curvature and position of the boundary.

We chose the class of simulation-based shape optimization problems because they are
typically large-scale problems, where gradient-based optimization should be efficient, and
because the objective function does not have a closed mathematical form, which means that
gradient calculation cannot be performed by simple symbolic differentiation. Our review
of the current literature shows that in real-world engineering applications, if the objective
function has a closed mathematical form, it is oftentimes differentiated using symbolic dif-
ferentiation, and a gradient-based optimization algorithm is used [206]-[212]. The symbolic
differentiation approach is a well-known method of obtaining the gradient, which makes it
widely used, even though it is not necessarily the most efficient [84]. On the other hand,
if the objective function does not have a closed form, as is the case with simulation-based
optimization, derivative-free optimization methods are used almost exclusively [213]-[219].
Given that the use of gradient methods is largely absent in simulation-based optimization,
we focus on those problems.

The prevailing methodology for solving simulation-based shape optimization problems
in the current literature is to use an evolutionary computation algorithm coupled with
some type of surrogate model and/or multi-fidelity to reduce the cost of function evalu-
ations. For example, in [213], aerodynamic shape optimization of an airfoil in transonic
flows is considered and solved by a genetic algorithm and using the kriging model for a
surrogate and multi-fidelity. Similarly, the aerodynamic optimization process of the reen-
try vehicle is considered in [214| with the same general methodology, however, a neural
network is used for a surrogate instead of kriging. Aerodynamic shape optimization of an
airfoil is also considered in [215] and solved by particle swarm optimization, also with deep
neural network surrogate and multi-fidelity. In [216], shape optimization of a vehicle sus-
pension arm is solved by the butterfly optimization algorithm with kriging surrogate and

50n average, the gap in the objective value between any local minimum and the global one falls
exponentially with the dimension of the search space.
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without multi-fidelity. There are also many instances of applying derivative-free methods
without considering mechanisms for reducing the function evaluation costs. For example,
in [217], several metaheuristic algorithms were compared (sine-cosine algorithm, swarm al-
gorithm, grasshopper algorithm) on a shape optimization problem of a vehicle clutch lever.
Nano-optical optimization problems are considered in [218] and solved with particle swarm
optimization, differential evolution, Bayesian optimization, and a multistart version of the
downhill simplex algorithm. The golden jackal algorithm combined with opposition-based
learning was introduced in [219] to solve several engineering shape optimization problems.

There are also some examples in the literature of gradient-based algorithms being
used in simulation-based shape optimization. They either apply some specialized and
problem-specific method to calculate gradients symbolically, or they acquire gradients in
an approximate manner by differentiating a surrogate of the objective function (usually
a neural network). In the first case, the optimization problem is usually written in the
Lagrangian formalism, which allows for the explicit derivation of formulas for the gradient
symbolically as in [206], however, such calculations can involve singular integrals over the
shape, which requires special coordinate transformations to be stable [207]. There are also
other approaches of this kind, for example, by introducing additional variables [208] or
restricting gradient directions to a predefined mesh [209]. In all cases mentioned, the gra-
dient calculation is problem-specific and requires substantial additional calculations. Also,
many problems cannot be formulated in the Lagrangian formalism, such as aerodynamic
and thermodynamic problems. The second methodology for gradient calculation is similar
to the methods found in deep reinforcement learning [210]. Instead of differentiating the
result of a simulation with respect to the shape, they differentiate a surrogate model, a
neural network model that is trained to approximate the objective function. This method
was applied for transonic aircraft wing design [211] and for general problems based on the
Reynolds-averaged Navier-Stokes equations [212]. Both use cases are from aerodynamics
where problems cannot be posed in the Lagrangian formalism.

Therefore, the current literature lacks a direct application of gradient-based algorithms
to general simulation-based shape optimization problems. By direct, we mean calculating
the gradient of the simulation result exactly in a general setting without assumptions
about the problem. One way to achieve this is by reverse automatic differentiation, which
is proven to be the most computationally efficient way to differentiate a program that has
many inputs and few outputs [21], which is the case in large-scale optimization.

6.2 Shape Optimization Problem for Eigenvalues of the Laplace
Operator

To test our methodology, we chose a well-studied shape optimization problem from acous-
tics, the minimization of resonance frequencies of a two-dimensional shape. This problem
is closely related to many design problems from acoustics, such as development of acoustic
structures that are tailored to minimize or maximize certain acoustic qualities. This is
useful in architectural acoustics, such as in concert halls, and the design of musical in-
struments where shape can be optimized to achieve a desired reverberation time or sound
clarity. Additionally, the problem is also related to design problems from civil and me-
chanical engineering of finding a shape that reduces unwanted resonances and, therefore,
the likelihood of resonance disaster in machines and buildings.
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6.2.1 Theoretical Background

To describe acoustic phenomena in general, we need to solve the wave equation. In our
treatment, we consider how sound propagates throughout a domain of shape Q C R™ with
boundary 9€). In this case, the wave equation has the form
0?u(r,t)
2v72 )
\Y ) = ————= f e d teR
c“Vu(r,t) 92 or r an ’ (6.1)
u(r,t) =0 for re o0 and telR

where u(r,t) is the sound amplitude at point r and time ¢, and c is the speed of sound®
in the material inside Q. It is known [220], [221] that all solutions of Eq. (6.1) can be
expressed as a sum of waves with distinct frequencies, if € is bounded:

u(r,t) = Z ag sk (r) sin(wkt — ¢r), (6.2)
k=1

where wy, is the resonance frequency of the domain in question and a; and @y its cor-
responding amplitude and phase, respectively. Functions si(r) are eigenfunctions that
depend only on space and determine how vibrations of different frequencies look like spa-
tially. Parameters aj and ¢ can be determined from the initial condition, while wy and
sk(r) need more involved treatment.

Using decomposition (6.2), we can fully describe all lossless acoustic phenomena by only
considering how the domain €2 resonates on discrete set of frequencies wy. The frequencies
wp that are possible inside the object €2 are determined by

2

V2si(r) + ﬂsk(r) for reQ and k£=1,2,3,...
c

for r e 09,

(6.3)
sk(r)

=0

=0
which is the result of plugging (6.2) into (6.1). Solving this equation brings us a full
description of sound propagation inside 2. Therefore, by changing the shape of Q we
change the values of wy which in turn changes the properties of sound propagation inside
Q). This means that to acquire a shape with given acoustic qualities, we need to devise
an objective function that depends on wy and has an extreme where those qualities are
present. For example, consider we are designing a machine that has a part that rotates
with frequency w € [f1, f2], and we want to reduce unwanted vibrations. In this case, we
maximize an objective function that takes the shape of € as input and returns the sum of
distances of wy from the interval [f1, fa].

6.2.1.1 Solving the Laplace Eigenvalue Problem with the Finite Element
Method

Eq. (6.3) is a linear partial differential equation that can be solved with the finite element
method. The first step is to choose a basis of functions ¢;(r) that respect the boundary
condition ¢;(r) = 0 for r € 9Q. A common choice for basis functions ¢;(r) in the finite
element method are piecewise linear functions on a triangular mesh that approximately
covers domain 2. This basis is used to approximate eigenmode solutions si(r) from (6.3)
as a linear combination

sk(r) ~ ) vkidi(r). (6.4)
=1

SFor general isotropic elastic medium, there can be two different speeds of sound, one for transverse
and the other for longitudinal waves, which means that two wave equations need to be solved, one for each
speed of sound. In fluids and gases, on the other hand, only a single speed of sound is possible.
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When we plug in this approximation to Eq. (6.3) we transformed problem (6.3) to a
generalized eigenvalue problem from linear algebra:

Avy = \yBvy, (6.5)
where \; = w?/c? and matrices A and B and vector vy, are
[Vi]i = vki

(Al = /Q Vi(r) - Vo,(r)dr (6.6)
[B]Z'j :/Qﬁbi(r)gbj(r)dr

The most efficient way to solve problem (6.5) is by transforming it to the standard
eigenvalue problem using the Cholesky decomposition and two triangular linear system
solves [222] (this process is detailed in Algorithm 6.1).

Therefore, given a shape €2, we can find wy and sg(r), and from this all properties of
sound propagating through 2, by the following procedure:

1. Create a triangular mesh on domain €2 and fix a basis of functions ¢;(r) that are
linear on the simplices of the mesh.

2. With ¢;(r) fixed, analytically solve integrals in (6.6) to acquire matrices A and B.

3. Obtain A, and vy by solving (6.5) which determine wy = cy/A; and si(r) by (6.4).

6.2.2 Optimization Problem

Many design problems in acoustics can be reduced to finding the extreme of a simple
function of values of wy, with respect to the shape of ). An important special case of this
problem, which is used as a benchmark and has been well-studied [223]-[229], is finding
a two-dimensional shape €* that has the smallest possible value of wy for some fixed k.

More formally,
OF = argmin{\;(Q2) : [ =1}, (6.7)

QCR?

where \(Q) is the k-th eigenvalue of the Laplace operator (—V?) on domain Q with area
|2|. In acoustics, \;(Q2) is related to the frequency of the k-th resonant mode (overtone),
more precisely A\, = w?/c?. The area constraint of |Q| = 1 can be eliminated by observing
that \g(cQ) = A\(Q)/c? for any scalar ¢ > 0. From this it follows [224] that problem (6.7)

is equivalent to
0" = arg min{|Q () }. (6.8)

QCR?
This is the standard form of this optimization problem and is solved in this chapter to
investigate the usefulness of our methodology in a simulation-based shape optimization
setting. As a side note, there are further constraints that are implicitly imposed on 2,
such as being two-dimensional and simply connected. The classical form of this problem,
which we will use, is that € is topologically equivalent to a disk. However, there are other
variations that are more restricting, such as convex 2 [229], or less restricting, such as
using topology optimization to study disconnected € [225].

To illustrate the difficulty of this optimization problem, consider that for each function
evaluation of a candidate {2 one needs to triangulate €2 and create a triangular mesh with r
inner vertices”, then, from distances between mesh vertices and areas of the mesh simplices,

"This step can be avoided in some cases by deforming previously seen meshes.
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matrices A and B, both of size r x r, are calculated. Finally, the Cholesky decomposition,
two triangular linear solves, and eigenvalue decomposition must be performed on matrices
of size r X r to acquire the objective function value wy. Therefore, this is a large-scale
optimization problem with an expensive objective function that does not allow simple
symbolic differentiation to obtain the gradient. This is because the routines involved in
the underlying simulation are complicated, and their computational graph is not static
since, for example, linear algebra routines branch in accordance with the structure of the
matrix that is supplied.

6.3 Methodology for General Shape Optimization with
Gradient-Based Algorithm

In this section, we present a general method for large-scale shape optimization using
gradient-based algorithms. The two basic ingredients are the differentiable encoding for
the problem and the gradient calculation scheme using reverse automatic differentiation.
These ingredients give us the means to calculate the gradient of the objective function
with respect to shape 2 and allow us to use general-purpose gradient-based optimiza-
tion algorithms to search for a global extreme. This method should be most competitive
for problems where gradient cannot be obtained by symbolic differentiation, such as in
simulation-based optimization, where derivative-free algorithms are practically the only
way to go and which have drawbacks in large-scale optimization setting. For other cases,
there usually already exist specialized libraries that can perform gradient-based optimiza-
tion efficiently, however, this is true only for well-studied problems, and customizing these
methods to related problems can be troublesome and labor intensive. On the other hand,
the reverse automatic differentiation procedure is applicable to all problems where the
code for the objective function calculation is available. Even if symbolic differentiation is
possible to perform, the use of automatic differentiation can reduce gradient calculation
complexity. Furthermore, automatic differentiation is easier to implement since it requires
no direct coding of gradient calculation and requires no considerations about stability and
the optimal order of operations. For automatic differentiation to work, we only need an
implementation of the objective function calculation, and the gradient calculation code is
constructed automatically from it. Therefore, this methodology is applicable to all opti-
mization problems with continuous encoding.

The first ingredient is the shape encoding which should be continuous and easily differ-
entiable to reduce complexity. There are many ways to continuously encode shape €. All
shape models used in the literature encode the boundary 99 of shape Q since this com-
pletely determines the shape and requires fewer variables. One popular shape encoding
is an isogeometric model [230] that uses B-splines to describe the shape of the boundary.
Its main advantage is that this description is directly compatible with the computer-aided
design environments used in industry. However, this model requires a preset number of
points for the nodes on the boundary and requires remeshing of the shape after each ob-
jective function evaluation [227]. We, therefore, opted for a more modern model to encode
the shape, a deep neural network. Even small networks have quite large capacity and can
model very complicated shapes, which is why they are used in artificial intelligence®. Also,
using our model, it is possible to construct the mesh once and deform it for each candidate
shape, thus avoiding remeshing.

