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Abstract

Complex systems, composed of numerous interacting subsystems, exhibit intricate dynam-
ics that are challenging to model and understand. This dissertation focuses on advancing
methodologies for detecting the direction and quantifying the strength of couplings in such
systems and presents their application to real data. The basics of dynamical systems and
chaos are first presented, followed by an introduction to couplings and synchronization.
Then, the methodology for detecting couplings from measured time series is presented.
This includes the Granger causality, the phase dynamics methods, the information meth-
ods, and the state space methods, with an emphasis on the latter two. An alternative
approach called perturbation experiments, applicable to systems that can be directly in-
fluenced, is also presented. The subsequent chapters present original research and practical
applications.

The first part of the research addresses the solvability of the inverse problem, specifically
whether the coupling strength parameter can be inferred from time series by computing
information flow. Findings reveal this is possible for weak couplings but not when the
response system is highly sensitive to perturbations. Additionally, for strong diffusive
couplings, information flow decreases monotonically with increasing coupling strength,
making the inverse problem solvable, given that coupling is strong enough.

The research’s second part improves the state space methods for directional coupling
detection. By introducing cross-distance vectors and analyzing their response to coupling,
the initial tails of the cross-distance vectors are recognized as containing information about
the coupling. A new measure is defined that quantifies the prominence of this initial tail,
enhancing the accuracy of the state space measures and reducing the risk of false positives.
This advancement increases the reliability of such methods, broadening their applicability
across various scientific fields. Furthermore, a rank-based state space measure is intro-
duced and combined with surrogate data. Application to an EEG database demonstrates
the measure’s enhanced ability to differentiate between focal and nonfocal EEG signals,
highlighting its potential in clinical applications.

The final part presents a perturbation experiment and an analysis of the resulting
time series. The experiment is conducted on patients with severe aortic valve stenosis
and a healthy control group, with the goal of quantifying neurovascular coupling strength.
Results show that computing the visually evoked cerebral blood flow velocity response to
quantify the coupling strength can effectively distinguish between the aortic stenosis group
and the healthy control group, as found by detecting a statistically significant difference.

Overall, this dissertation provides contributions to the field of detecting interactions
within complex systems, offering improved methods for detecting and quantifying direc-
tional couplings and demonstrating their practical applications in medical research.






X

Povzetek

Za kompleksne sisteme, sestavljene iz Stevilnih medsebojno sklopljenih podsistemov, je
znacilna zapletena dinamika, ki jo je tezko modelirati in razumeti. Ta disertacija se osre-
dotoca na razvoj metodologije za detekcijo smeri in kvantifikacijo mo¢i sklopitev v taksnih
sistemih ter predstavi njihovo uporabo na izmerjenih podatkih. Najprej so predstavljene
osnove dinamic¢nih sistemov in kaosa, sledi uvod v sklopitve in sinhronizacijo. Nato je
predstavljena metodologija za detekcijo sklopitev iz merjenih ¢asovnih vrst. To vkljucuje
Grangerjevo kavzalnost, metode fazne dinamike, informacijske metode in metode faznega
prostora, pri ¢emer je poudarek na zadnjih dveh. Predstavljen je tudi alternativni pristop
s perturbacijskim eksperimentom, ki je uporaben za sisteme, na katere imamo neposredni
vpliv. Naslednja poglavja predstavljajo izvirne raziskave in prakti¢ne aplikacije.

Prvi del raziskav obravnava resljivost inverznega problema, torej ali je mogoce iz c¢a-
sovnih vrst z izra¢unom pretoka informacij dolociti parameter moci sklopitve. Ugotovitve
kazejo, da je to mogoce pri §ibkih sklopitvah, vendar ne, ko je gnani sistem zelo ob¢utljiv na
perturbacije. Poleg tega se pri mo¢nih difuzijskih sklopitvah pretok informacij monotono
zmanjSuje z narascajoco mocjo sklopitve, kar omogoca resljivost inverznega problema, Ce
je sklopitev dovolj mocna.

Drugi del raziskav izboljsa natan¢nost metod za detekcijo sklopitev, ki temeljijo na
faznem prostoru. Z uvedbo vektorjev medsebojnih razdalj in analizo njihovega odziva na
sklopitve se zacetni repi teh vektorjev izkaZejo kot nosilci informacije o sklopitvi. Z defini-
cijo novega indeksa, ki kvantificira izstopanje tega zacetnega repa, se izboljsa natancnost
teh metod in zmanjsa tveganje laznih pozitivnih rezultatov. Ta napredek poveca zaneslji-
vost ter uporabnost taksnih metod v razliénih podrocjih. Poleg tega je predstavljen nov
indeks, ki temelji na rangiranju. Lahko ga kombiniramo z metodo nadomestnih signalov.
Aplikacija na bazi EEG podatkov kaze izboljSano sposobnost razlikovanja med fokalnimi
in nefokalnimi EEG signali, kar poudarja potencial novega indeksa v klini¢nih aplikacijah.

Zadnji del predstavi perturbacijski eksperiment in analizo pridobljenih ¢asovnih vrst.
Eksperiment je bil izveden na pacientih z aortno stenozo in na zdravi kontrolni skupini s
ciljem kvantifikacije mo¢i nevrovaskularne sklopitve. Rezultati pokazejo, da s kvantifikacijo
modi sklopitve lahko efektivno razlo¢imo med skupino z aortno stenozo in zdravo kontrolno
skupino, saj med njima obstaja statisti¢no signifikantna razlika.

Kot celota ta disertacija prispeva k podroc¢ju detekcije interakcij v kompleksnih siste-
mih. Predstavi izboljSane metode za detekcijo in kvantifikacijo usmerjenih sklopitev ter
prikaze njihove praktic¢ne aplikacije v medicini.
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Chapter 1

Introduction

Complex systems consist of numerous interacting components known as subsystems. Some
examples include the human body, ecosystems, the Earth’s climate, and financial markets.
The distinction between systems and subsystems is largely for convenience and depends
on the context. For example, the human body consists of subsystems such as the cardiac
system, the vascular system, the respiratory system, and the brain. However, the brain
can also be considered a system that consists of many neurons, which are its subsystems.
Generally, the main point that defines subsystems is that they are never truly separate due
to their mutual interactions.

Complex systems are often hard to model due to a large number of interacting com-
ponents or due to the possibly complex behavior of their components. In the example of
the human body, the heart, i.e., the cardiac subsystem is a complicated system in itself.
Although some useful models describing its dynamics have been introduced, the exact dy-
namics underlying it remain unknown. Including interactions between the heart and all
the other parts of the human body significantly increases the difficulty of modeling, if not
makes it impossible.

Additionally, the interactions themselves can be complicated. A well-explored exam-
ple is the relationship between the cardiac and the respiratory subsystems of the human
body, called cardiorespiratory coupling. The cardiac subsystem influences the respiratory
subsystem by a single mechanism, while the respiratory subsystem influences the cardiac
subsystem by three different mechanisms, resulting in a complex interaction [1].

In order to be able to study different systems, one has to characterize them somehow.
This can be done by measuring available quantities pertaining to a subsystem. For example,
the cardiac system can be characterized with an electrocardiogram (ECG), which measures
the heart’s electrical activity. This results in a time series, which consists of values of
the measured quantity at different points in time. By measuring the time series of a
number of subsystems, one can study both the dynamics of individual subsystems and the
relationships between them. The focus of this dissertation is the latter.

The study of interactions between systems is also referred to as causal inference. Knowl-
edge about these interactions is just as crucial as knowledge about the systems themselves,
as they can reveal emergent properties and dynamics that are not apparent when the sub-
systems are considered in isolation. Thus, various methods for detecting interactions from
measured time series of complex systems have been developed. Two related methodologies
can be distinguished. The first is network reconstruction, which focuses on uncovering the
various connections within a large number of mutually interacting systems. The second
is detecting directional couplings, which aims to infer the direction of coupling between a
pair of systems and quantify its strength as accurately as possible. This dissertation con-
siders the latter methodology, emphasizing the accurate detection of individual directional
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couplings. It is widely used in various fields, for example in economy [2]-[4], ecology [5],
[6], medicine |7]-[10], neuroscience [11]-[13], and Earth system sciences [14], [15].

1.1 Directional Couplings

Consider two systems X and Y, depicted in Figure 1.1. Two properties can characterize
an interaction between a pair of subsystems. The first is the direction of coupling. The
second is the strength of coupling. There are four possibilities for the direction of coupling
between X and Y:

1. The two subsystems can be independent, meaning there are no interactions between
them.

2. The subsystem X can influence the subsystem Y and not vice versa. In this scenario,
X is called the driver and Y the response, reflecting their respective roles within their
interaction.

3. The subsystem Y can influence the subsystem X and not vice versa, which makes Y’
the driver and X the response.

4. Both subsystems can mutually influence each other, in which case no distinction
between the driver and the response can be made.

The interaction in the second and the third scenario is considered a unidirectional coupling,
and the interaction in the last one is considered a bidirectional coupling.

X =Y
R

V\?/
Y - X

Figure 1.1: A depiction of two interacting subsystems X and Y. The arrows represent the
possible directional couplings between them.

On the other hand, the strength of coupling is a continuous value. It can be weak, in
which case the dynamics are often similar to those of the isolated subsystems but with a
slight perturbation. At the other extreme, when coupling is strong, synchronization can
occur, meaning the subsystems can no longer be considered as two separate parts of the
whole system but rather as one.

In this dissertation, two different approaches to detecting directional couplings are
introduced. The first is used when one does not have direct control over the measured
systems. In this case, the time series are measured from the system without an external
perturbation to the measured subsystems. The second approach is used when influencing a
subsystem is possible, allowing one to discern whether or how another subsystem responds
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to this perturbation. For example, one cannot directly influence the Earth’s climate, which
necessitates adopting the first approach. An example of the second approach is inducing
variations in the breathing frequency, allowing one to assess how this affects the heart rate
via the cardiorespiratory coupling.

1.2 The Purpose of the Dissertation

The purpose of the dissertation can be divided into three parts:

1. The first pertains to the solvability of an inverse problem of inferring the coupling
strength from the information flow. While information flow has been shown to gen-
erally increase with increased coupling strength, this relationship has not been thor-
oughly investigated in different scenarios. This dissertation aims to explore this
in greater detail with the purpose of assessing the behavior of information flow in
systems in different dynamical regimes.

2. The second concerns state space based methods. While they excel in sensitivity
to directional couplings, they are also influenced by other signal properties and,
thus, often tend to result in a false positive. The advancement is improving these
approaches to decrease the probability of receiving a false positive result. The purpose
is to increase the reliability of state space measures, increasing their applicability to
various fields of science.

3. The third relates to a perturbation experiment within a clinical study. Conducting
an experiment and analyzing the resulting time series allowed for the quantification
of neurovascular coupling. The purpose is to provide an index that quantifies this
coupling, enabling physicians to perform further statistical analysis.

1.3 Goals

Different methods for coupling detection have different advantages and disadvantages. Un-
derstanding the setting for which they were devised is crucial for the correct application,
as using the methods incorrectly can lead to false results. With this in mind, the goals of
this dissertation are:

1. Solvability of the inverse problem: The first goal pertains to the behavior of
information flow in the limit of infinite time series length. Information flow between
two systems can be estimated from their time series by computing the transfer en-
tropy. The result is two indices, each quantifying information flow between systems in
one direction. Information flow has been shown to generally increase with increased
coupling strength. However, a thorough investigation of whether and in which cases
this increase is strictly monotonic has yet to be done. Thus, the first goal is to assess
when, in the limit of infinite time series length, the coupling strength between two
dynamical systems uniquely determines information flow.

2. Increasing the accuracy of state space measures: The second goal is to im-
prove the accuracy of state space approaches for directional coupling detection. The
classical state space measures are excellent at detecting weak directional couplings.
However, they have the drawback of being strongly influenced by other signal proper-
ties, such as linear cross-correlation, decreasing their reliability in applications. The
goal is to alleviate this drawback by introducing an improved state space measure
that is less influenced by such properties.
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3. Combining the improved state space measures with surrogate data: The
state space measures always yield nonzero values in practical situations with finite-
length time series, even though their expected value across realisations is zero. The
surrogate data method offers a statistical test to determine if obtained values are
statistically significant, indicating the presence of genuine interactions. Although
the new measure discussed earlier in this section has increased accuracy, combining
it with surrogate data can present challenges. Therefore, the third goal is to refine
this improved measure further to enable its reliable integration with surrogate data.
This advanced measure, combined with surrogates, will also be applied to an EEG
database to validate its applicability to real data.

4. Quantifying neurovascular coupling in a perturbation experiment: If a
complex system can be directly influenced, the underlying interactions can be studied
directly with a perturbation experiment. By perturbing one subsystem, analyzing
the response of another can detect or quantify couplings. The time series from such
an experiment are analyzed as a part of this dissertation. The time series include
measurements on patients with severe aortic valve stenosis and a healthy control
group. The goal is to compute the visually evoked cerebral blood flow velocity
response from transcranial Doppler ultrasonography measurements of the posterior
cerebral artery, quantifying neurovascular coupling for each individual in the two
groups.

1.4 Hypotheses

This dissertation is based on the following hypotheses:

Hypothesis 1: In an ideal situation of infinite time series length, the value of the coupling
strength exactly determines the information flow between subsystems.

Hypothesis 2: The accuracy of the state space approaches for directional coupling de-
tection can be improved with the method of cross-distance vectors, resulting in a smaller
probability of a false positive result.

Hypothesis 3: Combining the improved state space measure with surrogate data increases
its reliability in inferring the true coupling direction.

Hypothesis 4: The index calculated from time series of a perturbation experiment is able
to detect a difference between two groups in a clinical study.

1.5 Scientific Contribution

The contributions of this thesis are the following:

e It is shown that the inverse problem of inferring the coupling strength is solvable,
but only in certain scenarios. As it turns out, this is possible when the response
subsystem remains in an orbit around the same attractor and does not transition to
a different attractor when coupled. Furthermore, it is possible only if it is given that
the coupling is either weak enough or strong enough. This provides an important
insight into when the comparison of information flow is equivalent to comparing
coupling strengths.



1.6. Structure of the Thesis 5

e A significant improvement is made to the state space methods for directional coupling
detection. The new approach provides insights into the signatures of coupling in the
time series of coupled dynamical systems, making it interesting from a theoretical
perspective.

e The new approach also increases the applicability to real data, as shown by an
analysis of an EEG database of patients with epilepsy. Combining the new state space
measure with surrogates better distinguishes between the focal signals (measured
from brain areas where the seizure was first detected) and the nonfocal signals (not
involved in the seizure onset) than the classical measures, which have previously been
used for this purpose. Therefore, the contribution is also in increased applicability
of state space methods in clinical applications.

e A perturbation experiment was conducted on patients with severe aortic valve steno-
sis and on a healthy control group. The contribution lies in demonstrating that
computing the visually evoked cerebral blood flow velocity response can effectively
distinguish between the aortic stenosis group and the healthy control group, as found
by detecting a statistically significant difference.

1.6 Structure of the Thesis

The remainder of the thesis is structured as follows. Chapter 2 first discusses the basic
theory of coupled dynamical systems and chaos, followed by the introduction of directional
couplings and the concept of synchronization. Chapter 3 discusses the methodology for
detecting directional couplings from measured time series. Four families of methods are
introduced: Granger causality, phase dynamics methods, information methods, and state
space methods. Perturbation experiments are also discussed as an alternative approach.

Following the introduction of the methodology, original research is presented. Chap-
ter 4 studies the information flow between two coupled dynamical systems. Specifically,
it considers the solvability of the inverse problem of inferring the coupling strength from
bivariate time series. Chapter 5 introduces a new state space method for directional cou-
pling detection, more accurate than the classical state space approaches. Furthermore,
an analysis of an EEG dataset is performed. Chapter 6 presents a perturbation experi-
ment in which the strength of a neurovascular coupling was compared between patients
with severe aortic stenosis and a healthy control group. Finally, Chapter 7 summarizes the
dissertation.






Chapter 2

Directional Couplings in Dynamical
Systems

2.1 Dynamical Systems

A dynamical system is a deterministic mathematical prescription for the time evolution
of variables [16], [17]. Time can be either a discrete or a continuous variable. The time
evolution of a discrete-time dynamical system is described by a prescription for the variable
values for the next point in time. A general example of an n-dimensional discrete-time
dynamical system X is

(2.1)

Tn(t+ 1) =fn(z1(t), z2(t), ..., 20(1)).

The time evolution of a continuous-time dynamical system is described by differential
equations. A general example of an n-dimensional continuous-time dynamical system X is

dx;t(t) =Fy(z1(t), 22(1), . .., zn(t)) (2.2)

dx,(t)
dt

=Fp(z1(t), 22(t), .. ., 2n(t)).

This dissertation focuses on continuous-time systems, as they are generally more represen-
tative of real systems. The equations (2.2) can be rewritten in vector form as

dx(t)

— " = F(x(1)). (2.3)

Throughout the dissertation, bold notation represents vector values. The n-dimensional
space of all possible states with coordinates @ = (x1,x2,...,2,) is called the state space
(also the phase space). Given an initial condition x(t¢), the solution at a later time x(t) is
uniquely determined by the time evolution (2.3). The collection of solutions for all times ¢
is called a trajectory in the state space.
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Figure 2.1: Diagram of the pendulum system described by equation (2.4).

Consider a simple example of a pendulum, depicted in Figure 2.1. It consists of a mass
attached to a massless rod of length [ in a gravitational field g. Let 6 be the angle between
the orientation of the rod and the gravitational field. The time evolution of 6 is determined
by

2

Z—tg = —% sin 6. (2.4)
The equation can be transformed into the form (2.2) by setting Z—f = 7, resulting in two
first-order equations. In the limit of small angles, the approximation sin(f) = 6 results
in a harmonic oscillator. Otherwise, we can use a numerical integrator to obtain the
approximate solutions. Throughout this dissertation, the Runge-Kutta integrator of fourth
order with a constant step [18]| is used to obtain numerical solutions of all considered
systems.

Three exemplary solutions are shown in Figure 2.2 (a). When the pendulum’s energy is
small, the angle 0 is bounded. When energy is large enough, the pendulum starts rotating,
and 6 escapes above w. However, its dynamics are still very simple and, more importantly,
predictable. Figure 2.2 (b) shows a collection of orbits in the state space (6, %), called the
phase portrait. Plots in state space can be useful to understand the behavior of a system.
For instance, observing the pendulum’s phase portrait makes it clear that the coordinate
0 of systems with large enough energy is not bounded.

The systems considered thus far do not explicitly depend on time. Such systems are
called autonomous dynamical systems. If there is an explicit time dependence in the time
evolution

dx(t)

dt
then the system is called non-autonomous. An example is a pendulum with additional pe-
riodic forcing. However, the distinction between autonomous and non-autonomous systems
is merely for convenience. An n-dimensional non-autonomous dynamical system is equiv-
alent to an n + 1-dimensional autonomous system, as evident by defining a new variable

ZTp+1 with the time evolution dxgt“ =1.

— F(z(t),1), (2.5)

2.2 Chaos in Dynamical Systems

Nonlinear dynamical systems can exhibit chaotic dynamics, characterized by exponential
sensitivity to initial conditions [17]. Consider a system X with time evolution dx(t)/dt =
F(x(t)). Let x(t) be the solution for the initial condition x(t¢) and let (¢) be the solution
for the initial condition &(t9) = x(to) + dx(to), where |dx(to)| is infinitesimally small.
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Figure 2.2: (a) Three solutions to the pendulum equation (2.4) with ¢ = [ = 1 for three
different initial conditions (first component is 8(t = 0) = 0 for all three cases), and (b) the
phase portrait of the pendulum system.

Here, | - | denotes the Euclidean norm. The time evolution of the displacement vector
dx(t) = &(t) — x(t) is thus given by

d(5z)(t)

SR = Joah), (2.6)

where J is the Jacobi matrix of F. For chaotic systems, the norm of the displacement
vector increases exponentially with time

6 (t)| = |6 (t)] @ (o) 02 (to))t (2.7)

The exponent \(x(tg), dx(to)) is called the Lyapunov exponent for initial condition (o)
and initial displacement dx (). If it is positive, then the system is said to be chaotic.

More generally, an n-dimensional system has n Lyapunov exponents for an initial con-
dition x(tp), depending on the orientation of the initial displacement dx(ty). Integrating
equation (2.6) over time takes initial displacement vector dx(tp) to a displacement at a later
time dx(t), which can be considered a map M (x(to),t) so that dx(t) = M (x(to),t)dx(to).
The Lyapunov exponents A1, Ao, ..., A, are defined as the logarithm of the eigenvalues of
the matrix

A= lim lt(M(m(to),t)MT(m(to),t)). (2.8)

t—o0
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Each Lyapunov exponent A; determines how a small displacement in a characteristic di-
rection (the direction in the corresponding eigenvector) either expands when A\; > 0 or
shrinks when \; < 0.

The maximal Lyapunov exponent is of most importance. Chaos is defined as exponen-
tial sensitivity to initial conditions, which corresponds to a positive maximal Lyapunov
exponent Apq; > 0. In practice, a chosen random displacement almost always consists
of all characteristic directions, and over a long time period, the displacement changes
exponentially according to the maximal Lyapunov exponent.

For continuous-time dynamical systems, chaos is possible for n > 3 dimensions. For
non-autonomous continuous-time dynamical systems, chaos is possible for n > 2 dimen-
sions because time can be considered an additional dimension, as shown in Chapter 2.1.
Such an example is the Duffing system, considered in Chapter 4.

The Rossler system [19] is a commonly studied system that exhibits chaotic dynamics.
It is a three-dimensional system described by

doy

dt = —I2 x3

% =1+ ars (2.9)
% =b+ z3(x1 —¢),

where a, b and ¢ are parameters. Although this system of equations is rather simple, the
solutions can exhibit rich, chaotic dynamics because of the nonlinear term. An example
of a numerically obtained solution is shown in Figure 2.3 (a). A clearer display of the
solution can be obtained by plotting it in the three-dimensional state space, which is seen
in Figure 2.3 (b). Here, one can see that the solution seems to form a structure called
the system’s attractor. It is the part of the state space the orbit tends towards as time
increases, much like the limit cycles of simpler periodic systems [20].

In order to illustrate the Rossler system’s exponential sensitivity to initial conditions,
let us evolve two trajectories with close initial conditions in time. The first solution has the
initial condition &(%p) which is a point on the Réssler attractor. The second solution has the
initial condition x(to) + dx(ty), where the displacement has the norm |0z (tp)| = 10~* and
has a random orientation. Figure 2.4 (a) shows the time evolution of the first component of
the two solutions. At approximately ¢ ~ 370, the solutions become visibly different. More
information can be gained by observing the time evolution of the displacement norm |dx(t)],
shown in Figure 2.4 (b). For a large part, it increases linearly on the logarithmic scale.
This indicates that the Rossler system (2.3) is indeed chaotic, and the slope determines
the largest Lyapunov exponent. It can be roughly approximated by

1 |0a(t1)|
maz ~ 1 , 2.1
A t—to (yéac(to)y) (2.10)

where t7 is the time when the displacement norm reaches a plateau. This results in \j,q. &
0.09.

Note that this is a very rough approximation. A more rigorous algorithm to compute
all n Lyapunov exponents of an n-dimensional system was proposed by Benettin, Galgani,
Giorgilli, et al. [21]. It consists of repeatedly evolving n displacement vectors forward
in time and performing the Gram-Schmidt orthogonalization every couple of time steps.
However, the main idea is similar to the example above.
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Figure 2.3: A numerical solution of the Rossler system (2.9) with parameters a = 0.15, b =
0.2, ¢ = 10 and random initial conditions. (a) shows the time evolution of all three
components, and (b) shows the numerical solution in the three-dimensional state space
(1,22, x3). The numerical solution was obtained using a Runge-Kutta integrator of fourth
order with a time step At = 0.01. First, 10* samples were discarded to avoid transients,
i.e., for the solution to be on the attractor.

2.3 Coupling of Two Systems

Consider two dynamical systems X and Y described by
dx

— = Fx(x
5’5 x(@) (2.11)
%:FY(y)

These systems are isolated from each other since the time evolution of X does not depend
on the state of Y, and vice versa. If the systems are coupled, their time evolution has
additional terms

‘% = Fx(z)+ Gx(z,y) (2.12)
CC% = Fy(y) + Gy (y, »).

The first terms Fx, Fy describe isolated dynamics, and the second terms Gy, Gy are
coupling functions [22] that describe interactions. For convenience, X and Y are sometimes
referred to as subsystems to differentiate them from the complete system they form. Let
us define the central concept of the direction of coupling. We have four possibilities:

1. If Gx =0 and Gy = 0, we have independent systems

2. If Gx # 0 and Gy = 0, we have unidirectional coupling where X (the response
subsystem) depends on Y (the driving subsystem), denoted by ¥ — X

3. If Gx = 0 and Gy # 0, we have unidirectional coupling where Y (the response
subsystem) depends on X (the driving subsystem), denoted by X — Y
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Figure 2.4: (a) The time evolution of the first component of the Rossler system for two
slightly displaced initial conditions, and (b) the time evolution of the norm of the displace-
ment vector |dx(t)].

4. If Gx # 0 and Gy # 0, we have bidirectional coupling where X and Y mutually
interact, denoted by X +— Y

The coupling functions are often written in the form G(z,y) = eG(x,y). Here, ¢ is the
coupling strength. Although ¢ and G(x,y) are not uniquely determined by G(x,y), the
distinction is often very useful.

Consider the example of two identical Rossler systems (2.9) X and Y with a unidirec-
tional coupling Y — X. They are described by

d
% =—x9—x3+e(yr — 1)
d
% =1z + 0.1529
d
52202+xﬂm—&m
t (2.13)
o
dt Y2 — Y3
dyso
—= = 0.15
i Y1+ Y2
dys
— =0.2 — 10
ar +y3(y1 )

Here the coupling functions are Gy (y,z) = (0,0,0) and Gx(z,y) = (¢(y1 — =1),0,0).
Coupling of this form is called diffusive coupling. It forces the values of one variable
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towards the values of another. In the limit of large e (strong coupling), variables coupled
in this way will be nearly identical. Figure 2.5 shows numerical solutions to (2.13) for
different coupling strengths e. When € = 0, the two Rossler systems are independent. By
increasing €, the coupled variables x; and y; are becoming increasingly similar. When ¢ is
large enough, the subsystems become completely identical. This brings us to the concept
of synchronization.

101® e =0.00
ot -
= |
e =0.01
;.3 - I
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e =0.10
= ok -
= W
—10F
10 _(d) e =1.00
> ot -
= U0
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Figure 2.5: The components x1 and y; of the numerical solutions to the coupled Rossler
systems (2.13) for four values of the coupling strength e, increasing from (a) to (d). Initial
conditions are the same for all four cases. The integration step is At = 0.01, and the first
10* samples were discarded to avoid transients.

2.4 Synchronization of Chaos

When the coupling between two oscillatory systems is strong enough, the systems can syn-
chronize [20]. Synchronization is characterized by common dynamical properties between
systems, such as common oscillation frequencies. Two systems can oscillate with different
frequencies when isolated from each other but begin oscillating in unison once a coupling is
introduced. Synchronization was first described in the 17th century by the Dutch scientist
Christiaan Huygens, who observed the synchronization of two pendulum clocks. More re-
cently, the concept of synchronization has been described in chaotic systems. Three main
types of synchronization of chaos are complete synchronization, phase synchronization, and
generalized synchronization.

2.4.1 Complete synchronization

The simplest type of synchronization of chaos is complete synchronization. It occurs when
two subsystems begin evolving under different initial conditions, but their trajectories
eventually become identical. Such synchronization is only possible for identical subsystems.



