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Abstract

This thesis presents the simulation of approximated Gaussian process autoregressive mod-
els. Gaussian process models are a Bayesian nonparametric regression method, the main
advantage of which is the quantification of uncertainty in closed-form. However, the closed-
form solution for the marginal likelihood results in a cubic computational complexity with
respect to the data set size. An additional downside is the analytically intractable propaga-
tion of the uncertain inputs through the nonlinear covariance function, which implies that
the training of the dynamical Gaussian process models cannot be obtained in closed-form.

Autoregressive models reduce the training to that of the static case. In Gaussian
processes, this allows for an analytical expression of the marginal likelihood. Consequently,
they allow for an effortless extension of the existing approximations of Gaussian processes,
reducing the computational complexity and permitting non-Gaussian likelihoods. However,
the poor computational complexity in the numerical estimation of the simulation persists.

In this thesis, we present an approximation to the simulation of Gaussian process mod-
els. We propose a unified view of the simulation for the pseudo-input-based Gaussian
processes, invariant to the specific approximation up to taking a static sample from the
pseudo-input posterior and the choice of the covariance function. We propose an algorithm
where a single parameter controls the trade-off between the computational complexity and
the accuracy. Our vectorized implementation allows for the acceleration of the unified simu-
lation algorithm on general-purpose graphics processing units, wrapping the contemporary
software frameworks specific to Gaussian processes.

Practical justification of the autoregressive Gaussian process regression is demonstrated
on two case studies where the quantification of uncertainty is important. The first case
study considers modeling the atmospheric variables near a nuclear power plant where our
forecasts are used to predict the condition of the atmosphere during the passage of the
radioactive pollution cloud. In the second case study, modeling of the electrical load and
photovoltaic generation in the greater area of Sydney is presented, where the forecasts of
the respective outputs are used to estimate the dynamic export limits of households to
preserve the stability and robustness of the electrical grid.
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Povzetek

V doktorski disertaciji predstavimo aproksimacijo avtoregresijskih simulacijskih modelov
na podlagi gaussovskih procesov. Modeli gaussovskih processov so bayesovska neparame-
tri¢na regresijska metoda, katere glavna prednost lezi v analiti¢ni kvantifikaciji negotovosti.
Njihovo slabost predstavlja uc¢enje modelov na podlagi maksimizacije marginalne pogojne
porazdelitve, ki rezultira v kubi¢ni ra¢unski kompleksnosti glede na koli¢ino podatkov.
Dodaten problem predstavlja analiti¢na nezmoZnost propagiranja negotovih vhodov skozi
nelinearno kovarian¢no funkcijo, kar pomeni, da ufenje v dinami¢nih modelih gaussovskih
procesov ni analitiéno mogoce.

Avtoregresijski modeli poenostavijo ucenje dinami¢nih modelov na ucenje stati¢nih sis-
temov. V kombinaciji z gaussovskimi procesi avtoregresivni modeli omogocajo preprosto
raz§iritev obstojecih priblizkov modelov gaussovskih procesov, ki znizujejo kubi¢no ra-
¢unsko zahtevnost pri ufenju in omogocajo uporabo negaussovske pogojne porazdelitve
opazovanih podatkov. Se vedno pa ostane problem zahtevne racunske kompleksnosti pri
numeric¢ni simulaciji omenjenih priblizkov.

V doktorski disertaciji predstavimo alternativno aproksimacijo simulacijskih modelov
na podlagi gaussovskih procesov. Predlagan je enotni pogled algoritma za simulacijo pri-
blizkov gaussovskih procesov na podlagi psevdo vhodov, ki je neodvisen od specificnega
priblizka po realizaciji stati¢nega vzorca s posteriorne porazdelitve psevdo vhodov in iz-
bire kovarian¢ne funkcije. Aproksimacija je predstavljena, kjer nastavitev enega parametra
omogoc¢a kompromis med rac¢unsko zahtevnostjo in natanénostjo algoritma. Nasa vekto-
rizirana izvedba omogoca pospeSevanje enotnega simulacijskega algoritma na splosno na-
menskih grafi¢nih procesnih enotah, pri ¢emer so uporabljena sodobna programska orodja,
znacilna za gaussovske procese.

Pristop avtoregresijskih modelov gaussovskih procesov je prikazan na dveh Studijah,
kjer je kvantifikacija negotovosti pomembna. Prva §tudija obravnava modeliranje atmos-
ferskih spremenljivk v blizini jedrske elektrarne, kjer se naSe napovedi uporabljajo za na-
povedovanje stanja atmosfere med prehodom oblaka radioaktivnega onesnazenja. V drugi
§tudiji predstavimo modeliranje elektriéne obremenitve in fotovoltaiéne proizvodnje na
Sirsem obmodju Sydneyja, kjer se napovedi ustreznih izhodov uporabljajo za oceno dina-
micénih omejitev izvoza elektri¢ne energije malih gospodinjstev za zagotavljanje stabilnosti
in robustnosti elektri¢nega omrezja.
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Chapter 1

Introduction

1.1 Overview

In this thesis, we will be concerned with the simulation of models built from data. As
the world is inherently stochastic, a sound approach is to follow the laws of probability to
quantify the uncertainty present in the modeling process. In addition, the processes are
rarely static and change over time. The field that is concerned with building mathematical
models from data of systems changing over time, i.e. dynamical systems, is called system
identification [1].