8For example, in binary classification problems, a neural network needs to find a boundary that sep-
arates the two classes in the feature space. This boundary is, for hard artificial intelligence problems,
very complicated. Therefore, a neural network is known to be very capable of capturing possibly very
complicated shapes.
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neural network

maps R? — R?

Figure 6.1: Illustration of how our shape model with an invertible neural network works
on a two-dimensional example. The neural network maps vectors from the circle to general
two-dimensional vectors. Examples of such points are depicted as color dots. Since a neural
network is a continuous function, its codomain is a closed curve, so it maps to a legitimate
boundary of a two-dimensional shape ).

The shape model developed in this work uses an invertible neural network that maps
points from a preset domain to points on the boundary 90 of shape 2. See Figure 6.1
for an illustration of a two-dimensional example. We use invertible neural networks in
order to prevent intersections of the boundary 02 with itself and thus guarantee that the
resulting shape €2 is more aligned with the engineering applications of shape optimization.
Invertible neural networks, such as the ones based on coupling flows, have also recently
been shown to be universal approximators [231]. This means that the restriction imposed
on neural network structure for it to be invertible does not impose any restrictions on its
representation power. Because a neural network is also a continuous function, its domain
should be topologically equivalent to the shape boundary 9¢2 we are modeling. This means
that this shape model has a preset topology and cannot produce shapes with a topology
different from the domain of the neural network. Therefore, this encoding is appropriate
for shape optimization, not topology optimization. This is aligned with the optimization
problem described in Section 6.2.2 where only shapes €) that are topologically equivalent
to the disk are considered. In this case, the domain of the neural network should be a
circle, which is shown in Figure 6.1.

More formally, the boundary of a candidate shape 02 is determined by the parameters
¥ of an invertible neural network ¢ and by a predefined domain 9A on which g acts on.

redA CR" . neural network gy

6.9
ye o CR"? (6.9)

Due to the properties of g, 9€2 is topologically equivalent to 0A. In many cases of shape
optimization, due to the nature of objective function calculation, the candidate shape
boundary 02 needs to be supplied in the form of a mesh, that is, a set of vertices y;
together with information on how those vertices form edges, faces, cells, and so on. To
obtain such a mesh on 02, we can apply one of the mesh generation algorithms on a sample
of points y; € 012, but we can also circumvent this step. If we instead precompute a mesh
on a sample of points z; € A, we can use gy to transform this mesh on A to a one on
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01 in a following way:

Mesh on A Mesh on 92
vertices x; € 0A vertices y; = gg(z;) € 02
) e — R BT
fori=1,2,...,m with fori=1,2,...,m with
edges F,faces F,cells C, ... edges F, faces F,cells C, ...

In this way, to get a mesh on 92, we only need to apply our neural network model gy on m
points while keeping E, F,C, ... unchanged. Such a mesh on 0f2 can then be used for the
objective function calculation. Because gy is continuous and invertible, this mesh transfor-
mation will not cause any illegal deformations of the mesh elements. The method described
so far works most naturally for objective functions that directly require shape boundary,
such as simulations employing analytic or boundary element method, for example. But for
other types of simulations, such as the finite element method, it is convenient to directly
generate a mesh on the full shape 2, not only on the boundary 0. It is true that we can
always generate a mesh on € if given 9€2, but this brings additional computational burden.
Luckily, we can easily transfer our shape model from capturing only the boundary 02 to
one that captures the entire shape 2.

reA CR" neural network gy
T

veQ CR (6.11)

In this formulation, all arguments about mesh generation also apply. If we precompute a
mesh on A, we can transfer it to a legitimate mesh on 2 using continuous and invertible

gy

Mesh on A Mesh on
vertices x; € A vertices y; = gy(x;) € Q
. T — os yi = 99(@i) | (6.12)
fori=1,2,...,m with fori=1,2,...,m with
edges F, faces F,cells C, ... edges F, faces F,cells C, ...

An important property of our shape encoding is that ¢, which is changed during opti-
mization, encodes the shape directly in the function space, and not using coordinates on
the boundary as many other methods do. This means that the number of points on the
boundary is completely independent of the size of the search space (the number of param-
eters in our neural network). The first has to do with how accurate the objective function
calculation is and the second with how rich the shape search space is. This means that we
can freely change the resolution of our candidate shape even during optimization without
altering the search space dimension since this does not affect the neural network model
at all. The only thing we need to do to change the resolution is to generate a different
mesh with different number of vertices. Furthermore, we can freely choose to which class
of functions the encoded shapes belong to by selecting the appropriate activation function
of the neural network. For example, if we desire the shape to be smooth, we choose a
smooth activation, such as softplus, or if we desire the shape to be piecewise linear, we
choose a piecewise linear activation, such as ReLU.

The second ingredient needed for gradient-based optimization, apart from continuous
encoding, is a way to calculate the gradient of the objective function. For this, we will
use reverse automatic differentiation. For a clearer depiction of how this is done (using
the TensorFlow library) we provide full code that implements the automatic differentiation
part in Algorithm 6.1 for objective function (Eq. (6.8)) and an approximative procedure
to evaluate the objective function (described in Section 6.2.1.1). By using automatic dif-
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Algorithm 6.1: Code implementing gradient-based shape optimization. The
only part of the code omitted here (imports in lines 2-3) are methods related to
FEM (geometrical operations described in Section 6.2.1.1 and round mesh gen-
eration) and neural network construction. Here, we highlight how user-friendly
gradient methods can be implementation-wise. For example, gradient calculation
is achieved in a single line of code (line 33). To perform automatic differentia-
tion, the TensorFlow library requires the user to only specify how the objective
is calculated from the encoding (lines 19-29) and the computational graph for
the gradient calculation is built automatically without any explicit code from the
user. As seen in lines 24-27, the calculation of the objective involves complicated
linear algebra operations which make the explicit derivation of formulas for the
gradient calculation extremely difficult. However, if all intermediate steps dur-
ing objective calculation are recorded (on tape in line 18), the gradient can be
automatically calculated in the same computational complexity as the objective.
Then, a gradient can be used to update the neural network weights iteratively
using the Adam algorithm (line 35).

import tensorflow as tf
from fem import get_matrices, get_round_mesh
from shape_models import construct_neural_network_model

# Choose Adam for our gradient-based optimization method.
optimizer = tf.optimizers.Adam()

# Precompute a round triangular mesh that will be deformed by our
# neural network shape model in order to search for optimal shape.
round_mesh = get_round_mesh ()

© 0 N O Ok W N

=
= O

# Build an invertible neural network shape model as in Figure 6.1.
model = construct_neural_network_model ()

e
[NV V]

# Perform num_steps iterations of gradient descent using Adam algorithm.
for step in range (num_steps):
# Record all intermediate calculations inside the context to "tape".
with tf.GradientTape() as tape:
# Deform a round triangular mesh using neural network model.
mesh = model(round_mesh)
# Based on the mesh, find matrices A, B in accordance with FEM.
A, B = get_matrices (mesh)
# Solve generalized eigenvalue problem A.v_i = vals_i B.v_i.
C = tf.linalg.cholesky (B)
D = tf.linalg.triangular_solve(C, A)
E = tf.linalg.triangular_solve(C, tf.transpose(D))
vals, V = tf.linalg.eigh(E)
# Objective function value is the k-th eigenvalue.

NN N N NN NN N = = e
0w N O g A& W N = O © o 9 O

29 objective = vals[k]

30 # Calculate gradient using reverse automatic differentiation by
31 # traversing computational graph saved on "tape" in reverse

32 # and calculating the gradient along the way.

33 gradient = tape.gradient(objective, model.trainable_variables)
34 # Perform gradient descent step using Adam.

35 optimizer.apply_gradients (zip(gradient, model.trainable_variables))
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ferentiation, we only need to supply a computational graph for how the objective function
value is calculated, and the computational graph for calculating the gradient is constructed
automatically. This is especially important for simulation-based optimization, where the
derivative of a simulation result with respect to the simulation settings is, in general, infea-
sible to derive and code. In Algorithm 6.1 we can see the full workflow of our gradient-based
optimization approach. In line 20, we (in accordance with Eq. (6.12)) deform a round mesh
using a neural network shape model into a new mesh that represents a candidate shape
for the optimization (as in Figure 6.1). In line 22, we find matrices A, B using Eq. (6.6)
and in lines 24-29, find the k-th eigenvalue, which is the objective we are minimizing.
Computations in lines 19-29 are then automatically differentiated to acquire the gradient
of the k-th eigenvalue with respect to the weights of the neural network shape model. This
gradient is then used to update the neural network weights using the Adam algorithm in
line 35.

6.4 Experiments

To demonstrate the applicability of our methodology for shape optimization using gradient-
based algorithms, we will utilize it for the problem of finding a two-dimensional shape with
the smallest Laplace eigenvalue )\ for some fixed k (as formalized in Section 6.2.2). A large
part of our implementation is already explained in Algorithm 6.1 and in the text explaining
it. Here, we detail other implementation considerations related to the shape model and
mesh generation for the finite element method. We implemented a two-dimensional neural
network shape model (as shown in Figure 6.1). To assure that the neural network model
gp is an invertible function, we used normalizing flow architecture [232]. For the network
activation, we used ReLU function, which makes our shape model piecewise linear. This is
aligned with the fact that the mesh used for objective function calculation is also piecewise
linear as a shape. Manual architecture tuning showed that a network with three layers and
eight units per layer is sufficient for this problem, which is the configuration we used. This
makes our search space 186-dimensional (the number of neural network parameters in ).
The initial value for ¢ was generated randomly using Glorot initialization [189]. To generate
a mesh for a candidate shape €, gy is applied on a pre-computed mesh with the shape of
a disk A (as shown in Figure 6.1). This mesh was generated using Delaunay triangulation
and has 7225 vertices z;. For each objective function evaluation (6.8), the shape model gy is
applied on vertices z; and returns vertices y; that represent candidate shape 2. Vertices y;,
alongside with the precomputed triangulation for the mesh, are used to calculate matrices
A, B using Eq. (6.6). The implementation of this calculation in TensorFlow was slightly
more labor intensive since it involves geometric calculations relating to triangles, and there
is a lack of prior TensorFlow code on this topic. All remaining steps to calculate the
objective function and the gradient are already well implemented and are explicitly shown
in Algorithm 6.1.

For the gradient-based optimization algorithm, we chose Adam [73]| as implemented
in tensorflow.keras. But for comparison, we also used the Limited-Memory Covariance
Matrix Adaptation (LM-CMA) algorithm as implemented in PyPop7 [233|. LM-CMA is a
special version of the CMA-ES algorithm, which, unlike the standard version of CMA-ES,
is known to work well in large-scale optimization setting [234]. For both Adam and LM-
CMA, we used the default configuration except for the learning rate for Adam and mutation
strength for LM-CMA. For those two hyperparameters we performed tuning with random
search. For Adam, the learning rate was chosen randomly between 0.001 and 0.1, and for
LM-CMA, the mutation strength between 0.1 and 2 times the default value. We performed
30 runs on 6 different problems (k = 2,3,4,5,6,7). For problem with & = 3 the solution is
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Figure 6.2: Sensitivity of the algorithms to the value of the hyperparameters learning rate
for Adam and mutation strength sigma for LM-CMA. Mean absolute percentage error
(MAPE) was calculated with respect to the baseline of the best-known objective values
found in [225]. The full line is the median, and the shaded area includes the central 66%
runs. These values were obtained via linear quantile regression.

known to be a disk [225] which is very close to the initial candidates. For this reason, we
used a square mesh A for k = 3 to get more reasonable results in comparison to problems
with other k. For both algorithms, we limited the run time of a single optimization run
to one hour. This was in order to guarantee a fair comparison due to gradient calculation
which is needed for Adam but not for LM-CMA. The calculation of the objective function
(and gradient) was, in both cases, performed by TensorFlow, compiled to CUDA code, and
run on a Tesla K80 GPU.