14 Chapter 2. Directional Couplings in Dynamical Systems

Consider two identical dynamical systems X and Y with a diffusive coupling in their first
components

‘flit” = F(z) + (e(y1 — 1),0,...,0) (2.14)
dy
- = F(y). (2.15)

The trajectory of X tends towards that of Y. When the coupling is sufficiently strong, the
trajectories can become identical. This occurs because at the moment the states of both
subsystems match x(¢1) = y(¢1), the coupling function becomes zero e(y1 (1) —z1(t1)) = 0.
From that point onward, the systems evolve according to their isolated dynamics, which
are the same for both F(x(t1)) = F(y(t1)). The trajectories are therefore identical for all
future times «(¢) = y(t). This is known as complete synchronization.

Note that the coupled Rossler systems (2.13) is an example of such dynamics. In the
case of strong coupling, shown in Figure 2.5 (d), the states of the Rossler systems are iden-
tical x(t) = y(t). Again, this is only possible because the parameters a, b, and ¢ from (2.9)
are identical for both subsystems, as seen in equation (2.13). The two dynamics cannot
become identical when the parameters are not identical, making complete synchroniza-
tion impossible. However, phase synchronization and generalized synchronization can still
occur in such cases.

2.4.2 Phase synchronization

Oscillating systems can often be described in terms of their amplitude and phase [20].
This is typically possible when a system’s trajectory circles around a point in state space.
Note that the word phase has a different meaning in the contexts of phase space and
phase of oscillators. Phase ¢ increases monotonically with time and increases by 27 every
oscillation. Defining a phase is mostly straightforward for periodic systems, as a recurrence
marks one well-defined oscillation and the increase of phase by 27w. For example, for a
periodic trajectory of the pendulum (2.4) (the closed orbits in Figure 2.2), defining a phase
is trivial in the (0, df/dt) space. Defining the phase of chaotic oscillators is, however, not
as straightforward and not always possible. Still, for many systems, a well-defined phase
can be determined. Take, for example, the Rossler system (2.9). Looking at Figure 2.3 (b),
we see that the projection of the trajectory to the (z1,z2) plane circles around the point
(0,0). The phase can therefore be defined as ¢ = arctan(xz/x1), and the amplitude as
A= \/x3 + 3 [23].

Furthermore, phase can be extracted from time series numerically. A notable method
for numerical phase extraction is the Hilbert transform [20]. It requires a single dominant
frequency in order to provide a monotonically increasing phase. If there are multiple
dominant peaks, one can use the short-time Fourier transform or the complex wavelet
transform [24], which are time-frequency transformations. They provide information about
instantaneous amplitudes and instantaneous phases at different frequencies.

The existence of a phase in coupled systems X and Y can lead to phase synchronization
even in non-identical systems [25]. Formally, it is defined as the condition that

Imox(t) —ney(t)] <C where m,n €N (2.16)

holds for all times ¢ (after possible transients), where C' is a constant. This condition
means that the phases of the two coupled oscillators are locked in an m : n ratio. In the
time it takes the system X to make n oscillations, the system Y makes exactly m. The
simplest case is a 1 : 1 ratio, where the coupling results in identical frequencies of X and
Y, even if they are not identical when the systems are isolated.
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2.4.3 Generalized synchronization

The third type of synchronization considered here is generalized synchronization [26|, [27].
Its onset does not require identical subsystems or a well-defined phase. Consider two
unidirectionally coupled subsystems X and Y with time evolution

% _ Fy(@) + Gx(a.y)
jt (2.17)
dit/ = Fy (y).

Generalized synchronization occurs when the state of the response subsystem X is com-
pletely determined by the state of the driving subsystem Y

x(t) = P(y(t)), (2.18)

where 1 is a time-independent function. One could say the response loses its identity and
can no longer be considered a separate subsystem from the driver. Complete synchroniza-
tion is a special case of generalized synchronization where 1) is the identity.

Detecting generalized synchronization numerically is not as straightforward as detecting
complete synchronization or phase synchronization. A method based on the closeness
of states is briefly discussed in Chapter 3.5.2. Other methods include the conditional
Lyapunov exponents [28] and the auxiliary system approach [29]. The latter is especially
practical due to its simple implementation.
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Chapter 3

Inferring the Direction of Coupling
from Time Series

When it comes to complex systems found in nature, how or even if the subsystems interact
is often unknown. This raises the question about the direction and strength of possible
interactions. Consider two systems, X and Y. If we cannot directly influence these systems,
we can only characterize them by measuring their time series. Thus, three central questions
arise in the study of time series of possibly interacting complex systems:

1. Can we know, based on the time series, whether or not the systems are coupled?
2. Can we infer the direction of coupling?
3. Can we quantify the strength of coupling?

In many cases, the answer to all three questions is affirmative. Generally couplings are
easier to detect if they are strong. However, if they are strong enough to result in the
synchronization of subsystems, the coupling direction can no longer be reliably inferred.
This is because synchronized systems cannot be considered as two separate subsystems
but only as one larger system. For weak couplings that do not result in synchronization,
coupling strength, as well as coupling direction, can often be inferred from measured time
series.

Historically, linear cross-correlation is perhaps the most commonly used approach to
detect connections between dynamical variables. However, it has significant limitations.
It can only detect linear dependencies between variables, not nonlinear relationships. Ad-
ditionally, linear cross-correlation cannot determine the direction of coupling. Therefore,
other numerical methods capable of detecting directional couplings not only in linear sys-
tems but also in nonlinear dynamics, which may be chaotic, are needed. Various such
methods based on different principles have been developed.

This chapter discusses four of the most prominent families of methods for directional
coupling detection, namely Granger causality methods, phase dynamics methods, infor-
mation methods, and state space methods. The former two are considered only briefly in
order to give a more complete overview of the methodology but will not be used further in
this dissertation. The latter two are discussed in greater detail, as they are the subject of
Chapter 4 and Chapter 5, which present original research on these methods. This chapter
also introduces the concept of surrogate data, and the concept of perturbation experiments,
which is an alternative approach to inferring interactions.
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3.1 Time Series of Dynamical Systems

Systems found in nature can be measured, resulting in time series. A measurement captures
the state of a system X at equally spaced times t; = tg+iAt, wherei = 1,2,..., N. Usually,
only one component, or more generally a one-dimensional function £ of all the components
x(t;) = &(x1(t;), x2(ti), - .., xn(t;)) is measured, which results in a one-dimensional time
series (x(t;),i = 1,2,...,N) of length N. In what follows, a time series is often denoted
as x(t;) for simplicity. This should not lead to confusion with its components at times ¢;
as the context will make the intended meaning clear.

The reduction to one dimension, a consequence of measurement, is often not sufficient
for analyzing a dynamical system. Fortunately, the dynamics can, in principle, be recon-
structed with the Takens’ delay embedding [30]. One can define a new multidimensional
variable &, which at time ¢; has values

#(t3) = (2(t)s(tirr)s st m1))) (3.1)

where m is the embedding dimension and 7 is the time delay. The Takens’ embedding
theorem states that if m > 2d, where d is the dimension of the system’s attractor, the
dynamics of the embedded vectors are equivalent to the true dynamics of the full system.
This is a formal upper bound for m, and a smaller m is often sufficient. In practice, the
choice of 7 is also important and is usually taken to be around one-tenth to one-half of the
mean orbital period around the attractor [31].

In what follows, bivariate time series are considered and represented as two one-
dimensional time series z(t;) and y(¢;). They are always sampled at identical, equally
spaced times and have the same length. This assumption is necessary for the methodology
presented in this chapter.

3.2 Granger Causality

Clive Granger proposed the first framework for detecting directional couplings from mea-
sured time series in 1969 [2]. It is based on the Wiener’s principle of observational causality
[32]. It states that for two simultaneously observed processes X, Y, we call Y causal to
X if knowledge about the past of Y improves our prediction of X over and above what is
predictable from the past of X alone. Granger put Wiener’s definition into practice and
developed a statistical test for determining whether a variable Y helps forecast another
variable X. Specifically, he tested for whether the past of Y contains unique information
about the future of X that is not contained in the past of X. If that turns out to be the
case, then Y causes X. For this purpose, Granger proposed to construct the linear vector
autoregressive models

k
MI){((ti-i-l) =A+ Z le’(ti_j), (3.2)
§=0
k
M (tis1) = C+ ) Dja(tij) + Y Ejy(ti-y), (3.3)
j=0 j=0
where k is the maximal time lag, and A,C and Bj, Dj, Ej,j = 0,...,k are real constants

determined by minimizing the errors between each of the two models and the original
time series. For instance, one can minimize the mean square errors MSE(M3x (¢;), z(t;))
and MSE(M# (t;),z(t;)). Note that M3 (¢;) is the full model that depends on the past
of both X and Y, and M ]%f (t;) is the reduced model that only depends on the past of
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X. If the resulting mean square error of the extended model is significantly smaller than
that of the reduced model MSE(MZ (t;),z(t;)) < MSE(MZ (t;), (t;)), then Y is said to
Granger-cause X. In other words, it means a directional coupling Y — X is detected. The
significance is assessed by, for example, the F-test [33]. Accordingly, a coupling X — Y
can be detected by swapping the roles of X and Y and constructing the models M}f and
M}g in the same manner as MFX and M]){.

Granger causality is a popular choice due to its simple implementation. Its applications
range from economics [3] and finance [34] to meteorology [14] and enviromental science [15].
However, it has its limitations. The linear model does not capture possible nonlinear dy-
namics within the subsystems X and Y or nonlinear interactions between them. Nonlinear
extensions to Granger causality have been proposed by including nonlinear terms to the
models (3.2) and (3.3) [33]. They can detect linear couplings in nonlinear systems as well
as nonlinear couplings. However, such methods are more challenging to implement and
still assume a specific model. Other methods that operate on different principles have been
proposed to account for these drawbacks.

3.3 Phase Dynamics Methods

Computing the phases of interacting systems can be used to detect couplings. For the
definition of phase, see Chapter 2.4.2. Let ¢x(t;) and ¢y (t;) be the time series of the
phases extracted from signals z(t;) and y(¢;), respectively. If the coupling between systems
results in phase synchronization, then one can detect a m : n phase lock (2.16) by observing
the absolute difference

Admn(ti) = Imox (ti) — ndy ()] (3.4)

If this difference is bounded for all times, then the phases are in an m : n lock. However,
the absolute phase difference will have a positive drift if the coupling is not strong enough
to result in phase synchronization. In order to detect weaker couplings, one can compute
the phase coherence [35] defined as

N
1 .
_ i(mox (t;)—noy (t;))
I = ‘N i:EI e . (3.5)

If there is an m : n phase lock, then II,,,, will be close to one. Conversely, if there is no
m : n lock, it will be close to zero. When the coupling is not so strong as to result in phase
synchronization for all times, there can still be short time windows where phases evolve
in an m : n ratio. This results in intermediate values of phase coherence. In other words,
the expression (3.5) results in values that increase from 0 to 1 as the coupling strength
increases. Thus, phase coherence can be used to quantify the coupling strength.

In practice, one can compute the phase coherence for various m and n to search for
different phase locks. However, the ability to detect them rapidly diminishes as m and n
increase. Although implementing phase coherence is fairly simple, it cannot determine the
direction of coupling.

A phase dynamics method introduced to detect specifically the direction of coupling
was proposed by Rosenblum and Pikovsky [36]. To detect a coupling from Y to X, first
consider the time evolution of the increments of the phase Ax (k) = ¢x(tx +7) — dx (k)
for a set time lag 7. These increments can be considered as generated by a noisy map
Ax (k) = Fx(ox(tx), oy (tx)). Next, one performs a regression of a Fourier series Fx =
Yom nAm,nei(m‘ﬁX +tn¢v)  where m and n are indices that span all frequencies. Here, the
idea becomes apparent. If X is influenced by Y, then some of the constants A,,, with
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n # 0 will be nonzero. In order to quantify the overall coupling strength in the direction

Y — X, one computes
2 2 8FX
/ / d¢Xd¢Y (3.6)

Conversely, the coupling X — Y is quantlﬁed by cy, which is obtained by swapping X
and Y in (3.6) and in all quantities used within. The direction of coupling can thus be
determined by comparing the values cx and cy.

The phase methods rely on well-defined phases of the analyzed systems. Notable fields
of application include astrophysics [37], medicine [7], and neuroscience [11].

3.4 Information Theory Methods

The third family of methods is based on information theory. These methods do not require
a meaningful definition of phase and do not assume a model. Therefore, they are quite
general and can detect both linear and nonlinear couplings between linear or nonlinear
systems.

Following the idea of Granger causality, one can put Wiener’s definition of causality
into the framework of information theory: how much additional information does the past
state of Y contain about the future observation of a value of X given that we already know
the past state of X ¢ This can be put into practice, as information is mathematically
well-defined and can be estimated from measured time series. This section presents the
basic concepts of information theory, followed by the introduction of transfer entropy as
the most prominent information theory method for directional coupling detection.

3.4.1 Entropy and information

In the framework of probabilities, the notion of information is a well-defined quantity. If
an event e has a large probability of occurring, for example, p(e1) = 0.99, observing this
event gives us a small amount of information. If another event e; has a small probability of
occurring, for example, p(e2) = 0.01, observing it gives us a large amount of information.
Mathematically, information of an event e is defined as I(e) = —log(p(e)). The logarithm’s
base is not important, as it only changes the units. For example, base-2 yields the bit as
the unit of information, and base-e yields the nat.

Note that in this section, the notation X is used to denote random variables rather
than dynamical systems. This is specific to this section and should not lead to confusion.

Information can be used to characterize random variables and the relationships between
them. The central quantity of this section is the Shannon entropy [38], which quantifies the
average amount of information given by an outcome of a random variable. In this context,
average refers to the average taken across realizations. Let X be a random variable with
a probability distribution px(z). The Shannon entropy of X is defined as

= =Y px(x)logpx(z), (3.7)

where the sum includes all possible values of X. Shannon entropy can be considered
quantifying the expected “surprise” of an outcome of a trial. For example, if X can only
take one possible value px(0) = 1, the outcome of a trial is certain, and the entropy
equals zero. If X has two possible values, its entropy will be the largest if both are equally
probable. The joint entropy of two random variables X and Y with a joint probability
distribution px y (z,y) is defined as

H(X.Y) ZPXY z,y)logpxy (2, y). (3.8)
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The meaning of the joint entropy is similar to the entropy H(X), as the variables X and
Y can be considered a vector-valued random variable X, which makes the joint entropy
equivalent to H (X ) The conditional entropy of X given Y is defined as

H(X|Y) = pry z,y) log px |y (z]y). (3.9)

It quantifies the expected surprise of an outcome of X in a trial, given that the outcome
of Y in that same trial is already known. To grasp the meaning of this quantity, consider
two extreme examples. If X =Y, then H(X|Y) = 0 because there will be no surprise (or
no additional information gained) when looking at the result of X, having already looked
at Y. If X and Y are statistically independent, i.e., if px y(z,y) = px(z)py (y), then the
conditional entropy is H(X|Y) = H(X), since knowing an outcome of Y tells us nothing
about X.

Next, we have the relative entropy, also called the Kullback-Leibler divergence

D(px||py) = pr )log (% m). (3.10)

py ()

It can be considered quantifying how much two probability distributions differ, but it is

not actually a measure of distance as it is not symmetric in px and py. It is equal to zero

if px(z) = py(z) and is infinite if there is an x such that px(z) > 0 and py(x) = 0.
Finally, we have the mutual information of two random variables

I(X,Y)=H(X)+H(Y) - H(X,Y). (3.11)

It quantifies the average amount of common information contained in two random variables
X and Y. If they are statistically independent, then H(X,Y) = H(X) + H(Y), which
gives I(X,Y) = 0. In the other extreme when X =Y, we have H(X) = H(Y) = H(X,Y)
and therefore (X, X) = H(X)+ H(X) — H(X) = H(X) is maximal. Combining mutual
information (3.11) and conditional entropy (3.9) gives us conditional mutual information
(CMI)

I(X,)Y|Z2)=H(X|Z2)+ HY|Z) - H(X,Y|Z). (3.12)

It quantifies the average amount of common information contained in X and Y given the
value of Z. This is the central quantity used for detecting directional couplings. A diagram
representing relationships between the CMI and different entropies and informations is
shown in Figure 3.1.

3.4.2 Transfer entropy

Although the definitions of entropy and information are rooted in probability theory, they
are also applicable to dynamical systems. Consider a realization of a dynamical system X
and its time series x(¢;). Let the values of X at time ¢; be distributed by some probability
distribution. Here, we refer to a distribution across realizations. With a slight abuse of
notation, we denote it by p(z;). If we assume the system is ergodic [39], the averaging
over time is equal to the averaging over states, and thus p(x;) = p(z;) for all ¢,j. In
order to incorporate information about the dynamical structure, we consider the joint
probability distribution of the states of X at two different times p(z;, x;1r). Although
both marginal distributions are identical, the joint distribution depends on the time lag
k and contains information about the dynamics. This notion allows for the expression of
Markov properties central to defining transfer entropy.
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H(X) H(Y)

H(Y|X,Z)

H(Z)

Figure 3.1: A diagram representing the relationships between the CMI I(X,Y|Z) and the
different entropies and informations.

Transfer entropy was proposed as an asymmetric measure of information transfer by
Schreiber [40]. Assume that X and Y can be approximated by a Markov process of order
k. If X and Y are independent, then the following generalized Markov property holds

p@icr)z?) = p(zipa 2,y "), (3.13)

where a:,gk) = (4, Ti—1,. .., Ti—k11) and ygl) = (Yis Yi—1,---,Yi—1+1), for all I. Schreiber [40]
proposed to quantify the incorrectness of this statement by the Kullback-Leibler divergence
(3.10) for conditional probabilities, which results in the transfer entropy

Pz, y")

Ty x = ZP(SUHL%@),?/Z(D) log —
p(@ita]z;™)

(3.14)

Here, the sum goes over possible states of x;11, and over possible states of all the compo-
Z(k) and yEl). This measure quantifies the amount of additional information about
X contained in the past of Y and can be thought of as information transfer from Y to
X. It quantifies the strength of a directional coupling ¥ — X. Conversely, a directional
coupling X — Y is quantified by T'x_y, which is obtained by swapping the roles of X and
Y in equation (3.14) and the quantities that are used within.

A similar idea was considered by Palus, Komarek, Hrnéit, et al. [8]. They proposed to
quantify the information flow from Y to X by the following CMI

nents of x

Iy x = 1(yi, Tiv1|zi). (3.15)

Surprisingly, it turns out that the expressions for transfer entropy (3.14) and the CMI
(3.15) are equivalent Ty, x = Iy, x, given of course that the dimensions of all the variables
match [41]. The transfer entropy is thus actually a CMI. Intuitively, it can be thought of
as

Tyox = 1Y, XT|X-), (3.16)

where + represents the future and — the past.
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While, in theory, the transfer entropy is well-defined for a wide range of systems, es-
timating the necessary multidimensional probability distributions poses a significant chal-
lenge in practice. This becomes increasingly problematic as the number of dimensions of
X and Y increase. Although it is far from trivial, this problem can be at least partially
alleviated by an educated choice of CMI estimators [42| and by finding only the relevant
past variables for conditioning [43]. Thus, transfer entropy has been successfully applied
in various fields, including finance [4], medicine [8], and neuroscience [12].

3.5 State Space Methods

The family of state space methods for directional coupling detection relies on a general
cross-mapping property of weakly coupled dynamical systems. This property states that
if two states of the response subsystem are similar x(¢;) ~ x(t;), then the corresponding
states of the driving subsystem y(t;) and y(¢;) are more likely also to be similar, but not
vice versa [44]. In other words, we can say that the close states of the response are mapped
to the close states of the driver. Like the information methods, the state space methods
make no assumptions about the underlying dynamics, enabling them to detect both linear
and nonlinear couplings between linear or nonlinear systems.

This section first defines the concept of the conditioned nearest neighbors, utilized
by all state space methods for directional coupling detection. Then, we discuss how the
cross-mapping property naturally came to light during the studies on synchronization and,
finally, present the most prominent state space methods for directional coupling detection.

3.5.1 Conditioned nearest neighbors

All the state space methods for directional coupling detection quantify the cross-mapping
property by analyzing the conditioned nearest neighbors. Let X and Y be two dynamical
systems and x(t;) and y(t;) their time series of length Ny. First, we reconstruct the
dynamics with the Takens’ delay embedding, as discussed in Chapter 3.1. The result is
embedding vectors

Z(t;) = (x(ti), o(titr)s - (it (mo1)r)
y(ti) = (Y(ta), y(titr)s - y(tivom—1)r)),

where m is the embedding dimension and 7 is the time delay. This restricts the range of
the time index to i = 1,2,..., N = Ny — (m — 1)7. Allowing a slight abuse of notation,
we denote the embedding vectors at time ¢; as x; and y;. Next, we construct the distance
matrix DX of size N x N with elements Df]{ = d(x;, x;), where d is the Euclidean distance.
We then compute the index permutations PiX,i =1,2,..., N so that the i-th row of DX
is sorted in ascending order under that permutation. Thus, we have N permutations of
size N, and P/X(j) refers to the j-th of the N elements of the permutation PX.

We carry out the same steps of the analysis for the other subsystem leading from the
time series y(t;) to the distance matrix DY and the index permutations PiY,z' =1,2,...,N.
We can now introduce the k-th conditioned nearest neighbor of y;, defined as YpX (k) The
k-th conditioned nearest neighbor of y; is simply the state of Y at another time ¢;, namely
yj. The time t; is determined such that x; is the k-th nearest neighbor of x; (here, we
refer to the true nearest neighbors, not the conditioned ones).

(3.17)

3.5.2 Cross-mapping of close states in synchronized systems

Having introduced conditioned nearest neighbors, let us discuss how they can be utilized
to detect generalized synchronization, as first considered by Rulkov, Sushchik, Tsimring,
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et al. [26]. This will lead us to detecting directional couplings. Let X and Y be dynamical
systems with a strong unidirectional coupling Y — X. Generalised synchronization occurs
when a function ¥ exists such that @ (¢) = ¥ (y(¢)). This means that the state of the driving
subsystem completely determines the state of the response subsystem. Rulkov, Sushchik,
Tsimring, et al. [26] proposed a numerical method to detect synchronization from the time
series x(t;) and y(t;). The idea is as follows: if 4 is sufficiently nice, then close states of Y’
(the driver) are mapped to close states of X (the response). One can determine whether
systems are synchronized by assessing if this cross-mapping of close states is present in the
time series.

This is where the conditioned nearest neighbors are used. If the synchronization con-
dition x(t) = ¢ (y(t)) holds, then the conditioned nearest neighbors of X are, on average,
also true neighbors. In order to detect generalized synchronization numerically, one can
compute the conditioned nearest neighbors of each subsystem and assess whether they are
also true neighbors [26]. This idea evolved into methods for detecting weak directional
couplings that do not lead to synchronization, some of which are presented in the following
section.

3.5.3 Cross-mapping of close states in non-synchronized systems

One might be tempted to use the method for detecting generalized synchronization to also
detect weak couplings that do not lead to synchronization. Le Van Quyen, Martinerie,
Adam, et al. [45] gave this interpretation that the close states of the driver are mapped to
the close states of the response when a weak coupling is present. However, the opposite
holds. When the coupling is weak, the close states of the response subsystem are more likely
than in the absence of coupling to be mapped to the close states of the driving subsystem,
but not vice versa [44], [46]. Thus, the conditioned nearest neighbors of the driver are
(more likely) to also be true neighbors. This is shown in an example in Figure 3.2.
Moreover, the probability that the conditioned nearest neighbors of the driver are also
true neighbors increases with increased coupling. This provides an asymmetric criterion
that can quantify directional coupling strength, used by the state space directional cou-
plings measures [5], [44], [46]-[48]. In what follows, some of these methods are presented.
All state space measures require one first to compute the distance matrices DX and
DY, and the permutations PiX and PiY. Before we proceed, it must be noted that we have
to somehow suppress the potential influence of linear autocorrelation. Before computing
the permutations, we have to exclude the distances between pairs of points that are close
in time because they are automatically also close in space. A simple way to do this is with
the Theiler correction [49] by applying a constraint to the considered pairs of time indices
li — j| > W, where W is the window size. This, in turn, reduces the effective dimension of
the distance matrices and the permutations. This section defines the methodology using
the full distance matrices of dimension N x N for the purpose of simpler notation. The
only difference in the definitions would be excluding the elements included in the constraint
|i — j| > W from any sums over matrices. In practice, it is crucial to account for this.
Two of the methods discussed in this section also share some of the subsequent steps, in
addition to the computation of the distance matrices and the permutations. These are now
presented. The permutations and the distance matrices are used to construct the following
ordered matrices. The permutation PiY is applied to the i-th row of DY acrossi =1,..., N
resulting in the matrix DY 7Y where D};_)Y = DZP.Y ) is the distance from y; to its j-th
nearest neighbor. In analogy, the permutation P is applied to the i-th row of DY across
i=1,..., N resulting in the cross-distance matrix DY 7% where D};_)X = DZP.X ) is the

distance from y; to its j-th conditioned nearest neighbor. Analogous procedures are used



3.5. State Space Methods 25

Driving subsystem Response subsystem

n x1

Figure 3.2: An example of the cross-mapping of close states in coupled Rossler systems
(2.13). The close states of the response subsystem are mapped to the close states of the
driving subsystem (orange dots), but the close states of the driving subsystem are not
mapped to the close states of the response subsystem (red dots). Note that this is an
actual result of a simulation and not just a schematic drawing.

DX—)X DX—)Y

to determine and

3.5.3.1 M measure

The measure M (Y|X) is calculated directly from mean distances [47]. First, the mean
distance from y; to all other points y; is determined by R;(Y) = %Z;vﬁ D}; . The
mean distance from y; to its k nearest neighbors is given by RF(Y) = %Z;c:l D};_)Y

and the mean distance from y; to its k& conditioned nearest neighbors by Rf(Y| X) =
% Z§:1 DZ};_’X . Finally, we define

M(Y|X) =

(3.18)

The measure M (Y'|X) quantifies the coupling Y — X, and the measure M(X|Y) is ob-
tained by exchanging the role of X and Y in the definitions above to quantify the coupling
X =Y.

3.5.3.2 L measure

The measure L(Y|X) is obtained from ranks [48]. We begin with DY =X and define the
cross-rank matrix BY 7% where the i-th row of BY 7X is obtained by ranking the values
of the i-th row of DY %. The mean rank is given by G(Y) = + Z;-V:lj = % and the

mean of the first k ranks by GF(Y) = %Z?:l Jj= % The mean rank of the distances

from y; to its k conditioned nearest neighbors is determined by G¥ (Y| X) = % Z?:l B}; =X,
Finally, in analogy to (3.18), we define
Livix) — Ly G0) = GHY|X) X
YIX)=5> . (3.19)

G(Y) — GF(Y)
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The measure L(Y|X) quantifies the coupling Y — X, and by exchanging the role of X
and Y in the definitions above, we obtain the measure L(X|Y) to quantify the coupling
X =Y.

3.5.3.3 p measure

The measure p(Y|X) (also called the convergent cross-mapping) [5] quantifies the cross-
mapping property by constructing an estimate of one time series from the conditioned
nearest neighbors. The estimate is constructed back in the one-dimensional domain by
reducing the delay embedded points to their first component. First, we define the cross-
mapping matrix CY X, where C’Z};_*X = y(tPiX(j)) is the first component of the j-th
conditioned nearest neighbor of y;. The estimate of each point is then defined as

Z wiy CE7 X, (3.20)

where oy
X eXP(—Dij /D;1)

w. Pp—
k
Y YLiexp(=Dy /DY)

(3.21)

are normalized weights. After constructing an estimate of the whole time series (9(¢1), g(t2), . . .

y(tn)), the linear zero-lag Pearson correlation coefficient between the estimate and the
original time series is calculated

p(Y]X) = corr(y, ) (3.22)

as the final measure that quantifies the coupling Y — X. The measure p(XY") is obtained
by exchanging the role of X and Y in the definitions above to quantify the coupling X — Y.

All three measures, M, L, and p are distributed around 0 for independent dynamics
and reach the maximal value of 1 when the two time series are identical. Essentially, they
all assess whether conditioned nearest neighbors are also true neighbors. Due to their high
sensitivity to directional couplings, the state space methods are used in various fields of
science, including ecology, [5], medicine [9], and neuroscience [13].