1.1.1 System identification

System identification is a multistage approach to model dynamical systems from data. It
includes the following steps:

e Experiment design to gather informative data;

Selection of the model structure;

Choice of the criterion to fit;

Model estimation;

Model validation.

It is an iterative procedure that is repeated until the model requirements are satisfied.
The focus of system identification are dynamical systems, which are mathematical objects
in which a function defines the relationship between time and dependent variables [1].
Dynamical systems can either be expressed by a differential equation when the independent
variable, i.e. the time, is continuous, or by a difference equation when the independent
variable is discrete. Generally, the modeling approach can be roughly divided to:

o White-box modeling;
e Grey-box modeling;
e Black-box modeling.

White box modeling is based on first principles, e.g. we derive the mathematical model
from the laws of physics. Unfortunately, the underlying laws of physics are not always
well understood. Grey-box modeling, also known as semi-physical modeling, partially
constructs the model from physics, and partially from experimental data [2]. Contrary
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to the previous two approaches, black-box modeling assumes no prior knowledge of the
physical laws or constraints governing the true system [3]. The model is constructed
purely from observed data.

When the model of the dynamical system is linear and time-invariant, the solutions
of the desired mathematical objects can be obtained analytically. For that reason, the
analysis of linear dynamical systems is very important. Unfortunately, the problems found
in practice are generally not linear. A potential solution exists in the form of linearization
around a fixed set point, but this may be an inadequate approximation in practice [1].
With the ever-growing amount of information in the world, and the low cost of sensory
equipment, a sound approach is to directly learn the nonlinear models from data, i.e. with
a grey-box or a black-box approach. The availability of large collections of data justifies
the use of nonlinear models, which would otherwise be hard to identify due to the high
flexibility, especially in nonlinear dynamical systems.

However, sensors are not perfect and collect data that are corrupted with noise. Addi-
tionally, only a finite set of data are observed in terms of the number of data points, and
also in terms of the features, where some might be latent [4]. The function that governs
the relationship between the past and the future states can also be inherently stochastic.
In that case, the future states cannot be estimated with absolute certainty even in the
presence of perfect data, i.e. unlimited amounts of data that are not corrupted by noise
[4].

These reasons introduce a certain amount of unpredictability into the modeling process.
It is important to take this into account, especially when designing models for critical ap-
plications, e.g. applications in medicine, autonomous driving, and safety-critical systems.
Therefore, statistical theory represents the core of estimating models from data.

1.1.2 Statistical modeling and inference

In grey-box and black-box modeling, the goal is to estimate the relationship between the
system inputs and the system outputs, where some of the parameters are free, i.e. they
cannot be defined from first principles or cannot be measured in practice. When the free
parameters of the models are estimated from data to approximate the mapping from the
input to the output space, the approach is called regression [5].

In a most general sense, a regression model can be described in terms of probability
with a joint representation of the unknown variables and the observed data, i.e.

p(D,w) = p(Dlw)p(w), (1.1)

where D represents the observed data and w are the free parameters of the model. The
dependencies are defined in terms of probability distributions and follow the rules of prob-
ability [6].

After the formulation of the joint model, one has to determine the free parameters
that describe the observed data well, and also generalize well to previously unseen data.
A possible way to determine the unknown parameters is through maximum likelihood
estimation (MLE)

w = argmax p (D]w) , (1.2)
w

where the prediction at the previously unseen data is specified by D, ~ p (D|w) [6]. The
downside of MLE is that the model can overly fit the random patterns in the data. Con-
sequently, the model does not generalize well to previously unseen data.
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The solution to better generalization can be in the form of regularization, which penalizes
overly flexible solutions [5], [7], [8]. A form of regularization is a Bayesian approach,
which treats the free parameters of the model as random variables. A prior distribution
is assumed on the unknown parameters, and the posterior distribution of the parameters
given the observed data is inferred through the Bayes theorem

likelihood prior

(Dlw) p (w]6) (Dlw) p (w|6)

_ p(Dlw)p(wl|d)  p(Dw)p(w

L= D) T (D) p () dw )
posterior evyidence

where 6 is introduced to represent the hyperparameters, i.e. the parameters that parametrize
the prior distribution over the free parameters. The prediction at the previously unseen
data is obtained by averaging the likelihood over the posterior distribution of the param-
eters given the observed data

D~ [ p(D.Jw)p (wlD.6) du. (1.4)

A simple example of the Bayesian approach is presented in Figure 1.1, where the goal
is to infer the probability of observing heads in a coin flip. Figure 1.1a and Figure 1.1c
depict our prior belief in the fairness of the coin. Figure 1.1b and Figure 1.1d represent
the posterior probability in observing heads for a different number of coin tosses, where
the same prior was assumed. We can see that with a large number of repetitions, the
probability of observing heads is converging to the true value, otherwise the posterior is
influenced by the prior. Figure 1.1a and Figure 1.1b show the results in an unbiased coin
toss, whereas Figure 1.1c and Figure 1.1d show the results in a biased coin toss.