It is important to note that our implementation of LM-CMA does not include features
like surrogate modeling or multi-fidelity, which are common in large-scale simulation-based
optimization [213]-[216] and are known to reduce the optimization time. Both Adam and
LM-CMA could be implemented to include those features, however, this would require
extensive fine-tuning of several components in order to fairly compare gradient-based and
derivative-free methods. To reduce both the computational and programming burden, we
opted to compare the most basic implementations of each algorithm with minimal hyper-
parameter tuning (one parameter believed to be the most important for each algorithm).

For both algorithms, the hyperparameters we tuned had no noticeable effect on per-
formance. Figure 6.2 shows the mean absolute percentage error (where the best-known
solutions from [225] were taken as the baseline) for different hyperparameter values. We
used linear quantile regression to uncover possible trends in performance with respect to
hyperparameter values, but we found that the performance is, in fact, constant, as depicted
in Figure 6.2. Figure 6.3 shows the convergence of both algorithms for the six problems
and Table 6.1 the best solutions found by the Adam algorithm compared to the best so-
lutions found in [225]. We can observe that Adam has a more favorable convergence and
attains lower overall objective function values. However, comparing the results of Adam
to the best-known solutions from the literature shows that there is still some room for
improvement. Shapes themselves seem quite similar to the ones found in [225|, however,
the objective function values are higher by around 0.5%. We suspect that more involved
hyperparameter fine-tuning, of both the shape model architecture and optimization pro-
cedure, would further improve our results. Also, as mentioned above, surrogate modeling
and multi-fidelity would probably be of benefit as well.



6.4. Experiments

objective function objective function

objective function

N
S

~
N

B
o

w
o]

102.5 | — Adam
100.0
95.0 ”
925

90.0{ °

—— Adam

0 10 20 30 40 50 60

time [min]

k=4

—— Adam
— LM-CMA

0 10 20 30 40 50 60

time [min]

k=6

— LM-CMA

0 10 20 30 40 50 60
time [min]

105

—— Adam
— LM-CMA

54

objective function

0 10 20 30 40 50 60
time [min]
k=5
—— Adam
—— LM-CMA

86 1

objective function

0O 10 20 30 40 50 60

time [min]
k=7
130 1
— Adam

£ 1251 —— LM-CMA
2
(%)
c E
2 120
Q E
2 :
o :
@ 1151
2
]

1104

0 10 20 30 40 50 60
time [min]

Figure 6.3: Optimization progress for Adam and LM-CMA when run on six different
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The full line is the median over 30 runs of the algorithm,

while the shaded area shows the central 66% of the runs. The dotted line is the best
objective function value found.
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Table 6.1: Comparison of the best solutions found by Adam and in [225] for six different
problems (k = 2,3,4,5,6,7). Our solution for problem k = 3 is visually different because
it was generated from a different initial mesh (a square instead of a disk) in order to obtain
optimization difficulty similar to other k.

Our result with Adam [225]

k objective value solution objective value solution

2 36.389 36.337
3 46.373 46.126
4 64.790 64.306
b} 78.569 78.166
6 89.218 88.502
7 106.983 106.211
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6.5 Discussion

In this chapter, we demonstrated that gradient-based optimization algorithms can be used
to solve simulation-based continuous optimization problems. Our methodology did not
employ any problem-specific or approximative techniques to calculate the gradient but
rather automatic differentiation, which is problem-agnostic and exact. This means that
our methodology puts gradient-based optimization on the same level as general-purpose
metaheuristics (such as evolutionary algorithms). Simulation-based optimization is of-
tentimes presented as an example of an optimization problem for which general-purpose
derivative-free metaheuristic algorithms are the only option for solving them [19]. This
is not the case, though. Given that many metaheuristics struggle in large-scale optimiza-
tion setting, gradient-based algorithms can, in fact, be more suitable. In our use case of
finding two-dimensional shape with minimal Laplace eigenvalues this is exactly what we
observed. Gradient-based algorithm Adam converged faster and obtained better overall
solutions compared to commonly used derivative-free LM-CMA. Our explanation for this
is that derivative-free metaheuristics require more objective function evaluations to ac-
quire the same amount of information about the optimization landscape as gradient-based
algorithms get with a single gradient calculation®. Since the computational complexity
of gradient calculation is twice the complexity of objective function evaluation these ad-
ditional evaluations result in slower convergence for derivative-free methods compared to
gradient-based ones.

In this regard, we can confirm hypothesis H4 that states that automatic differentiation
can be applied to general objective functions, even the ones including simulations, and that,
when coupled with a gradient-based algorithm, it can be used as a general methodology for
solving large-scale continuous optimization problems. We have shown this for a use case
where the objective function included several matrix factorizations and inversions in a row
as a part of a simulation using the finite element method on a triangular mesh. Without
automatic differentiation, the calculation of the gradient of such an objective function
would be intractable. In our use case, the gradient-based method was even superior to
minimally tuned metaheuristic LM-CMA specialized for large-scale optimization. The
implementation of gradient calculation still requires some effort, however, our use case
shows that this effort is also accompanied by faster convergence. As a part of this use
case, we also developed a general shape model that employs invertible neural networks.
This shape model can be used for various shape optimization problems but it is especially
suitable for ones that work with meshes such as finite or boundary value methods. This
methodology is computationally efficient because a neural network only deforms an existing
mesh without the need to generate a new mesh for each shape during optimization.

9For illustration, the characteristic number of objective function evaluations needed to obtain a reason-
able approximation of the gradient with derivative-free methods scales linearly with the dimension of the
search space [235].
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Chapter 7

Discrete Optimization

Discrete optimization is a process of finding the maximum or minimum of a function de-
fined over a domain that includes discrete variables, such as graphs, permutations, strings,
integers, and so on. In real-world use cases, the discrete part of the search space usually
consists of a finite but exceptionally large number of feasible candidates, making exhaustive
search impractical and the use of approximative algorithms extremely common [236]. In
this chapter, we will be interested in general-purpose algorithms, also termed metaheuristic
algorithms, and will not touch problem-specific ones that were designed for a given special
class of discrete optimization problems. This is because the aim of this chapter is to explore
the possibilities of using gradient-based optimization as a general-purpose the optimizer
in the discrete setting. General-purpose algorithms should work reasonably well on a wide
range of different discrete optimization problems. But designing such algorithms requires
different techniques compared to the continuous case because discrete search spaces lack a
general geometric structure. In contrast to continuous optimization, there are no general
concepts like distance, angle, or projection in discrete search spaces. This is why discrete
optimization is a special category in optimization and considerations put into algorithm
design are quite different from what we are accustomed to from continuous optimization.

Consider a discrete optimization problem of finding a candidate «* for which function
¢ achieves a global minimum with respect to all other x € S on which ¢ is defined on:

x* = argmin{¢(z)}. (7.1)
z€S

One essential ingredient that all algorithms require is an encoding for candidates x € S.
An encoding is (not necessarily unique [237]) representation of candidates that include
all relevant information about the candidates that are needed for the objective function
¢ evaluation. For example, if S is a set of graphs with n nodes, a candidate graph =
can be encoded using its adjacency matrix, which determines which nodes of the graph x
are connected with edges. Using this encoding (and discarding symmetric and diagonal
part of the matrix), we can encode a candidate x using a bit string of length n(n — 1)/2.
An encoding allows us to enumerate feasible candidates x € S and to use most general
optimization algorithms such as exhaustive search. To use more advanced general-purpose
optimizers, however, we require an additional structure on the search space called the
neighborhood.

Most state-of-the-art metaheuristic algorithms assume that it is possible to generate
candidates that are in some sense similar/close to the given candidate x € S. For example,
if we flip a single bit in the encoding of candidate z, we may get a candidate that encodes a
solution that is conceptually quite similar to the candidate x. This notion is formalized by
a neighborhood structure, which is a function that returns, for each candidate x, a set of its
neighbors. Neighborhood structure allows us to use local search algorithms that, to some
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degree, follow the principle behind gradient-based algorithms. This class of algorithms
iteratively improves the current candidate by searching through its neighbors, and in some
sense, the algorithm follows a trajectory of steepest descent. There are many variations of
this algorithm that provide mechanisms for more exploration, such as Simulated anneal-
ing [238], Tabu search [239], Guided local search [240], and so on. It is important to note
that the choice of neighborhood structure can substantially influence the performance of
algorithms [241|. For example, a neighborhood of x might consist of candidates that are
“close” to & with respect to the encoding, but their objective function value may not be close
to ¢(z) defeating the purpose behind local search assumptions. This is why neighborhood
structure is usually aligned with our knowledge about the objective function, for example,
neighborhood structure for maximum clique problems would be different from satisfiability
problems even if the encoding is a binary string in both cases [242]. Nonetheless, meta-
heuristic algorithms work reasonably well even with a generic neighborhood structure, such
that is inherited by encoding, without extensive fine tuning [243].

Another class of metaheuristic algorithms are population-based ones, such as genetic
algorithms [244] and ant colony optimization [245] and their variants. This class of algo-
rithms maintains a population of candidates rather than a single solution and provide a
natural way for the exploration of the search space. In the case of genetic algorithms, two
operators (recombination and mutation) are used to generate new candidates in a popu-
lation, while the selection mechanism maintains the expected population size and guides
the population toward more promising candidates. The selection mechanism is problem-
independent, while recombination and mutation are usually chosen based on the encoding
and the properties of the objective function. The mutation operator is usually tied to a
neighborhood structure while the recombination to the encoding. There are several generic
recombination operators suited for binary, integer, permutation, and string encoding, with
many more specialized for specific problem classes [246]. There is an extensive amount of
literature available on population-based algorithms with guidelines that allow us to apply
the general principles behind these algorithms to almost any discrete optimization setting,
which makes them general-purpose metaheuristics [241].

The goal of this chapter is to develop a methodology that would allow gradient-based
algorithms to be used in discrete optimization. Since this thesis aims toward presenting
gradient-based algorithms at the same level of generality as metaheuristic ones, our re-
quirement is that the methodology works for any discrete optimization problem. In this
regard, we will try to distance our methodology from problem-specific manual user inter-
ventions such as choosing a neighborhood structure or other problem-specific operators. In
Section 4.3, we already developed a three-stage algorithm for a mixed discrete-continuous
optimization problem. However, this methodology was developed specifically for matrix
factorization problems and is not general enough for general discrete optimization. In
that special case, we had an objective function that had a natural extension from a mixed
discrete-continuous domain (hard clustering) onto a continuous one (soft clustering). This
is not the case in general discrete optimization. For example, we can extend the discrete
space of graphs (encoded as bit strings) to a continuous space of weighted graphs (encoded
as real vectors). But, even if our encoding is now continuous, our objective function may
not have any meaning on weighted graphs, which makes such an extension useless. For
some other discrete objects, like permutations, even extending the encoding to continuous
space can be troublesome. This is why, in this chapter, we tackle discrete optimization
from a different angle. We will not encode a discrete candidate in a continuous space
but rather a distribution over discrete candidates and use gradient descent to move this
distribution toward promising candidates.
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7.1 Methodology for General-Purpose Discrete Optimization
with a Gradient-Based Algorithm

Modern gradient-based optimization can be treated as a global optimization technique
only in a large-scale continuous setting [13]-[15]. Otherwise, it is prone to getting stuck in
low-quality local minima. Since gradient-based optimization moves from one candidate to
another in steps, we might be tempted to translate this process to a discrete setting by using
a scheme where the algorithm iteratively moves from the current candidate to its fittest
neighbor. Such an algorithm would belong to the class of local search algorithms mentioned
above. However, algorithms of this type do not retain the beneficial properties of gradient
descent. In a discrete setting, we cannot efficiently calculate in which direction to move
to find the fittest neighboring candidate, but rather, we need to evaluate many candidates
in the neighborhood to find the fittest one. This is a substantial drawback because, in the
continuous case, the gradient can be calculated with the same time complexity as a single
objective function evaluation while in this case, it would be orders of magnitude more
expensive!. Additionally, for a discrete local search algorithm to resemble a gradient-
based one, we require a candidate encoding with a high-quality neighborhood structure
so that objective function ¢ is “continuous” when moving between neighbors. Finding
neighborhood structures of this type requires extensive experiments on a specific class of
optimization problems, which draws us away from our aim of finding a general-purpose
methodology.