3.6 Surrogate Data

The measures defined in the previous sections are all sensitive to couplings. If a coupling is
present between the underlying systems, then the measures will have larger values than if a
coupling was not present. However, other signal properties can also influence the measures’
values. For instance, a strong linear cross-correlation between two time series often leads to
large values of the measures. In the simplest scenario, one can obtain an arbitrary degree
of linear cross-correlation without coupling by linear mixing of two signals, measured from
independent systems. Hence, the question arises: what values of the coupling detection
measures can be expected in the absence of coupling but in the presence of some degree of
linear cross-correlation between the time series?

This problem can be addressed by the concept of surrogate data [47], [50], [51]. The
surrogate data methods provide different constrained randomization procedures of the
original time series. The result is a surrogate time series that retains some of the properties
of the original time series, such as the distribution of values. All the other properties are
destroyed by the randomization. Randomization allows for the computation of a number
of surrogates, which correspond to different realizations of the same system. Thus, the
value of a chosen measure computed for the measured time series can be compared to
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the distribution of values obtained from the surrogates. Formally, this allows for testing
various null hypotheses about the dynamics underlying the measured time series.

Each type of surrogate corresponds to its own specific null hypothesis. A procedure for
computing the surrogates is designed such that all the assumptions of the respective null
hypothesis hold for the surrogate time series. For example, the Fourier transform surrogates
retain the power spectral density of the original time series [51]. The procedure to compute
them is to simply randomize the phases of the signal’s Fourier transform and then apply
the inverse Fourier transform to return to the time domain. The result is a surrogate time
series with an identical power spectral density to that of the original time series but is
otherwise random. Formally, these surrogates can be used to test whether the data were
generated by a stationary linear correlated Gaussian process. They are used to test for
nonlinearities within a time series. Other surrogate types include, for example, the wavelet
transform-based surrogates, the cycle shuffled surrogates, and the twin surrogates [52|. In
what follows, we discuss using bivariate surrogates to aid in detecting directional couplings.

3.6.1 Bivariate iterative amplitude adjusted Fourier surrogates

This dissertation will combine the state space measures with the surrogates in Chapter 5.2.
These measures detect signatures of nonlinear interdependence between the underlying dy-
namics. The term nonlinear interdependence can mean either nonlinear coupling between
linear systems or any coupling between nonlinear systems. However, linear cross-correlation
can also strongly influence them, which is a drawback. This suggests that constructing bi-
variate surrogates that retain linear cross-correlation between two signals can be beneficial
in assessing whether large values of the measures are due to nonlinear interdependence or
due to linear cross-correlation. Such bivariate surrogates are now introduced.

Starting with a pair of time series x(¢;) and y(¢;), one can construct a bivariate sur-
rogate sz(t;), sy(t;) such that it retains the distribution of values and the power spectral
density of each individual time series, as well as the linear cross-correlation between them,
but is otherwise random. Note that the power spectral densities exactly determine the auto-
correlations. Thus, the corresponding null hypothesis consists of the following assumptions:
the bivariate time series was generated by a bivariate, linear, stochastic, correlated, Gaus-
sian process. This is because such a process is exactly determined by the auto-correlations
of the two components and the cross-correlation between them. Since the distributions
of values are preserved in the surrogates, they are also consistent with the notion that
the time series were obtained through an invertible but potentially nonlinear measurement
function [9].

Consider combining these surrogates with a state space measure. Nonlinear interde-
pendence is not consistent with the null hypothesis, which only allows for a nonlinear
measurement of a linear system. If the underlying systems are nonlinear interdependent,
the value of a chosen state space measure, obtained from the original time series, will be
above the range of values obtained from the surrogates. If the underlying systems are only
linearly correlated, the original value will not be above the surrogate range because the
level of linear cross-correlation present in the data is consistent with the null hypothesis.

There is, however, a challenge when using the surrogates. The null hypothesis should,
in principle, be rejected if any one of its assumptions does not hold. For example, if a
chosen directional coupling measure is influenced by the couplings and non-stationarity,
then a rejection of the null hypothesis could mean that the underlying subsystems are
either non-stationary or nonlinear interdependent. Therefore, all the possibilities for a
specific outcome must be considered when using surrogates. Moreover, the null hypothesis
often inherently does not hold in specific systems. For example, if a system is known to be
strictly deterministic, the null hypothesis never holds as it assumes a stochastic process.
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However, the surrogates can still provide value to such a system’s analysis. Although this
is not as formal as testing for different hypotheses, the surrogates can be used to provide
a baseline for the coupling measures. This baseline provides an estimate for the value of
a coupling measure, which is expected in the absence of nonlinear interdependence (which
we are trying to detect) but with signal properties common to the original time series. If
the original value (obtained from measured time series) is larger than the distribution of
surrogate values, this provides additional verification of the existence of coupling.

The procedure for constructing the bivariate surrogates described above is called bi-
variate iterative amplitude adjusted Fourier surrogates and consists of the following steps

[51]:

1. Compute the Fourier transform of the two time series z(¢;) and y(t;), resulting in
the amplitudes |F, ;|,|F) 1| and the phases ¢, ,0, 1. Here, k is the frequency index,
and ¢ is the time index.

(0)

2. Generate random permutations of the time series z(¢;) and y(t;), resulting in sz’ (¢;)

and s( )( ti).

3. Fourier transform the current (j-th) 1terat10ns s (t;) and s(] )( t;) to obtain the am-
plitudes |F (]k,| |F (jk| and the phases 1/1 k,¢ U) Replace the Fourier amplitudes with
those of the orlglnal time series |F | and | k|- This ensures that both resulting
time series will have an identical power spectral density to the respective original
time series.

Replace the phases with ¢:()3] w ) and qby = 1/1( 7) + a( ), where a,(j ) is
determined by

Gy _ SO — Gar) + 5O — Oy )
cos(qbg Cba:k)—l-cos(gzbz(f,)g by.k)

(3.23)

Here, ag ) must be chosen in the correct quadrant. This ensures that the resulting
pair of time series will have an identical linear cross-correlation to the original pair

of time series.

Apply the inverse Fourier transform to obtain the time series st )(tl) and s(] +1) (t;).
These time series have identical Fourier amplitudes and cross-correlation to the orig-
inal ones.

Z(+1 )( t) ~(J+1)(t.)

to the values of the orig-
(]+ )(t (]+1)(t1).

4. Rescale the values of the time series §y and

inal time series x(¢;) and y(t;), resulting in two time series sy i) and s
This is done by permuting the values of z(t;) and y(¢;) such that the rankings of

§§Cj+1)(ti) and § N(J+ )(ti) are identical to the rankings of the resulting sUT )(ti) and
sz(f H)(ti), respectlvely. This step ensures that both resulting time series have identi-

cal value distributions to the respective original time series.

5. Repeat steps 3 and 4 until convergence. As the final surrogate signals, take sg(c H)( t;)

U+

and sy )(t) to exactly preserve the power spectrum and the cross-correlation (type-

2 surrogate), or take syt (t;) and s(] i )(ti) to exactly preserve the value distribution
(type-1 surrogate). In either case, the other property will be nearly, though not
completely identical.
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Figure 3.3: The components x; (a) and y; (b) of a realization of the Lorenz dynamics (3.24)
with ¢ = 0, sampled at At = 0.03 and their bivariate iterative amplitude adjusted Fourier
surrogate. The plots show only the beginning of a longer signal of length t,,,, = 300.

3.6.2 Example

The following example illustrates the usefulness of the surrogates for detecting directional
couplings. Consider a pair of unidirectionally coupled Lorenz systems [53] with offset
parameters

dx

d—l = 10(1‘2 — :L‘1) + E(yl — :L‘l)
t

d

% = 35{151 — X2 — I1T3

drs 1T T

— = X1X2 — I3

d 3 (3.24)

W 100y, — )

dt

dys

o 391 — Y2 — y1y3

dys . _8

dt Y1Y2 3y3.

Both Lorenz subsystems are chaotic for all values of €. An example of a Lorenz time series
and a bivariate surrogate time series is shown in Figure 3.3. One can see that each surrogate
has the same amplitudes and common oscillation frequencies as its respective time series
it was obtained from, as expected. Let us compute a directional coupling measure for
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this system’s time series of realizations at different coupling strengths e, and also for 19
bivariate surrogates at each e.

Note that the null hypothesis of the surrogates formally never holds for this system,
as Lorenz systems are deterministic and not stochastic. Thus, this example aims to show
that combining a directional coupling measure with surrogates to get a baseline can provide
additional value compared to not using surrogates. The chosen measure for this is the L
measure (3.19), as it has been successfully combined with bivariate surrogates in real data
[9].

Let us vary the coupling strength e equidistantly on a logarithmic scale, from a negli-
gibly small value up to and above the threshold that leads to generalized synchronization.
The system is again solved numerically with random initial conditions using a fourth-order
Runge-Kutta integrator with integration step 0.005. Each realization’s first 106 points
are discarded to remove transients, and the rest are sampled at At = 0.03. Finally, 10
samples of each subsystem’s first component x; and y; are analyzed. The L measure is
computed by applying the Theiler correction with an exclusion window of W = 50 samples,
as discussed in Chapter 3.5. The nearest neighbor parameter is kK = 10. For simplicity, the
embedding parameters 7 = 1, m = 20 are used.
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Figure 3.4: (a) The values of L(Y|X) and L(X|Y) computed for realizations of the cou-
pled Lorenz systems (3.24) at different coupling strengths . Recall that a unidirectional
coupling Y — X is present in the dynamics. The colored bands represent the range of
the 19 values obtained from surrogates at each €. Note that both surrogate bands coincide
with the values L(XY) obtained from the original time series for all €. Panels (b) and
(¢) compare the original values of L(Y|X) and L(X|Y'), obtained for the realization at
e = 0.7, to their respective surrogate values.
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The results are shown in Figure 3.4 (a). One can see that the values L(Y|X) quickly
increase with increased e, as expected of any directional coupling measure. However, the
other measure L(X|Y) also begins to increase at € ~ 1, although it should stay close to
zero because there is no coupling X — Y. This is the point where the surrogates provide
their usefulness. The values of L(X|Y) obtained from the original data are generally inside
the range of L(XY) values obtained from the surrogates. On the other hand, the original
values of L(Y|X) are significantly larger than the surrogate range of L(Y|X), providing
validation of a genuine coupling ¥ — X. This shows that comparing the original values
to those of the surrogates can improve the accuracy of the results.

To further prove this point, consider the realization at coupling strength € = 7. In this
case, the values obtained on the original time series are L(Y|X) ~ 0.8 and L(X|Y) ~ 0.4.
The comparison of the original values to the surrogate values for this example is shown
in Figure 3.4 (b),(c). If an experiment yielded this pair of time series, then based on
the original measure values, one might conclude that the coupling between the measured
subsystems is bidirectional. However, once the surrogates are included in the analysis, the
true coupling direction becomes clear, as only L(Y|X) is outside its surrogate range, while
L(X]Y) is inside its surrogate range.

3.7 Networks of Systems

The methodology discussed in this chapter concerns bivariate time series. This corresponds
to the dynamics of two subsystems, ignoring potential outside influences. Using bivariate
methods in a multidimensional setting of a network of systems can lead to false conclusions
because bivariate methods also detect indirect interactions and common influences. This
is illustrated in the following two examples.

Indirect interactions

Consider two scenarios of interactions within three subsystems X, Y, and Z. In the first,
we have two couplings Y — X and Z — Y, as illustrated in Figure 3.5 (a). In the second,
in addition to the two couplings from the first scenario, we also have the coupling Z — X,
as illustrated in Figure 3.5 (b). Bivariate methods cannot distinguish between these two
scenarios, as they also detect indirect influences. Applying a bivariate method three times
to all the pairs of variables (X,Y), (X, Z), and (Y, Z) will give the same result for both
scenarios: we will detect three couplings Z — Y, Y — X, and Z — X. In order to
distinguish a direct influence from an indirect one, a multivariate method that considers
the dynamics of all three variables at once must be used.

(a) (b)
X<+e——Y X+e——Y
Z Z

Figure 3.5: Two scenarios of interactions within a network of three systems, which a
pairwise analysis cannot distinguish due to an indirect interaction Z — X.
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Common influences

Consider three subsystems X, Y, and Z with two couplings 7 — X and Z — Y, as
illustrated in Figure 3.6 (a). Although there is no coupling between X and Y, a bivariate
method tends to detect one because X and Y have the common influence Z. Applying
a bivariate method three times to all the pairs of variables (X,Y), (X, Z2), and (Y, Z2)
will result in also inferring a bidirectional coupling X <— Y, incorrectly suggesting the
scenario illustrated in Figure 3.6 (b). Once again, a multivariate method is necessary to
exclude this possibility and detect only direct interactions.

(a) (b)
X Y X+—»Y
Z Z
Figure 3.6: Two scenarios of interactions within a network of three systems, which a
pairwise analysis cannot distinguish due to a common influence Z.

Multivariate methods

For the purpose of distinguishing direct interactions from indirect ones, various exten-
sions of bivariate methods have been introduced. For example, multivariate extensions to
Granger causality include conditional Granger causality [54], partial Granger causality [55],
and partial directed coherence [56], and multivariate extensions to transfer entropy include
causation entropy [57|] and the PCMCI algorithm [58]. However, multivariate methods
are out of the scope of this dissertation. The emphasis is on accurate quantification of
directional couplings from bivariate time series.

3.8 Coupling Analysis Through a Perturbation Experiment

The methodology discussed thus far pertains to complex systems over which one does not
have direct control. This is, however, not always the case. If one can perturb a subsys-
tem directly, this enables the detection of possible couplings by observing the response of
other subsystems to the perturbation. This alternative approach to coupling detection is
called a perturbation experiment. Generally speaking, a perturbation experiment consists
of the following steps: (1) measure the relevant quantities; (2) subject the system to some
external influence (the perturbation), which is preferably controlled; and (3) measure the
relevant quantities again to detect a response to the perturbation [59]. Perturbation ex-
periments have been realized in, for example, ecology for inferring relationships between
species [6], in biology for predicting the response of cells to substances [60], and in medicine
for quantifying interaction strength between physiological systems [10]. The type of per-
turbation that can be applied to the system, as well as the choice of a quantity used to
infer couplings, varies greatly depending on the specific case. Therefore, let us present an
example of a perturbation experiment in a simple ecological system.
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3.8.1 Example

Consider an example of an ecosystem consisting of a prey species X and a predator species
Y with populations = and y, respectively. A simple model describing predator-prey dy-
namics is the Lotka-Volterra model [61]

dx
ik Bxy
(3.25)
&y = —yy + oz
dt 7Y Y-

Predators Y require prey X to survive, leading to an interaction modeled by a coupling
+dxy. The isolated dynamics of the predators is exponentially decreasing. Conversely, the
isolated dynamics of the prey is exponentially increasing. The number of prey species is
decreased when predators are present, which is modeled by a coupling —Sxy. An example
of a solution to the equations (3.25) is shown in Figure 3.7 (a). One can see that the
populations of the two species oscillate due to their predator-prey relationship.
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Figure 3.7: (a) A solution to the unperturbed Lotka-Volterra model with parameters o =
v=1,8=0=0.1. (b) and (c) show two different responses of the population of X to the
removal of Y one might expect in an experiment. The vertical gray lines show the time
t = 75 where the perturbation is performed.

Consider a scenario in which the equations (3.25) are governing the dynamics of two
species X and Y. Furthermore, consider that we do not know the underlying dynamics
and wish to assess whether X and Y have a predator-prey relationship. If we can perturb
the system by transporting all individuals of the species Y to a different location and
thus removing them from the ecosystem, we could observe a possible relationship directly.
In this case, our chosen quantity for inferring a coupling is simply the population of the
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species X. If it suddenly starts increasing upon applying the perturbation, as depicted in
Figure 3.7 (b), that would indicate that the two species have a predator-prey relationship.
This would be the result of such a perturbation experiment conducted on a system governed
by the Lotka-Volterra equations (3.25). Conversely, if the dynamics of X would stay
unchanged, as depicted in Figure 3.7 (¢), that would indicate there is no coupling Y — X.
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Chapter 4

The Inverse Problem

Consider an application of transfer entropy. One measures a pair of time series x(¢;) and
y(t;) and computes information flow between them. The result is two values that quantify
information flow in each direction. When the time series length is finite, a positive value of
information flow is expected even between two independent white noise signals. In order
to assess whether an obtained value of information flow is significant, transfer entropy
is usually paired with surrogate data, discussed in Chapter 3.6. The absolute value of
information flow is much more challenging to interpret.

Still, numerous simulation studies have shown that information flow between two sub-
systems increases with increased coupling strength (8], [40], [41]. This suggests that infor-
mation flow quantifies coupling strength, at least to some extent. This raises the following
question: to what extent does information flow actually quantify coupling strength? This
chapter investigates which scenarios result in information flow increasing monotonically
with increased coupling strength.

The problem is illustrated by the following example. Consider two dynamical systems
X and Y with a unidirectional coupling ¥ — X

% = Fx(x) + cGx (x,y) (4.1)
CC% = Fy(y).

Further, consider a realization of the system at a set value of the coupling strength ¢ and
a pair of time series z(¢;) and y(¢;) of length N. We are interested in the behavior of
the information flow in the direction of coupling Iy _,x. When the time series length is
finite, the obtained value of Iy _,x varies with different system realizations. However, in
the limit of infinite time series N — oo, the value of information flow will be identical for
all realizations (given, of course, they are on the same attractor). Let us denote this value
as Ig(e). Now, the inverse problem can be stated in the following manner: if the dynamics
of the system described by (4.1) are known apart from the value of €, can the information
flow Ig be used to infer the value of €%

This chapter presents original research conducted as part of this dissertation. It studies
the solvability of the inverse problem in two Duffing oscillator systems [62] with a unidi-
rectional diffusive coupling [63]. Six different Duffing systems, which exhibit both periodic
and chaotic dynamics, are considered, leading to a wide range of different dynamics when
coupled. All results from this study can be fully reproduced using the code available at
https://repo.ijs.si/mbresar/duffing-cmi.
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Figure 4.1: A sketch of the three possibilities for the dependence Ig(e).

Let us distinguish three possibilities for the dependence of Is(¢), depicted in Figure 4.1.

e In scenario (a), the information flow increases monotonically towards the asymptotic
value Ig*** for all positive values of €, and the inverse problem is solvable in general.

e In scenario (b), the information flow increases monotonically only for weak couplings,
while it has an arbitrary dependence for intermediate coupling strengths. In this case,
the inverse problem is solvable only if € < €4, 18 given, where €4, is the coupling
strength where the information flow stops increasing.

e In scenario (c), the dependence Ig(e), while generally increasing, is not continuous
and does not increase monotonically even for weak couplings. In this case, the inverse
problem is not solvable.

It turns out that it does not come to the scenario (a) in systems with diffusive coupling,
as such coupling leads to nearly identical coupled components when the coupling is strong,
resulting in a decrease in Ig(e — 00).

Scenario (c) is possible when the response system is highly sensitive and can easily
transition to a different orbit around a different attractor when coupled. This leads to
large deviations in the obtained values of the information flow and a non-continuous, or
even an undefined Ig(e).

Finally, the scenario (b) can also occur. For Ig(e) to be monotonic, it has to be (at
least piecewise) continuous. Analyzing Ig(e) for different time series lengths, it turns out
that it can converge towards a continuous function in the limit N — oco. The dependence
Is(e) can be continuous for all e, in which case €4, is determined by the first peak in the
dependence. Additionally, it can also be continuous only for weak coupling due to system
bifurcations. In this case, the onset of the first bifurcation marks €,,4:.

Interestingly, for strong coupling where the subsystems become increasingly similar,
the dependence Ig(e) is monotonically decreasing. This means the inverse problem is also
solvable in the limit of strong couplings.
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ABSTRACT

In complex dynamical systems, the detection of coupling and its direction from observed time series is a challenging task. We study coupling
in coupled Duffing oscillator systems in regular and chaotic dynamical regimes. By observing the conditional mutual information (CMI)
based on the Shannon entropy, we successfully infer the direction of coupling for different system regimes. Moreover, we show that, in the
weak coupling limit, the values of CMI can be used to infer the coupling parameters by computing the derivative of the conditional mutual
information with respect to the coupling strength, called the information susceptibility. The complete numerical implementation is available

at https://repo.ijs.si/mbresar/duffing-cmi.
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Complex systems encountered in nature can be divided into sim-
pler subsystems that are coupled to each other, a prime example
being a biological system. The problem of the detection of cou-
pling from measured time series of subsystems has been of great
interest in different branches of science. In this article, we study
methods for the detection of coupling based on information
transfer on a mathematical model. We show that information
transfer estimation can be used to infer the exact value of the
model coupling parameter.

I. INTRODUCTION

In nature, we encounter many complex systems that are divided
into better known subsystems that are coupled to each other. The
subsystems can be nonautonomous, i.e., time-dependent. In experi-
mental practice, we typically only have measurements of observables
of the identified individual subsystems in the form of signals. Study-
ing these signals naturally raises a question of what we can infer from
them about the system structure, i.e., subsystem properties and their
coupling. In this paper, we focus predominantly on the last property.

More precisely, we study the effects of time-independent cou-
pling between two nonautonomous systems through information
transfer or flow between the trajectories of the systems determined
by the conditional mutual information." As an example of such
systems, we use the well known Duffing oscillators,” i.e., periodi-
cally driven nonlinear harmonic oscillators. Although information
flow is usually observed in the context of detecting the direction
of coupling, the focus here is on the absolute values of informa-
tion flow in a mathematical model. The goal is to solve the inverse
problem of inferring the coupling parameter in different coupled
nonautonomous oscillator systems from the calculated information
flow.

Estimating the conditional mutual information has been suc-
cessfully applied in numerous studies, including biological sys-
tems. For example, information flow has been used in the analysis
of EEG recordings of epileptic patients,” in rats under the influ-
ence of different anaesthetics,” and in the human cardiorespiratory
system.” Studies have also been done on various theoretical systems,
such as simple phase oscillators,” discrete Henon maps,” Rossler
and Lorenz systems,’ and different chaotic, stochastic, and nonau-
tonomous systems.” It has been shown that information flow can
correctly detect both the existence and the direction of coupling
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in two coupled, but not yet synchronised systems. This means
that the coupling must be sufficiently small. While it has been
shown that the information flow between systems increases as
the coupling increases, this relationship has not been thoroughly
investigated.

Another measure for quantifying information transfer between
systems is the transfer entropy proposed by Schreiber.” It has been
shown that the transfer entropy in a specific (although generally use-
ful) setup is mathematically equivalent to the conditional mutual
information, see, e.g., Ref. 5 (Appendix A). In a more general setup,
the transfer entropy can suffer from a lack of statistical signifi-
cance of distributions (due to high parameter dimensionality) used
in calculations for short input signals.

First, we study the numerical properties of the information
flow calculation, where the convergence was found to be faster than
expected. Next, we consider the behavior of the information flow
when different pairs of Duffing systems are coupled. Addressing the
issue of the dependence of the information flow on the coupling
strength, we study the inverse problem, i.e., inferring the coupling
parameter from the information flow. The result is an estimate of
the information susceptibility as a derivative of the information flow.
For details, see Sec. V C. It was found that the inverse problem is
solvable in the limit of strong coupling and for most cases of driven
chaotic systems in the limit of weak coupling. Finally, the range of
the coupling parameter where this is possible is given for individual
pairs of systems.

1. INFERRING THE DIRECTION OF COUPLING

Consider two nonautonomous dynamical systems with trajec-
tories denoted by x(f) and y(f) and let the time evolution of such
coupled systems be given by equations

d

};(tt) = fx (x 1) + gx(x) Y 1), (1)
dy(t
D 50 + g w0, @

where x(f) and y(f) can be multidimensional and are, therefore, writ-
ten in bold letters. In the case where both g, and g, are nonzero,
the coupling is bidirectional. In our studies of the inverse problem,
the coupling functions g, and g, are time indepedent. If only one is
nonzero, the coupling is unidirectional. In the subsequent analysis,
only unidirectional coupling is analyzed. When g, = 0 and g, # 0,
we call x(f) the driven system and y(f) the driving system.

The trajectories of both subsystems x(f) and y(¢) are observed
at equally spaced times t; = t, + iAt for i € Z. Thus, we obtain time
series of these trajetories (x(¢;) : i € Z) and (y(t;) : i € Z). The meth-
ods presented in the following are used to determine the direction
and, in some cases, the magnitude of the coupling based on such
measured time series.

A. Conditional mutual information

In the context of information theory, the amount of informa-
tion being transferred from one system to another is quantified by
the Shannon entropy.' The Shannon entropy of a random variable
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X with a probability distribution px and its support Ry (subset of the
range of X) is defined as

HX) = = ) px(x) log px(x). ®)

X€Ry

The joint entropy of two random variables X and Y with a joint
probability distribution px y is defined as

HXY)=— Y pxy(xy)logpxy(xy). (4)

xeRx.yeRy

Their mutual information I(X, Y), which is a measure of the amount
of common information contained in X and Y, is defined as

IX,Y) = HX) + H(Y) - HX, Y) ®)

and is maximal if X = Y and equal to 0 if X and Y are independent.
The conditional entropy of X and Y is

HX|Y)=— Y pxr(xy)logpxr(xly), ©6)

Xx€Rx,yERY

where pyy is the conditional probability distribution. Conditional
entropy measures the uncertainty in X, provided that everything
about Y is known. Conditional entropy H(X, Y|Z) is defined simi-
larly, which leads to conditional mutual information (CMI)

I(X,Y|2) = H(X|2) + H(Y|2) — HX, Y|2). %

It quantifies the average amount of common information contained
in X and Y given the value of Z.

While a measurement almost certainly contains uncorrelated
noise that is stochastic in nature, the underlying dynamics of the
measured system can still be deterministic.

Let us consider two possibly coupled systems with trajectories
x(t) and y(#). Their corresponding time series are (x(t;) : i € Z) and
(y(t;) : i € Z). Their values are distributed according to the proba-
bility distributions px and py. We think of the values in the series
x(t;) and y(#;) as a realization of the random variables denoted by X
and Y at time #;. By just discussing their distributions, we lose the
information about time. To restore the notion of time, we need to
introduce the time-lagged random variables X, and Y, with realiza-
tions x(#;;.) and y(#;+,) at times ¢; and discuss them in parallel with
their non time-lagged versions.

In order to infer a possible influence of the trajectory x(t) on
y(t) from their time series, we need to compute the mutual infor-
mation between the random variable of the first system X and the
time-lagged random variable of the second system Y, given by
I(X,Y,). However, the mutual information captures the connection
between X and Y as well as between Y and Y, when the two systems
are not independent. Therefore, Palus et al.’ proposed to observe the
conditional mutual information I(X, Y.|Y) to infer causal relations
between trajectories x(t) and y(f). This quantity only captures the
net information flow from x(#) to y(). A tweak to increase precision
is to instead calculate

IX, A YY) = HX|Y) + H(A YY) — HX, A YY), (8)

where A;Y =Y, — Y. This allows us to look at small local changes
in y(t) rather than the entire range of data. Information flow from
y(#) to x(f) is calculated as I(Y, A; X|X) by swapping X and Y.
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B. Information flow

Both I(X, Y.|Y) and I(X, A, Y|Y) are zero for T = 0. However,
lim,_ ¢+ I(X, Y. |Y) = 0 and lim,_ o+ I(X, A, Y|Y) # 0. Since we are
interested in small time lags in Secs. IV and V, we use the second
definition.

To obtain a numerically more robust measure, we can aver-
age the CMIs I(X, A, Y|Y) over some time lags 7 in order to better
approximate the information flow between two systems,’

I
1
Ix—>y = 7 ZI(X, AY[Y). ©)

i=1

The appropriate values of  are discussed in Sec. [V A.