The Bayesian approach also allows for a neat separation between the aleatoric and
the epistemic uncertainty, where the former represents the statistical uncertainty, i.e. the
noise, whereas the latter represents the systematic uncertainty, i.e. the information that
one could know theoretically but does not know in practice [9].

The most challenging part of the Bayesian approach is to infer the posterior distribution
over the observed data. The posterior distribution often cannot be obtained in closed-form
and is numerically demanding due to the high-dimensional integrals involved in Equation
(1.3) and Equation (1.4). The gold standard numerical approximation to the posterior
distribution is Markov Chain Monte Carlo (MCMC). MCMC are a class of algorithms
that construct a Markov chain that has the stationary distribution proportional to the
distribution of interest. Samples of the desired distribution are then obtained sequentially
by recording states from the Markov chain [6].

In the Bayesian approach, one still has to determine the parameters that parametrize
the prior distribution, i.e. the hyperparameters . With a relatively large collection of data,
one can simply estimate the hyperparameters from the data, i.e. to optimally determine
them from the evidence

0 = argmaxp (D|6).. (1.5)
0

This approach is called empirical Bayes or Type II. MLE. If the data are scarce, jointly
inferring the posterior distribution over the hyperparameters and the model parameters is
preferred [6].

With the ever-growing increase in computational power, the list of statistical models
that can model nonlinear input-output relationships is growing rapidly. One of the most
popular approaches is with deep neural networks [10], which can scale to large amounts of
data and are very flexible (possibly to their detriment). They require precise regularization
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Figure 1.1: Bayesian inference to determine if the coin is biased. The left column depicts
the prior distribution of observing heads in a coin toss. The right column depicts the
posterior distribution for 10, 100, 1000, and 1000 realizations of a coin toss. Figures in the
first row show the results for an unbiased coin (p = 0.5), and the figures in the second row
show the results for a biased coin (p = 0.6).

and choice of architecture which comes at the cost of exploring this space of metaparam-
eters through cross-validation [11]. The search can be computationally demanding, time-
consuming, and intractable. Another popular method, especially in modeling of dynamical
systems, are fuzzy models [12]-[14].

Quantifying (aleatoric) uncertainty is a challenge in nonlinear parametric models, par-
tially because they are computationally very demanding, and partially because the data
are represented with a finite number of basis functions [15]. For that reason, they are
unsuitable for safety-critical applications, where point estimates of the parameters are not
sufficient [16].

1.1.3 Gaussian process regression

Gaussian process (GP) models provide a well-calibrated predictive distribution at a model
output, which can be used to quantify the model fidelity systematically [17]. This makes
them suitable for problems where the model uncertainty is desired, e.g. safety-critical
applications [18], robust control [19], and fault detection [20]. GPs model the data with
an infinite number of basis functions [21]-[24] and belong to a class of rich probabilis-
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tic models. The nonparametric structure of GPs reduces the number of metaparameters
and automatically scales the model complexity with data size. The model automatically
penalizes overly complex models through the evidence [25].

The prior knowledge of the system can be incorporated through the design of the
covariance function, which makes GPs a great choice for grey-box modeling [26]. Generally,
they can also be combined with deep neural networks, but then inherit the pathological
problems of deep learning [27]. A direct approach to automatically learn the intermediate
features is to stack multiple layers of GPs similar to deep neural networks, resulting in
deep GPs [28]-[30].

Although the marginal and the conditional distribution can be calculated in closed-
form, the algorithm results in a cubic computational complexity and quadratic complexity
in memory [31]. In the last few decades, a lot of excellent work has been accomplished to
reduce the computational complexity without sacrificing much of the elegant properties of
GPs.

A direct approach to reduce the computational complexity is to directly speed up the
algorithm. The idea is to solve the system of linear equations, i.e. a = K_ly, through
fast matrix-vector multiplication, which iteratively solves the linear system using conjugate
gradients [31]-[33].

Another approach is with sparse approximations methods that suggest learning m < n
pseudo-points which summarize the data [34]-[36]. Some of the methods based on this
approach make further assumptions about the prior that break some of the elegant core
ideas behind GPs. The most popular method among the family of this type of approxima-
tions is the fully independent training conditional (FITC), where the pseudo-points and
hyperparameters are jointly determined through gradient-based optimization [37].

A more recent extension of the sparse approximations directly approximates the pos-
terior with variational inference without making further assumptions about the prior.
Pseudo-points and hyperparameters are obtained by maximizing the lower bound of the
true marginal log-likelihood (MLL), equivalent to minimizing the Kullback-Leibler (KL) di-
vergence between the true and the approximated posterior. As a consequence, the distance
between the true and the approximated posterior is rigorously defined.