However, specialized state-of-the-art algorithms are known to be extremely successful
in the setting they were designed for [247]-[249]. In this way, they are able to leverage the
known properties of the search space S and the objective function ¢ and use it to find good
solutions in a reasonable time. In our view, they utilize commonly encountered relations
and correlations between encoding and objective value in their design to make the search
efficient. Our aim is to also use such information in our algorithm, however, not by hard-
coding it in the algorithm design but rather by learning this knowledge during optimization
through the encountered candidates and corresponding objective values. During the run of
any optimization algorithm, a lot of data is generated that can be used to gain knowledge
about the structure of (S,¢) and what kind of relations and correlations are present in
that data. Machine learning has a long history of finding knowledge in complex data with
discrete variables. Therefore, it is a sound assumption that machine learning is able to
find some structure and patterns when presented with (z;, ¢(x;)) data. The advantage
of this design is that the gained knowledge is specific to the problem being solved, not
generic, and to some degree associated with an “average” problem with this specific §. In
this regard, our idea is to use a machine learning model to generate candidates x and train
the model in a way that guides it to generate fitter candidates. In this way, the model has
information about the encoding (since it generates candidates) and the concept of fitness
of those candidates (since it is penalized for generating poor candidates). Our intention
is that the underlying patterns in this information the model is exposed to contributes to
the model finding a problem-specific strategy for solving that problem even though such
an algorithm is inherently general-purpose.

The core idea of our methodology is to use a model gy, parameterized by a real vector
9, to represent a probability distribution over discrete candidate solutions. Candidates are
then sampled from this distribution and evaluated using the objective function ¢. We then

LGradient in continuous optimization can be calculated for the price of two objective function evaluations
(one for the objective function value and one for the gradient). On the other hand, vanilla local search
in discrete optimization requires the evaluation of some proportion candidates in the neighborhood of the
current candidate in each iteration. The number of evaluations per iteration is, therefore, approximately
equal to the size of the encoding.
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search for a distribution gy (continuous optimization) so that the expected objective value
of the drawn candidates x ~ gy is minimal. In this respect, we transformed a discrete
optimization problem into a continuous one:

min {¢(x)} = min E; < g, [0(2)]. (7.2)
€S 9

The ideal solution to the continuous version of the problem is a delta distribution with
a peak at the position of the candidate that is the solution to the discrete optimization
problem. This method has similarities to the estimation of distribution algorithms [250]
where discrete candidates are decomposed to components x = [x1, Z2,. .., Z;,| and usually
a graphical probabilistic model is used to draw values for components x; and generate
new candidates. Graphical models, such as probabilistic trees, Bayesian networks, or
Markov models, are used to model probabilities over components x; and, to some degree,
model dependencies between them. Estimation of distribution algorithms also have some
similarities to genetic algorithms since they employ a selection mechanism to update the
probabilistic model. In each generation, more promising candidates from the population
are used to rebuild the probabilistic model, therefore, the probability distribution over
candidates shifts toward candidates with lower objective values.

In our approach, we will use a probabilistic model gy that has a fully continuous encod-
ing (unlike graphical models) so that gradient-based algorithms can be used for minimiza-
tion instead of a selection mechanism. Additionally, we would like a probabilistic model gy
with computationally efficient sampling of new candidates = ~ gy (unlike Markov models)
and that gy is able to account for arbitrary dependencies between x; (unlike graphical mod-
els). Current research on modeling complicated probability distributions in Al is presently
centered around generative adversarial networks and flow-based generative models [251].
Since generative adversarial networks are known to be more difficult to train [252], we opted
for flow-based models. These probabilistic models have been used to model exceptionally
complicated distributions and were able to capture data distributions for audio [253], im-
ages [254], video [255], molecular graphs [256], and so on. A flow-based model is essentially
an invertible neural network (already mentioned in Section 6.3) that is specially tailored
so that the Jacobian determinant can be calculated efficiently (which we will see is an
important advantage).

In probabilistic modeling, there are two approaches for modeling a distribution with
a machine learning model gy. The first approach are density estimation models where a
model gy returns a probability (density) when presented with a candidate x (graphical
models belong to this class). The other class are generative models where gy does not
return a probability (density) but rather a sample z drawn from the distribution that it
is modeling. In other words, when gy is given standard random (for example, normal)
sample r as input, it returns a sample x from a distribution it is modeling. In this way,
gy encodes a transformation from a fixed standard (for example, normal) distribution to
another distribution we are modeling;:

r~ N(0,I) x = gy(r) x ~ complicated distribution over x. (7.3)

See Figure 7.1 for a visual depiction of this idea. We see that sampling « from distribution
encoded by 1 is extremely simple, it is just an application of gy. But to get a probability
density for x being sampled from this distribution is not quite as streamlined. In our case,
the probability density is also needed because we need to calculate an expectation E[¢].
For this, we require the Jacobian determinant of g, 1(3:) However, flow-based models are
specifically designed for this calculation to be simple. Let us look at the real-valued non-
volume preserving (Real NVP) model [257], that will be used in this work, to understand
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samples r drawn from
normal distribution transformed samples x = gy(r)

~

neural network gy

Figure 7.1: Neural network gy representing a continuous probability distribution by trans-
forming samples drawn from a standard normal distribution.

this property. A single layer of the Real NVP model is

T =Tn

xr, =rr, @exp(s(ry)) +t(rr), (7.4)

where I; and [ are complementary sets of indices and s and t are arbitrary functions
(like neural networks). For such a layer, the logarithm of the Jacobian determinant can be

shown [257] to be
Ox
e (50)| = S sten (75)

which is just a sum of activations that are an intermediate calculation needed to sample
x. This is true because the Jacobian of the transformation (7.4) is triangular? and its
determinant is simply the product of the diagonal terms, which reduces to a sum in the
logarithmic form. If several layers (7.4) are used, the logarithm of the Jacobian determinant
is just a sum of all activations s in each layer due to the properties of the logarithm and
Jacobians for the composition of functions [257|. Therefore, using the Real NVP model for
gy allows us to easily sample candidates x and easily calculate the expectation of functions
defined on z such as E[¢].

However, the Real NVP model can only model a continuous probability distribution in
a natural way. To model a probability distribution over a discrete set softmax output layer
is usually used in deep learning. But doing so in our case, where the size of the search
space S is enormous, would make the training of such an architecture intractable. For
this reason, discretization D is used in this study which maps the continuous probability
distribution to a discrete one. Function D simply maps a real vector to a discrete object
(see Figure 7.2 for an illustration). This choice of structure of D is in correspondence with
how gy is also just a mapping of samples from one distribution to another. Table 7.1 lists
possible options for D for common search spaces S found in discrete optimization. We
choose a discretization function D in the same manner we choose an encoding in discrete
optimization. For some optimization problems that are more constrained, function D is
more challenging to find, but this is also the case for encoding in other metaheuristic
algorithms [258|.

For a more transparent mathematical treatment, let us rename the output of the neural
network gy as y = gy(r) to distinguish it from a discrete object z = D(y). The full

log

2z, depends only on r7,, making the Jacobian upper-right block zero, and x, depends on both rr,
and rr, in a way that gives a diagonal lower-right block, so the determinant of the Jacobian reduces to the
product of the diagonal entries.
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Figure 7.2: Discretization D can be used to map a continuous probability distribution to
a discrete probability distribution.

architecture of how our candidates x are sampled together with their objective values is
depicted in Figure 7.3. We now have all the ingredients and what remains for discrete
optimization problem to be solved by a gradient-based algorithm is to express the gradient
of the expected objective value E[¢] with respect to the model parameters ¥. At first
glance, we might think that our expectation E[¢] will be very difficult to express since
such calculation involves integrating the probability distribution on segments where D is
constant (triangles depicted in the left part of Figure 7.2). However, since D is a locally
constant function and Jacobian of gy is easy to calculate, this is not the case. Let us denote
the probability densities for r and y as f, and fy, respectively. Then, the expectation of
the objective value, when candidates are sampled, as depicted in Figure 7.3, is

By, [6(D(1))] = / o(D(w)) () dy. (7.6)

Because ¢(D(y)) is locally constant, we can express the gradient of this expression by using

Table 7.1: Possible discretization functions D for different encodings commonly used in
discrete optimization.

optimization problem encoding discretization function example of x
knapsack problem binary string  unit step function 01101001
scheduling problem permutation  argsort 62138547

assignment problem integer vector round o ReLLU 31225013
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Figure 7.3: Architecture of how the composition of functions is performed to obtain the
final objective values. Below each variable, we depict an example distribution that shows
how samples of variables might be distributed.

the well-known log-derivative trick from reinforcement learning [259]:

VB, 6 / H(D()) Vot (y) dy = / (D V}’yfg’()>.z‘y<>

/ S(D()) (Vo log(fy () fy (y) d
— By, [6(D ) Vo log(fy (1)),

This means that the only quantity we need to differentiate to get the gradient is the
logarithm of the probability density at sampled points y. For this, we can use the change
of variable formula that is central to flow-based models [257]:

gy (y)
det (%y) ‘ : (7.8)

Since gy is invertible, we can use the inverse function theorem and express the logarithm

as
dgy(r)
det
< or
We can further simplify this expression by choosing f, to be a uniform distribution which
means that the gradient of first summand in (7.9) is zero. This gives us an expression for

the gradient:
0gy(r)
—_— . 1
det< o (7.10)

By using Real NVP for gy, the derivatives in the expectation are easy to calculate using
Eq. (7.5) and standard automatic differentiation technique. In this way we have a for-
mulation of a general discrete optimization problem that can be solved by gradient-based
optimization. With respect to the optimization problem, we only need to choose a dis-
cretization D that maps an arbitrary real vector into a candidate encoding required by
objective function ¢. The user also needs to choose a generative probabilistic model gy

(7.7)

fuw) = fr (95" ()

log f,,(y) = log f (95" (y)) — log (7.9)

r=g5 " (y)

V3E, - antorml6(D(g5(r)))] = —E [¢<D<gﬁ<r>>>w log
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that is invertible and preferably has an efficient way of calculating the logarithm of the
Jacobian determinant. We found Real NVP to be a suitable choice for such a model. Since
gy is invertible, both the input and the output layer of gy need to be of the same size as the
dimensionality of the domain of D. The authors of [257] advise using at least three layers
for a Real NVP model. With this, we have all the ingredients to apply any gradient-based
optimization algorithm to solve a discrete optimization problem. Our approach is out-
lined in Algorithm 7.1 where we used Real NVP for the probabilistic model and “vanilla”
gradient descent for the optimization algorithm.

Algorithm 7.1: Our procedure for discrete optimization. In line 10 we employ a
generic “vanilla” gradient descent, however, this can be substituted for any other
gradient-based optimization algorithm.

Objective function: ¢: S - R

Discretization: D : R" — §

Real NVP model: gy : R* — R"

Parameters: model parameters ¥ € RP, population size m € N, problem

encoding size n € N, learning rate a > 0

1 while stopping criterion not met do

2 Initialize grad < 0

3 for:=1tomdo

4 Generate vector r; € R™ with components drawn from a uniform
distribution

5 Compute y; = gy(r;) and (during this calculation) the gradient of

log-determinant Vylog|det(J)| using Eq. (7.5)

Discretize y; to obtain a discrete object x; = D(y;)

Evaluate objective function ¢; = ¢(x;)

Accumulate the gradient: grad < grad — ¢; - Vg log | det(J)| in accordance
to Eq. (7.10)

9 end
10 Update parameters: ¥ <— 9 — a Vy®(9)
11 end

7.2 Application to the Traveling Salesman Problem

To assess the effectiveness of the proposed algorithm (outlined in Algorithm 7.1) we con-
sider its application to the traveling salesman problem using a set of benchmark instances
from TSPLIB problem library [260]. We chose to solve symmetric problems that have
known optimal tours (optimal solutions are known) of sizes 29, 48, 76 and 120. These
problem sizes provide a suitable testing ground because they are large enough to exhibit
the combinatorial complexity of the task while remaining small enough to allow systematic
experimentation and analysis. The goal of this study is not to compete with specialized
solvers on large scale instances but to demonstrate that the algorithm is able to adapt
its sampling distribution gy in a way that consistently favors regions of the search space
containing high quality tours. For this purpose, the method is compared with random
search which serves as a neutral baseline and makes it possible to observe directly how the
distribution shifts toward better solutions.