When calculating information flow from one subsystem to
another, we use the values of trajectories. The trajectories capture the
full extent of information about the dynamics of a particular system
and can be multidimensional. In realistic situations, however, the
measurement of a system or a subsystem is usually one-dimensional.
A possible solution to account for a multidimensional phase space
is the use of time-delay embedding vectors’ or instantaneous phase
representation in the case of oscillatory systems.”'’

I1l. NUMERICAL ANALYSIS

Information theory is thoroughly researched and well under-
stood. However, numerical computation of entropies is challenging
due to limitations and necessary approximations. It is therefore
important to be aware of them and study their effect on known
systems in order to be able to analyze unknown ones.

A. Numerical implementation

A convenient way to numerically implement the calculation of
CML is to use the chain rule for entropies H(X|Y) = H(X, Y) — H(Y)
and rewrite (7) as

IX, A Y|Y) = HX,Y) + H(A.Y,Y) — HY) - HX, A, Y, Y).
(10)

The biggest issue in calculating CMI (10) from the involved
entropies is the estimation of the underlying probability distribu-
tions by the corresponding histograms. The latter are computed
from long enough series of trajectories: having a time series of length
n, we assign its values in each dimension into N bins, where N < #,
and construct a histogram. Multidimensional histograms are used
to estimate multidimensional probability distributions. Consider a
system with two k-dimensional subsystems. When computing the
joint entropy in CMI (10), the histogram used in its calculation has
N* bins. Individual bins must contain a significant number of data
points to sufficiently approximate the distribution. Therefore, the
total number of bins cannot be too large.

The simplest way to construct a histogram is to use equidistant
binning, which means that the widths of all histogram bins are equal.
We found this binning procedure to be sufficient for our problem.
Other binning procedures can also be used, such as marginal equi-
quantization, where the marginal bins are chosen so that they each
contain the same number of data points.’

Solvability of the Inverse Problem in Duffing Systems Using Information Flow
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B. Duffing oscillator systems

The model we have chosen for numerical analysis is the Duffing
oscillator system, which is studied in detail in Ref. 11. Its properties
make it very convenient, since it is a nonautonomous oscillator that
can be in a regular or in a chaotic dynamical regime. It is defined by

@ + 8@ +ax+ Bx’ =y cos(wt)

e dt =7 ’
It is a nonlinear periodically forced oscillator with damping. Its tra-
jectory is denoted by (x(t), d{(t)) and the associated phase space is
two-dimensional. The choice of the model parameters (8, «, 8, y, w)
yields different systems which can be in a regular or in a chaotic
dynamical regime.'” This allows us to test the behavior of CMI on
systems in different regimes.

For regular behavior, a high damping § = 0.2 and a linear
potential B = 0 were chosen. The orbits of the chosen regular sys-
tems are circles, same as in normal driven harmonic oscillators,
while chaotic systems exhibit richer dynamics. For chaotic behavior,
it is beneficial to have low damping. In fact, increasing the damp-
ing parameter § of a chaotic system makes it regular. Four different
chaotic systems denoted C; to C; and two regular ones denoted R;
and R, were chosen. The parameters and the maximal Lyapunov
exponents of the chosen systems are presented in Table I. The maxi-
mal Lyapunov exponents were calculated from the stroboscopic map
at cos wt = 1 using the Benettin algorithm."” The negative maximal
Lyapunov exponents of regular systems were obtained due to orbits
converging toward a limit cycle. Two examples of chaotic systems
are shown in Fig. 1.

Systems C; and C, are similar to each other, and so are C; and
Cy, as can be seen from the table of parameters. Systems C; and C,
have a highly nonlinear potential (high 8) and no damping (§ = 0),
while C; and C, have a small 8 and a high §, making their dynam-
ics less “wild” but still chaotic. In fact, the system C, has a fractal
attractor with dimension of around 1.4."" The driving frequencies @
of the different systems were chosen so that one is not a multiple of
another.

(63Y)

C. Duffing system’s CMIs

Two Duffing systems can be coupled in different ways. We have
chosen a unidirectional linear coupling of the form +&;(x, — x;)
due to its intuitive interpretation. Such a coupling forces the driven

TABLE I. Parameters of the six Duffing systems under consideration and their max-
imal Lyapunov exponents Amax. The systems Ry, R, are in a regular regime. The
chaotic systems Cy, C, have a high nonlinear term and Cs, C4 have a low nonlinear
term.

Chaos 31, 063130 (2021); doi: 10.1063/5.0050790
Published under an exclusive license by AIP Publishing.

System $ o B y w Mmax

R, 0.2 1 0 1 0.51 —1.23(2)
R, 0.2 1 0 1 1.83 —0.34(3)
G 0 1 400 1 1.1 0.6(2)

G 0 1 80 1 3.1 0.2(3)

G 0.3 -1 1 0.5 12 0.5(7)

C, 0.2 —1 1 0.3 1 0.9(9)
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FIG. 1. Chaotic Duffing oscillator systems C; (left) and C,

dz/dt

—-0.5

(right). The orange dots represent a stroboscopic map at
cos(wt) = 1 obtained for long times tyax = 10°.

system toward the driving system and can cause synchronization. If
the coupling is very strong, the systems become identical. Coupled
Duffing systems are thus defined as

d*x dx

?21 + 81d—tl +oayx; + ﬂlx? =y, cos(wit) + &1(x, — x1), (12)
d*x dx
?22 + 82d—t2 + arxy + ﬂzx; =y, cos(wst). (13)

While the term driven can also be used to describe an individual
Duffing oscillator, i.e., it is driven by an external periodic force, we
use the terms driving and driven to distinguish between x; and x,.
We say that the driven system x; depends on the driving system x,.

We write a trajectory of the coupled Duffing system as
(x1 (1), dditl (), x, (1), % (t)) and trajectories of its subsystems as
x;(t) = (x;(b), %(t)) for i = 1,2. The phase space of the whole sys-
tem is thus four-dimensional. In our calculations, we ensured that
our system is on the attractor so that the results do not depend on the
initial conditions. This was accomplished by taking the initial condi-
tions (x;(0), %‘ (0), x,(0), '%2 (0)) = (0,0, 0,0) and only considering
the data from the trajectories from time t = 100 onward. This way,
the energy of the system is gained entirely from the nonautonomous
parts of subsystems (12) and (13).

The trajectory of the whole system, or more precisely, the cor-
responding time series, was obtained by first transforming the equa-
tions of motion (12) and (13) to a system of four first order differ-
ential equations and then integrating them using the Runge-Kutta
4 integrator with a fixed integration step equal to At = 0.002 and
the time series length of n = 107 throughout our study. The use
of a constant integration step is convenient for calculating prob-
ability distributions of points on the trajectory. In the calculation
of the histogram of points pertaining to the evaluation of CMI,
we use equidistant binning for each two-dimensional subsystem, as
explained in Sec. I1I A. In this study, we use 4 bins for x direction

and 4 for dx/dt direction unless otherwise specified. This effectively
gives 16 bins per subsystem.

The convergence of CMI with the length of the trajectory t,
more precisely the number of steps in the sample n(= t/At), is
shown in Fig. 2. In the direction without coupling (a), the CMI val-
ues decrease with the length of the time series n and stabilize at
a nonzero value. We attribute this to approximation errors of the
discrete probability distributions. In the direction of coupling (b),
the values converge to a constant. The convergence is slower in the

3 100 F (a)
=
bi 10—2
4»
v 1074+
= Ca
g e
: e
w 1071
[S 3
< i
W 1077
= 3
Ea gl Ll Ll Lo anul Laaannl L

103 10* 105 106 107
n

FIG. 2. The convergence of CMI (8) for time lag T = 1 between different sys-
tems in the direction without coupling (a) and in the direction of coupling (b). The
coupling parameter is &1 = 0.5, the integration step is At = 0.002 and 4 bins
per scalar variable were used in the histograms.
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presence of chaotic systems, especially for C; and C,. In a certain
range of &; we see that the dependence is linear in the log-log scale.
Fitting a function of the form f(t) = At~C in this range, we obtain
the coefficient C = 1 for convergence, even for chaotic systems.

This is a bit surprising, since CMI is essentially a difference of
entropies determined by the empirical distributions which converge
for periodic and stochastic (chaotic) signals as O(t!) and O(t~'/?),
respectively. The latter was checked in our study. The O(+™") conver-
gence of CMI is therefore faster than of its ingredients. This seems
to be a consequence of the fact that the stochastic corrections to
entropies of order of magnitude O(t~'/2) are correlated and cancel
each other out in the calculation of CMI, and only the next possible
order O(1/t) remains. This is good news for the usability of CMI,
as even shorter samples can deliver relatively precise results. Further
discussion of the convergence is given in Appendix A.

IV. ANALYSIS OF CMI AND INFORMATION FLOW

We have defined CMI between two subsystems and informa-
tion flow as the average of CMIs over time lags. In this section, we
study the behavior of these quantities for various combinations of
coupled Duffing systems. Mainly, we examine the dependence of
CMI on the time lag and the dependence of information flow on the
coupling parameter. We denote the direction of coupling by (C) and
the direction without coupling by (N), e.g., information flow in the
direction of coupling is denoted by I(C). Here, C stands for coupled
and N stands for not coupled.

A. Dependence of CMI on the time lag

First, it is important to observe the dependence of CMIs (8) on
the time lag 7 in order to determine the averaging in the definition

(a) C3 — Cy (b) Co — Cy
03} 0.10
T 02
s 0.05 I
O o01f
0.0 —— 0.00
010 b 0.0075
Z /,\\ }0.0050
S 005 /j\: =00
@] — e¢=20.2
//\_ €=19:310.0025
— e€=0.4
— €=0.5

0.00

=
R \>
>
o~ }_l-‘
S
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of information flow (9). It is shown for four examples of coupled
Duffing systems in Fig. 3.

Three main conclusions can be drawn from these dependences.
First, we note that the values in the direction of coupling CMI(C)
(upper row) are much larger than CMI(N) (lower row), as can be
seen in all examples from (a) to (d). Therefore, the CMI values
can be used to determine the direction of coupling. Second, we
see that CMI(C) increases with increased coupling ;. This means
that our measure of coupling between systems increases with cou-
pling. Finally, CMI(C) decreases with increased time lag. It falls with
the correlation time of the time-lagged system. On the contrary,
CMI(N) increases with increased time lag. An exception is the sys-
tem C, — C;, where CMI(C) increases again to an even higher value
at T At ~ 1 and then proceeds to decrease.

This shows that the appropriate averaging in the definition (9)
is over small time lags 7, where the values of CMI are large and
information about the driving system is still present in the driven
one. The averaging decreases errors due to dynamic fluctuations
and possible noise. The simulation of the system is noiseless and
the errors of dynamical fluctuations are decreased with the length of
the time series. Therefore, taking only one value of CMI is shown
to be sufficient. Since CMI(C) generally falls and CMI(N) gener-
ally increases for small time lags, the values at the smallest possible
time lag T =1 are taken into account. Our measure of informa-
tion flow in either direction is therefore the very first point in
Fig. 3.

Since oscillator systems are similar to themselves when they are
time-lagged, we also detect oscillations at the frequency of the time-
lagged system. They are most expressed for the system R; — C,. It
is important to mention that while CMI generally decreases with
7 for small coupling, the dependence can be different for bigger
coupling.

(C) Ry — O (d) Co — Ch
0.4 F
0.2 F 0.1F
'/\L/—/\/\.f\w\—«_.z—v
0.0
ﬂ [\ 0.015 |
0.010 /v
= €z00 B 2
—¢Z13| 0.005F e 0
=l 15 — .5
f=lle-=-210: — .0
— e=25 — 5
L 0.000 L
10 0 10

TAL

FIG. 3. The dependence of CMI in both directions on the time lag . Four different systems are examined from (a) to (d).
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FIG. 4. The dependence of the information flow (9) on the coupling parameter 1. The orange lines represent the flow in the direction of coupling /(C) and the blue lines in
the direction without coupling /(N). The dependences for weak coupling are shown for various systems in (a) to (g). For the system Ry — Cj, strong coupling is also shown
in (h). The calculations were done for 1000 evenly spaced values of ¢4 for each case.

B. Dependence of information flow on the coupling
parameter

We can now study the information flow between different sys-
tems to see how it characterises them. The focus here is on observing
the dependence of the information flow on the coupling parame-
ter. This dependence is shown in Fig. 4 for various coupled Duffing
systems.

The general behavior is similar for any two coupled systems.
The information flow I(C) is very close to 0 in the absence of cou-
pling, since the systems are independent. It then generally increases
as the coupling parameter increases. This can be seen in the exam-
ples from (a) to (f) in Fig. 4.

For intermediate values, this dependence can have many local
extremes until it begins to decrease and reaches zero in the limit
& — 00, as indicated by Fig. 4(h). In this limit, the systems are
the same because the orbit of one system is pushed toward that of
the other, and there is no information transfer between identical
systems.

It can also be seen that I(C) is much greater than I(N). This
means that the direction of coupling can be easily inferred from the
information flow. There are some exceptions when it comes to big-
ger coupling, one of which can be seen in Fig. 4(g). We have not
found a general rule for which systems exhibit this property. How-
ever, it seems to occur when similar pairs of systems are coupled, for
example for all four cases C; — R, for i,j € {1,2}.

In the limits of weak and strong coupling, the dependence can
be monotonic, which will be discussed in detail in Sec. V. A differ-
ence is observed between chaotic systems with high and with low
nonlinear terms f. If the driven system is one with a high nonlinear
term C; or C,, the dependence appears much more noisy, especially
when two of these systems are coupled. Monotonicity is harder to

show or find in these cases, which makes solving the inverse problem
harder.

V. THE INVERSE PROBLEM

In this section, we are interested in whether the coupling
parameter is uniquely determined by the information flow I(C) in
some range of values, i.e., whether this dependence is monotonic. If
this is the case, the coupling parameter can be inferred from the time
series of two known systems by calculating the information flow.

For most pairs of systems, there are two cases that exhibit
monotonic dependence of the information flow on the coupling
parameter, as indicated in Sec. IV B. The first is the limit of strong
coupling, i.e., for large values of the coupling parameter. The second
is the limit of weak coupling, which is most often observed in nature.
These limiting cases will be studied in detail. For intermediate
values, the inverse problem is generally not solvable.

A. Limit of strong coupling

First, we consider the limiting case of large coupling parameters
€1. As explained in Sec. [V B, the information flow I(C) decreases
toward zero in this limit. The dependence for large ¢, is shown in
Fig. 5 in a double logarithmic scale. Since the dependence in this
scale is linear for sufficiently large &;, we know its form is

fler) = Ag[ B

Using least squares regression on points in the marked areas, the
value B = 1 was obtained for all cases. The obtained formulas hold
for a wide range of values of &;. The value B =1 holds regardless
of the number of bins chosen, as does the range of &, with this

(19

Chaos 31, 063130 (2021); doi: 10.1063/5.0050790
Published under an exclusive license by AIP Publishing.

31, 063130-6



4.1.

100 -

6 hg—)Rl

1072 F— C1 — Rz
~ Cy — Cq
— O —> (Cy
— 04 — 03

10—4 ul
10!

ol T
104 10°

il
103
€1

102

FIG. 5. Information flow in the direction of coupling for large & for different
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regression.

dependence (checked up to 24 bins per variable). Thus, the inverse
problem is solvable in the limit of large coupling.

B. Limit of weak coupling

The case of weak coupling is much more interesting, since
it is usually encountered in physical systems. All numerical tests
suggest that in most cases the information flow grows monotoni-
cally with increasing ;, up to a value &,,,x where the monotonicity
ends. It may end due to a distinct peak in the dependence, as in
Figs. 4(f) and 4(g), due to a discrete jump as in Fig. 4(e), or due to
the appearence of noise as in Fig. 4(c). The analysis of different cou-
pled Duffing systems gives different answers to the solvability of the
inverse problem.

In most cases where the monotonicity ends with a distinct
peak in the dependence on the coupling parameter, it is due to
the synchronization of subsystems. In a mathematical model, the
appearance of synchronization can be observed with conditional
Lyapunov exponents (CLE), i.e., the Lyapunov exponents of the
driven subsystem.”” The dependence of the information flow on
&1 and the dependence of CLE on &, is shown in Fig. 6 for one
of these cases. Synchronization, which is marked by the largest
exponent becoming negative, occurs close to the point where the

CLE

FIG. 6. Information flow in both directions and the largest Lyapunov exponent
of the driven subsystem (conditional Lyapunov exponent) for system C; — Cj.
Gray lines represent the point where the exponent reaches zero, i.e., the point of
synchronization.
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dependence of the information flow suddenly changes, which is sim-
ilar to observations made in Refs. 5 and 16. A thorough survey on
synchronization is given in Ref. 17.

In cases of the discrete jumps in the information flow depen-
dence, the observation of phase state portraits and conditional Lya-
punov exponents reveal bifurcations of the driven subsystem. These
cases are examined in detail in Appendix B.

Let us now consider two coupled regular systems R, — R;.
The dependence in Fig. 4(a) indicates a monotonic trend up to
Emax ~ 0.7. This value should not strongly depend on the details of
numerical calculation in order to determine the value of &, as a
property of a system.

By increasing the number of marginal bins N, the results
approach the exact analytic dependence for smooth variables.'
However, &m,x moves toward 0 as the number of marginal bins of
the histograms increases, as can be seen in Fig. 7. This is observed in
all cases when the driven system is regular. We have done the same
test with two coupled harmonic oscillators and obtained very sim-
ilar results. Therefore, we suspect that this is due to the singularity
of the probability distribution p(x, dx/dt) of regular systems, since
their orbits are circles in 2D space and even a very weak coupling
changes the probability distributions significantly so that it cannot
be explained by linear perturbation theory.

For driven chaotic systems, the value of &, did not change
for different numbers of histogram bins. The numerical analysis of
R; — G, is done in Fig. 8. Increasing the number of marginal bins N
while keeping the length of the time series n constant does not affect
the general shape, as seen in Fig. 8(a). However, the values increase
at &; = 0 because the bins become poorly populated. With increas-
ing length n at a high N = 16, the value decreases again toward 0,
as seen in Fig. 8(b). This shows that while a finer partition is gen-
erally beneficial, taking too many bins will cause them to be poorly
populated and distorts the results.

Moreover, the dependence is found to converge toward a
monotonic dependence as 7 is further increased. Due to numeri-
cal imprecisions, the dependence will never be exactly monotonic
when considering values of &, that are very close to each other.
Instead, we show monotonicity empirically by doing ever more

1.00 F
0.75 F
O 050 F
~
— 2 bins — 32 bins
0.25 F — 4 bins — 64 bins
—_ 2156qu5 128 bins
0.00 | 1 —— ;
0.0 0.2 0.4 0.6 0.8
€1

FIG. 7. Information flow in the direction of coupling for unidirectionally coupled
systems R, — Ry, calculated with different numbers of bins per variable N. The
dependences are normalized to be easily comparable.
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FIG. 8. Information flow in the direction of coupling for unidirectionally coupled
systems Ry — C,, calculated with data length n = 10° at different number of
bins N (a) and with N = 16 at different n (b). In (a), the dependences are
normalized to be easily comparable.

precise calculations. These can be done by increasing n, and per-
haps N. Decreasing the time step of the integration At changes the
results only minimally.

For most cases of driven chaotic systems, monotonicity has
been shown in the regime of weak coupling strength ;. For the
coupling of two systems with high nonlinear term C; — C;, for
i,j € {1,2}, seen in Fig. 4(d), the dependence always contains a lot
of noise that does not decrease with longer time series. This is due
to bifurcations already at very small values of the coupling param-
eter. Bifurcations of the driven system destroy the monotonicity, as
explained in the next section.

C. Information susceptibility

To determine the values of &,,,,, we introduce a smooth func-
tion I, obtained by fitting splines to the dependence of the informa-
tion flow I(C) on the coupling constant. This allows us to calculate
the information susceptibility, which we define as

xi(e1) = %(81)- (15)
€1

The smooth dependence allows a simple calculation of the deriva-
tive, which is not possible for discrete points of the information flow.
The information susceptibility x;(e;) is positive for small &;. While
it is positive, the dependence of CMI on ¢; is monotonic and the
inverse problem is solvable. The value of &, is then marked by the
change of sign of x;(g;), i.e., the first point at which it is equal to 0.
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FIG. 9. Information flow data and their smoothed fit as a function of the coupling
parameter ¢4 for different pairs of systems, driven system having a small (a) and
alarge (b) nonlinear term.

This was done for systems where a monotonic depen-
dence on the coupling parameter was found. The function
UnivariateSpline from the package scipy.interpolate
in Python 3 was used to obtain I,. Parameters chosen were k = 3
for cubic splines and a smoothing factor between 0.005 < s < 0.1.

For the cases where the driven system is either C; or Cy, this is
straightforward most of the times, as can be seen in Fig. 9(a). An odd
example R, — C, can also be seen. It contains a nonsmooth depen-
dence at &; = 0.51. Observing the phase space portraits of the driven
system has shown that this is due to bifurcations. For 0.51 < &;
< 0.61 and for &; > 0.8 the driven subsystem C, is in a regular peri-
odic regime. If the driven system’s dynamics change significantly at
some value of €, before a distinct peak in the information flow is
observed (in this case at &; = 0.51), this value marks &,,,,. Such cases
are shown in Appendix B. A peak in the information flow can still
be seen in such cases, but does not mark &,,,y.

For the cases seen in Fig. 9(b) where either C, or C, is the driven
system, the exact value of &, could not be determined due to a
noisy dependence already seen in Fig. 4(c). When these two systems
are driven, their orbits can get stuck in a region of phase space for
some time. This can have a seemingly random effect on the infor-
mation flow, which results in the noisiness. The monotonicity could
only be reliably shown up to a certain point where this noise started.
In these cases, this point was taken as €.

Once a smooth function is obtained, the derivative in (15) is
simple to calculate. Some examples of the information susceptibility
and the obtained values of &,,,, are shown in Fig. 10. The values of
x1 are always smaller in the cases of driven C;, C, than for driven
Cs, Cy, implying that these systems are less adaptable to the driving
system.
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FIG. 10. Information susceptibility (15) for different systems. Dashed vertical
lines mark the obtained values of &ay.

Finally, we show the results for the solvability of the inverse
problem in the limit of weak coupling in Table II. Only driven
chaotic systems are considered, since the results for driven regular
systems depend strongly on the partition of the phase space. Some
properties of the individual systems and the information flow can be
derived from the table.

Most notably, a difference between chaotic systems with a large
and with a small nonlinear term is seen. For driven chaotic sys-
tems with a large nonlinear term, &,,,, was mostly marked by the
appearence of noise. Nevertheless, the values of &, are generally
larger than for driven Cs, C,. This means that C; and C, are harder to
adapt to the driving system, which is also implied by the smaller val-
ues of information flow and information susceptibility. For driven
C; or Cy, the noisy dependence was never observed and the values
converged faster.

There are six cases in which &, is marked by bifurcations in
the driven subsystem. In all these cases except R; — Cy, there is a
discrete jump in the information flow at the point of system change.

In summary, we have shown that the coupling parameter of
most systems is uniquely determined by the information flow in
the limit of weak coupling. In measured time series, the models
of the measured systems are usually unknown and surrogate data
are often needed to determine the direction of coupling. In coupled
Duffing systems, we can determine both the direction and the mag-
nitude of the coupling in the limit of weak coupling. This is possible
because the model of the systems is known, or rather known not to
change. Only the coupling parameter changes, while the other sys-
tem parameters are kept constant. If this was known to be the case
in a realistic system, inferring the direction as well as the magnitude
of coupling might be feasible solely by calculating the information
flow.
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VI. CONCLUSION

One of the challenges in studying complex systems is to infer
the coupling between individual systems from their time series. We
studied the behavior of information-based coupling detection meth-
ods on coupled Duffing oscillator systems. The information flow
successfully determined the direction of coupling between chaotic
or regular systems. This was always possible for small coupling, and
in most cases, also for large coupling.

To find the numerical properties, the convergence of CMI with
the length of the time series and the dependence on different par-
titions were observed. The convergence was found to be faster than
expected, and a finer partition to be generally beneficial as long as
the individual bins are well populated.

While the absolute value of CMI is considered of little value
in experimental data, we can analyze it thoroughly in mathematical
models. Thus, we studied the dependence of CMI on the cou-
pling parameter. We evaluated the usefulness of CMI in solving
the inverse problem of inferring the coupling parameter. By defin-
ing the information susceptibility, we found that in some cases the
coupling parameter is uniquely determined by the information flow.
This is the case in the limit of strong coupling and, at least in some
cases, in the limit of weak coupling. Although this knowledge can-
not be applied to arbitrary experimental data, it might be possible if
accurate models of the systems were known.

The inverse problem proved to be complex because bifurca-
tions can occur when systems are coupled. The exact classification
of systems for which it is solvable remains to be seen.
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APPENDIX A: CONVERGENCE OF CMI

The expected convergence of histograms with time p(f) = p,
+ At=¢ is C = 1/2 for chaotic and C =1 for regular systems. In
Fig. 2, it was found that the convergence of the information flow is
C =1 for all systems. To find out why this is the case, we tested the
convergence of different variables for the system C, — C;. For this
test, we chose &; = 0, since we expect CMI to converge close to 0.

TABLE Il. Values of &y, for various driven and driving systems. Cases where the monotonicity of the information flow in the low coupling regime could not be shown are marked
with a question mark. Systems that exhibit non-continuous dependencies due to bifurcations are marked from 1 to 6 as a reference to the appendix where they are examined.

Driving system

R R, G G, G G,
Driven system o) Emax = 1.(0) Emax = 0.3(8)" ? Emax = 1.(9) Emax = 1.(8)
C Emax = 3(9) Emax = 5-(4) ? Emax = 0(9) Emax = O~(7)
Cs max = 0.0(4) fma = 0.02(1)° & = 0.023)°  £max = 0.02(1)° Emax = 0.7(4)
Ci Ema = 0.3(2)" max = 0.5(1) Emax = 0.4(7) Emax = 1.0(4) Emax = 0.5(8)
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mutual information (time-lagging C, with = = 1) (c) with the length of the time
series n for the system C, — C; with &1 = 0. The black lines are given to indicate
the type of convergence.

We looked at the convergence of the conditional mutual infor-
mation (8) toward 0, the four entropies involved in the calculation
of CMI (10) and the probability distributions used to calculate these
entropies. In Fig. 11, the probability distributions are denoted as p;
to p, and the entropies as H; to H,, according to the order in (10).
The entropy H; has two arguments, the entropies H; and H, have
four arguments, and the entropy H, has six arguments. The same
holds for the corresponding distributions.

As expected, the empirical probability distributions p; converge
with C = 1/2. This was verified by treating the distributions as vec-
tors and observing their convergence with increasing length of the
series 7 in 2-norm | - |,. The converged values are denoted by po
and Hy,. The entropies H; also converge slower than with C = 1.
However, taking the sum and difference of the entropies defining
the information flow CMI, the convergence is evidently faster than
the constituting terms with C = 1.

APPENDIX B: SYSTEMS WITH BIFURCATIONS

Some systems exhibit bifurcations, i.e., sudden qualitative
changes in the system behavior caused by a small change in the cou-
pling parameter ;. In such cases, observing the phase space and

Chapter 4. The Inverse Problem
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conditional Lyapunov exponents helps in understanding the depen-
dence of the information flow and the solvability of the inverse
problem.

1.System R, — G

The information flow dependence, the CLE dependence, and
the phase space portraits for the system R, — C,; are shown in
Fig. 12. The inverse problem is solvable for &; < 0.38, where the
dynamics of the system change. The change can also be seen from
smaller values of the CLE.

2.System R, — C,

The information flow dependence, the CLE dependence, and
the phase space portraits for the system R, — C; are shown in
Fig. 13. In the regions 0.51 < &; < 0.61 and &; < 0.8, the driven
subsystem exhibits regular dynamics and the information flow takes
higher values, while the CLE takes negative values. The inverse prob-
lem is solvable until the first appearance of regular dynamics at
Emax = 0.51.