The parameters of the free variational distribution can be retained as a model pa-
rameter, forming a scalable variational GP (SVGP) [38]-{40]. SVGP enables stochastic
optimization and gives an unbiased estimation of the lower bound of the true MLL from
random subsets of training data. A collapsed bound can be derived, where the optimal
parameters of the free variational distribution are determined analytically, resulting in a
variational free energy (VFE) approximation [41]. However, this introduces back the full
correlation between the data points and the bound cannot be optimized stochastically.

There has also been an approach to join the FITC and the variational approximations
under a single framework [42], and an approach to join the fast matrix-vector multiplication
algorithms with pseudo-point approximations [43]. Lastly, a computationally appealing
approximation to GPs is with a limited number of basis functions [44], which boils the
computational problem down to Bayesian linear regression. Unfortunately, approximations
based on a finite representation of basis function expansion are too restrictive in their
assumptions and exhibit undesirable pathologies at test time, e.g. variance starvation
[45]-47].

Although the approximations were originally developed in the context of static systems,
many ideas naturally apply also to dynamical models.
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1.1.4 Dynamical Gaussian process models

A straightforward dynamical model that naturally extends from the static case is a di-
rect functional relationship between time and output observations where the mapping is
modeled by a GP. The drawback of this type of static regression is that it cannot learn
nonlinear dynamics [48].

Another way to represent the nonlinear dynamics is with an infinite impulse response
(IIR) model, where the dynamics are represented with a functional relationship between
the current output observation and all past exogenous variables. This is practically hard
to realize. Therefore, the approach is approximated by a finite impulse response (FIR)
model, where the current output observation depends on a finite set of lagged exogenous
variables [49].

Augmenting the input with a set of lagged output observations results in a nonlinear
autoregressive model with exogenous inputs (NARX). When a GP is used to model the
functional relationship, this is called a GP-NARX model. NARX model is an IIR model
and can be a more powerful tool than the FIR model [49]. The problem of the FIR model is
that the order, i.e. the number of the lagged exogenous inputs, has to be chosen relatively
large [50]. FIR models are often overparametrized which can be a problem when combined
with GPs. In GP models, the curse of dimensionality prevents the method to be applicable
to problems with large input dimensionality. Therefore, NARX models are more practical
in combination with GPs since the orders of the models that yield the same accuracy are
much smaller when compared to the FIR approach.

The NARX model is also elegant since it reduces the model training to that of the static
case. For that reason, the NARX model is easier to scale to large collections of data and
to experiment over than more specialized models. NARX approach can even outperform
more advanced models that are unable to handle large amounts of data, or models that
define an exact generative model but have to resort to approximated inference [48].

However, there is a downside. The limitation of the NARX model is the introduction
of noise in the inputs. An approach that can filter the states recurrently is the state-space
model [51]-[53] (GP-SSM) or nonlinear output-error model [54] (GP-NOE). When the
dynamics are linear, the problem can be efficiently solved using Kalman filtering [55]. For
nonlinear dynamics, however, one has to resort to approximations or numerical inference.
This results in specialized solutions that are hard to reuse, and can also fail miserably
where the approximate inference is not adequate for the problem at hand.

A big challenge in dynamical GP models arises with the propagation of uncertainty
through the nonlinear model which cannot be calculated in closed-form. In training, the
propagation of uncertainty occurs when the inputs are noisy [56]-[58] or in probabilistic
latent models [59]-[61] where the latent space is uncertain.

The propagation of uncertainty also occurs in multi-step-ahead prediction. In one-
step-ahead prediction, we are interested in inferring the state of the system for a single
step into the future. In this case, the inputs required to predict the state are observed and
deterministic. Therefore, the posterior can be obtained in closed-form [23|. However, many
applications involve predicting the future state of the system for multiple steps into the
future, e.g. the state of the market in a few days, the weather forecast for the next week, or
the long-term response of the system based on the known inputs. In this case, the inputs
required to estimate future states are unknown and have to be determined iteratively. In
GP-NARX models, the Gaussian distribution gets sequentially propagated through the
nonlinear model. For that reason, future states cannot be obtained analytically [23].
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A special case of the multiple step-ahead prediction is the simulation, where the prediction
horizon is infinite [23]. One would wish to obtain the simulation over a certain prediction
horizon for two reasons:

1. To forecast the state of the system for multiple steps into the future;

2. To validate the model.

The first point represents the main purpose of building the models from data. It is simply
an estimation ot the system output over some prediction horizon. Additionally, simulation
represents the validation of the model performance in an operating regime that the model
was not trained for. If the simulation describes the observations well, then the assumption
of the recurrent structure is justified in practice.

GP-NARX models are appealing for their simple training procedure, but the simulation
has to be obtained iteratively. The prediction from the previous time step is used in the
inputs for the next time step considered, continuing indefinitely or until the end of the
prediction horizon. This makes the inputs uncertain and we have to, therefore, resort to
approximations [62]-[66]. Approximated simulation procedures in GP-NARX models are
divided to:

e Naive simulation;
e Approximations of statistical moments;

e Numerical approximations.