As it is common in the literature [261], we transformed the objective function ¢ for
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easier comparison among instances

¢ — Poptimal
)

¢ —
¢random

(7.11)
where @optimal 1S a known optimal value and ¢random 1S an average objective value when
permutations are sampled uniformly. In this way we can easily place the quality of a
solution independently of the problem instance and the number of cities. The encoding
chosen for the input of ¢ is a permutation encoded as a vector of distinct integers smaller
than the number of cities. To align the encoding to the symmetric problem, we implemented
¢ to add the final link between the first and last node.

For discretization function D, we used argsort function that takes a vector of real
values and returns the indices that would sort the vector. The output of D can, therefore,
be interpreted as a permutation since duplications of real random numbers are extremely
unlikely. Nonetheless, we established a safeguard for this occurrence in the implementation
of the objective function so that ¢ returns a very large value in case of invalid input z. For
the probabilistic model gy, we used the Real NVP model with four layers. With accordance
to suggestions in [257], we used a hyperbolic tangent function multiplied by a learned scale
for functions s in Eq. (7.4) and for functions ¢ a two-layered dense networks of twice the
width of the input and ReLU activations on hidden layers. The initial point for parameters 9
was chosen randomly in accordance with Glorot initialization [189]. The split of the indices
to Iy and I from Eq. (7.4) was done by halving the vectors and swapping the roles of I; and
I, with each next layer (as is standard for all coupling layer models [231]). Pseudorandom
numbers are used as input to gy and were drawn from a uniform distribution with support
[—1,1]™ where n is the number of cities in a traveling salesman problem being solved. It
must be noted that the initial distribution of z is not uniform in the permutation space,
however, it was found to be wide enough to cover all possible solutions when testing on
small problems.

For optimization, we used the Adam algorithm [73] with a population size (batch size
in deep learning terminology) of 1024. This means that 1024 candidates were sampled
from our distribution and evaluated for each gradient descent step. The optimization
was run for 1000 steps, meaning that our optimization run is approximately equivalent
to 2 - 105 objective function evaluations. For each instance, we performed 100 runs with
randomly chosen learning rates, while for other parameters, using the default parameter
values as implemented in TensorFlow (3; = 0.9, 32 = 0.999,¢ = 10~7) which are widely
used and considered robust [262]. Learning rate is known to have the strongest influence
on performance [263]. The distribution of the learning rate was chosen in a way that it is
uniform when depicted in logarithmic scale and has support [10*7, 0.1]. Figure 7.4 shows
the best objective value found with respect to learning rate for the four problem instances.
We can observe that for all instances there is a clear minimum at ~ 3-10~%. This is close,
but slightly smaller in value, to the usually used learning rate of 1073.

We additionally performed another 100 runs with the best found learning rate. The
convergence of our algorithm for those 100 runs is shown in Figure 7.5. We can see that,
in all four cases, our algorithm does not converge toward optimal values. However, in
relation to random search, we see that probabilistic model gy does learn some structure on
(S, ¢), allowing it to converge faster than random search. The convergence of our algorithm
and random search is very similar in the earliest stage of the optimization, but then the
distribution of candidates starts to shift to fitter ones. But state-of-the-art algorithms
for traveling salesman problem achieve close to optimal solutions in about a third of our
computational budget [261]. An additional analysis shows that the distribution associated
with gy, after convergence, has one very narrow peak and nearly zero probability around
that peak. Furthermore, the final gy is close to not being invertible anymore with the
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Figure 7.4: The best objective value observed during optimization with Adam with respect
to the learning rate for four different problem instances.

condition number of its Jacobian in the order of 107!°. This indicates that our algorithm
at first samples diverse candidates, but during optimization the distribution prematurely
concentrates close to the best candidates seen so far to such a degree that the algorithm
performs no exploration anymore. This phenomenon is known as a mode collapse and is
more characteristic of generative adversarial models where it has been well documented
and studied [264]. Mode collapse is, on the other hand, not that common for the flow-based
models that we used. However, it has been observed in applications connected to Monte-
Carlo sampling [265], [266], a use case that has similarities with our methodology. There
are several ways to mitigate mode collapse, but in our application, we believe exploration
strategies (similar to the ones characteristic for reinforcement learning) to be the most
applicable. By this method, we would not sample only from the distribution encoded by
9 but, with some probability, also from the uniform distribution. This method requires an
additional pass of samples through the model and makes the expectation calculation less
elegant. This upgrade will be part of our future work.

7.3 Discussion

In this chapter we presented a new general-purpose algorithm for discrete optimization.
Given that its usage does not require any other configuration from the user other than the
choice of an encoding and a corresponding discretization function, it belongs to the class of
metaheuristic algorithms. The key part of the methodology developed here is a mathemat-
ically tractable way of transforming a discrete optimization problem into a continuous one
without any assumptions about the encoding. Such transformations are otherwise possible
to perform but only for a specific class of problems because there are considerations about
the encoding and the neighborhood structure that need to be addressed for an objective
function to be globally defined. We circumvented this problem by not encoding only a
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Figure 7.5: Convergence of optimization with Adam and random search for four different
problem instances. Full lines show the median objective value over 100 runs, the shaded
area represents the central 66% of runs, and the dotted line shows the best objective value
observed at each time step across all runs. The figure illustrates the expected statistical
behavior of the optimization and the distribution of objective values over time rather than
specific individual trajectories. The optimal objective function value is in all cases zero, in
accordance to (7.11).
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single candidate in a continuous space but rather a probability distribution over discrete
candidates. Most surprisingly, we found a way to elegantly calculate the gradient of the
transformed objective function which allows the usage of a gradient-based algorithm. This
is relevant because the technique of analytical differentiation is an extremely rare sight in
discrete optimization. Since gradient calculation is a computationally highly efficient way
to predict improvements in the objective value, this brings a new advantage to discrete
optimization that was previously absent. In this respect, we can confirm hypothesis H5,
which states that it is possible to transform discrete optimization problems into a form
where generic gradient-based algorithms can be used for optimization.

Our experiments on the traveling salesman problem show that the algorithm works as
intended, by shifting and transforming the distribution toward fitter candidates. Com-
parison with random search shows that our probabilistic model does indeed learn some
patterns in the discrete search space that allows it to exploit more promising parts of the
search space. However, we have found that convergence of the algorithm, as currently
implemented, is premature, and the algorithm does not find candidates that are close to
optimal ones. Our analysis shows that this is due to mode collapse that plagues several
branches of probabilistic and generative modeling. In order to bring the accuracy of our
algorithm to the level of other metaheuristic algorithms, a solution to the mode collapse
problem will need to be found. Luckily, this problem is well studied for its occurrence in
generative adversarial networks and several mitigation strategies exist. Additional study
is needed to test which of these strategies are applicable to our methodology and which of
them are successful in discrete optimization setting.
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Chapter 8

Parameter Control of
Gradient-Based Algorithms

Most optimization algorithms have tunable hyperparameters that influence the behavior
of the algorithm and, in turn, its performance. Most commonly, these hyperparameters
are constant throughout the run of the algorithm, and usually, the user tests several values
for the most important hyperparameters to find an algorithm setting most aligned with
the optimization landscape of the problem at hand. This process is termed parameter tun-
ing [64]. But because the optimization landscape changes when algorithms search through
the search space, it makes sense to also change the hyperparameters when optimization
progresses. This process is termed parameter control [64].

Let us illustrate the importance of parameter control in gradient-based optimization by
looking into a hyperparameter that is common to almost all gradient-based optimization
algorithms, the so-called learning rate a. This parameter controls the size of steps per-
formed during the descent. It is evident that the value of « needs to be carefully selected
so that the steps are not too large, which would skip promising regions in the optimization
landscape, or too small, which would result in slow convergence of the algorithm. It is
also evident that one single value of o will usually not be ideal for the entire course of the
descent because local optimization landscape characteristics change during the descent.
For this reason, several methods arose in the literature in the last decade for changing «
during optimization, especially in the scope of deep learning, which fueled the interest in
gradient-based optimization.

One common way is to change the a using a predefined schedule. Most state-of-the-
art models in Al employ this strategy during training by either decaying a or changing
it cyclically (see common options in Table 8.1). However, it was found that the choice
of an ideal schedule and its parameters strongly depend on the objective function we
optimize [267], and there is no clear winner in Table 8.1. Another common method is
to change « in response to the magnitude of the gradient. Two common algorithms that
employ such parameter control are RMSprop and Adam. In both cases some type of average
of gradient magnitude is maintained and used to scale the learning rate for each parameter
of the search space separately. This technique brings much faster convergence of the
algorithms in real-world setting 73], however, it enlarges the number of hyperparameters
and breaks the convergence guarantees that ordinary gradient descent without parameter
control enjoys.

In this chapter, we introduce a methodology for adaptive parameter control of the
hyperparameters of an arbitrary gradient-based algorithm. Using this approach, changes
in hyperparameters are based on the local geometry of the landscape and not only on the
magnitude of the gradients or in a predefined schedule fashion, as is the case with current
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Table 8.1: Common learning rate schedules and their definitions [267]. In this formulation,
the learning rate schedule has the form ko + (k1 — ko)g(t) where ¢ is the iteration number,
ko < ki are the minimum and maximum learning rate values, and g(t) € [0, 1] determines
how the learning rate changes with ¢. The schedules are classified into three categories:
fixed, decaying and cyclic.

Learning Rates abbr. ko | k1 g(t)
Fixed FIX ko | ko N/A
fixed sep STEP | ko | 0O Ayl toor(t/h)
size
variable step Given n step sizes: lg, 1,12, ...,ln—1,
sizes NSTEP ko 0 v, i ENst i <t<l;
Decaying LR exponential EXP L 0 ot
function 0
inverse 1
time INV: | ko | 0 TP
polynomial oty
function POLY ko 0 =17
triangular TRI ko | k1 TRI(t) = %|m'csz’n(sin( "——EL )|
triangular2 TRI2 ko | ki —L __TRI(t)
Sftoor ()
triangular_exp | TRIEXP | kg | ki YT RI(t)
CLR sin SIN ko k] SIN(t) = ‘Sin(ﬂ'%)l
. 1
sin2 SIN2 ko | k1 Sleor ) SIN(t)
sin_exp SINEXP | ko | k1 ~ESIN(t)
cosine COS ko | k1 COS(t) = %(1 + cas(w%))

state-of-the-art methodology in deep learning. During the descent of some gradient-based
optimization algorithms, a series of objective value and gradient pairs are calculated but
are commonly not used to its full potential to align the behavior of gradient descent to
an ever-changing optimization landscape. To better use this information, our parameter
control approach uses the same methodology that was employed throughout this thesis and,
in fact, uses gradient-based algorithms for changing the hyperparameters of the gradient-
based algorithm. To put it differently, it uses the derivatives of the objective function with
respect to hyperparameters of the algorithm to know how to change them in an “optimal”
way. This strategy of parameter control is not specific to gradient-based algorithms. We
could apply it to any optimization algorithm, however, since it requires a gradient of the
objective function in its workflow, it is most suitable for gradient-based algorithms where
gradients are calculated either way so that parameter control strategy does not bring
additional overhead.

This chapter is composed of two sections. The first describes the general methodology
we developed for parameter control of gradient-based optimization algorithms, and in the
second, we apply this methodology to the Adam algorithm and test it on use cases from
deep learning and nonnegative matrix factorization problems.

8.1 Controlling Parameters of Gradient Descent with Gradi-
ent Descent

A general gradient-based optimization algorithm has the following form

2t = f(at,g', d', pt)

. e R 8.1
dz+1 :g(xz’gz’dz’pz) ( )
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where 2 is a point in the search space, ¢g' the gradient of the objective function E in
point z?, d* holds any additional statistics maintained by the algorithm! and p’ are the
parameters of the algorithm in step i. The parameters p’ may change when gradient
descent traverses through the landscape and in the current state-of-the-art algorithms, p’
are either left static or are changed with a predefined schedule, such as p'tt = ~p’. Here,
however, we will devise a rule for changing p’ that takes E’ and ¢° of the previous steps
into account. Acknowledging the success of the gradient-based algorithm from previous
chapters, we can start with calculating the derivatives of the objective function E with
respect to parameters and attempt to devise a rule for p’ that would change p’ using
gradient descent.