3. System C; — C3

The information flow dependence, the CLE dependence, and
the phase space portraits for the system C, — C; are shown in
Fig. 14. The system dynamics change several times, the first time at
&max = 0.021. This is seen in an intense behavior of the information
flow and the CLE values.

4, System Ry — Cy4

The information flow dependence, the CLE dependence, and
the phase space portraits for the system R; — C; are shown in
Fig. 15. The inverse problem is solvable up to &y, = 0.32, where
the dynamics of the driven subsystem become regular, which is
reflected in the negative values of the CLE. The driven subsys-
tem becomes periodic with a period of exactly 100, i.e., fyeriod
=100 27 /w,.

5. System R, — C3

The information flow dependence, the CLE dependence, and
the phase space portraits for the system R, — C; are shown in
Fig. 16. The dynamics of the driven subsystem become regular
at €max = 0.022, which is reflected in the negative values of the
CLE.

6. System C; — C3

The information flow dependence, the CLE dependence, and
the phase space portraits for the system C; — C; are shown in
Fig. 17. The dynamics of the driven subsystem become regular
at &max = 0.023, which is reflected in the negative values of the
CLE.
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FIG. 14. The information flow and CLE dependences on the
coupling parameter and the corresponding phase space por-
traits of the driven subsystem for C, — Cj;. The orange dots
represent a stroboscopic map at cos(wqt) = 1.

FIG. 15. The information flow and CLE dependences on the
coupling parameter and the corresponding phase space por-
traits of the driven subsystem for Ry — C4. The orange dots
represent a stroboscopic map at cos(wqt) = 1.

FIG. 16. The information flow and CLE dependences on the
coupling parameter and the corresponding phase space por-
traits of the driven subsystem for R, — Cs. The orange dots
represent a stroboscopic map at cos(wqt) = 1.
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The data that support the analysis of this article have been
generated by the authors and can be fully reproduced from the
repository in Duffing CMI, https://repo.ijs.si/mbresar/duffing-cmi,
Ref. 19.
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Chapter 5

Improving the Accuracy of State
Space Measures

The classical state space measures [5], [44], [46]-[48] can be used to determine the coupling
direction when the coupling is weak enough so that the dynamics do not synchronize.
However, they all have a significant drawback. In order to illustrate it, consider an analysis
of the unidirectionally coupled Rossler systems with slightly offset frequencies

dx
el S —0.9929 — x5 +e(y1 — 1)
dt

d
% = 0.992; + 0.15z9

d
% = 0.2 + z3(z1 — 10)
¢ (5.1)

dyr _ —1.01ys — y

dt TS

dys

—/— =1.01 0.15

7 Y1 + Y2

dys

72— 0.2 —10

yr + y3(y1 )

Figure 5.1 (a),(b),(c) shows the measures M, L, and p, respectively, obtained for different
values of €. One can see that the value of the measures’ variants used to detect couplings
Y — X increases when coupling strength increases, as is expected. However, the other
variant used to detect couplings X — Y also increases, although to a lesser degree. This
substantially decreases these measures’ ability to determine the coupling direction for in-
termediate coupling strengths. This happens because these measures are influenced not
only by couplings but also by other properties like linear cross-correlation.

This chapter presents original research conducted as part of this dissertation. It in-
troduces a novel state space measure ¢, which significantly alleviates the drawback of the
established state space measures. Let us discuss the idea behind it. Let X and Y be
two dynamical systems with a unidirectional coupling ¥ — X. Recall the cross-mapping
property utilized by the state space measures: the close states of the response subsystem
X are mapped to the close states of the driving subsystem Y, but not vice versa. Further-
more, recall the definition of the k-th conditioned nearest neighbor of y;, which is YpX (k)

(Chapter 3.5.1), and the definition of the cross-distance matrix
(Chapter 3.5.3).

The classical state space measures utilize the following. If a coupling ¥ — X exists,
then because of the cross-mapping property, the first £ conditioned nearest neighbors of y;

D};%X = d(y’byPiX(j))
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Figure 5.1: Values of the directional coupling measures M (a), L (b) p (c), and ¢ (d), ob-
tained for unidirectionally coupled Rossler systems (5.1) for 100 values of € spaced equidis-
tantly on a logarithmic scale. Solid lines represent the mean values of 100 realizations, and
colored bands represent + one standard deviation at each value of €. The system is solved
with random initial conditions with an integration step 0.01. Each realization’s first 10°
points are discarded to remove transients, and the rest are sampled at At = 0.2. Finally,
10% samples of each subsystem’s first component are analyzed. The embedding parameters
are 7 = 1, m = 20, and the Theiler correction window of W = 50 samples is used. The
classical measures’ nearest neighbor parameter is £ = 10, and the ¢ measure’s parameters
are k1 = 10, ko = 100.
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Figure 5.2: Plot of the values of components of the cross-distance vectors ’UYHX (a) and
3-X ~Y (b), obtained for realizations of the coupled Rossler systems (5.1) at four different

values of the coupling strength ¢.

are (on average) more similar to y; than a random point y; is. However, these measures
do not consider the dependence of the distance d(yl,ypx(k)) on k. This dependence can
be observed by computing the cross-distance vectors, defined as the mean of the rows of
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the cross-distance matrix [64]

vY—)X’ Y—=X _ Z DY_>X. (5.2)

The j-th component vY%X

quantifies the average distance (average over all y;) from y; to
its j-th conditioned nearest neighbor. In general, one might expect v;/%X to be a linear,
a sigmoid, or any other increasing function of j. However, the main effect of a coupling
Y — X on this vector turns out to be the appearance of an initial tail, while the bulk
of the vector can have different trends regardless of coupling. This is seen in Figure 5.2.
Contrary to the classical state space measures, the new measure ¢ presented in this chapter
takes into account this dependence by quantifying the prominence of the initial tail of the
cross-distance vectors. It is defined as

Ve, - s

Y—X
Viik,

cY*)X

where Vi?;%X == +1 Zh ;U Y=X " The choice of ki and ks is not very important, but
both have to be much smaller than the time series length. In this dissertation, k3 = 10
and ko = 100 is used.

Figure 5.1 (d) shows the measure c obtained for the coupled Rossler systems for different
values of €. Let us compare the behaviour of ¢ and the behaviour of the classical state space
measures M, L, and p. Recall that the coupling direction is Y — X. Note that the values
of ¢¥ 7% increase with increased ¢ much like the other measures’ variants used to detect
a coupling Y — X. However, the measure ¢X Y starts increasing from zero at ¢ ~ 0.1,
while the other three measures’ variants used to detect a coupling X — Y start increasing
already at € ~ 0.01. This shows the advantage of ¢ over other state space measures. It is
able to more accurately determine the coupling direction over a wider range of coupling
strengths with a decreased risk of false detection. All results from this study can be fully
reproduced using the code available at https://repo.ijs.si/e2pub/cd-vec.
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Inferring the coupling direction from measured time series of complex systems is challenging. We propose
a state-space-based causality measure obtained from cross-distance vectors for quantifying interaction strength.
It is a model-free noise-robust approach that requires only a few parameters. The approach is applicable to
bivariate time series and is resilient to artefacts and missing values. The result is two coupling indices that
quantify coupling strength in each direction more accurately than the already established state-space measures.
We test the proposed method on different dynamical systems and analyze numerical stability. As a result, a
procedure for optimal parameter selection is proposed, circumventing the challenge of determining the optimal
embedding parameters. We show it is robust to noise and reliable in shorter time series. Moreover, we show that
it can detect cardiorespiratory interaction in measured data. A numerically efficient implementation is available

at https://repo.ijs.si/e2pub/cd-vec.
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I. INTRODUCTION

Complex systems found in nature can often be considered
as many interacting subsystems. Subsystems are often inher-
ently connected and cannot be considered isolated from each
other, which raises the question of how they interact with each
other. In this article, we propose a method that belongs to
the family of state-space distance approaches. It is capable
of detecting and quantifying interactions in a computationally
efficient way. It can be applied to bivariate time series to quan-
tify the coupling strength in both directions. Furthermore, it is
applicable to both linear and nonlinear coupling.

When considering two subsystems, there are four possi-
bilities for the direction of their interaction. They can be
independent, unidirectionally coupled (in either direction), or
bidirectionally coupled. Another property often of interest is
the nature of coupling, e.g., linear or nonlinear. Additionally,
the coupling can be time-dependent, which poses a new prob-
lem in detecting it. The problem becomes even more complex
in the case of more than two subsystems.

Typically, we measure a subsystem. For example, consider
the system of a human body. We can characterize the cardiac
subsystem by measuring the heart’s electrical activity with
an electrocardiogram. By performing such measurements for
each subsystem, we obtain time series. The goal is to infer
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the direction and the nature of the interactions between the
subsystems from measured time series.

This article shows that the proposed coupling indices can
infer the coupling direction for various regular and chaotic
systems. It can quantify the coupling strength in both direc-
tions for unidirectional or bidirectional coupling. It turns out
to be noise robust and also efficient for shorter time series.
Most importantly, compared to the most prominent state-
space approaches, the proposed indices more accurately and
reliably detect the coupling direction. We discuss the possible
pitfalls of state-space approaches in detail. We present an in-
depth analysis of the behavior of the proposed quantities. As a
result, we propose a procedure of selecting optimal parameter
values, thus achieving a robust performance. In such a way,
we circumvent the problem of optimal embedding parameters
selection. Additionally, we present a means of dealing with
artefacts or missing values. Finally, we test the effectiveness
of the approach on measured cardiorespiratory data.

Related work

Identifying causal relationships arises in different fields
that deal with complex systems. For this purpose, different
methods for detecting coupling between subsystems are be-
ing developed. Some of the most widely used are Granger
causality, information theory, phase dynamics, and state-space
methods. Prominent examples of areas where they are ap-
plicable are physiology [1,2], neuroscience [3], earth system
sciences [4], ecology [5,6], and economics [7,8].

A Dbrief overview of coupling detection methods is
given below. For a more comprehensive overview of the
available approaches, the prospective reader is referred to the
overviews [9,10] and references therein.

Published by the American Physical Society
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Granger causality. Coupling detection methods often fol-
low the idea of Granger causality [7]. The method in the
original work is based on fitting a vector autoregressive model.
Based on this idea, numerous other methods were proposed,
such as partial directed coherence [11], which is a multivariate
frequency approach to the original Granger causality.

Information transfer. A widely used family of methods for
studying interactions is based on information theory. Most
commonly studied is the transfer entropy [12], which quan-
tifies information transfer from one subsystem to another. It
is mathematically equivalent to conditional mutual informa-
tion [13]. It is a model-free method that can detect both linear
and nonlinear coupling. Entropy methods rely on estimating
multidimensional probability distributions, which can be chal-
lenging for shorter time series.

Phase dynamics. For oscillatory systems, methods based
on the oscillation phase can be used. Rosenblum and
Pikovsky [14] proposed a method for quantifying asymmetry
in the interaction between two oscillating subsystems. Phase
transformation can be used together with information mea-
sures to more accurately quantify information flow between
oscillators [15]. Time-frequency approaches can also be used,
such as wavelet phase coherence [16] for detecting linear
interactions, and wavelet bispectral analysis [17] for detecting
nonlinear interactions.

State-space methods. In weakly coupled bivariate systems,
close states of the driven subsystem are mapped to close states
of the driving subsystem. The opposite effect is much smaller.
Different methods quantifying this effect in both directions
have been proposed [18-20].

Bivariate versus multivariate. An important distinction is
between bivariate and multivariate methods. In the case of
more than two interacting subsystems, all of them must be
accounted for when analyzing interactions. This necessity led
to the multivariate approach of many of the mentioned ap-
proaches. Partial Granger causality [21] is an extension to the
Granger causality that excludes the effects of latent variables.
Causation entropy [22] is a measure similar to transfer entropy
that considers multiple variables. Multivariate methods, how-
ever, often lead to the curse of dimensionality, which means
the estimation of multivariate measures becomes increasingly
problematic with an increasing dimension of the measured
system.

II. CROSS-DISTANCE VECTORS

Consider a pair of unidirectionally coupled subsystems

x(@t) = (1), ..., %, (1)) and y(r) = (1(@), ...,y (@)). If
the coupling direction is y — x, their time evolution is
described by

d

Zi” — f.0) +g(x.y), (1a)
dy(t)
7 =h(y,1), (1b)

where g(x,y) is the coupling function. We consider time-
independent coupling functions, though they generally can
depend on time. Our goal is to define a measure for the
magnitude and direction of coupling from the observed time

series. For g(x,y) # 0, the subsystems, and therefore their
trajectories, are not independent.

The trajectories of both subsystems x(¢) and y(¢) are ob-
served at equally spaced times #; = #y + iAt for i € Z. Thus,
we obtain time series of these trajectories [x(¢;) : i € Z] and
[y() : i € Z]. We assume that At is sufficiently small to cap-
ture all the necessary information. The influence of Ar and
potential downsampling are described in detail in Sec. IVE.
Furthermore, we assume that the signals do not contain any
trends, no commensurate frequency components, and other
trivial artefacts that can be easily removed by a simple pre-
processing.

Most often, only one dimension of a subsystem is mea-
sured. Thus, a single time series of length N is obtained.
Therefore, we consider time series of one-dimensional values
and omit the bold notation.

We split the time series into segments of length L. There are
atotal of N — L + 1 segments for each time series. Segments
at a time moment ¢; are defined as

o] = (x(t;), x(tiz1), - .., X(tiyr—1)), 2

o) = (), y(tix1)s - - -, Y(tixr—1))- (3)

Furthermore, let us assume a measure of the similarity of
two segments, i.e., a distance between two vectors

d(0}. ) = |lo} - o} “

We ask two questions:

(1) If two segments of the driven subsystem o; and o} at
times #; and ¢; are similar, are the segments at those times of
the driving subsystem o; and o; also similar?

(i) Inversely, if two segments of the driving subsystem o,
and o’ at times #; and ¢ ; are similar, are the segments at those
times of the driven subsystem o; and o0} also similar?

To clarify, we ask whether the following statements are true
in the coupling direction y — x:

(i) d(of,0}) 0= d(o],0}) =0, (5)

(ii) d(o],07) = 0= d(of,0}) ~ 0. (6)

It is well known that statement (5) is true and (6) is false for
weakly coupled oscillators [18]. We provide an explanation of
why this is the case for different subsystems in Appendix A.
State-space methods take advantage of this property to infer
the coupling direction from measured time series. In what fol-
lows, we propose a measure that quantifies coupling strength
in each direction more accurately than the already established
state-space indices.

A. Cross-distance vector algorithm

First, we construct segments (2) and (3) and choose a
distance measure (4). In this article, we use

L

1
d(0j,0) = | 7 D ltiom-1) =xjpm- )2 (D)

m=1
Next, we construct the distance matrix

D, ij = d(of, o’J‘») 8)

044220-2
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L N—-L+1 N—-L+1
) pe
N — Index Sort i
2, L Dlxj

Os at diagonal

L N_-L+1 (11)
+
e —{Sort rows|—: DIf™*
= DY, (10)

Os at diagonal Sz
’Uy

FIG. 1. Schematic representation of the algorithm for calculating
the cross-distance vector v*~7* in (11).

of size (N—L+ 1) x (N — L+ 1), which contains the dis-
tances between all pairs of segments. We similarly calculate
the distance matrix of the other time series,

D', D) = d(0].0)). ©)

The goal is to rearrange the ith row of D” in the same order

as if the ith row of D* was to be sorted in ascending order. This

is achieved by calculating an index permutation P so that the

ith row is sorted in ascending order under that permutation.

We do this for every row and obtain N — L + 1 permutations.

Now, we sort the ith row of D” according to the permuta-
tion P for all rows, and we obtain the matrix

—X i

D, ij =D; pi(j) - (10)

This matrix highlights whether segments of y are similar at

times at which segments of x are similar. For example, if the

first few elements of the ith row of matrix (10) are the smallest

entries in that row, this indicates that statement (5) is true. To

evaluate this for all rows, we finally average out the rows of
the matrix to obtain the cross-distance vector

, 1 ,
VT = T ZD;_/?-‘. (11)

i

X—>y

Similarly, we calculate the matrix D"~ and the vector v
by inverting the roles of x and y. The vector v’~* can be used
to assess the truth of statement (5) and thus detect coupling
in the direction y — x. Conversely, the vector v*~7 can be
used to assess the truth of statement (6) and thus detect
coupling in the direction x — y. The complete algorithm is
schematically shown in Fig. 1.

It should be noted that the first entry vy " of cross-distance
vectors (11) will always be precisely zero due to zero diag-
onals of the distance matrices. So, v{ " is the first nonzero
entry. In the subsequent analysis, we will always omit the zero
values in graphs.

B. Coupling index

We can define two coupling indices to quantify coupling
strength in each direction. Ideally, an index is zero when there
is no coupling and increases with increased coupling. Let us
again consider unidirectionally coupled subsystems (1). Mind

(a) ——
3 -
8
7
D
2 2F —— No coupling
Weak coupling
Strong coupling
1 1 1 1 1
(b)
> 3F
7
8~
® —— No coupling
2k Weak coupling
Strong coupling
1 1 1 1
0 500 1000 1500 2000
J

FIG. 2. A generic example of the behavior of cross-distance vec-
tors v”~* and v*~” in different limits of the coupling strength. The
direction of coupling in the example is y — x. The orange arrows
represent increasing coupling strength for the three weak-coupling
examples. Note the appearance of tails in the beginning of v’~~, but
not in v*77.

that the coupling direction is y — x, i.e., x is the driven sub-
system and y is the driving subsystem. Consider three limits of
the coupling strength: no coupling, weak coupling, and strong
coupling. The general behavior of cross-distance vectors in
these limits is shown in Fig. 2.

The two subsystems x and y are independent if there is no
coupling, i.e., g(x,y) = 0 in (1a). Therefore, one subsystem’s
sorting permutation P is random for the subsystem y, and the
cross-distance vector (11) is expected to be roughly constant.
In the limit of infinite time series, both v”~* and v*~Y will be
constant. There are examples in which this is not the case (e.g.,
uncoupled subsystems that contain an oscillatory component
with the same frequency), but these are exceptions.

In the limit of strong coupling, the term g(x,y) in (la)
causes the subsystems to synchronize. In this case, the cross-
distance vectors generally cannot be used to infer the coupling
direction.

If there is weak coupling in the direction y — x, the
values of v”7* change significantly from a constant since
statement (5) is true. The beginning of v”~* decreases [note
the initial tails in Fig. 2(a)]. Apart from this initial tail, the
bulk of v”~* remains roughly constant (though often gains an
increasing trend). Conversely, the other cross-distance vector
v*77 stays roughly constant without the initial tail since state-
ment (6) is false. This is shown in Fig. 2(b).

The decrease in the initial values of v’ is what allows
us to detect the coupling direction from the cross-distance
vectors, since the tail is present due to the term g(x,y) # 0 in
Eq. (1a). Note that if a similar term also exists in (1b) (which
means that coupling is bidirectional), the initial values of both
cross-distance vectors v”~* and v*~” exhibit an initial tail. To
obtain the coupling indices, i.e., two values quantifying the
detected coupling strength in each direction, we must some-
how quantify this effect. While this can be done in different
ways, we propose a simple but effective approach.

044220-3
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We define the coupling index ¢~ ¥, which quantifies cou-
pling strength in the direction y — x, as the normalized
difference between the means of v; " for small j and for
larger j,

ot~ Vidg
cy%x: ]+12<_> K1 , 12
Vly:kzx ( )
where
1 J
—X y—> X
e D DL (13)

it 14—

k=i

The possible range of kj and kp is 1 < kj <k, <N — L.

To quantify coupling strength in the other direction, we
calculate ¢*~” by swapping x and y. Defined in this way,
coupling indices are zero in the absence of coupling and
increase with increasing coupling strength (at least in the limit
of weak coupling). Due to normalization, indices will roughly
range from O to 1. They can be slightly negative if there is no
coupling due to finite time series, as seen in most examples
in this article. This is, however, not a problem, as a negative
index can be taken as a strong indicator of the absence of
coupling.

The purpose of Eq. (12) is to quantify the prominence of
the initial tail. The parameter k; defines the part of v*~* that
includes only the initial tail. Conversely, k, defines the subse-
quent part, where the rate of increase of v”~* is significantly
smaller.

One might argue that this selection is arbitrary. Other
options, such as kurtosis, could be explored to quantify the
prominence of the initial tail. For simplicity, we quantify
coupling strength with (12) in the subsequent analysis.

Related state space causality measure. From the family
of the state-space approaches, our index (12) is closest to
MY |X) [19]. It will therefore be compared to and used as
a benchmark to test the reliability of the proposed indices c.
Using our notation, M (Y |X) is defined as

N—L+1 &
1 Ri(Y) — RE(Y|X)
MY |X) = > —— (14
N—L+1 & R(Y)-RKY)
where
1 N—-L+1
R =5—7 2 Dip (152)
J=1j#
1 k+1
k _ 2 —>y
Ri(Y) =+ > D, (15b)
j=2
1 k+1
k _ y—>X
RE(Y1X) = - > D (15¢)
=2

Roughly speaking, M (Y |X) quantifies the mean of the initial
tail of v”~* compared to the mean of the whole vector, which
is highly influenced by possible trends in the vector. This
undesired property is also present in other state-space mea-
sures. On the other hand, the indices (12) quantify only the
prominence of the initial tail, ignoring possible trends and thus
resulting in smaller values in the direction without coupling,
which is desired.

1.0 F
8
r_os8r —— €=10.00,c¥7* = —0.01
s € = 0.05, Y% = 0.05
—— €=10.10,cY7" = 0.10
0.6 — €=0.40,cY7% =0.17
1ot () J
2 |
T_o09F —— €= 0.00,c" Y = —0.01
s € = 0.05, Y = —0.01
i e A WO 11
0.8 € = 0.40, c* Y = —0.01
1 1 1 1 1 1
0 2000 4000 6000 8000 10000
J

FIG. 3. The cross-distance vectors for the system of two cou-
pled harmonic oscillators (18). The system parameters are w; =
0.83, w, = 2.11, the time series parameters are N = 10*, At = 0.05,
the segment length is L = 10, and the coupling index parameters are
ki = 100, k, = 1000.

C. An example

Consider the system of analytically solvable unidirection-
ally coupled harmonic oscillators,

¥ = —wlx+ ey —x), (16)
§ = —wiy. (17)

The coupling direction is y — x. The solutions to these

equations are oscillations with frequencies w, and \Jw} + €.
For example, given the initial conditions x(0) =1, x(0) =
0, y(0) =1, y(0) = 0, the solution is

x(t) = . 5 (e cos(wyt)

+of - o
+ (0f — w3) cos (y/ € + w?t)),
y(t) = cos(wyt). (18)

Since we have the analytical solution, we can verify state-
ments (5) and (6) directly.

Two segments of x will be similar when the phases of
both of its oscillatory components will match, one of them
being cos(w,t). Since this is also the component of y(z), its
segments at those times will also be similar. This confirms
that the statement (5) is indeed true.

If two segments of y(¢) are similar, the phase of only one
oscillatory component of x(¢#) will match. In contrast, the
phase of the other component can take any value [unless the
frequencies of the components of x(¢) are commensurable,
which is an exception]. This confirms that the statement (6)
is indeed false.

Numerically calculated cross-distance vectors are shown in
Fig. 3. As expected, the beginning of v"~* is significantly
smaller than the bulk [Fig. 3(a)], and v*~” stays roughly
constant at nonzero coupling [Fig. 3(b)].
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Additionally, Fig. 3 shows that the coupling index of the
direction of coupling ¢”~* increases with increased coupling
parameter €. In contrast, the coupling index in the direction
without coupling ¢*~” remains roughly constant. By simply
comparing the values, we can correctly determine the cou-
pling direction.

We also notice that the end of v»”~* has larger values
than the bulk of the vector, which indicates that a statement
similar to (5) is also true for dissimilarity: if two segments
at times #; and ¢; of the driven subsystem are very dissimilar,
the segments at these times of the driving subsystem are more
likely also to be dissimilar. This opposite effect is, however,
not as expressed and does not appear in all systems.

When numerically calculating the cross-distance vectors,
we added Gaussian noise A(0, 02 = 10~*) to the time se-
ries. In noiseless periodic systems, cross-distance vectors can
exhibit periodic oscillations. By adding small noise, they dis-
appear, and the vectors behave the same as in chaotic systems.
We still used this example due to the availability of the analyti-
cal solution. In practice, periodic systems are of lesser interest
and always contain noise.

In the following section, we will present a numerical anal-
ysis that shows that cross-distance vectors can be used to
determine the direction of coupling in different systems.

III. DIFFERENT SYSTEMS ANALYSIS

The previous section shows that the cross-distance vectors
can detect the coupling direction in the coupled harmonic
oscillators system. Here, we will show that detection is pos-
sible not only for regular subsystems but also for discrete
chaotic subsystems and for autonomous and nonautonomous
continuous chaotic subsystems. For an overview on chaotic
dynamical systems, the reader is referred to [23,24]. We chose
systems that have already been analyzed with a coupling
detection method. The indices M (Y |X) and M(X|Y) will be
shown next to ¢~* and ¢*”. At the end of this section, these
two methods will be compared.

A. Hénon maps

The Hénon map is a discrete-time dynamical system.
Based on the values of its two parameters a and b, it can be
chaotic or converge to a periodic orbit. We choose the most
commonly studied map with parameter values a = 1.4 and
b = 0.3, which yield chaotic dynamics. Two unidirectionally
coupled maps are defined by four equations. The driven sub-
system is described by

x; = a— (exiyr + (1 — )x7) + bxy, 19)
Xy = Xxi, (20)
and the driving one by
Yy =a—yi+by, @1
¥y =1 (22)

The coupling direction is y — x. This system was analyzed
in [25]. We choose time-series length N = 2 x 10* and seg-
ment length L = 10. The cross-distance vectors at a few
values of the coupling parameter € are shown in Fig. 4. They

2F /
ET% = 0.00,c¥ % = —0.00
I = 0.05,c¥ ™% = 0.16
) =0.25,cY 7% = 0.49
=0.50,cY7% = 0.59
=0.75,c¥Y 7% = 0.85
9 =1.00,c¥ % = 0.89
_—
? —— €=10.00,c"7Y = —0.00
N e =0.05,c* Y = —0.00
> — €=0.25,c"7Y =0.01
—— €=0.50,c"7"Y =0.01
— €=0.75,cT7Y =0.79
0 — € =1.00,c*7Y = 0.89
- 1

0 5000 10000 15000 20000

J

FIG. 4. The cross-distance vectors for unidirectionally coupled
Hénon maps at different values of the coupling parameter €. They
are obtained from the time series of the subsystems’ coordinates x;
and y; and with segment length L = 10.

behave as expected. In the absence of coupling, they are
both constant. For weak coupling, the initial values of v>~~*
decrease with increased coupling, while this does not happen
with v*7Y. For strong coupling, both »”~* and v*~” lose the
straight shape, and the coupling direction cannot be inferred
from them.

The dependence of the coupling indices ¢*~” and ¢~
on the coupling parameter € is shown in Fig. 5(a). In the
absence of coupling, both coupling indices are close to zero.
With increased coupling, ¢*~" increases for small values of
€. The other coupling index ¢*~” is close to zero until the

1.0

(a)
© 0.5 i
Py
— M(X]Y)
0.0 b L e ? — M(Y|X)
Yy—x
g 10°r MY|X)
° [ |M(X|Y)|
35 |
< \
= 101 [
|
1 1 1 | . !

0.0 0.2 0.4 0.6 0.8 1.0
€

FIG. 5. The indices ¢*~*, ¢*77, M(Y|X), and M(X|Y) (a), and
index ratios (b) for unidirectionally coupled Hénon maps at different
values of the coupling parameter €. The coupling indices ¢ were
calculated by (12) with k; = 10, k&, = 100, and the indices M were
calculated by (14) with k = 10.
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synchronization threshold at € & (0.75. Therefore, the cross-
distance vectors can be used to infer the coupling direction in
unsynchronized Hénon maps correctly.