Naive simulation only propagates the mean of the prediction and, therefore, underestimates
the forecasted uncertainty [23|. Approximations based on calculating statistical moments
are further divided to approximations with a Taylor expansion and exact matching of
statistical moments. The former is unfortunately a rough approximation, whereas the
latter only exists for a few covariance functions, e.g. the squared exponential function and
a linear function [23|. The obvious downside of the methods based on the approximation
of statistical moments is that they ignore higher statistical moments.

With the growing computational capabilities, numerical approximations based on Monte
Carlo (MC) sampling are gaining more attention. Simulation based on MC sampling does
not constrain the model to a particular choice of the covariance function, and can identify
higher statistical moments. The samples of the simulated trajectory can also be required
by design in hierarchical pipelines where the forecasts of the GP model are used as an
input to another model downstream. In that case, an end-to-end marginalization is not
analytically tractable when the downstream models are nonlinear [67] and the MC approx-
imation represents the only approach that does not constrain the downstream model to a
specific family of functions.

Unfortunately, the existing work on the scaling of GP models does not translate well
to sampling from the posterior trajectories in dynamical models. The MC approach scales
cubically with respect to the number of predicted steps into the future [52]. MC sampling
of GP-NARX trajectories extends the Gaussian distribution to all function evaluations by
definition, which implies the storage of consecutive MC samples in memory. This heavily
increases the computational complexity of the simulation in GP-NARX models with long
prediction horizons [68].

To reduce the computational complexity in simulation, a conditional independence be-
tween the consecutive latent values given the latent values that belong to the training data
is often assumed. This is a rough simplification which is mathematically imprecise, albeit
fast [69]. The recurrent structure of the simulation also implies a dependency between the
output samples and the inputs. For that reason, the aforementioned assumption results in
a biased estimate of the simulated trajectory.
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1.2 Hypotheses

The hypotheses of the thesis are the following:

e H;: MC simulation of GP-NARX models, which treats the consecutive latent values
in simulation independently given the latent values that belong to the training data,
produces overly noisy simulation samples and is only a rough approximation to the
true fully correlated MC simulation;

e H,: The demanding computational requirements of the fully correlated GP-NARX
simulation can be reduced with sparse approximated GP-NARX models;

e Hs: Pseudo-points affect the simulation. They introduce the opportunity for a new
approximation in the simulation of GP-NARX models;

e H,: An approximation to the fully correlated MC simulation algorithm can be de-
rived for sparse approximated GP-NARX models that can reduce the computational
requirements when compared to the ground truth and improve the estimation of
the latent response of the MC simulation that treats the consecutive latent values
independently.

1.3 Thesis Outline

In Chapter 2, we present an introduction to GP regression. We consider an autoregressive
approach to model dynamical systems and describe the simulation of autoregressive GP
models. We start with a simple Bayesian linear regression and generalize the approach
to nonlinear systems. We consider Bayesian regression in the limit when the number of
basis functions goes to infinity and demonstrate how this corresponds to a GP. GPs are
then introduced through the function space view and extended with the autoregressive
model. An approach to learn the hyperparameters from data is described. To build the
intuition behind the simulation of GP-NARX models, we start with a static example,
presenting a batch and a sequential algorithm for sampling from an infinitely-dimensional
latent posterior. We then define the ground truth numerical simulation of autoregressive
GP models through extending the static example to dynamical systems. Existing MC
approximations to the simulation of GP-NARX models are defined in relation to the ground
truth. Lastly, we demonstrate the autoregressive GP modeling approach on an illustrative
example.

In Chapter 3, we introduce sparse approximations of GP models, which reduce the
demanding computational complexity through the concept of pseudo-points. The MLLs,
predictive posteriors, and pseudo-point posteriors are defined for the sparse models that
are frequently used in the GP and engineering literature. An empirical comparison of the
prediction of different sparse approximated GP models is considered on a static illustrative
example. Lastly, the prediction of different sparse approximated GP-NARX models for
modeling dynamical systems is compared on 10 chaotic time-series.

In Chapter 4, a unified algorithm for the simulation of autoregressive GP models is
presented which is invariant to the GP approximation up to taking a sample from the
pseudo-point posterior. A new approximation for the simulation of autoregressive GP
models based on pseudo-inputs is considered which does not increase the dimensionality of
the latent space. An approach to simulation is described which introduces a user-defined
parameter that can trade-off between the computational demands and the accuracy of the
estimated latent response. The approximations of the simulation are validated on sequen-
tial sampling of a static function, as well as for the simulation of an illustrative dynamical
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system. Hardware acceleration of the simulation on general-purpose graphics processing
unit is considered. Lastly, the simulation is validated on two large data set benchmarks,
which was previously not possible on a personal computer due to the computational re-
quirements.