Objective function E**! is calculated in point 2! and this calculation involves pa-
rameters p’, therefore, we can only calculate how p’ influences E*t! for the step that was
already done and not for the one that will come next. However, this is still a quite useful
information. If we assume that the optimization landscape features do not change too
abruptly, then finding out what parameter values would be more useful in the previous
step can help us in the next step as well. The derivative of E“t! with respect to p’ is:

Ez+1 l+1 8x2+1
= Z 8 TS 2- chain rule for differentiation (8.2)
z; i
H—l
= ZQZH definition of the gradient (8.3)
0 ,d!
= Q;H f(x g P ) definition of the update rule. (8.4)
Dk

J

If we now define a matrix J, which is a Jacobian matrix of f, the update rule of our
gradient-based algorithm, with respect to its parameters p':

g : , 8.5
we can write
OF*1 i1 v
o > 9 (8.6)
k .
6Ei+1 ) )
g =9 T (8.7)

where - is matrix multiplication. Matrix J? measures in which direction z+! would move
if p* changed. Each column of matrix J* corresponds to a specific parameter p; and is
a vector in the search space that points in the direction in which z;11 would move if pg
was larger. By multiplying J’ with the gradient ¢g'*! we get how E‘*! would change if
parameters p’ changed.

We can also look at Eq. (8.7) from a more geometric perspective, which offers us a
more visual explanation of how this works. To better understand the principle behind this
equation, let us look at a simple example of ordinary gradient descent with momentum.
Such an algorithm has two parameters. One is the learning rate « and the other is 8, which
is an exponential decay factor between 0 and 1 that determines the relative contribution of
the current gradient and earlier gradients to the step. Figure 8.1 shows a single step of such

'such as running averages of the gradient (if momentum is used) or average scale of the gradient
magnitude (such as in AdaGrad)
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Figure 8.1: Application of a step of gradient descent with momentum from point z* to 2*+!

when applied to a maximization problem. Two parameters a and 8 determine the position
of 2't1 given gradient g' and momentum in the previous step m’~!. Dashed lines show
where 2! would end up if parameters a and 3 have been chosen differently. Based on
the gradient ¢**! in the new point 2'*! we can deduce in which direction the parameters
a and B would need to be changed so that z*! would end up in a region with a better
objective function value.

gradient descent when applied to a maximization problem?. In the figure, we see all the
relevant information needed to perform a step and the directions to which the columns of J
are pointing at (dashed lines in Figure 8.1) which tell how the position of x; 1 would change
if a or B was changed (prior to the gradient descent step from x; to z;+1). Comparing
these directions to the direction of the gradient g**! in point 2'*! we can conclude (for
the specific case shown in Figure 8.1) that the objective value would be more favorable
when moving from x; to z;y1 if we chose a to be larger and § to be smaller. Intuitively,
this is because the gradient ¢g'*! points in a direction with more favorable objective values.
This means that if & and 8 is adjusted in a way that 2’*! is moved in the direction of
gt our gradient descent step from z* to 2°t! is expected to yield a larger improvement in
the objective value. More formally, Eq. (8.7) expresses that the derivative of the objective
value attained after the gradient descent step with respect to a given parameter (such as
) is the scalar product of the corresponding column in J* with the gradient ¢g**'. This is
the principle behind the parameter control strategy we propose in this chapter.

We can now take an arbitrary gradient-based optimization algorithm defined by func-
tions fi; and g7 with the update rule

xiJrl — f1(xi,gi,di,pi)

. T 8.8
A = gi(2', g’ d', ) 59

2We chose a maximization problem because, in this case, gradient descent moves in the direction of the
gradient and not away from it, which provides a more intuitive visual depiction.
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and apply our parameter control methodology to it in the following way:

1 _ fl(.%'i,gi,di,pi)
di+1 —_ gl(l’i,gi,di,pi) (8.9)
pz'—i-l _ pi 4 L gi—i-l X Ji7

where (+4) applies to maximization and (—) to minimization problems. Here, we took the
most primitive strategy, ordinary gradient descent, for changing p’ in an adaptive manner.
In (8.9) we see that p’ is iteratively adapted in a direction of E/9p which is the direction
that is expected to result in the biggest change in E per given step of the algorithm.

However, we can choose any gradient-based optimization algorithm to change p® dur-
ing the descent. In general, our parameter control strategy that adaptively controls the
algorithm defined by f; and gy is

fl( Zag dl)p)
dH_l gl( Z?.g dzvp) (8 10)
= f2< ‘ 'lehiari) .
h’“ = g2(p', g TR,

where we use a gradient-based optimization algorithm defined by fo and go for adapting
p® (this algorithm has its own parameters 7 and maintained statistical information held
in ht).

8.2 Application to Adam

In this section, we apply the developed parameter control strategy on Adam, one of the
most used gradient-based optimization algorithms. As we can see in Algorithm 8.1, Adam
has four tunable parameters that control its behavior. There is the learning rate o that
controls the step size, two forgetting factors 51 and (2 that control how far-reaching are the
running averages of first- and second-order gradient information and a positive dampening
factor € that prevents divisions with very small numbers. In modern implementations, only
the learning rate « is changed during the descent (using a predefined schedule) while other
parameters are held at fixed values.

Before applying our parameter control, we need to address the initialization bias cor-
rection, which can be seen in line 9 of Algorithm 8.1. This part is designed for fixed (;
and (s and would have a different form if we allow 8; and 2 to change during the descent.
Therefore, we need to generalize the Adam algorithm to allow dynamical parameters be-
fore we introduce the parameter control. Adam uses both momentum and per-parameter
learning rate adaptation. For this, it needs to maintain a running exponential average of
both first- and second-order gradient information. One of the important contributions of
Adam is that it does this in an unbiased way with respect to the number of steps already
done. Line 9 of Algorithm 8.1 takes care of underestimation of the moments that occur in
other algorithms (for example, RMSprop) during the first stages of the descent.

Let us take the running average m, for example. Its update rule in Adam is

mi = Bimi1 + (1= B1)gi = (1= B) Y B g, (8.11)
=1

where we expanded the recurrence by repeated substitution. Taking expectations and
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Algorithm 8.1: Adam.

Objective function: E(z)
Parameters: a >0, f;€[0,1), p2€][0,1), >0

1 x < rand

2m<+0-x

3v+0-z

4141

5 while stopping criterion not met do
6 g <+ V.E(x)

7 | m«Br-m+(1-p51)-9g

8 v Ba-v+ (1—Ba)- g2

\/1— 068

9 — -
7 1-gi
10 m
T T —
n\/TH-e

11 1+ 1+1
12 end

assuming that g; are drawn from a stationary distribution, we obtain

E[m;] = (1 - $1)E ZB = (1 - B})E[g], (8.12)

where the last equality follows from the formula for the sum of a geometric series. This
shows that m; is biased toward zero due to initialization, which motivates the bias correc-
tion step in line 9 of Algorithm 8.1. If, on the other hand, 51 changes during the descent,
this scaling needs to be performed differently for the average to be unbiased. We can
achieve this by introducing a new variable ¢,,, which measures to what degree the average
is underestimated:

E[m;] = El[g] Z(l - B1j) H Bk = cmE[g]. (8.13)
=1

k=j+1

Variable ¢, can be calculated more easily by using recursion, as can be seen in line 11 of
Algorithm 8.2, which is an expanded form of the standard Adam algorithm that allows
51 and By to change during the descent. It includes two additional variables ¢, and c,,
for each running average m and v, respectively. If 51 and (B, are left constant, we get the
standard Adam algorithm with

em=1-— ﬁi

g (8.14)

We can now implement our parameter control in Algorithm 8.2. We will call this al-
gorithm cAdam for controlled Adam, and its pseudocode is shown in Algorithm 8.3. This
algorithm has two additional steps. The first additional step is the calculation of the Ja-
cobian matrix J, which is performed after a gradient descent step to a new point (line 15).
J holds the derivatives of the move just made with respect to the four parameters. The
second additional step is to apply the standard Adam algorithm to change the four param-
eters when the new gradient becomes available (line 8). The change in four parameters
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Algorithm 8.2: Adam with dynamical parameters.

Objective function: E(x)

Sequences: «; >0, f(1; €1[0,1), B2 €[0,1), & >0; i=1,2,...

1 x < rand
2m<+—0-x
3v+0-z
4 ¢,y 0
5 Cy < 0
6 11
7 while stopping criterion not met do
8 g V. E(x)
9 m%ﬁu-m—i—(l—ﬁu)-g
10 | v Boi-v+(1—Bo)- g2
11 Cm %/Bli'cm‘i‘(l_ﬁli)
12 | ¢y < Boi- U+ (1 — Bog)
13 77(—0[1‘@

Cm

m

14 T4 x 77\/5+5l
15 14—1+1

16 end

Algorithm 8.3: cAdam.

Objective function: F(x)

Initial Values for Parameters: o >0, (1 €[0,1), (2 €[0,1),
1 x < rand
2m<+0- -z
3v+0-z
4 ¢+ 0
5 ¢, < 0
6 while stopping criterion not met do
7 g < V.E(x)
8 update (a, 51, B2, ¢) with Adam using derivatives g - J (Eq. (8.7))
9 | m«pBi-m+1-051)-9g
10 U(—/Bg‘v—F(l—ﬁQ)‘gQ
1| ey Prem+ (1= 51)
12 | ¢y Borvm+ (1= P52)
13 N < o \/a
Cm
m
14 T x— 77\/5 T
15 calculate J in accordance with Eq. (8.5)

16 end

e>0
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is made in a direction that would reduce the objective function the most in previous step
considering only the space (a, 81, B2, €).

The cAdam algorithm requires us to set four initial values for parameters, however,
they will change during the descent toward values that are appropriate for the observed
optimization landscape. It makes sense starting with values that have been found useful
for the standard Adam algorithm over the years. This should be a good starting point
from where cAdam is able to change the four parameters to more useful values. The
default values for the Adam algorithm in the TensorFlow library are o = 0.001, 81 = 0.9,
fo =0.999 and € = 10~ 7. These are the initial values used in our work.

For updating parameters («, 81, 82,¢€), we use the standard Adam algorithm (line 8).
We could use any gradient-based algorithm for these updates, however, we chose Adam
because it works well for both deterministic and stochastic objective functions. This brings
robustness and should make cAdam useful in both cases without the need for additional
modifications. The standard Adam algorithm that performs parameter updates requires
its own parameters as well, for which we take the default values mentioned in the previous
paragraph.

8.2.1 Experiments

We tested the cAdam algorithm in two optimization settings, with stochastic and determin-
istic objective functions. In the first case, we apply it to the task of training a convolutional
neural network in a supervised machine-learning setting. In this case the objective function
is stochastic due to the network training in minibatches. In the second case, we apply it
to training a symmetric NMTF model in a unsupervised machine learning setting. In this
case, the soft clustering is performed on data using the entire data set in each step, which
makes this objective function deterministic. In both cases, we use the implementation of
cAdam in the TensorFlow library in which both models were implemented. The gradients
of the objective function are calculated by automatic differentiation using the native Ten-
sorFlow constructs while derivatives contained in matrix J (see Eq. (8.5)) are calculated
by symbolic differentiation and hardcoded in the cAdam algorithm.

8.2.1.1 Neural Network Training

For testing cAdam in a deep learning setting, we selected a widely used benchmark prob-
lem from computer vision, the recognition of handwritten digits. This classification task
requires the neural network to map an input image to probabilities over ten possible classes
(digits from 0 to 9). As a model, we adopted a simple convolutional architecture consisting
of one convolutional layer with 28 channels and kernel size 3, followed by max-pooling of
size 2 and a dense hidden layer of size 128 with ReLLU activation. Dropout with probability
0.2 was applied to the hidden dense layer, and the final class probabilities were obtained
with a dense output layer of size 10 and softmax activation. The model was trained on
the MNIST dataset [268] with categorical cross-entropy loss and mini-batches of size 128.
This architecture was chosen for its simplicity and computational efficiency, which makes
it suitable for clearly illustrating the behavior of cAdam without being influenced by ar-
chitectural complexity or extensive hyperparameter tuning. The goal of this experiment is
not to achieve state-of-the-art performance, but to demonstrate the application of cAdam
on a standard deep learning task.