B. Rossler systems

The Rossler system is a system of three nonlinear ordinary
differential equations, which define a chaotic continuous-time
dynamical system. Two coupled Rossler subsystems are de-
fined by six equations. We chose the same parameters for
the subsystems as in [13]. The driven subsystem is thus
described by

X1 = —0.985x; — x5 + €(y; — x1), 23)
X, = 0.985x; + 0.15x,, 24)
X3 = 0.2 + x3(x; — 10), 25)

and the driving subsystem is described by

yi = —1.015y; —y3, (26)
y2 = 1.015y; + 0.15y,, 27)
¥3 = 0.2 4 y3(y1 — 10). (28)

Coupling is unidirectional in the direction y — x. It should
be noted that the first subsystem is in a regular regime for
€ =0, and in a chaotic regime for € > 0, while the second
subsystem is always chaotic. Therefore, we omit analysis at
zero coupling.

Time-series parameters are N = 2 X 10*, At = 0.5. The
system integration was done with the Runge-Kutta 4 inte-
grator with time step 0.01. We choose the time series of the
subsystems’ coordinates x; and y; and segment length L = 20
for the calculation of the cross-distance vectors.

The behavior of the cross-distance vectors for a few values
of the coupling parameter € is shown in Fig. 6. It is similar to
the examples seen so far. For weak coupling, the initial values
of v~ decrease from the bulk, while v*~” stays roughly con-
stant. For strong coupling, both subsystems become identical,
and so do both cross-distance vectors.

The dependence of the coupling indices ¢*~Y and ¢~ on
the coupling parameter € is shown in Fig. 7(a). Similar to
the previous example, ¢’ increases with increased coupling
strength while ¢*~ stays close to zero. At € & 0.15, synchro-
nization occurs, and the coupling direction can no longer be
inferred from the coupling indices.

This analysis shows that the cross-distance vectors can
again be used to infer the coupling direction in unsynchro-
nized Rossler subsystems correctly.

C. Duffing systems

The Duffing system is a periodically forced nonlinear os-
cillator with damping. It is a nonautonomous continuous-time
dynamical system. It can exhibit chaotic or periodic dynamics
based on the values of its parameters. We chose the parameters
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FIG. 6. The cross-distance vectors v»”~* and v*~” for unidi-
rectionally coupled Rossler subsystems at different values of the
coupling parameter €. They are obtained from the time series of the
subsystems’ coordinates x; and y; and with segment length L = 20.

of the two subsystems the same as in [26], resulting in coupled
chaotic subsystems. They are described by

4028 —x 4+ x° = 0.3cos(t) + €,(y — x), 29)
54039 —y+y =0.5¢c08(1.2t) + e2(x —y).  (30)

We consider a unidirectional case with €, = 0 and a bidirec-
tional case with €, = 0.1.

Time-series parameters are N =5 x 10* and At =0.5.
The system integration was done with the Runge-Kutta 4
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FIG. 7. The indices ¢*~*, ¢, M(Y|X), and M(X|Y) (a), and
index ratios (b) for unidirectionally coupled Rossler subsystems at
different values of the coupling parameter €. The coupling indices ¢
were calculated by (12) with k; = 10, k, = 100, and the indices M
were calculated by (14) with k = 10.
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FIG. 8. The indices ¢*, ¢*7Y, M(Y|X), and M(X|Y) (a) and
index ratios (b) for unidirectionally coupled Duffing subsystems at
different values of the coupling parameter €;. The coupling indices
¢ were calculated by (12) with k; = 10, k; = 100, and the indices M
were calculated by (14) with k = 10.

integrator with a time step of 0.01. The time series of
the first coordinates (positions) and segment length L = 20
were chosen for calculating the cross-distance vectors. Since
the behavior of the cross-distance vectors is very similar to
the above examples, here we only consider the coupling index
dependences.

The dependence of the coupling indices ¢*~~ and ¢~ on
the coupling parameter €, is shown in Fig. 8(a) (unidirectional
case) and Fig. 9(a) (bidirectional case). In the unidirectional
case, ¢”~* again increases with increased coupling strength
while ¢*7Y stays close to zero. Synchronization occurs at
around €; ~ 0.75. Therefore, cross-distance vectors can also
be used to infer the coupling direction in nonautonomous
Duffing subsystems correctly.

In the bidirectional case, ¢*~Y always has a positive value,
while ™% increases with increased €, similar to the uni-
directional case. At around €; = ¢, = 0.1, the values of the
coupling indices are the same. Therefore, cross-distance vec-
tors can also be used to quantify coupling strength in each
direction in bidirectionally coupled subsystems.

D. Comparison to established indices

We have discussed the behavior of the dependences of
the coupling indices on the coupling parameter for various
systems. The comparison between the coupling indices ¢ and
the established indices M is shown in Figs. 5(a), 7(a), 8(a),
and 9(a). Both index variants were obtained from the same
segments. The choice of the parameter k in (14) was done in a
similar manner as the choice of k; in (12). It turns out that the
optimal value of k is similar to the optimal value of k;. This
is not surprising since k; is chosen such that it captures the
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FIG. 9. The indices ¢*™*, ¢*7¥, M(Y|X), and M(X|Y) (a) and
index ratios (b) for bidirectionally coupled Duffing subsystems at
different values of the coupling parameter €, and at €; = 0.1. The
sudden increases in all the indices, seen in four values of €;, are
due to system bifurcations. The coupling indices ¢ were calculated
by (12) with k; = 10, k; = 100, and the indices M were calculated
by (14) with £ = 10.

initial tail, much like k. In all of the examples in this article,
ki =k = 10.

In the unidirectional cases, both indices behave similarly
in the sense that in the direction y — x, they increase with
increased coupling, while the index in the other direction stays
close to zero.

An important difference is between ¢*~> and M (XY ). Ide-
ally, these indices should be zero when the coupling direction
is y — x. The new index ¢*~Y is significantly smaller than
M(XY). Most importantly, the ratio ¢>7*/c*™Y is signifi-
cantly larger than the ratio M (Y |X)/M (XY ), which is shown
in Figs. 5(b), 7(b), and 8(b). As explained in Sec. IIB, the
summation in (15a) goes up to N — L + 1, which captures the
increasing trend seen in the cross-distance vectors and leads
to larger values of M(X|Y).

Ideally, the index ratios should be infinite. By comparing
the coupling indices, the coupling direction is more accurately
determined with the ¢ indices.

In the bidirectional case, the main difference between the
two methods is in the indices of the direction x — y. Ideally,
they should be constant since €; = 0.1 is constant. The cou-
pling parameter ¢*~” does vary slightly, but less than M (XY ).
Interestingly, bifurcations have a small impact on the coupling
indices ¢ and a large impact on M.

IV. NUMERICAL STABILITY

We have shown that the cross-distance vectors can detect
the coupling direction from measured time series. In this
section, we will discuss the numerical stability and parameter
selection of this method. All the analysis will be done on the
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test system of unidirectionally coupled Duffing subsystems
with the coupling parameters €; = 0.1 and €, = 0, where the
system integration is done with the Runge-Kutta 4 integrator
and then sampled at Ar = 0.5. As in the previous section,
the position coordinates’ time series will be used to obtain
the cross-distance vectors. We chose this system because it
consists of continuous chaotic subsystems, a property com-
monly found in real systems. However, analysis of all systems
in Sec. III gives similar results. The analysis in this section fo-
cuses solely on the cross-distance vectors and the new index c.
A detailed comparison of numerical properties of the indices
c and M is done in Appendix B.

A. Time-series length

An important property is the convergence of the cross-
distance vectors with the length of the time series N. In
Fig. 10, the dependence of the cross-distance vectors on the
length of the time series N is shown at constant L = 20.

The beginning of the cross-distance vector v’ ~* is signif-
icantly smaller than the bulk, i.e., the vector has an initial
tail. By increasing N, the first point (represented by the black
line) lowers even further from the bulk, which is desired.
This happens because any entry of the cross-distance vector
v’ cannot be smaller than the smallest entry of the distance
matrix (9), since the vector entry itself is an average of these
distances. When dealing with a finite number of segments
(finite N), the smallest distance between a pair of segments
will be a finite value. With increased N, the smallest distance
(most likely) decreases due to a bigger number of segments.
Thus, the lowest possible value of the cross-distance vector
also decreases, and so do the initial values of v’~*. This
means that coupling is easier to detect for longer time series.
In the limit N — oo, the initial values of v’~* would reach
Zero.

In the opposite direction with no coupling, the effect is
opposite. The initial values of v*~Y converge towards the bulk
of the vector, i.e., there is no initial tail, which is also desired.
This means that at large enough N, no coupling is detected in
the direction with no coupling.

Another behavior we notice from Fig. 10 is the change of
the whole shape of the cross-distance vectors. Their smooth-
ness increases with increased N, and they seem to converge to
a particular shape (which depends on the system).

To sum up, by increasing the length of the time series
N, the reliability of this method increases. For large enough
N, the coupling will not be detected in the direction without
coupling, and it will be detected in the direction of coupling.
Interestingly, the coupling direction is reliably inferred in
short time series that contain only about 40 oscillations.

B. Algorithm parameter dependence

We use the same test system for this analysis. The time-
series length is N =2 x 10*. The only parameter of the
cross-distance vectors algorithm is the segment length L.
Figure 11(a) shows the dependence of the first points and
of the mean of the cross-distance vectors on the segment
length L.
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FIG. 10. The dependence of the cross-distance vectors v*~* and
v on the length of the time series N. The blue lines represent
the cross-distance vectors at a certain N (these are the same lines as
in, for example, Fig. 2). The black lines represent the values of the
first points of the cross-distance vectors. For a better visibility, six
cross-distance vectors are highlighted and have N that is written in
the figure ticks. The scale on the N axis is logarithmic. The i axis
of each plotted cross-distance vector was normalized to i/N (a value
between 0 and 1) for a simpler comparison.

The value of the first point v} generally decreases with
increasing L up to L ~ 200. Since the mean values of both
cross-distance vectors increase only by a little with increasing
L, this indicates that the significant change is in the initial tail.
In the other direction, v; "~ stays close to the mean vpmey until
it starts to decrease at around L ~ 50. This is reflected in the
coupling indices ¢>~* and ¢*~”, the dependence of which is
shown in Fig. 11(b). It tells us two important properties.

First, we notice that ¢”~* does not detect coupling for
L = 1. This is because, at L = 1, the subsystems are not
well reconstructed with the segments. The Takens’ embedding
theorem [27] gives a minimum dimension of delay embedding
vectors needed for reconstructing a system’s attractor. It is
2n + 1, where n is the system dimension (though often, less
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FIG. 11. The dependence of the first points and the averages of
the cross-distance vectors (a) and the coupling indices (b) on the
segment length L. Coupling indices were obtained with Eq. (12) with
ki = 10 and k, = 100.

than that is needed). For Duffing subsystems in our exam-
ple, L = 1 does not reconstruct the attractor, which results in
falsely not detecting coupling.

Second, we can see that for L > 1, ¢”~* is significantly
larger than ¢*~” and generally increases with increased L,
except for a local maximum at L = 10. The other index ¢*~”
stays close to zero until L &~ 50, where it starts to increase vis-
ibly. This means that a too large L results in falsely detecting
coupling. The inherent similarity of neighboring segments is
the reason for false coupling detection in the direction x — y
at L > 50.

The similarity between segments will generally decrease if
we increase segment length L. This becomes obvious when
we notice that with increased L, more dimensions of seg-
ments must match to maintain high similarity. However, the
neighboring segments o7 and o7, are autocorrelated and will
therefore always be very similar for any L. This can be seen
from the definition of the distance measure (7).

Therefore, when L becomes large enough, the closest seg-
ment to of will most likely be o7 (or o;_,). The same will
hold for segments of the other subsystem, i.e., the closest to
o; will most likely be o7, ,. This makes it seem as if both
statements (5) and (6) are technically correct (but only for
time autocorrelated segments), regardless of whether there is
coupling. This is the reason for the increase of c*~ at L ~ 50
in our example. It shows that L cannot be too large as it can
result in falsely detecting coupling. A more detailed analysis
of this effect is done in Appendix C. Guidelines for tuning this
parameter are given in Sec. [V E.

The detected coupling direction turns out to be robust
with respect to the choice of k; and k, when calculating the
coupling indices. The general rule is that k; should contain
the initial tail, which contains the information about coupling.
The choice of k; is significantly less important. In this article,
we chose 10k; < k; < 100k;, though smaller and larger val-
ues give similar results. The point is that k, must be much

() L=10

 —— CUHI

ciE—)y

FIG. 12. The noise dependence of the coupling indices ¢*~* and
¢*Y with segment lengths L = 10 (a) and L = 30 (b). Coupling
index parameters are k; = 10 and k, = 100.

smaller than N. An analysis of the influence of k; and k;
values on the indices ¢ is done in Appendix D.

C. Noise dependence

Let us consider the noise robustness of this method. We
use time series of the same test system. The time-series length
is N =5 x 10*. We add Gaussian noise to each point of the
time series x(#;) — x(t;) + &, & ~ N(0, 0?), where o is the
standard deviation of the noise.

In Fig. 12, the dependence of the coupling indices ¢~ * and
"7 on o is shown. As one might expect, the reliability of the
detected coupling direction decreases with increased o. For
L = 10, the index ¢~* decreases to zero at around o ~ 0.4,
and for L = 30 at around o ~ 0.7, which is more than a third
of the subsystems’ amplitudes. The other index ¢*~” is close
to zero for all values of ¢.

Noise robustness can be further increased by increasing L.
However, one must be careful not to increase it to the point
of false detection, explained in Sec. IV B. This method is,
therefore, quite robust to noise.

D. Robustness to artefacts and missing data

Measurements can contain artefacts, such as spikes, or
have missing values for a time period. Coupling detection in
such data can be problematic. Coupling indices are resilient to
such imperfections in time series.

The solution is to delete the distance matrix elements
whose values were obtained from segments with artefacts or
missing values. This is done by deleting the corresponding
rows and columns, decreasing the matrix size. They must be
deleted from both distance matrices, even if the artefact is
only present in one time series. This allows us to ignore any
unwanted sections of either time series, making this approach
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FIG. 13. Cross-distance vectors obtained from clean data (C) and
from data with artefacts (A). v’~* is shown in (a) and v*~” is shown
in (b). The j axis of each plotted cross-distance vector was normal-
ized to j/N (a value between 0 and 1) for a simpler comparison. Note
that the vectors obtained from clean data and from data with artefacts
are nearly indistinguishable. The index values obtained from clean
data are ¢"7* = 0.268, ¢*7¥ = 0.000, M(Y |X) = 0.407, M(X|Y) =
0.052. The index values obtained from data with artefacts are ¢*7* =
0.263, ¢ = —0.001, M(Y|X) = 0.385, M(X|Y) = 0.049.

very flexible. The only requirement is manually choosing the
time-series points to ignore.

To give an example, consider the time series of the
same test system. The time-series length is N = 5 x 10*. We
change the values of x between points 5000 and 9000 and the
values of y between 30000 and 36 000 to random values to
simulate artefacts. Therefore, when computing the distance
matrices, we ignore 4000 + 6000 = 10 000 rows and columns
(which will result in cross-distance vectors with 10 000 fewer
points). Let us compare cross-distance vectors, ¢ indices, and
M indices obtained from clean time series and time series
containing artefacts.

The results are shown in Fig. 13. The cross-distance vectors
obtained from clean data and data containing artefacts are
nearly indistinguishable. The ¢ and the M indices are also
nearly the same. The difference in ¢ is seen in the third
decimal. The difference in M is larger but still small. This
shows that state-space approaches are resilient to artefacts and
missing values.

E. Practical computational details

In this section, we will briefly discuss the practical aspects
of the algorithm and provide a suggestion that can prove
useful.

Tuning the L parameter. For this purpose, we can use
the large similarity of neighboring segments (explained in
Sec. IV B). For a chosen L, we can check whether the closest
segment is often one of the neighbors, i.e., whether the dis-
tance matrices (8) and (9) have very small subdiagonals. If at
least one of them does, we must lower L until subdiagonals
have similar values to the rest of the matrices since small
subdiagonals lead to false detection. This gives the maximal
possible value Ly,x. In practice, we recommend a value close

to the maximal Ly, for example, Lyax/2, since larger L
generally gives more accurate and noise-robust results.

Neighboring segments. In some cases, especially in time
series with a large sampling rate (small time step At), lower-
ing L cannot adequately raise the values of the subdiagonals.
If the time step is very small, the neighboring segments will
be autocorrelated and will therefore always be very close such
that d(o;, o7 1 ) — 0. This can lead to false coupling detection,
as explained in Sec. IV B. We propose two solutions.

The first solution is to downsample the signal. The neigh-
boring segments become less similar by increasing the time
step At. We must downsample the time series to the point
where neighboring segments are no longer the most similar,
i.e., when the subdiagonal values of the distance matrices are
no longer small compared to the rest of the values.

The second solution is manually decreasing the dimensions
of the distance matrices. This is needed in a case where
downsampling is not an option. One such example is stiff
subsystems, i.e., subsystems that contain small and large
frequency components. In such cases, downsampling can
erase the high-frequency component (and thus erase possibly
crucial information) but still not raise the values of the subdi-
agonals. For this purpose, we suggest an alternative approach.
We can only calculate every Mth value of the full distance
matrices, i.e., we construct them from every Mth segment.
Choosing M large enough ignores the (small) subdiagonals
that appear in full matrices.

Both approaches should be done with a fixed L, for exam-
ple L = 5. Once the subdiagonals are adequately raised, the
chosen approach can be repeated for a larger L. If successful,
the larger L should be taken for better accuracy and noise
robustness.

Both approaches ignore small subdiagonals that would
appear in full matrices, as well as other values that can
be redundant. For example, a full matrix contains ele-
ments d (o], 0}‘-) and d (o7}, o’j +1)» which have similar values if
d(0},07,,) ~0.

The downsampling approach is computationally more effi-
cient, as it effectively decreases segment length L. Therefore,
if possible, it should be chosen over manually decreasing
dimensions.

Time and memory limitations. In a time series of
length N, the computational complexity of the algorithm is
O(N?10g(N)) due to the sorting of all rows of the distance
matrices. As the previous paragraph explains, downsampling
the original time series is recommended since it significantly
decreases the execution time.

Furthermore, the matrices D* and D*™* can, in practice, be
too large to store in computer memory. To avoid this, the rows
of the matrices (8) and (9) can be calculated individually to
obtain a single row of D*~*. One summation in (11) is done
for each row, and the cross-distance vector is obtained by only
storing a few sets of data of size N — L + 1 at once.

GPU implementation. Since the algorithm is based on
matrix operations, GPU devices can significantly decrease
the execution time. For this purpose, we are providing a
GPU-based implementation written in Python using the JAX
library [28]. A time-efficient and memory-efficient implemen-
tation is available at [29].

044220-10



64 Chapter 5. Improving the Accuracy of State Space Measures

DIRECTIONAL COUPLING DETECTION THROUGH ...

PHYSICAL REVIEW E 107, 044220 (2023)

1.0
(a)
0.5
S
0.0 |
~05
(b)
8
<6l
4 F
(c)
0.5 |
S
0.0 |
6
(d)
< 4t
1 1 1 1
0 5 10 15

t[s]

FIG. 14. A part of the ECG and respiration signals used for
analysis. Label C means ECG, and label R means respiration. R; and
C, were measured simultaneously on one subject, and R, and C, were
measured simultaneously on another subject. Time-series parameters
are N = 172800 and Ar = 9—16s, corresponding to a measurement
time of 30 min.

V. APPLICATION TO PHYSIOLOGICAL SIGNALS

In this section, we will apply the cross-distance vectors
algorithm to time series of physiological measurements. The
goal is to show the applicability of cross-distance vectors to
real-life systems. We will analyze coupling in the human car-
diorespiratory system. The cardiac subsystem is characterized
by ECG (electrocardiogram), and the respiratory subsystem
by respiration curves obtained with a respiratory belt sen-
sor. These subsystems are inherently bidirectionally coupled,
i.e., both subsystems depend on each other. A survey of the
mechanisms responsible for this dependence is given in [30].
Specifically, we will investigate coupling in the direction from
the respiratory to the cardiac subsystem, which we label with
R— C.

The signals used in the analysis are shown in Fig. 14. Thirty
minutes of ECG and respiration curves were measured on two
subjects. In such a way, we obtain two pairs of signals, marked
Ry and C; for the first subject and R, and C, for the second
subject.
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FIG. 15. The first 1000 points of the cross-distance vectors in the
direction from the respiratory to the cardiac subsystem. In (a) and (b),
the analyzed signals belong to the same subject, while in (c) and (d),
they are independent. The segment length is L = 20. Dimensions of
distance matrices were decreased by a factor 20.

The most dominant frequency component in ECG signals
is around 1 Hz. The R peak is, however, very short, which
means this subsystem is stiff. Therefore, we do not downsam-
ple the time series but rather manually decrease the distance
matrix sizes by a factor M, as explained in Sec. IV E. In this
case, we chose M = 20, which means we are comparing seg-
ments that are apart by a multiple of M At = 20/96s ~ 0.2s.

Figures 15(a) and 15(b) represent cross-distance vectors
for Ry — C; and R, — C;. In these cases, ECG and respi-
ratory signals belong to the same person and were measured
simultaneously. Therefore, we expect to detect coupling. In-
deed, the cross-distance vectors have an initial tail, suggesting
coupling is present in the underlying subsystems.

Figures 15(c) and 15(d) represent cross-distance vectors
for Ry — C; and R; — C,. Since the signals belong to differ-
ent subjects that are inherently independent, we do not expect
to detect coupling. Indeed, the cross-distance vectors do not
have an initial tail, suggesting no coupling in the underlying
subsystems.

Let us compare the ¢ indices, obtained with parame-
ters k; = 10, k, = 1000. The indices ¢®~¢ = 0.105 and
c®~C =(0.176 are nearly two orders of magnitude larger
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than =€ = —0.0004 and c®~¢ = —0.006. This means
that coupling indices have significantly larger values when the
coupling is present in the underlying subsystems than when
the subsystems are independent. Coupling indices ¢®2~¢t and
cfi=€ even have a small negative value, which is a strong
indication of the absence of coupling.

For comparison, the M indices were also computed with
parameter k = 10. They were computed from the same dis-
tance matrices as the ¢ indices, i.e., matrices obtained by
comparing every 20th segment with L = 20. The obtained val-
ues are M(R;|C,) = 0.150, M(R,|C;) = 0.254, M(R,|C}) =
—0.003, and M(R,|C;) = —0.009. The M indices also cor-
rectly detect the existence of coupling in the first two cases
and have a small negative value in the second two cases.

When considering the coupling indices ¢ in an application,
it should be noted that they require the time series to belong to
a dynamical system that can be reconstructed with time-delay
embedding. Otherwise, approaches such as Granger causality
or information transfer are more suitable. However, contrary
to the indices c, these approaches may not be reliable in short
time series. To sum up, the new coupling indices ¢ excel in
causality detection from bivariate time series generated by a
dynamical systems, especially in short signals.

VI. CONCLUSION

In this article, we have defined cross-distance vectors as
a means of inferring the direction of coupling from bivariate
time series, and we provided an algorithm for calculating
them. Cross-distance vectors provide information about cou-
pling by calculating two coupling indices, which quantify
coupling strength in both directions.

The new coupling indices can infer the coupling direction
in various coupled dynamical systems. Comparing the new
coupling indices to the conventional indices based on state-
space distance shows more accurate results with the presented
approach. Analysis of numerical stability has shown that the
reliability of the new indices increases with the length of the
time series but is also reliable in short time series, containing
only about 40 oscillations. The performance of the coupling
indices was also evaluated in detecting cardiorespiratory in-
teraction in measured data.

The algorithm has a simple implementation that requires
the choice of only a maximum of three parameters. The
selection of the optimal parameters’ values can be made
systematically, which results in robust performance and cir-
cumvents the challenge of determining optimal embedding
parameters. A numerically efficient implementation is avail-
able at [29].

A logical continuation is an extension of the new method
for inferring connections in a network of multiple subsystems.
Should the multivariate extension be as effective as the bi-
variate variant, it could become an essential tool in analyzing
complex multivariate problems such as brain connectivity.

The data that support the analysis of this article have been
generated by the authors and can be fully reproduced from the
repository in Ref. [29].
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APPENDIX A: MAPPING OF CLOSE STATES

In what follows, we will provide an argument to illustrate
why close states in the driven subsystem are mapped to close
states in the driving subsystem for various subsystems with
different properties.

One might assume that the statement (5) is false and the
statement (6) is true. It may seem that the times when the
driving subsystem is self-similar will appear as times of large
self-similarity in the driven subsystem via coupling. Hence (6)
is true. Since this logic does not apply in the other direction,
one might expect that the statement (5) is false. This is, how-
ever, not the case. In a special case under two assumptions,
we provide an analytic argument. For a more general case, we
will provide a heuristic argument.

Special case. Consider that two segments of the driven
subsystem o; and o} are identical (this is only possible for
subsystems in a regular dynamical regime),

X(tipr) = x(tj 1),

k=0,1,...,L—1. (A1)

If the subsystem coordinates match over a time period, their
time evolution must also match. The first assumption is that
[ is time-independent, which gives us the following L equa-
tions:

Sti) + gx(tivk), y(tivk))
= fx(tj1) +8x(tj1), y(tjsx)),

k=0,1,...,L—1. (A2)
Additionally, from (A1) it follows that
S @) = f(x(tj10)), (A3)
k=0,1,...,L—1.
Combining (A2) and (A3) gives us
gOx(tii), y(tiri)) = gx(tj1), Y(tj14)),
k=0,1,...,L—1. (A4)

Since (A1) holds, we can consider the first argument of g as
constant and define k functions

B (tir)) = gx(tivr),  y(Etizk)),

k=0,1,...,L—1. (A5)

The second assumption is that functions g(y(#;4«)) are injec-
tive. If this is the case, from (A4) it follows that

Y(irr) = y(Ejri)s

k=0,1,...,L -1 (A6)

044220-12



66 Chapter 5. Improving the Accuracy of State Space Measures

DIRECTIONAL COUPLING DETECTION THROUGH ...

PHYSICAL REVIEW E 107, 044220 (2023)

This means that statement (5) is true. This argument does not
work in the other direction with swapped x and y, since y does
not depend on x, i.e., there is no coupling function in the time
evolution of y. Therefore, the statement (6) is false.

General case. We argue that if the subsystems are suffi-
ciently nice, this also holds without the two assumptions if
segment length L is large enough. To obtain (A4) from (A2)
with time-dependent f(x,f), we argue that it would seem
unlikely for the sum of f and g to match over a time period
if they do not match individually. The analysis in Sec. III C
shows that this indeed holds for coupled periodically forced
Duffing subsystems. To obtain (A6) from (A4) if g(y(fi+1))
are not injective, we would similarly argue that if g matches
over a long enough time period, so must its arguments.

We can use the same arguments for chaotic subsystems by
demanding the distance of segments to be less than § instead
of them being identical. Under the admissibility conditions of
the Poincaré recurrence theorem, the choice of § can be arbi-
trarily small. The arguments hold for chaotic subsystems by
swapping all the equalities in Eqs. (A1)—(A6) with arbitrarily
small proximity.

APPENDIX B: DETAILED COMPARISON OF ¢ and M

Here the goal is to compare the numerical stability of ¢
and M indices. For that purpose, the analysis from Sec. IV is
repeated for M, and both results are presented jointly. All the
analysis is done on the same test system of coupled Duffing
oscillators as in Sec. IV. Also, all the parameters are the same
as in Sec. I'V. Coupling is unidirectional with direction y — x.

1. Dependence on time-series length

The analysis in Sec. IV A was done on the cross-distance
vectors. For results to be comparable to M, we compute the ¢
indices. As explained in Sec. III D, the indices are most fairly
compared when their parameters are k = k;. In our case, k =
k1 = 10 and k, = 100 are taken, the same as in Sec. IIIC.
While these are not optimal parameters for every N, we keep
them fixed for simplicity. The segment length is L = 20, as in
Sec. IV A. The comparison is done in Fig. 16.