In Chapter 5, we present a case study where the forecasts of local weather variables
around a nuclear power plant are considered. The forecasts serve as an input to the
model of particle dispersion which aims to describe the condition of the atmosphere during
the passage of the radioactive pollution cloud. The proposed simulation approximation
is validated on a large test data set which is reasonable in the atmospheric sciences so
that the data contain multiple seasons with different weather patterns. We compare the
proposed approach to the numerical weather prediction model that was previously used
for this purpose.

Chapter 5 presents a hybrid model, where the covariance function was selected with
a black-box approach. In Chapter 6, a case study considering the model of the electrical
load and the photovoltaic (PV) generation in the greater Sydney area is introduced, where
the covariance function is determined from the structures present in the data, i.e. we
follow a grey-box approach. The heteroskedastic likelihood in the PV generation model,
combined with the unconstrained exploration of the covariance function design for both
desired quantities, demonstrates how the numerical approximation to the simulation is
essential when the GP-NARX models become more complex. The model is validated on
different days of the week and different seasons to the persistent and moving average (MA)
baselines. A comparison of the electrical load and PV generation forecast is presented
where the observations are available in real-time or with a 24-hour delay, to justify the
need of smart meters in New South Wales.

Chapter 7 presents the concluding remarks. The hypotheses, results, and future work
are considered in retrospect.

1.4 Contributions

The contributions of the thesis are the following:

e Summary of the approximations to the simulation of autoregressive GP models in
relation to the ground truth;

e Empirical comparison of different sparse GP approximations for autoregressive pre-
diction. The work was previously published in [69];

e A unified algorithm of the simulation of autoregressive GP models, invariant to the
pseudo-point approximation of GPs up to taking a sample from the pseudo-point
posterior. The algorithm allows a compact software implementation for different
simulation approximations and multiple pseudo-point approximations to GP models;

e Pseudo-independent MC simulation. The approximation does not increase the latent
dimensionality with increased prediction horizon. However, the latent uncertainty
is still reduced in the posterior and the estimated latent response is closer to the
ground truth than the latent response estimated from the simulation that treats the
consecutive latent samples independently;

e Thresholded-correlated MC simulation. A user-defined parameter trades-off be-
tween the accuracy of the estimated latent response and the computational demands.
Pseudo-independent MC simulation and the fully correlated MC simulation are con-
sidered as a special case of the approximation;
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Vectorized implementation of the simulation which computes individual MC sam-
ples in parallel. Consequently, hardware acceleration on general-purpose graphics
processing units can be utilized. A part of the work was previously published in [69];

Validation of the proposed simulation algorithms on two large benchmarks for model-
ing dynamical systems. Correlated MC simulation could previously not be obtained
due to the computational demands. A part of the work was previously published in
[69];

The improvement of the numerical weather prediction forecast for the local weather
variables in the vicinity of the nuclear power plant Krsko. Validation of the correlated
MC simulation was previously not possible due to the large data set. A part of the
work was previously published in [67];

Composite GP models of electrical load and PV generation, combining a timeseries
and NARX models to describe the structural patterns in the observed data;

Design of a specialized covariance function for modeling the PV generation. Simula-
tion of the composite GP model with heteroskedastic likelihood;

Open-source toolbox for approximated autoregressive GP models. The toolbox wraps
contemporary software frameworks and allows hardware acceleration using general-
purpose graphics processing units.
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Chapter 2

Autoregressive (Gaussian Process
Regression

This chapter starts with an introduction to the Bayesian modeling approach and quantifica-
tion of uncertainty. The idea is demonstrated through linear regression and then gradually
extended for nonlinear systems through basis expansion, and lastly to the nonparametric
model that is the Gaussian process (GP). We will demonstrate how it is possible to extend
the nonparametric modeling of static problems for nonlinear dynamical systems.

We then continue with the analytically intractable simulation in autoregressive GP
models. The approximations for the numerical simulation of the autoregressive GP models
are presented as a special case of the fully correlated approach that is considered the ground
truth. The computational complexity and memory requirements of the aforementioned
approximations are defined.

At the end of the chapter, we demonstrate the use of the autoregressive GP modeling
approach on an illustrative dynamical system.

2.1 Bayesian Regression

In this thesis, we will consider a data-driven approach to modeling. An important first step
is to gather informative data [1]. After the data are obtained, the fundamental problem we
are trying to solve is the estimation of the functional relationship between the independent
and dependent variables, i.e. between the input and the output data. This approach is
called regression [5].

In practice, one can hardly ever determine the mapping with certainty. The uncertainty
can arise from multiple sources. For example, the nature of the process we are trying to
model can be inherently stochastic. The observed data are also often corrupted by noise.
Lastly, the data sample collected is only a finite sample from the population in the sense
that:

e The number of data points we can collect is finite;

e Not all predictors that govern the true process are measured, i.e. they are latent.
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These are just some of the potential sources of uncertainty. More generally, the uncertainty
can be split into two categories:

e Aleatoric uncertainty;
e Epistemic uncertainty.