Both Adam and cAdam were applied 100 times from different random starting points
and with different random orders of feeding the data. For both Adam and cAdam, default
parameter values for (o, 51, 2, ¢) were used. Comparison in performance of the algorithms
is depicted in Figure 8.2 with full lines being the median over 100 runs and shaded areas



8.2. Application to Adam 129

Convolutional neural network applied to MNIST use case
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Figure 8.2: Comparison of the Adam and cAdam algorithms for training a convolutional
neural network on an MNIST data set. The full line is the median over 100 runs, and the
shaded area includes the central 66% of runs. The bottom plot shows how objective value
changes with respect to the number of steps of gradient descent in the log-log scale. The
top two plots show how the parameters «, 1, 2, and ¢ of the cAdam algorithm change
during the descent in the lin-log scale.

containing the central 66% of the runs. Bottom part of Figure 8.2 shows how Adam and
cAdam converge (objective function with respect to the number of function evaluations).
The top part of Figure 8.2 shows how parameters (a, f1, 52,¢) used by cAdam change
during the descent.

In Figure 8.2, we can see that cAdam indeed changes parameters (o, 31, f2,¢) sig-
nificantly during the descent. These changes in parameters result in cAdam converging
approximately one standard deviation below the Adam algorithm, whose parameters are
left constant at default values. For comparison, the values of Adam’s parameters are iden-
tical to the initial values of cAdam’s parameters. The progress of the learning rate « for
cAdam, which can be seen in the top part of Figure 8.2, can be compared to deterministic
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schedules used for Adam. In state-of-the-art deep learning applications, the learning rate
is usually increased from a small value (warm-up stage) to a peak value and then decayed
back to smaller values [269]. This is exactly what we see in Figure 8.2 which means that
cAdam has uncovered a schedule for « that is similar in shape to the ones found by exten-
sive experimentation by the deep learning community over the past decade. However, in
the case of cAdam, this schedule is tailored to the specific problem (geometrical properties
of the current optimization landscape) and requires no tuning.

Unlike the learning rate «, the progress of 51, B2, and € seen in Figure 8.2 can not
be compared to any established schedules in deep learning since those parameters are left
constant in the state-of-the-art applications. We can see that (1, B2, and e are close
to constant in the first stage of the optimization, however, all three start changing in
value at a similar point in time. Parameters 8; and [y start decreasing while e starts
increasing. This means that in the second stage of the optimization, a shorter averaging
window is needed, which is indicated by smaller 81 and 2. Increase in € is much harder to
interpret since this parameter is meant only to prevent division with very small numbers.
There are indications that an increase in € reduces the effect of Adam’s per-parameter
learning rate adaptation [270] as well as its variance [271]. Both arguments support an
explanation that in the part of the optimization where ¢ is not negligible, per-parameter
learning-rate adaptation scheme is not a good approximation anymore. Limitations of this
approximation were also pointed out in [272], where the authors shed doubt on the validity
of this approximation and even on the necessity of the square root in the denominator of
the per-parameter learning-rate adaptation scheme.

8.2.1.2 Performing Soft Clustering with Symmetric NMTF

The second setting we tested cAdam on is for training an unsupervised machine learning
model. For this, we chose a soft clustering task where we operate on the entire data,
which makes the objective function deterministic (unlike the deep learning use case from
the previous section). For soft clustering, we use a symmetric NMTF model as described
in Chapter 4. We already know that standard Adam works well in this setting and we
are interested if our parameter control brings any benefits. Using cAdam, we perform soft
clustering on four real-world data sets described in Section 4.2.4.1. Based on the results
from Figure 4.5 in Section 4.2.4.2, we already know the appropriate number of clusters
(latent dimension) k needed for sufficient clustering. We used k = 10 for Aural, k = 3
for Facerec, k = 12 for Protein, and k = 3 for Zongker. The nonnegativity constraint was
handled by using the absolute value transformation. The initial points were generated by
adding small noise to solutions of singular value decomposition and projecting them to
nonnegative space. We used the mean square error as a metric and trained 100 models
for each data set using the standard Adam and cAdam algorithms. In Figure 8.3, the
convergence of the two algorithms is depicted for all four data sets. The full line is the
median over 100 runs, and the shaded area contains the central 66% of all runs. We can see
that the difference in performance between Adam and cAdam is much more pronounced
compared to the deep learning use case. For the Facerec data set, cAdam performs slightly
better compared to Adam, while for the other three data sets, cAdam converges much
faster. Figure 8.4 shows how the four parameters of cAdam change during the descent for
the Protein data set. The progress is similar in shape to the one observed for the deep
learning use case. This indicates that similar schedules apply for both deterministic and
stochastic objective functions and that the experience of the deep learning community can
be transferred to other optimization problems. As is the case with the deep learning use
case, it is beneficial that the learning rate « first increases (warm-up stage), is then left
constant, and finally decreases when approaching the minimum (learning rate decay stage).
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8.2. Application to Adam
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Symmetric NMTF model on protein data set

2 0.010 //—_\ H0.0050 ¢
= 0.005

\—:).:1()25
\{

F0.0075

e
£ valu

\

r0.0000

0.000
0.90

o 0.881 \
:" .86 1 \

0.84

—0.2
= Adam
cAdam

—1.04

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log,,(number of steps)

Figure 8.4: Comparison of the Adam and cAdam algorithms for training symmetric NMTF
model for soft clustering on the Protein data set. The full line is the median over 100 runs,
and the shaded area includes the central 66% of runs. The bottom plot shows how objective
value changes with respect to the number of steps of gradient descent in the log-log scale.
The top two plots show how the parameters «, 81, f2, and € of the cAdam algorithm
change during the descent in the lin-log scale.

Parameters 81 and s decrease during the descent, indicating that less averaging is needed
as the optimization progresses. Parameter ¢ is left close to zero for the most part of the
descent and then linearly rises when learning rate « starts to decay. Our interpretation
is that when optimization closes on the minimum (when a lower learning rate is needed),
the per-parameter learning rate adaptation that Adam uses becomes less and less precise
in approximating the correct scaling factors.
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8.3 Discussion

In this chapter, we developed a parameter control strategy applicable to any gradient-based
optimization algorithms. We applied this strategy to a popular gradient-based algorithm
Adam that resulted in a new algorithm we call cAdam. We tested cAdam on two use
cases, one with deterministic objective function evaluation and one with stochastic one.
Based on the results, we can deduce that cAdam works better with deterministic objective
functions compared to stochastic ones. In both cases, we can see an improvement compared
to Adam, however, the difference between them is much more pronounced when applied
to a deterministic optimization setting. This was, in fact, expected since our parameter
control method works by adjusting parameter values in small steps. Any noise should,
therefore, cause the parameters to converge to ideal values more slowly. When there is
no noise present, the changes in parameter values are more coherent and our parameter
control can follow ideal parameter values faster. To combat this noise, we chose to use
the Adam algorithm for changing the parameter values, which is known to work well
in stochastic setting. However, we believe that there is space to improve cAdam in a
stochastic setting by looking into other algorithms to change the parameter values from
its derivatives, possibly from control theory and of higher order (for example, Gauss-
Newton and AdaHessian). Also, the current theoretical derivation of the parameter control
was performed for a deterministic objective function, and by expanding this treatment to
probabilistic one might offer new insights into further possibilities.

Given the results of the presented experiments, we can fully confirm hypothesis H6. It is
indeed possible to adaptively guide the parameters of gradient descent simply by following
the derivatives of the objective function with respect to parameters. Furthermore using this
approach leads to equal or better convergence properties of the algorithm. Given that no
parameter tuning is required when using cAdam, this approach simplifies the optimization
or training workflow. This reduces both the computational costs and the final optimization
score.

As mentioned in previous sections, the observed progress of adapting learning rate
with cAdam is similar in shape to the state-of-the-art schedules used in deep learning.
However, using such schedules requires a user to preset for how long and to what value
each stage of the schedule goes to. By using cAdam, none of this is required, and the
“schedule” is automatically adapted based on the geometry of the optimization landscape.
It is interesting that we found that changes in other parameters are also beneficial. In the
current literature, not much effort was put into scheduling 51, B2, and € parameters since
learning rate o was recognized to be the most important of the four parameters. However,
our results indicate that decaying 81 and (B2 are beneficial and that in the final stage of the
descent € should be risen to nonnegligible value. Based on the current results, we can not
definitely conclude that the changes in 1, B2, and ¢ are crucial to achieve the observed
superiority of cAdam. For this, further experiments are required where different subsets of
parameters are adaptively changed while the others are left fixed.
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Chapter 9

Conclusions

In this thesis, we aimed toward showing that gradient-based algorithms can be viewed
as general-purpose optimization algorithms if the search space dimension is large enough
(large-scale optimization setting). As with other metaheuristic algorithms, when applied
to settings that are different from their original use cases, there is some level of adjustment
that needs to be performed for an algorithm to be applicable. In the case of gradient-based
optimization, we developed several methods to achieve this. We have shown that these
methods allow gradient-based optimization to be applicable for optimization use cases
from supervised, unsupervised, and reinforcement learning, as well as for use cases from
simulation-based and discrete optimization, and optimization parameter control. In this
regard, we strived toward being comprehensive in our use cases and to cover currently the
most important classes of optimization problems. In some cases, we achieved performance
that is comparable to, or even better than, the one achieved by commonly applied meta-
heuristic algorithms. In some other cases, our results were not quite state-of-the-art, but
we have shown that gradient-based optimization is applicable to the problems considered
using our methodology. For these cases, more study is needed to address some problems
we identified.

Our experiments with gradient-based optimization were also in agreement with many
theoretical and empirical claims about their efficiency in large-scale optimization. We have
observed that they can find fitter candidates in a given computational budget compared
to some other metaheuristic algorithms (see Chapters 3 and 6). We attribute this rapid
convergence to a computationally efficient way of determining promising descent directions
during optimization. While derivative-free algorithms require many objective function eval-
uations (dependence is at best linear in search space dimension) to find promising descent
directions, gradient-based algorithms can acquire this information through the gradient,
which can be computed for the cost equivalent to just one additional objective function
evaluation. In agreement with [13]-[15], we did not observe any problems due to local
minima. It seems that our use cases also share the property, observed both theoretically
and empirically in [13]-[15], that local minima are, in large-scale setting, concentrated very
close to the global minimum?!. Also, we did not observe any detrimental effects due to the
presence of saddle points. This is also in line with the current literature since most mod-
ern algorithms have mechanisms that enable them to cross flat regions (such as saddles)
efficiently?. In Chapter 7, we did encounter premature convergence due to mode collapse,

1On average, the gap between objective values of local and global minimum falls exponentially with the
dimension of the search space [13], [14].

2Saddle points are the most prominent obstacle in gradient-based optimization since the absence of
local minima is known to be at the expense of more abundant saddle points, which is why much effort has
been devoted to developing strategies that make gradient-based optimization resistant to the presence of
saddle points [15].
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which to some degree resembles local minima or saddle point problems. However, mode
collapse has its origin in approximations that are part of probabilistic modeling, especially
due to calculating the expectation by Monte Carlo sampling. We have also observed that
gradient descent tends to converge toward wider minima rather than toward narrower ones
(see Chapter 3). This is especially important for applications to machine learning because
the robustness of the solution loosely corresponds to the generalizability of the model. In
this way, some overfitting problems can be resolved by optimization procedure alone rather
than by (manual) model and data fine-tuning. This means that by opting for gradient-
based training, we can afford to work with bigger (higher capacity) models and tailor them
more to the problem at hand and less to the data quantity, which can oftentimes be a
limiting factor.

When deciding on the generality of gradient-based optimization, the availability of gra-
dient is an important factor. In this thesis, we used both symbolic (using the Theano
library) and automatic differentiation (using the TensorFlow library) to calculate gradi-
ents. In both cases, we have shown that the gradient of the objective function can be
obtained without providing explicit code for its calculation. Rather, the libraries automat-
ically generate the code for gradient calculation from the code for the objective function
calculation. This method makes gradient-based optimization far more accessible to the
community because it does not bring any additional overhead with regard to implemen-
tation and it works regardless of the complexity of the objective function. In Chapter 5
and 6 our objective calculation even involved simulations that included conditionals, loops,
complicated geometrical expressions, matrix decomposition procedures, solving of linear
systems, and eigendecompositions. In our case we used Theano and TensorFlow and im-
plemented objective functions in Python but this is far from being the only option. There
are well maintained libraries that support differentiable programming for different lan-
guages (C++ [184], Fortran [185], Java [186], Python [25], [26], [29], Julia [273]) that can
be applied to perform such differentiation to existing code without excessive adjustments
from the user. Since differentiable programming libraries require access to the entire com-
putational graph to generate code for the gradient, they usually include powerful compilers
that, as a bonus, also apply mathematical simplifications, compute operations in place, ap-
ply numerical stability optimization, and even offer parallelized execution and acceleration
(GPU and TPU) [25], [26]. Differentiable programming is, therefore, a crucial part of our
methodology that place gradient-based optimization on a level of generality that is close
to the level of metaheuristic optimization.