The general behavior is similar for both indices, as seen
in Fig. 16(a). At small N, all indices are large. The main
difference between M and c is seen at large N where ¢~
converges to zero, which is desirable, while M (X |Y) seems to
converge to a finite positive value. As explained in Sec. II B,
this is because ¢ ignores possible trends in the cross-distance
vectors, while M does not.

The index ratios are shown in Fig. 16(b). Ideally, the ratios
are infinite since the coupling is unidirectional. For nearly
all values of N, the ratio ¢>~*/c¢*~7” is larger than the ratio
MY |X)/M(X|Y), especially for large N. For small N, the
difference is smaller, but the c ratio is generally still larger.
This shows that ¢ better determines the coupling direction for
both short and long time series.

2. Dependence on L

Let us compare the L dependence from Fig. 11 for indices
c and M. The chosen time-series length is N = 2 x 10*, same
as in Sec. IV B.

0.75 7 (a)  — cgji —_ M2X|Yg
c — M(Y|X
jé 0.50 A
c
= 0.25
0.00 o -=====- - N s e
(b) — YT /T
2 103 4 [M(Y|X)/M(X|Y)]|
(o]
X /‘/M/\j v\‘\,
[0}
2 ..
—_ 10 -
.._/-/'*-\;
LR | T LR | T LR | T LB | T
102 103 104 105

N

FIG. 16. The dependence of the indices ¢, ¢*=¥, MY |X),
M (XY ) (a) and the index ratios ¢~ /">, M(Y|X)/M (XY ) (b) on
the length of the time series N. The M index parameter is k = 10 and
the ¢ index parameters are k; = 10, k, = 100.

The dependence of the indices ¢ and M on the segment
length L is shown in Fig. 17(a). The dependence is very simi-
lar for both index variants. The main difference is that both M
indices are slightly larger (since they do not ignore trends seen
in cross-distance vectors). At L = 1, the M indices both have a
very similar positive value, while the ¢ indices are both much
closer to zero. Interestingly, the bias of M (X |Y') due to trends
is nearly constant for segment length up to L ~ 50, where L
becomes too large (as explained in Sec. IV B).

The index ratios ¢*~*/c*”? and M(Y|X)/M(X|Y) are
shown in Fig. 17(b). The ratio of the ¢ indices is significantly
larger than that of the M indices for all values of L except
for L = 1. This means that the ¢ indices better determine

0754 — 77 (a)
C£—>y
x 4 — MXY)
3 0.50 MY |X)
T 0.25 1
0.00 4 S e T e
10% 4| (b) — VT /Y|
2 [M(Y|X)/M(X|Y)]
[}
X
5 1
2 10" A

LA | LI |
100 101 102 103 104
L

FIG. 17. The dependence of the ¢ and M indices (a) and the index
ratios % /c*7Y and M (Y |X)/M(X|Y) (b) on the segment length L.
The M index parameter is k = 10 and the ¢ index parameters are
ki = 10, k, = 100.
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FIG. 18. The dependence of the ¢ and M indices (a) and the
index ratios ¢*7*/c¢*”Y and M(Y|X)/M(X|Y) (b) on the standard
deviation of noise o. The M index parameter is k = 10 and the
¢ index parameters are k; = 10, k; = 100. The segment length is
L =10.

the coupling direction regardless of the choice of segment
length L.

3. Dependence on noise

Let us compare the noise robustness of the ¢ and the
M indices similarly as in Sec. IV C. The chosen time-series
length is again N = 5 x 10* and the chosen segment length is
L = 10, the same as in Fig. 12(a).

The dependence of the ¢ and M indices on the standard
deviation of noise o is shown in Fig. 18(a). It turns out that
the dependence is very similar for both indices. They are both
robust to noise. As seen in Fig. 18(b), the index ratio is larger
for ¢ than for M up to around o = 0.5, at which point both
ratios become close to 1.

APPENDIX C: THE N and L DEPENDENCE OF
CROSS-DISTANCE VECTORS

To get a complete picture of the behavior of the cross-
distance vectors, we compute them for numerous values of
pairs (N, L). We again use the test system from Sec. V. We
are interested in the cross-distance vectors’ first (nonzero)
point. The results are shown in Fig. 19. Figure 19 can be
understood as plotting the black lines in Fig. 10, calculated
for different L. Equivalently, Fig. 19(a) can be seen as plotting
v~ from Figs. 11(a) and 19(b) as v;” from Fig. 11(a), both
calculated for different N.
Figure 19(a) shows v, which corresponds to the direc-
tion of coupling. One can roughly identify three areas in the
(N, L) grid that are highlighted using two red lines. Note that
the areas are not strictly defined but assist in explaining the
figure. Area 1 has very small values. There, L is too large at
a given N, which results in detecting coupling regardless of
the underlying dynamics (area of falsely detecting coupling).

y—x
V1
1.0
1(a)
102 - Area 1 0.9
0.8
1 0.7
- 0.6
10! '
0.5
0.4
0.3
109
102 103 104 105
N
1.2
102 1.0
1 0.8
. |
1
10 0.6
0.4
109
102 103 104 105
N

FIG. 19. The first point of the cross-distance vectors vy~ (a) and
vy~ (b) for different values of the time-series length N and the
segment length L. In (a), the two red lines separate the grid into
three areas, and the white line approximately represents optimal L
at a given N. The white area in the upper left corner represents the

impossible pairs (N, L) where L > N.

Area 3 has large values. There L = 1, which is too small
(at any N) to reconstruct the underlying state space, which
results in not detecting coupling regardless of the underlying
dynamics (area of falsely not detecting coupling). Area 2
has moderate values. There, L is large enough to reconstruct
the underlying state space but small enough to avoid false
detection.

The white line highlights the approximate area where the
optimal L at a given N is. We understand the optimal L as
the value in area 2 where v}~ " is the smallest at a given N.
The optimal L increases with increased N.

Figure 19(b) shows v}, which corresponds to the direc-
tion without coupling. In this case, the three areas and the
optimal L are not as obvious as in the other direction. We only
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FIG. 20. The dependence of the coupling indices ¢ on the cou-
pling parameter € for different values of the parameter k; and fixed
k, = 150.

clearly see where L becomes too large, which leads to false
coupling detection.

It should be noted that in both figures, there is a white area
in the upper left corner. This area represents the impossible
pairs (N, L),i.e., L > N.

APPENDIX D: THE CHOICE OF PARAMETERS k; AND £k,

To analyze the influence of the parameters k; and k, on the
coupling indices ¢, we consider the same test system used in
Sec. IV. Specifically, we will plot the ¢ indices from Fig. 8(a)
(blue and orange lines), obtained with different k; and k.

The influence of the change of k; is shown in Fig. 20. In
this case, we fixed the parameter k, = 150, which is close
to k, most often used in the article. We can make some
important observations. First, we notice that for small values
of ki, the values of ¢”~* increase quickly with increased e,
which allows for more reliable detection at small coupling.
Furthermore, the values of ¢*~* reach higher values, while
the values of ¢*~Y remain unchanged, which is also desirable.
However, there is a negative side to using such small values
of k. The variance of both indices is not negligible, as seen
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FIG. 21. The dependence of the coupling indices ¢ on the cou-
pling parameter € for different values of the parameter k, and fixed
ki = 10.

X—y

by a larger spread of ¢ around zero and a negative value
of ¢7* at € = 0. On the other hand, increasing k; decreases
the variance of both indices. However, it also reduces the rate
of increase of ¢”~* and introduces a bias at moderate values
of € (around 0.5). Therefore, the choice of k| offers a tradeoff
between bias and variance of the indices c.

The influence of the change of k, is shown in Fig. 21.
Similar to the influence of k;, the variance of both indices
is larger at smaller k,. Furthermore, larger k, increases ¢~
at moderate values of €, increasing the false positive error.
Most importantly, this false positive error increases drastically
when k; is close to the time-series length N (k; = 49000 in
our case). One can notice a strong similarity between the case
of k, = 49000 and the M indices in Fig. 8(a) (green and red
lines). Based on this analysis, we draw the conclusion that the
safe choice for k; is approximately 10k; < ky < 100k;.
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5.2 A Rank-Based Measure with Improved Accuracy and Its
Application to EEG Data

The coupling index ¢ defined in Chapter 5.1 has been shown to infer the coupling direction
significantly more accurately than the classical state space measures. However, it still has
a drawback which can lead to three problems. In what follows, these problems are first
discussed. Then, a new rank-based measure ¢” that alleviates the drawback is introduced.
Finally, ¢ is combined with bivariate surrogates and applied to an electroencephalogram
(EEG) database, showing its applicability to real data.

5.2.1 Drawback of the coupling index c

The drawback of the coupling index ¢ is that its range of possible values is not between
0 and 1 and can strongly depend on the analyzed time series. This can lead to three
problems, which are discussed in this section.

First problem To illustrate the first problem with the coupling index ¢, let us again
consider two unidirectionally coupled Rossler systems with slightly offset frequencies, de-
scribed by the equation (5.1). Let us compare the behavior of the measures ¢ and M,
obtained for realizations of this system at different values of the coupling strength . The
results are shown in Figure 5.24. At large coupling strengths, the dynamics are nearly

1.0

= 0.5

0.0 ==
1.0

o 0.5

0.0 [

Figure 5.24: Values of the two directional coupling measures M (a) and ¢ (b), obtained for
unidirectionally coupled Rossler systems (5.1) for 100 values of ¢ spaced equidistantly on
a logarithmic scale. Solid lines represent the mean values of 100 realizations, and colored
bands represent + one standard deviation at each value of €. The system is solved with
random initial conditions with an integration step 0.01. All the parameters are kept the
same as in Figure 5.1.

identical, and the values of ¢ are considerably below 1, as opposed to the values of M,
which are much closer to 1. This happens because the values of the components of the
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cross-distance vector v¥ 7% cannot be smaller than the smallest entry of the respective

distance matrix DY, and the initial tail cannot reach zero. The maximal possible value of
c is thus substantially smaller than 1. On the other hand, the value of M is exactly 1 for
identical dynamics, making interpreting the results simpler than when using c.

Second problem The second problem is that the systems X and Y typically do not have
the same distribution of values of entries of their respective distance matrices DX and DY .
This leads to different possible ranges of values of the measures ¢¥ 7% and ¢X Y, resulting
in a less equitable comparison. This means it is harder to reliably infer the direction of
coupling with ¢ indices when the distributions of values of the entries of DX and DY are
very different.

Third problem The third problem pertains to surrogate data. As stated above, different
distributions of distances lead to inequitable comparisons of index values. This is also a
problem when comparing the values obtained from the original time series to those obtained
from the surrogates. The reason is that the surrogates s, (¢;) often have substantially
different distributions of values in their distance matrices than the original signal z(¢;).
Therefore, using surrogates to provide a baseline for the values of the measure ¢ can be
problematic.

5.2.2 Rank-based measure ¢"

To alleviate the drawback discussed above while retaining the increased accuracy of the
coupling index ¢, a rank-based measure ¢” is defined as a novelty in this dissertation.

The idea of using ranks instead of indices comes from the L measure (3.19), defined in
Chapter 3.5.3.2. Recall that the cross-rank matrix BY ¥ is obtained by ranking the rows
of the cross-distance matrix DY X, Each row of the cross-rank matrix contains integers
from 1 to N. If the entry D,};_)X tells the distance from «x; to its j-th conditioned nearest
neighbor, then the entry B};HX tells which true neighbor of @; its j-th conditioned nearest
neighbor is. For example, if the first conditioned nearest neighbor of x; is also its first
(true) nearest neighbor, then B;; = 1. In analogy with the definition of the cross-distance
vector, one can define the cross-rank vector as the mean of the rows of the cross-rank
matrix

N

1

TY_>X, T3/—>X — N ZBZ‘};’_)X' (5.4)
=1

X=Y g obtained similarly by swapping X and Y.

The other cross-rank vector r

The comparison of the cross-distance vectors and the cross-rank vectors obtained for
the coupled Rossler systems (5.1) is shown in Figure 5.25. One can see that much like the
cross-distance vectors v¥ X | the cross-rank vectors r¥ 7% also have an initial tail, making
it possible to quantify coupling in the same manner with both of them. Apart from the
difference in scale, the plots of the cross-distance vectors and cross-rank vectors look very
similar. The most interesting difference seen in the figure is in the case of strong coupling.
There, the coupled systems are nearly identical, and the rows of BY 7% and BX~Y are
just the first IV integers in sequential order. The cross-rank vector, which is the mean of
these rows, therefore also contains simply the first NV integers in sequential order, as shown
by the red lines in Figure 5.25 (b) and (d). The most important difference, not visible in
these plots, is that the distribution of ranks is always uniform for all time series.



72 Chapter 5. Improving the Accuracy of State Space Measures

10000 F
(b)
%
15000 prommms
ol
10008 : 1 I I I I I
(d)
>~ >~
10y 10100 ) ] P— p——— |
g — £=0000 | > — £=0.000
51 e = 0.006 e = 0.006
— £=0.041 — £=0.041
— ¢ =0.500 — ¢ =0.500
O C 1 1 1 I I 0 C 1 I I I I
0 2500 5000 7500 10000 0 2500 5000 7500 10000
J J

Figure 5.25: Plot of the values of the components of the cross-distance vectors v¥ 7% (a)

and v Y (c), and of the cross-rank vectors ¥ 7X (b) and X~ (d). They are computed
on realizations of the Rossler dynamics (5.1) at four different values of coupling strength .
All the parameters are kept the same as in Figure 5.1.

The final measure ¢™¥ 7% that quantifies couplings Y — X is given by

TY—>X _ T.Y—>X
Cr,Y—}X _ ki+liko 1:k1 (5 5)
- TY—>X ’ :
1:ko
where .
1 J
Y—X Y—X
ri . = — T . 5.6
i:J j—i+1 2 / k ( )
=1

The measure ¢"X 7Y quantifies couplings X — Y and is obtained similarly by swapping
the roles of X and Y. Note that the equations (5.4)—(5.6) are in complete analogy with
the definition of the distance-based coupling index ¢ (5.3). The only difference is using the
cross-rank matrix BY 7% instead of the cross-distance matrix DY =X,

Figure 5.26 shows the analysis of the coupled Rossler systems using the rank-based
measures L and ¢". The plots look very similar to Figure 5.24, which used the distance-
based measures M and c¢. The mean value of the measure ¢"*X Y starts increasing from
zero at a much stronger coupling than the mean value of the measure L(X|Y"). This shows
that much like the distance-based ¢, the rank-based ¢" more accurately determines the
coupling direction than the classical state-space measures M and L for a wider range of
coupling strengths. However, ¢" reaches values very close to 1 when the coupling is strong,
while ¢ does not. The first problem of ¢ discussed in Chapter 5.2.1 is thus solved when
using c”.

Additionally, because the distributions of ranks are identical (they are uniform) regard-
less of the time series, the comparison of measures ¢¥ 7% and ¢>*7Y is more equitable
than the comparison of ¢¥ 7% and ¢X7Y. Thus, ¢" is a more reliable coupling direction
detection tool than c. The second problem of ¢ is thus also solved. For the same reasons,
the measure ¢” also enables a more equitable comparison of original values to surrogate
values than ¢, solving the third problem of the measure c.
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Figure 5.26: Values of the two directional coupling measures L (a) and ¢” (b), obtained for
unidirectionally coupled Rossler systems (5.1) for 100 values of ¢ spaced equidistantly on
a logarithmic scale. Solid lines represent the mean values of 100 realizations, and colored
bands represent + one standard deviation at each value of €. All the parameters are kept
the same as in Figure 5.1.

5.2.3 Application of the rank-based measure ¢ combined with bivariate
surrogates to EEG data

An application of the rank-based measure ¢" to a database of EEG measurements is pre-
sented to assess the applicability of the new rank-based measure on real signals. The
analyzed database is the publicly available Bern-Barcelona EEG database [9]. It com-
prises 7500 pairs of signals extracted from intracranial EEG recordings of five epilepsy
patients during the seizure-free intervals. One half of the pairs were recorded from brain
areas where the first seizure-related EEG signal changes were detected for the individual
patient (focal signal pairs), and the other half from brain areas that were not involved in
the patients’ seizures at their onset (nonfocal signal pairs).

It has been shown that focal signals exhibit a larger degree of nonlinear interdependence
than nonfocal signals during the seizure-free interval [9], [46], [65]. The potential clinical
application is to assist in localizing the brain areas where seizures start in order to assess
whether the patient can benefit from the neurosurgical resection of these parts of the brain.
It is crucial that the difference can be seen in the seizure-free interval, as every seizure is
potentially dangerous. Thus, all the signals in the database were taken from recordings
of the seizure-free interval. Focal and nonfocal signal pairs were picked randomly across
patients, time, and channel pairs within the respective brain areas. They each have a
length of 20 seconds at a sampling frequency of 512 Hz and were recorded simultaneously
at neighboring EEG channels. For a more detailed description of the signal acquisition,
composition, and preprocessing, the reader is referred to Ref. [9]. An example of a pair of
focal signals is shown in Figure 5.27 (a).
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Figure 5.27: (a) Example of a focal EEG signal pair, (b) example of a surrogate pair of
this signal pair, (c)-(d) cross-rank vectors r for signals and surrogates, (e)-(h) L and ¢”
values obtained for the original signal pairs and values obtained for the surrogates.

5.2.3.1 Detecting interactions within EEG signals

In the initial analysis of the Bern-Barcelona EEG database, the L measure was combined
with bivariate surrogates, and results showed more rejections for focal than for nonfocal
signals [9]. Here, the analysis is extended by including not only L but also ¢". For each
pair of signals, 19 surrogates are computed. Note that taking 19 surrogates and using a
one-sided rank-order test corresponds to the significance level of a = 0.05 [51]. An example
of a bivariate surrogate signal is shown in Figure 5.27 (b).

Unlike the original analysis, the data is not downsampled by a factor of four to preserve
as much information about the dynamics as possible. The embedding parameters are 7 = 1,
m = 128, the Theiler correction window is W = 76, the parameter of L is kK = 10 and the
parameters of ¢" are k; = 10, ko = 100. The cross-rank vectors obtained for the exemplary
pair of EEG signals, along with the ones obtained for 19 pairs of surrogate signals, are
shown in Figure 5.27 (c),(d), while (e)-(h) show the respective ¢" and L measures. In this
example, the test based on L rejects the null hypothesis for both directions, while using

T

c", it is rejected only for one direction. This is not an untypical example, as ¢" leads to
rejections in both directions in only around 1% of cases, while L does so in some 23%.

Since the signal pairs were selected randomly from different patients, times, and brain
areas, the directions X — Y and Y — X carry no significant meaning. Andrzejak,
Schindler, and Rummel [9] did thus not consider the aspect of direction and used a sym-
metrized measure to quantify the overall strength of the interactions: L° = (L(X|Y) +
L(Y|X))/2. In what follows, the symmetrized measure c¢™° = (¢ 7X 4 ¢X=2Y)/2 is
considered to compare new results to the ones of Ref. [9].



5.2. A Rank-Based Measure with Improved Accuracy and Its Application to EEG Data 75

Table 5.1: The proportions of rejection for focal data py and for nonfocal data p,, and
the contrast D, obtained with the symmetrized measures L and ¢™. Recall that the test
has a significance level of 0.05. Note that the resulting proportions of rejection obtained
with L° are close to, but not identical to, the ones obtained in Ref.[9]. This is due to
different surrogate realizations and the difference in data downsampling, and perhaps due
to slightly different nearest neighbor parameter used in calculating the L measure (k = 10
in contrast with their k¥ = 5).

by DPn D

s 0.511 0.370 0.160
s 0.107 0.056 0.313

Table 5.2: Average values of the symmetrized measures (L°) and (¢"°). Averaging is done
over all focal and over all nonfocal EEG signals.

Focal Nonfocal

(L5) 0.526 0.485
(¢S 0.084 0.092

5.2.3.2 Results

To determine whether the measures can help in distinguishing between focal and nonfocal
signals, following Ref. [9], the contrast D is defined as the relative difference

p="21"Pn (5.7)
Df+ Pn

where py and p;,, are the proportions of rejection of the surrogate null hypothesis across
all signal pairs in the focal and the nonfocal group, respectively. The proportions and the
resulting contrasts are shown in Table 5.1.

The test based on L° leads to much higher proportions of rejection than the one based
on ¢™° for both focal and nonfocal signals. Comparing the measures’ contrasts, however,
one finds that ¢"° has a nearly two times larger contrast than L°. This is because the
L measure is more influenced by signal properties other than nonlinear interdependence,
as shown by the analysis of Chapter 5.1. The resulting contrasts reveal that the measure
" has an increased ability to distinguish focal from nonfocal signals compared to the L
measure. This shows that ¢” not only performs better on simulated data but also gives
better results in an application.

Finally, a significant insight is revealed by observing the mean values of the symmetrized
measures, shown in Table 5.2. Here, the surrogates are not taken into account. One can see
that there is very little difference in the focal versus the nonfocal values. The mean focal
value of ¢"% is even smaller than the mean nonfocal value of ¢"»°. This would contradict the
established understanding that focal signals are more interdependent than nonfocal. The
larger interdependence within focal signals only becomes apparent when the surrogates
are included in the analysis, making them a crucial tool for applying coupling detection
measures to EEG data.
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Chapter 6

Quantifying Neurovascular Coupling
Strength by a Perturbation
Experiment

This chapter presents a perturbation experiment for quantifying neurovascular coupling in
patients with severe aortic stenosis (AS) [66]. Neurovascular coupling is a term used to
describe the interactions between the neural and the vascular subsystems of the human
body. It causes alterations in local perfusion that occur in response to changes in neuronal
activity [67]. AS is a condition where the aortic valve opening narrows. It is characterized
by the obstruction of blood outflow from the left ventricle, which can impair target organ
perfusion, such as the brain.

The dynamics behind the regulatory mechanisms of the neurovascular system are highly
complex and not easy to uncover. However, by performing a perturbation experiment,
the strength of specific couplings can be quantified. The neurovascular couplings can be
quantified by analyzing the blood flow response in the arteries to some external stimulus
[68]. Our experiment was conducted in collaboration with the University Medical Centre
Ljubljana. A visual stimulus was shown to a person, evoking a response in the blood
flow in the posterior cerebral artery (PCA). Because this artery leads to the part of the
brain responsible for vision, the visual stimulus results in an increased PCA blood flow.
Note that while neurovascular coupling is a broader term, from now on, it is used to refer
specifically to the influence of the neural system on the PCA blood flow.

In the experiment, visual stimulation was performed with a checkerboard with black
and white squares. Every 0.5s, the colors of the squares swapped for maximal stimulation.
The experiment consisted of ten cycles, each with a 20s rest phase (OFF phase) during
which the subject had their eyes closed and a 30s phase during which the patient looked
at the screen (ON phase).

Blood velocity v was measured by the noninvasive transcranial Doppler ultrasonography
[69]. An example of a measurement of one cycle is shown in Figure 6.1 (a). The oscillations
with frequency around 1 Hz are a consequence of heartbeat, and the sudden increase at
t = 20s is the response to the patient opening their eyes and looking at the visual stimulus.
This response is better seen in Figure 6.1 (b), which shows the velocity measurement for
all cycles with an applied low-pass filter. One can see large differences between the ten
cycles. Seemingly random deviations like this typically appear when analyzing complicated
physiological systems. Analyzing ten cycles substantially decreases the variance of results
due to such randomness.

One can quantify the amount of blood transferred by the PCA by the measured velocity
of its blood flow. Assuming a constant surface area of the artery and a constant velocity
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Figure 6.1: (a) An exemplary cycle of the PCA velocity measurement, and (b) an ex-
emplary velocity signal of all ten cycles with an applied low-pass filter, which removed
the frequencies below 0.1 Hz. The gray lines represent the time periods of the ON phases
(larger values) and the OFF phases (smaller values).

across this surface, the blood flow j is directly proportional to the velocity. Thus, we
consider the relative change in the measured velocities between the ON and the OFF
phases, which equals the respective relative change in the blood flow. This is called the
visually evoked cerebral blood flow velocity response (VEFR) [70]. It is defined as

VEFR = jstirn. — Jrest _ Ustim — 'Urest, (61)
Jrest Urest

where vpest and wvgtim are computed as the mean of the last 5s of the OFF phase, and
the last 10s of the ON phase, respectively. This is done in order to quantify the (ideally)
stationary values, which the velocity tends to overshoot in the beginning of the ON phase,
as seen in Figure 6.1. The VEFR is computed for each of the ten cycles, resulting in ten
values for each measurement.

The study involved 54 patients with AS and 43 age- and sex-matched healthy controls.
The clinical importance was determining if AS leads to dysfunction in the regulatory mech-
anisms of cerebral blood flow. This was evaluated by identifying a statistically significant
difference in the quantified neurovascular coupling between the healthy group and the AS
group. Contrary to expectations, the study found that neurovascular coupling was larger
in the AS group compared to the control. The difference can be easily seen by observ-
ing the mean responses of each group, shown in Figure 6.2. Although the characteristic
response curve of the healthy group starts increasing faster compared to that of the AS
group, the latter reaches larger maximal values, as well as larger end values. These results
show that contrary to initial expectations, there is no decline but still a dysregulation in
neurovascular coupling.

The work done as part of this dissertation included designing a program to display visual
stimuli, assisting with the setup of the measurement system and data storage, and con-
ducting time series analysis. The latter consisted of preprocessing and extracting features
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Figure 6.2: The average relative change in blood flow velocity of each group. The averaging
is done over all ten cycles of all the individuals in a group, resulting in a single characteristic
response curve for each group. A low-pass filter that removed frequencies below 0.1 Hz was
applied before the averaging to obtain a clearer depiction of the response curves. The
relative blood flow velocity is computed as the relative change from the beginning of the
ON phase.

used for statistical analysis. The selection of participants, conducting the measurements,
and performing the statistical analysis were carried out by collaborators at the University
Medical Centre Ljubljana.
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1 | INTRODUCTION

Aortic stenosis (AS) is the most frequent primary valvular heart dis-

ease in the developed world, affecting 2.8% of population older than

Objectives: Aortic stenosis (AS) is characterized by obstruction of blood outflow from
the left ventricle, which can impair target organ perfusion such as the brain. We
hypothesized that hemodynamic changes in AS may lead to dysfunction of cerebral
blood flow regulatory mechanisms. The aim of our study was to evaluate neurovascular
coupling in patients with AS by Transcranial Doppler ultrasonography.

Methods: Neurovascular coupling was assessed using visually evoked cerebral blood
flow velocity responses (VEFR) calculated as relative blood flow velocity changes in
the posterior cerebral artery upon visual stimulation. We analyzed peak systolic, mean
and end diastolic VEFR in 54 patients with severe AS and 43 controls in 10 consecu-
tive cycles of visual stimulation. Repeated-measures ANOVA test was used to compare
cerebral hemodynamic data by group.

Results: Patients with AS had significantly higher peak systolic (12.9% + 5.6% and
10.5% + 4.5%; p = .009) and mean VEFR (14.4% + 5.8% and 12.2% + 4.9%; p = .021)
compared to controls, whereas only a tendency for higher end diastolic VEFR was
observed (16.7% + 6.9% and 14.4% + 6.2%; p = .061).

Conclusion: We have shown for the first time that patients with severe AS exhibit
higher VEFR than controls indicating dysregulation of neurovascular coupling, which
can be one of the factors contributing to development of cognitive decline.