Aleatoric uncertainty represents the uncertainty due to the randomness in the change
of measurements each time the data is collected under the same experiment, i.e. the
measurement noise. Epistemic uncertainty represents the systematic uncertainty due to
things one could in principle know but does not in practice, i.e. the observed data is finite
[9].

Separating and quantifying these two sources of uncertainty is important, especially in
safety-critical applications, e.g. medical applications [70]. One can also use the information
of the epistemic uncertainty as a piece of important information where the model can be
improved. For example, the epistemic uncertainty can identify where predictions over the
input domain are uncertain and can help guide the collection of new experimental data
[71]-|73]. The uncertainty can also be used in surrogate models to design optimization
algorithms that trade-off between the exploration and the exploitation of the input domain
to find a minimum of a function [74]-[76].

To successfully separate the aleatoric and the epistemic uncertainty and, therefore,
model the uncertainty rigorously, one has to follow the rules of probability [77].

2.1.1 Bayesian approach

The Bayesian approach is the use of probability theory to build models from data [6]. It
is a systematic approach, with three key steps:

1. Setting up a joint probability model for all observable and unobservable quantities;

2. Calculating the conditional probability of the unobserved quantities of interest, given
the observed data;

3. Evaluating the model and iterating from 1-3.

In the first step, we define a joint probability model that could potentially generate the
observed data. The knowledge about the underlying process is ideally incorporated into
the model definition. Importantly, the samples from the assumed joint distribution should
reflect our prior knowledge and be somewhat consistent with the observed data.

The second step involves the Bayes theorem to calculate the posterior distribution
of the quantity of interest given the observed data. The theorem was discovered by the
Reverend Thomas Bayes published as "An Essay towards solving a Problem in the Doctrine
of Chances", and then independently discovered by Pierre Simon Laplace [78], who gave
it its modern mathematical form and scientific application [79]. It is defined by

likelihood prior distribution
posterior distribution

—— w, f,M) p(w, f|6, M) d
Pl - Lol LA 0.2 1)
—

marginal likelihood

where y represents the observed data, f the latent quantity that is not of interest, and w
the latent quantity of interest. Variable 6 in Equation (2.1) represents a fixed parameter
of the prior. The conditioning on the model M takes into account all design choices on a
meta level. The second step also involves the marginalization of the unobserved quantities
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that are not of interest. This can be seen in Equation (2.1), where the unobserved quantity,
i.e. f,is integrated out.

The Bayes theorem in Equation (2.1) consists of 4 important parts. Prior distribution
defines the space of potential hypotheses for the problem at hand, possibly an infinite
amount of them. Likelthood then weights the prior hypothesis based on observed data,
giving more weight to hypotheses that are consistent with the observed data. Posterior
distribution then simply represents a weighted average of our prior beliefs given the ob-
served data. Marginal likelihood is constant with respect to latent variables and serves as
a normalizing constant. The marginal likelihood, also known as the evidence or marginal
distribution, can be interpreted as an expectation over the likelihood distribution with
respect to the prior distribution [6].

The marginal likelihood is particularly interesting in model selection and serves as
an automatic Occam’s razor, preferring simple, but not overly simple models [25]. An
illustration is presented in Figure 2.1. A k-th realization of the data is denoted by g(’“). If
the space of the hypothesis is simple, then the marginal distribution is relatively large in this
domain, since simple models concentrate their probability density function, or probability
mass function, around a limited number of data sets. An example of a similar space is
presented by the blue curve in Figure 2.1. On the contrary, a complex space of hypothesis
generates a large range of possible data sets and spreads the probability density function
over the inputs domain. This space is presented by the green curve in Figure 2.1.

We can see that if the observed data are simple, e.g. the red line denoted by gj(l)
in Figure 2.1, then the marginal likelihood given that data is greater than the marginal
likelihood of more complex models, i.e.

p(G101, My) > (0165, M) > (51|65, Ms). (2.2)

Similarly for data that are more complex, e.g. the red line denoted by gj(2)

the marginal likelihoods are ordered as

in Figure 2.1,

P20, My) > p(5P|65, M3) > (5|61, M,). (2.3)

If the generating process is complex, simple hypotheses are not adequate since they by
definition cannot generate complex data sets, and their probability of correctly explaining
the data is small.

A good approach to start modeling the data is with simple models and gradually
building more complexity into them. Simple models are easier to interpret and can serve
as a denominator for relative metrics when considering advanced methods. In the next
section, we will start off with a simple model, i.e. the Bayesian linear regression [5]. It will
help us build intuition and notation for more complex extensions of the linear framework
that will be introduced later in the thesis.
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— ply|61, M1)
ply|6z2, Mz)
— ply|6s, M3)
o p(yM61, M)
p{f’ill|32aMz)
p{)',i1]|33‘ Ms3)
p{?i2]|31a Mi)
p{)7m|82,,.\42}
@ ¢ P63, M3)

u IS

y

p(y|6, M)

Figure 2.1: An illustration of the automatic Occam’s razor in the Bayesian approach. The
complexity of the model is increased from M; to Mj3. The area under a single curve
integrates to 1 since this is a distribution over all possible data sets. Two realizations of
the data are depicted with a red line and denoted by g(l) and g]@). The figure is reproduced
from [25], ch. 28.