Neural network models can be encountered as a part of our methodology throughout
this thesis. This is not because they would be an especially crucial part for gradient-
based optimization to work but rather because this class of models offered a high level
of flexibility. To transform an optimization problem to be solved by a gradient-based
algorithm we require an intermediate mathematical construct that brings the two settings
together and neural network allowed enough flexibility to make that happen to a level
of generality we desired. Presently, neural networks are extremely well-studied class of
models with countless varieties with different properties. In this way, opting for neural
networks gives us the option to pick from the vast literature a very specific model that has
the required properties, such as being locally linear, smooth, invertible, equivariant to a
specific transformation (for example, volume-preserving), causal, with tractable Jacobian
calculation, and so on. Another factor for our use of neural networks is that, for many
of our use cases, they are known to be state-of-the-art models and, therefore, our model
of choice (see Chapters 3, 5 and 7). Additionally, a neural network is naturally encoded
by a high-dimensional real vector which puts us, by default, in a large-scale continuous
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optimization setting® needed for gradient-based optimization. Even if our problem is low-
dimensional, as can be the case in 2D shape optimization if using Md&bius transformations
with only 4 parameters, the use of neural networks moves us into large-scale optimization
setting.

Let us now outline the basic characteristics of the methodology that was developed in
the scope of this thesis. In general, our methodology for adapting optimization problems
to be solved by gradient-based optimization consisting of:

1. reformulating objective function and candidate(s) into a continuous form and
2. using symbolic or automatic differentiation to acquire the gradient of this objective

in order to apply some generic gradient-based optimization algorithm. Point 1. could even
be skipped in use cases from Chapter 3 because the objective function was already in
an appropriate form. Reformulation of the problem into a continuous form might seem to
bring, as a side effect, further restrictions and constraints on how the problem can be posed.
However, in our use cases we have observed that, in fact, the opposite is true. In general,
this reformulation into a continuous form brought more flexibility and further possibilities
for customization. For example, in Chapter 4 we saw that reformulation of a clustering
problem into a continuous form brought possibilities for clustering several data sets at the
same time (data fusion), for choosing nonstandard loss functions (metrics), for co-clustering
both instances and features at the same time and for handling missing values in the data
set (data imputation). Likewise, in Chapter 3, we could afford model customization by
embedding expert knowledge about the problem and by bringing more explainability to the
models. By our claim, gradient-based optimization can be regarded as general-purpose,
which means that it can handle any alterations (customizations) of the problem as long as
it is continuous. This is not the case for state-of-the-art optimization algorithms used in
machine learning which are designed for a specific purpose, model structure, loss function,
and so on.

Looking at our methodology for reformulating objective function and candidate(s) into
a continuous form, we can observe that the methods applied differ among use cases in
this thesis. This is in contrast to our methodology for acquiring gradient and performing
optimization, which was the same throughout the thesis (using automatic or symbolic
differentiation and some type of gradient descent). Let us, therefore, address each use case
separately and address our findings, especially in relation to the hypotheses posed in the
introduction.

In supervised learning use case (Chapter 3) we used a gradient-based algorithm to
train a custom model (without an established training algorithm) and showed that it was
superior in performance compared to some other general-purpose optimization algorithms.
Because our custom model was already posed in a continuous form there was no need
for any additional methodology other than gradient calculation and applying a gradient-
based algorithm. It is known that there is a lot of potential in using customized machine
learning models to enhance their explainability and generalization. We can incorporate
expert knowledge into the structure of the model, which is known to help generalization
and is especially relevant when only a small amount of data is available. In this way, we
have shown that gradient-based algorithms are a sound choice for a training algorithm
in the setting of customized machine learning for this specific use case and consequently
confirmed hypothesis H1. In addition, we also used gradient-based optimization to train
a neural network model (that is generic) and have observed that such training is resistant

3In real-world applications it is difficult to construct a neural network that would have a number of
parameters any smaller than in the order of 10% or 10°.
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to overfitting. We connected these observations with other similar findings and concluded
that gradient-based optimization prefers to converge toward wide minima resulting in more
robust solutions (which corresponds to better generalizability).

In unsupervised learning use case (Chapter 4) we developed a framework for using
gradient-based optimization to solve problems related to clustering. There, the encoding is
not naturally continuous, which requires a reformulation of the problem. This was achieved
by generalizing the clustering objective function from mixed form (continuous positions of
clusters and discrete quantities that convey which instance belongs to which cluster) to
a fully continuous form (continuous positions of clusters and continuous quantities that
measure to what degree each instance belongs to each cluster). This is a more general
form of clustering called soft clustering. Because gradient-based optimization was used for
training, we could afford further generalizations that allowed co-clustering, data fusion,
data imputation and use of custom metrics by which we confirmed hypothesis H2B that
addresses the flexibility of clustering models in continuous form. We found that soft cluster-
ing models can be efficiently trained by gradient-based optimization algorithms, confirming
the first part of hypothesis H2A. Our algorithms were found to be competitive compared
to other algorithms for soft clustering and, for some data sets, even superior. However, to
obtain classical (hard) clustering, an orthogonality constraint needed to be imposed. Since
generic gradient-based optimization does not support constraint handling, we developed a
three-stage scheme that worked well for our specific use case. Our three-stage algorithm
was also found to be competitive compared to other algorithms by which we have confirmed
the second part of hypothesis H2A. In summary, the strategy behind our methodology in
this work was to generalize the problem to the degree that it has a continuous form and
then handle constraints needed to make the generalized version of the problem meaningful
(with the same interpretation as the original problem).

In reinforcement learning use case (Chapter 5) we trained a deep reinforcement learn-
ing model without resorting to any approximative gradient calculation methods. In deep
reinforcement learning, problems are usually already posed in a continuous form, however,
methodology in this field does not take advantage of this fact to a full degree. Our refor-
mulation of the deep reinforcement learning problem was to simply drop the assumption
that the gradient of reward is unavailable which simplifies the way how gradient-based
optimization can be applied. For problems posed in such a way, we then require a way to
calculate the gradient of the reward for which we used automatic differentiation. In this
way, we were able to train a reinforcement learning model for protein structure prediction
by generic gradient descent without the need for Monte-Carlo sampling (as with policy
gradient methods) or surrogate modeling (as with Q-learning methods). We suspected
in hypothesis H3 that our approach would, due to exact gradient calculation, eliminate
convergence instabilities otherwise encountered in reinforcement learning. We cannot fully
confirm H3 because instabilities were still present with our approach, however, we were
able to stabilize the descent by using gradient clipping, a relatively common technique in
deep learning. Our takeaway is that instabilities in training convergence encountered in
reinforcement learning are both due to noisy gradients as well as due to the complicated
geometry of the reward function (in comparison to more tame loss functions encountered
in (un)supervised learning). The final protein structure prediction models that we trained
were not able to predict structures that are very close to optimal ones, however, we were
able to show that our models can be used for initialization. We showed that differential
evolution is able to find better solutions and converges faster when the initial population
is partially populated by predictions from our models.

In the continuous optimization use case (Chapter 6), we developed a framework for
using gradient-based optimization to solve simulation-based shape optimization problems.
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The main contribution there was the development of a shape model that has a large number
of parameters (large-scale optimization) and is flexible enough to capture a rich enough set
of shapes needed for the problem. We used an invertible neural network for that. In this
formulation, we were able to apply automatic differentiation of the objective function to cal-
culate gradients and use gradient descent to find optimal shapes. Given that this approach
of optimization was able to find better solutions and had more favorable convergence com-
pared to a comparable derivative-free algorithm, we were able to confirm hypothesis H4.
An important takeaway of this use case is also that automatic differentiation can, indeed,
be used for very complicated objective functions meaning that gradient-based algorithms
are applicable in general simulation-based optimization.

In the discrete optimization use case (Chapter 7), we reformulated a completely gen-
eral discrete optimization problem into a continuous form. In contrast to our unsupervised
learning use case, we did not expand the definition of a candidate (and the corresponding
objective function) but rather transformed the optimization problem so that the search
space now consists of distributions over candidates rather than candidates themselves.
This approach provided more generality since not all discrete objective functions allow
for a meaningful generalization to a continuous domain. We used a probabilistic model
based on invertible neural networks to encode distribution over discrete candidates which
has a natural continuous form. We used automatic differentiation to acquire gradients
of objective in this new formulation and gradient descent to optimize it. We tested our
algorithm on a traveling salesman problem. The experiments showed that the distribu-
tion indeed does shift towards fitter candidates and converges faster than random search by
which we confirmed hypothesis H5. We also observed that our current algorithm converges
prematurely and lacks sufficient exploration due to mode collapse, a common problem in
generative modeling. The methodology deployed in this chapter still represents an impor-
tant step in using gradient-based algorithms in this setting, especially since the objective
function is flat almost everywhere in the search space.

In optimization parameter control use case (Chapter 8) we developed a strategy for
adapting optimization parameters during optimization using gradient-based algorithms.
This parameter control strategy works by changing optimization parameter values in the
direction that would improve the objective value most (a derivative of the objective with
respect to parameter values). For this to work we require a way to differentiate the opti-
mization algorithm update rule as well as the objective function. We focused on parameter
control of gradient-based algorithms, especially because the gradient of the objective func-
tion (required for parameter control) is already available without additional overhead.
We applied this strategy to the Adam algorithm and showed that our parameter control
improves convergence by which we confirmed hypothesis H6. Parameter adaptations ob-
served during our experiments were aligned with deterministic state-of-the-art parameter
control schedules described in the literature, with the exception that our strategy found
those schedules automatically without manual intervention. This use case is the only one
in the thesis where gradient descent was used in a low-dimensional search space. The
main optimization algorithm is solving a large-scale optimization problem, while the opti-
mization of parameters for the Adam algorithm, for example, is done in a space with only
four parameters. However, for modern gradient-based algorithms, we expect them not to
be extremely sensitive to the values of their parameters, meaning that the optimization
landscape in (hyper)parameter space should be quite simple. Our experiments also give
support for this assumption. It is important to note the importance of this work since
it alleviates the need for parameter tuning, which is a usual (and expensive) part of the
workflow that includes gradient-based optimization (especially in deep learning).

There are many directions for future work on the topic of gradient-based optimization
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in a general setting. At the level of gradient-based algorithm design, which was only ad-
dressed in Chapter 8 of this thesis, there are several ways to upgrade them so that they are
able to handle settings that are otherwise commonplace in real-world optimization. For
example, constraint handling is not well developed in current gradient-based algorithms
and penalization is practically the only choice (apart from special cases like dealing with
orthogonality constraint in Chapter 4). Another common situation is multi-objective opti-
mization, which is also not well-developed in current gradient-based algorithms and scalar-
ization methods and hybridization with other algorithms are the only usual approaches.
With regards to our methodology for reformulating problems into a continuous form there
are also several directions for future work. Opportunities lie especially in discrete and
mixed optimization setting. Specifically for clustering, there are ways to expand our cur-
rent clustering model from a machine-learning point of view. Our clustering model in
Chapter 4 uses an inner product of (nonnegative) representations to generate a prediction,
however, this is not the only option. We are free to use more nonlinear binary operations
instead of an inner product, possibly even a tunable one such as a machine learning model.
This would possibly allow the clustering model to capture more complicated cluster struc-
tures and bring clustering closer in power to manifold learning. A fruitful future work
would also be to test existing techniques for mitigating mode collapse in our formulation of
discrete optimization. With regards to the differentiation of programs, one way to expand
on this thesis is to more thoroughly test libraries for automatic differentiation in other
languages, especially for existing programs that are possibly written in several different
languages and are using MPI (message passing interface).

Even though this thesis has left several questions unanswered (and has also opened some
new ones), we feel that it has provided a valuable step toward showing that gradient-based
optimization is not only applicable to problems with a special mathematical form. Rather,
it can be viewed as a general-purpose algorithm that can even bring superior performance
in large-scale setting in comparison to derivative-free metaheuristics. We believe that much
of its potential is still unrealized, especially in expensive, simulation-based, and discrete
optimization. Our thesis, in this regard, offers a way to seize the advantages of gradient-
based optimization in these fields.
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