KEYWORDS
aortic stenosis, cerebral blood flow, neurovascular coupling, transcranial Doppler

75 years (Rashedi & Otto, 2015). Progressive aortic valve narrow-
ing with concomitant left ventricular pressure overload and resultant
left ventricular hypertrophy lead to the classic triad of AS symp-
toms including dyspnea, angina, and syncope (Joseph et al., 2017). In
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addition, cognitive scores of patients with severe AS are considerably
lower compared with age, sex and education-matched individuals with-
out AS (Abdul-Jawad Altisent et al., 2016). The precise mechanisms
by which AS might precipitate brain dysfunction have not been fully
elucidated, but may include improper initial upstroke time of velocity
in carotid and vertebral arteries due to obstruction of blood outflow
from the left ventricle (Kleczynski et al., 2017). In time, this can lead
to dysfunction of cerebral blood flow (CBF) regulation, which may be
reflected in cognitive decline (Ovsenik et al., 2021).

Multiple regulatory mechanisms overlap to provide tight CBF con-
trol due to the brain’s high metabolic demand for oxygen, limited
intracellular capacity for energy storage, rapid changes of metabolic
demand with neuronal activity and enclosed cranium limited space
(Ovsenik et al., 2021; Toth et al., 2017). Dysfunction in any of the
regulatory mechanisms can cause functional deficits in the brain.
Impairment of neurovascular coupling has been suggested as a major
contributor to cognitive decline in hypertension and Alzheimer’s dis-
ease (Girouard & ladecola, 2006). Neurovascular coupling presents
a complex functional association between astrocytes, neurons and
microvasculature, which enables regional CBF to adapt to local neu-
ronal activity (Phillips et al., 2016). The increase in regional CBF
might be initiated from the direct effect of neuronal activity on the
microvasculature, but the broader regional increase in CBF results
from conduction of vasodilatation and myogenic responses to the
remote upstream blood vessels (ladecola, 2017). Fortunately, these
are accessible to insonation with Transcranial Doppler Ultrasonogra-
phy (TCD), which enables noninvasive assessment of neurovascular
coupling by measurement of visually evoked cerebral blood velocity
responses (VEFR) reflecting relative blood flow velocity changes in the
posterior cerebral artery (PCA) upon visual stimulation (Aaslid, 1987;
Panczel et al., 1999).

In this study, we hypothesized that neurovascular coupling may be
impaired in AS due to chronic hemodynamic changes in the cerebral
circulation. As there has been no report on neurovascular coupling in
AS, our aim was to evaluate VEFR in patients with AS using TCD.

2 | MATERIALS AND METHODS
2.1 | Participants

The study included 54 patients with severe AS (35 men, 19 women;
mean age 70.7 + 9.8 years) and 43 age- and sex-matched controls
without AS or other cardiac disease (30 men, 13 women; mean age
70.6 + 10.9 years). The AS group consisted of patients with severe
AS, who were admitted to the Department of Cardiovascular Surgery,
University Medical Centre Ljubljana, for isolated aortic valve replace-
ment surgery without concomitant intervention on the other valves,
coronary arteries, the ascending aorta and carotid arteries. The diag-
nosis and indication for surgery were undertaken according to the
latest ESC Guidelines on valvular heart disease (Vahanian et al., 2021).
Community-dwelling controls without known cardiac disease were
recruited from general practices of the Primary Healthcare Centre

Ljubljana after undergoing echocardiography to exclude AS. Exclusion

20of9
OenAccess WI LEY
TABLE 1 Participants’ characteristics.

Aortic stenosis Controls p Value
n 54 43

Clinical characteristics

Age (years) 70.7 (+9.8) 70.6(+10.9) 957
Sex (n women) 19(35.2%) 13(30.2%) .384
BMI (kg/m2) 28.0(+4.5) 25.7(+3.3) 007
Arterial hypertension (n) 45 (83.3%) 18(41.9%) <.001
Diabetes mellitus (n) 17 (31.5%) 5(11.6%) .017
Hyperlipidemia (n) 34 (63.0%) 25(58.1%) .391
Smoking (n) 5(9.3%) 2(4%) .323
Medication intake (n)

Beta-blocker 28(51.9%) 4(9.3%) <.001
ACEi 33(61.1%) 13(30.2%) .002
ARB 6(11.1%) 5(11.6%) .592
MRA 1(1.9%) 0 .557
Ca?* blockers 13(24.1%) 5(11.6%) .095
Diuretics 23(42.6%) 7(16.3%) .005
Statins 32(59.3%) 14(32.6%) .008
Hemodynamic measurements

MAP (mmHg) 93(+15) 113(+22) <.001
Et-CO, (mmHg) 36 (+4) 37(+4) 141
HR (/min) 71(+ 10) 66 (+ 10) 035
Mean PCA (cm/s) 324(+7.8) 31.4(x6.0) .557
Mean MCA (cm/s) 43.5(+9.5) 455(+11.1) .356
LVEF 65(+9) 66 (+3) 418

BMI: body mass index, ACEi: angiotensin converting enzyme inhibitors,
ARB: angiotensin Il receptor blockers, MRA: mineralocorticoid receptor
blockers, MAP: mean arterial pressure, Et-CO,: end-tidal CO,, HR: heart
rate, mean PCA: mean velocity in posterior cerebral artery, mean MCA:
mean velocity in medial cerebral artery, LVEF: left ventricular ejection
fraction.

Numerical variables are presented as mean + SD, while categorical vari-
ables are presented as absolute values and percentages.

criteria for patients as well as controls included age <18 years, >50%
stenosis of the common or internal carotid artery as assessed by
duplex sonography, history of ischemic stroke in the PCA territory,
epilepsy, alcohol abuse, left ventricular ejection fraction less than 30%,
noncorrectable vision and poor temporal acoustic window.

The experimental procedures for the study were approved by the
National Ethical Committee of the Republic of Slovenia (No. 0120-
97/2018) and followed the principles of the Helsinki Declaration. A
written consent was obtained from all the participants. Participants’

characteristics are presented in Table 1.

2.2 | Research protocol

TCD examination was performed in a dark, soundproof room with tem-
perature of around 22°C. The examination protocol was thoroughly

explained to the participants before the examination.
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Participants were instructed breathe calmly, not to talk and not to
move heads during the procedure, which was performed in the sit-
ting position. They had 2 MHz Doppler probes (Delica-9 series, SMT
Medical) mounted on the head using a flexible plastic commercial head
holder. Blood flow velocity (BFV) in P2 segment of the right posterior
cerebral artery (PCA) and M1 segment of the medial cerebral artery
(MCA) were recorded through the temporal bones. The M1 segment of
the left MCA served as a reference for the control of the nonspecific
effects of systemic factors. The strongest signal of the corresponding
artery was found with adjustment of probes’ position, depth and sam-
ple volume, as described elsewhere (Phillips et al., 2016; Willie et al.,
2011). Participants were seated 1.5 m from the screen onto which the
visual stimulus was projected. Visual stimulation was performed with
the use of a checkerboard with 100% contrast between light and dark
squares that appeared in the manner of the inverse-pattern with the
frequency of 1 Hz. The experiment contained 10 cycles, consisting of a
20-s rest phase (phase OFF) during which the subject had their eyes
closed and the screen was dark, and a 30-s phase of visual stimula-
tion during which the patient focused on the red cross in the middle
of the checkerboard on the screen (phase ON). Patients’ BFV in the left
MCA and right PCA, arterial blood pressure (BP) and breath-by-breath
partial pressure of end-tidal carbon dioxide (Et-CO,) were measured
continuously. BP was monitored in a noninvasive manner with the cuff
on the right ring finger on the level of the right hip under the level
of the heart (Finapress 2300 Blood pre, Ohmeda) and Et-CO, across
the facial mask with the use of a capnometer (Oscaroxy capnometer,
Datex).

2.3 | Signal processing and data analysis

The transcranial Doppler signals were demodulated down to audible
frequency range and sampled at 8.1 kHz. The cardiorespiratory sig-
nals were sampled at 5 kHz. The signals were synchronized by using
external digital input that was triggered at the start of each mea-
surement session. Individual ON/OFF cycles in the signals that were
affected by artifacts, such as external noise disturbances that signifi-
cantly decreased the signal-to-noise ratio and could potentially lead to
erroneous outcomes, were excluded.

An envelope curve of the PCA and MCA signals was used for veloc-
ity analysis. To evaluate peak systolic and end diastolic velocities, the
peaks and valleys within the signal were identified, whereas mean

velocities were estimated according to the Equation (1):

Systolic velocity + (2 x Diastolic velocity)

3 (1)

Mean velocity =

HR was obtained from times between peaks in the PCA velocities
and the Et- CO, values were determined by peaks in the CO, signal.
Mean values of BP, Et-CO,, and HR were calculated for ON and OFF
phases and averaged for the 10 consecutive cycles.

According to the mechanism of neurovascular coupling, the stim-
ulus leads to increase of blood flow velocity after approximately 1 s

of visual stimulation, reaches the maximum after 5-10 s, followed by
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FIGURE 1 Schematic presentation of the visually evoked relative
blood flow velocity time course in relation to baseline in PCA. VEFR:
visually evoked cerebral blood flow velocity response, PCA: posterior
cerebral artery.

decrease and stabilization of the velocity on a lower level (plateau
phase) (Aaslid, 1987). After removal of the visual stimulus, blood flow
velocity falls to baseline level as presented schematically in Figure 1.
For the assessment of neurovascular coupling, VEFR presenting the
relative change of blood flow velocity in plateau phase in relation to
baseline was calculated using the Equation (2):

v (stimul) — v (rest)

VEFR =
v (rest)

x 100%, (2)
where v(stimul) was average BFV during the last 10 s of visual stimu-
lation and v(rest) average BFV during the last 5 s of rest (Boms et al.,
2010; Fabjan et al.,, 2015; Olah et al., 2008; Rosengarten et al., 2001).
VEFR were calculated separately for peak systolic, mean and end dias-
tolic velocities of the PCA. Within one person, cerebral blood flow
velocity data of 10 cycles were averaged and compared between the AS
and control group (Fabjan et al., 2012). Additionally, relative PCA blood
flow velocity changes in the early phase of visual stimulation were esti-
mated for the time period 10 s from the peak onset in the hemodynamic
response and compared between groups. Relative changes in the MCA
BFV during stimulation were calculated according to the same formula
as VEFR (Equation 2).

2.4 | Statistical analysis

Statistical analysis was performed using IBM SPSS 27. Evaluation
of normality was performed with Shapiro-Wilk’s test. Normally dis-
tributed numerical variables were presented with arithmetic mean
and standard deviation, while categorical variables were presented
as absolute values and percentages (%). Statistical significance for
intergroup differences was assessed by Student’s t-test for numerical
variables and by Pearson’s x2 test for categorical variables. Repeated-

measures ANOVA test was used to compare cerebral hemodynamic
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significance computed from repeated-measures ANOVA. VEFR: visually evoked cerebral blood flow velocity response.

data by group. To evaluate for a possible habituation phenomenon,
we performed multiple linear regression analysis on all cycles with
cycle number as an independent variable. The limit of statistical signif-
icance was set at p < .05. Assuming a 5% SD for VEFR (Fabjan et al.,
2015), a minimum of 40 patients per group was needed to detecta 3 %
difference between groups at power of 80% and 5% alpha.

3 | RESULTS
3.1 | Baseline

Participants’ characteristics are presented in Table 1. Groups were
matched in age and sex. Patients with AS exhibited higher BMI val-
ues, higher incidence of arterial hypertension, and diabetes mellitus
and were more likely to take beta blockers, ACEi, diuretics, and statins.
There were no statistically significant differences in baseline Et-CO,,
left ventricular ejection fraction (LVEF), mean MCA, and PCA velocities
among the two groups; however, controls had higher MAP values and
lower HR (Table 1).

3.2 | Comparison of VEFR between groups

Patients with AS had significantly higher peak systolic and mean VEFR
compared to age- and sex-matched controls, whereas only a tendency
for higher end diastolic VEFR was found (p = .064) (Figure 2, Table 2).
The most significant difference was observed in peak systolic VEFR
(p =.009). As there was no difference in resting (phase OFF) PCA veloc-
ities between the groups, higher VEFR in AS group was contributed
to higher PCA velocities during visual stimulation (phase ON) (Table
S1). Moreover, higher relative PCA blood flow velocity changes were
recorded in AS patients in the early phase of visual stimulation, how-
ever differences between groups did not reach statistical significance
(Table S2).

TABLE 2 Relative cerebral blood flow velocity responses upon
visual stimulation in patients with AS and controls.

Aorticstenosis  Controls p Value
Peak systolic VEFR (%) 12.9(+5.6) 10.5(x4.5) .009*
Mean VEFR (%) 14.4(+5.8) 12.2(+4.9) .021*
End diastolic VEFR (%) 16.7 (+ 6.9) 14.4(+6.2) 061
A Peak systolic MCA (%) 20(+24) 1.8(+24) 775
A Mean MCA (%) 23(+24) 22(+28) .987
A End diastolic MCA (%) 2.9(x34) 28(+39) 971

AS: aortic stenosis, VEFR: visually evoked cerebral blood flow velocity
response, PCA: posterior cerebral artery, MCA: medial cerebral artery.
Peak systolic, mean, and end diastolic VEFR represent the relative changes
in PCA velocities upon visual stimulation, while A peak systolic, A mean, and
A end diastolic MCA represent the relative changes in MCA velocities. Val-
ues are displayed as mean + SD. p Values represent ANOVA test results. *p
value < .05 is considered statistically significant.

Average time trace of the peak systolic, mean and end diastolic PCA
blood flow velocity response to the visual stimulus for a sample subject
from the stenosis and control group is presented in Figure 3.

The relative MCA velocity changes were smaller compared to VEFR
and were found to be no different between the AS group and control
group (Table 2). During visual stimulation, MAP and Et-CO, did not
change significantly between ON and OFF phases in both groups; how-
ever, there was a tendency for slightly higher HR during ON phase,
which did not reach statistical significance (p = .066 and p = .051,
respectively).

3.3 | Variability of repeated VEFR

Peak systolic VEFR at each consecutive cycle in both groups of partic-
ipants are presented in Figure 4. As the differences in VEFR between
groups do not answer the question, whether these can be contributed

to different values of VEFR per se or to different trends of responses
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FIGURE 3 Visually evoked relative blood flow velocity time
courses, averaged over 10 cycles for a sample subject from the aortic
stenosis group (solid lines) and the control group (dashed lines). Blue
lines represent peak systolic, green lines mean and red lines end
diastolic values. The vertical dashed line at 20 s time represents the
switch from OFF to the ON phase. PCA: posterior cerebral artery.

upon repetitive stimulation reflecting the habituation phenomenon,
we performed multiple linear regression with VEFR as a depen-
dent variable and cycle number and group as independent variables.
Additionally, we added possible confounder variables (age, BMI, sex,
smoking status) to obtain an adjusted model. There was no signifi-
cant effect of cycle number to observed VEFR in none of the analyzed
parameters. After adjustment for confounders, we obtained significant
effect of group to peak systolic, mean and end diastolic VEFR (p < .001,
Tables S3-S5).

4 | DISCUSSION

To the best of our knowledge, this is the first study to evaluate visu-
ally evoked cerebral blood flow velocity responses (VEFR) as a measure
of neurovascular coupling (NVC) in patients with severe aortic valve
stenosis (AS) using Transcranial Doppler Ultrasonography (TCD). The
main finding of this research is that patients with severe AS exhibit
higher VEFR than controls which may indicate dysregulation of NVC.
NVC is a dynamic process constantly orchestrating the balance
between local cerebral perfusion to its regional metabolic needs. As
a crucial component of CBF homeostasis, disturbances in NVC have
critical consequences on the brain function (ladecola, 2017). Insuffi-
cient blood supply on one side of the spectrum or hyperperfusion on
the other can disturb O, delivery and be detrimental for neuronal
function (Alosco et al., 2013; Rasmussen et al., 2015). The exagger-
ated hyperemic response can lead to an inappropriate increase in CBF
in the metabolically active neuronal area, however at a cost of high
energy expenditure, which is highly limited in the brain. The constant
volume of intracranial blood volume implies that the cerebral blood

overflow to active areas may lead to a shortage in vulnerable parts
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of the human brain, predisposing them to hypoperfusion. NVC dys-
regulation has been thoroughly studied in several pathological states
such as traumatic brain injury, intracranial hemorrhage, migraine, cere-
bral ischemia and others (Fabjan et al., 2015; Hinzman et al., 2014;
Koide et al., 2013; Rossetti et al., 2021; Zaletel et al., 2005). Further-
more, impairment of NVC has been suggested in various subgroups of
patients with cardiac disease. A recent study in patients with atrial fib-
rillation reported onreduced cerebrovascular conductance upon visual
stimulation when compared to age-matched healthy controls (Junejo
et al., 2020). Moreover, NVC response assessed by second-order linear
equation was found to be impaired in patients with heart failure with
reduced ejection fraction (Aires et al., 2020). Even though, TCD was
used in these two previous studies as well as in our study, the results
might have differed due to diverse underlying cardiac pathology and
data analysis.

Contrary to our expectations, patients with AS exhibited higher
VEFR than controls. Episodes of intermittent cerebral hypoperfusion
due to obstruction of blood outflow from the left ventricle are pro-
posed as the main macro pathophysiological perturbation in aortic
stenosis patients. This may in turn lead to structural and functional
changes on the level of microcirculation, which is involved in NVC.
Recent studies have shown that CBF measured by spin labeling MRI
increased significantly after transcatheter aortic valve replacement,
pointing out the possibility that CBF might indeed be diminished in
severe AS patients (Vlastra et al., 2021). Reduced cerebral perfusion
leads to hypoxia, which elicits a direct vascular effect and was shown
to be associated with CBF changes (Willie et al., 2014). Some studies
have revealed that hypoxia may lead to an increase in global CBF, while
others have shown diminished regional CBF and reduction in the ampli-
tude of NVC response during the hypoxic period (Ainslie & Subudhi,
2014; Lawley et al., 2017; Noth et al., 2008; Rossetti et al., 2021). How
exactly intermittent hypoperfusion in AS affects NVC is not known yet.
Our study was not designed to analyze individual components of NVC;
however, an increased NVC response might in theory result from exag-
gerated hyperemic response to neuronal activity or increased neural
excitability upon visual stimulation.

A possible mechanism in exaggerated hyperemic response could be
increased sensitivity of endothelial cells to vasodilative stimuli. Var-
ious vasodilative molecules are believed to be involved in NVC such
as nitric oxide, prostaglandins, epoxyeicosatrienoic acids, adenosine
triphosphate, adenosine, H*, and K* (ladecola, 2017). An example of
increased sensitivity of endothelial cells to vasodilative stimuli was pre-
sented in a study with familial migraine mice models, where increased
hyperemic response was suggested to result from increased expres-
sion of inwardly rectifying potassium (Kir) channels on endothelial
cells (Staehr et al., 2020). Kir channels promote K* efflux and hyper-
polarization of the cell membrane, which through various signaling
pathways results in smooth muscle relaxation and vasodilatation (Knot
et al, 1996; Longden & Nelson, 2015). Increased susceptibility of
mice to vasospasm due to a genetic defect was believed to initially
cause cerebral hypoperfusion and accumulation of metabolic factors,
which in turn stimulated the increased expression of Kir channels

on the endothelial blood cells and their sensitivity to vasodilative
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FIGURE 4 Peaksystolic VEFR at each consecutive cycle in both groups of participants displayed as mean + SD. VEFR: visually evoked cerebral

blood flow velocity response.

stimuli (Staehr et al., 2020). Similarly, episodes of chronic cerebral
hypoperfusion in AS patients may lead to the accumulation of vasodila-
tive substances and translational changes on the cellular level, which
results in an exaggerated hyperemic response.

An alternative explanation for the higher VEFR could be increased
neural excitability upon visual stimulation. The only electroencephalo-
graphic (EEG) study up to now analyzing neuronal activity in AS showed
EEG patterns indicating changes in the cerebral circulation provoked
by compression of carotid arteries. These changes were present even
in patients who had no history of neurological symptoms pointing
towards a latent vascular lesion which becomes manifest during tem-
porary cerebral hypoxia (Prusik & Bazika, 1968). Furthermore, a study
by Vecchio et al. (2012) revealed that acute ischemic hypoxia due to
a cardiovascular or pulmonary crisis in chronic heart failure patients
may induce EEG changes. Whether these EEG changes described in
acute settings can be translated to the setting of chronic intermittent
hypoperfusion remains unclear. However, there has been no study up
to date studying evoked potentials as a measure of neuronal activation
in AS. We believe that this mechanism is less likely to be the cause of
increased VEFR.

Nevertheless, we hypothesized that there may be another reason
for the differences in VEFR. As the comparison of peak systolic, mean
and end diastolic VEFR between groups was performed using VEFR
from 10 consecutive cycles, different trends (ascending or descend-
ing) in the repeated VEFR could have contributed to the final higher
VEFR value in AS group. The succeeding decline in the evoked cerebral
blood flow responses upon repetitive stimulation reflecting habitua-
tion phenomenon has been described in healthy subjects (Obrig et al.,
2002). Habituation is considered to reflect an adaptive cortical mecha-
nism protecting from sensory overstimulation (Thompson et al., 1979)
and lactate accumulation (Sappey-Marinier et al., 1992) as a response
to sustained stimulus of equal intensity. A lack of habituation has been

found in certain disease states which affect CBF regulation (Ambrosini
et al., 2003). We used linear regression analysis, which showed no
significant variability between the cycles in both groups that could sup-
port this hypothesis. Accordingly, lack of habituation is very unlikely to
be the underlying explanation for higher VEFR in AS group.

Interestingly, there was no statistically significant difference in rel-
ative PCA blood flow velocity changes in the early phase of visual
stimulation between groups, although the values tended to be higher
inthe AS group. The assessment of neurovascular coupling in our study
was primarily based on the evaluation of the plateau phase of the visual
blood flow velocity response in PCA (i.e., VEFR) to avoid the variabil-
ity of the transitional phenomenon in the early phase. The method was
found to be reliable and valid in previous literature (Boms et al., 2010;
Fabjan et al., 2015; Fabjan et al., 2012; Olah et al., 2008), therefore the
authors of this study used this methodology to answer the hypothesis
according to the aim of our study.

The most prominent differences between groups were observed
considering peak systolic VEFR compared to mean and end diastolic
VEFR. Most studies use mean VEFR for blood flow velocity quantifi-
cation, as peak systolic and end diastolic velocity indices describe the
velocity extremes at two time points of one heart cycle, however they
add valuable information on cerebrovascular hemodynamics. Func-
tional TCD investigations demonstrated that the end diastolic blood
flow velocity index may be more sensitive for changes in NVC mech-
anism than peak systolic velocity index, but is of no advantage if a
stimulus is used that results in a clear blood flow velocity increase
(Rosengarten et al.,2001), such as in case of visual stimulus used in this
study. On the other hand, peak systolic velocity index is easier to obtain
being less influenced by Doppler artifacts (Rosengarten et al., 2001). As
it correlates with CBF in cardiac systole, these prominent differences
between groups may be ascribed to peak systolic VEFR reflecting the
pumping function of the heart, which is known to be disturbed in AS.
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41 | Limitations

Several potential limitations need to be considered. As TCD mea-
sures blood flow velocity rather than absolute CBF, the measurements
of blood flow velocity are only proportional to CBF in case of con-
stant diameter of the insonated vessel. This can only be assumed on
a short-term basis if the systemic parameters such as MAP, pH and
EtCO, remain constant. Transformation of the data to relative values
improves correlation between velocity and blood flow changes as well
as gains independence of the measurements from the insonation angle.
Another limitation were the differences in baseline patient characteris-
tics that could not be matched between groups. One of the differences
was medication intake, which could have a potential effect on neural
firing and resting vessel tone. Subanalysis of our data did not show
any relevant effect of medication intake on VEFR estimates (Table S6),
which is in accordance with previous research (van Rijssel et al., 2022).
However, only limited conclusions can be withdrawn as the study was
not designed to evaluate the effect of different medication subgroups
on VEFR estimates. Nonetheless, we believe that dissimilarities in
patients’ characteristics are not an important factor in the observed
differences in VEFR between groups. Furthermore, we selected a
homogenous group of patients with severe AS undergoing surgical aor-
tic valve replacement, however, if these results can be generalized for

the whole population of severe AS patients remains unknown.

5 | CONCLUSION

This study shows higher visually evoked cerebral blood flow velocity
responses in aortic stenosis patients compared to controls, which may
indicate dysregulation of neurovascular coupling. Episodes of intermit-
tent cerebral hypoperfusion due to obstruction of blood outflow from
the left ventricle are proposed as the main macro pathophysiologi-
cal perturbation in aortic stenosis leading to structural and functional
changes on the level of microcirculation involved in neurovascular
coupling. Future research including assessment of cerebral autoregu-
lation, regulation of cerebral blood flow by gasses and autononomic
nervous system control in aortic stenosis patients is mandatory to bet-
ter elucidate how obstruction of blood outflow from the left ventricle

influences cerebral blood flow regulatory mechanisms.
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Chapter 7

Conclusions

In conclusion, the findings of this dissertation are discussed in relation to the initial hy-
potheses. Let us summarize them:

1. In an ideal situation of infinite time series length, the value of the coupling strength
exactly determines the information flow between subsystems.

2. The accuracy of the state space based approaches for directional coupling detection
can be improved with the method of cross-distance vectors, resulting in a smaller
probability of a false positive result.

3. Combining the improved state space measure with surrogate data increases its reli-
ability in inferring the true coupling direction.

4. The index calculated from time series of a perturbation experiment is able to detect
a difference between two groups in a clinical study.

The first hypothesis is partially true. Recall that the coupling strength exactly deter-
mines the information flow if it increases monotonically with increased coupling strength.
In this case, the inverse problem of inferring the coupling strength is solvable. Analysis
has shown that information flow between two systems can, in fact, increase monotonically
with increased coupling strength for sufficiently weak coupling. This is possible when the
response subsystem remains in an orbit around the same attractor and does not transi-
tion to a different attractor when coupled. Additionally, if the coupling is diffusive, the
information flow decreases monotonically if coupling strength is large enough. Thus, the
inverse problem is also solvable given the coupling is strong enough. In conclusion, the
inverse problem is solvable, but only in specific scenarios.

A thorough analysis of the accuracy of different state space measures shows that the
second hypothesis is confirmed. By computing the cross-distance vectors v, the effect of
coupling on the closeness of the conditioned nearest neighbors becomes apparent. Specifi-
cally, the effect is visible only on some of the closest conditioned nearest neighbors, which
is seen as an initial tail in the cross-distance vectors. Quantifying the initial tail results in
the coupling index ¢, which has a substantially reduced risk of resulting in a false positive.

Regarding the third hypothesis, combining the improved state space measure ¢ with
surrogate data is not as straightforward as initially thought. It turns out that the new
coupling indices obtained from the cross-distance vectors are influenced by the distribution
of distances between pairs of embedding vectors of a time series. Because the surrogates
have different distributions of these distances than the original signal, this leads to an
inequitable comparison of values obtained from the original time series to those obtained
from the surrogates. To account for this, a rank-based measure ¢" is introduced. It has
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all the positive aspects of the measure ¢ but is obtained from ranks instead of distances.
Because the distribution of ranks is identical for all time series, including the surrogates,
comparing the original values of ¢" to the surrogate values of ¢" is equitable.

The third hypothesis is confirmed by applying the new rank-based measure ¢" and
surrogates to an EEG database. The obtained values of ¢" are very similar between the
focal and the nonfocal signals. Including surrogates in the analysis breaks this similarity.
It results in more frequent detection of nonlinear interdependence in the focal signals,
revealing the true dynamics. Furthermore, the new measure ¢" has an increased ability to
differentiate between the focal and the nonfocal signals, showing an increased potential in
clinical applications.

Finally, the fourth hypothesis is confirmed. An analysis of the time series measured
during the perturbation experiment successfully resulted in the quantification of neurovas-
cular coupling. A statistically significant difference between the AS group and the healthy
control group was found, indicating a dysregulation of neurovascular coupling in patients
with AS. This shows that computing VEFR can effectively distinguish between the aortic
stenosis group and the healthy control group. However, contrary to the initial expectations,
the AS group exhibited stronger neurovascular coupling than the healthy control group.
The dysregulation of neurovascular coupling in patients with AS is therefore signified by
an increase in coupling strength.
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