2.1.2 Bayesian linear regression

Let us say that we observed some data D = {X,y}, where the rows of X represent the
observed inputs and the elements of y represent the observed outputs. We assume a linear
model

y = Xw + ¢, (2.4)

where y € R X € R™? and w € RP*!. All vectors are assumed to be column vectors.
Vector of weights w represents the free parameters of the model. We assume that the noise
€ is independently and identically distributed (IID) and follows a multivariate Gaussian
distribution € ~ N(€]0,I02), where I € R™ ", For simplicity let us assume that the
noise variance o, is known. Let us start off with a standard approach to Bayesian linear
regression, where we seek a posterior distribution of the weights given the observed data

p (Y\WaXan)P(W)

p (W\y,X,aﬁ) = 5 (2.5)
p (y!X, 0n>
Let us introduce a vector of latent function values
f = Xw, (2.6)

where each value f; corresponds to a pair of observations (x;,y;). Vector x? e R

represents the i-th row of the design matrix X such that

T
fi 11 12 .- Ty wy X1 wy
T
f2 | ®o1 L22 ... Tgp| |W2| (X2 Wy (2.7)
T
fn Tpnl Tp2 xnp wp Xn wp
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Since all vectors are assumed to be column vectors, the i-th row of X is xiT, the vector
transpose of x; [5]. The latent function values f are corrupted with noise, i.e. y =f + ¢,

U1 fi €1

€
S (25)
Yn, In €n

The joint posterior of the vector of latent function values and the weights is defined by

2
P (f,w|y, X,gg) ! (y‘f’ p”gypigé)X)p( ), (2.9)

Note that the latent values given the weights are obtained by a simple linear transforma-
tion defined by Equation (2.6). In probabilistic terms, this linear transformation can be
described by a Dirac distribution

p(flw,X) =0 (f — Xw). (2.10)

The definition of the Dirac distribution can be found in the Appendix by Equation (A.6).
If the prior distribution over the weights is specified by

p(w) =N (w|0,I) (2.11)

then
p(fyX):/p(f|w,X)p(w)df:/5(f—Xw)p(w)df:N(f|o,XXT), (2.12)

where the integral is defined in the Appendix by Equation (A.7). The posterior of the
latent function values given the observed data is then defined by

p (vl o%) p (£1X)

p(fly. X, o) = o) (2.13)
where p (y|f , oi) =N (y|f , Iai). The marginal likelihood is defined by
p (y\X, ai) —N (y|O,XXT + Iai) . (2.14)

In general, we are interested in the prediction at the unobserved inputs. The posterior
predictive distribution at the unobserved inputs X, is defined by

p (f*\y,x,x*,gg) _J» <yf’f(>yp;:’:;)x’x*)df (2.15)

and similarly as in Equation (2.13), a closed-form, i.e. an analytic, solution exists. A
simpler way to obtain the prediction is to consider a joint Gaussian model

2
p(y,f*|x,x*,ai)=N<[fy] | m Ky +1on KfD (2.16)

K*,f K*,*
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where Ky ; = XXT, K, ;= X*XT, and K, , = X*X*T. The predictive posterior at the
unobserved inputs is then specified by

p(f* |y7X7 X*a 0_721) =

o\ 1 o\ 1 (2.17)
=N (f*|K*,f (Kpp+10n) Ko ~K,; (Kp;+107) Kf,*> ,
where the solution is simply obtained by conditioning on a joint Gaussian distribution
defined by Equation (2.16). The identity of conditioning on a joint Gaussian distribution
can be found in the Appendix with Equation (A.4).

A block diagram of the regression model is presented in Figure 2.2a. The quantities
indexed from 1 to n represent the data that belong to the training data set, i.e. we have
observed the output y; at the corresponding input x;. Block diagrams are a great way to
represent the model in terms of the input/output mapping. Unfortunately, they cannot
depict a specific probabilistic relationship between the variables. It is also difficult to
determine which variables are observed, and which are latent.

Probabilistic graphical models (PGMs) are a more general visualization tool in Bayesian
modeling literature [7]. A PGM for a Bayesian linear regression is shown in Figure 2.2b. In
PGMs, the probabilistic relationships between the variables are rigorously defined. How-
ever, PGMs might be more complex to read and are more abstract. Throughout the thesis,
we will use both. Block diagrams for their simple and compact representation of the in-
put/output mapping, and PGMs for the precise definition of the probabilistic relationships
between the variables.

Figure 2.3 shows an example of Bayesian linear regression, where 15 data points were
generated by

y=xw+N (6’0, 0.321> . (2.18)

The weight parameter was defined as w = 0.5. The observed data are shown with orange
crosses. The inputs x were placed uniformly on the interval [—3,3]. If we look closely at
the prior distribution depicted in Figure 2.3, we can see that there is no uncertainty at the
input x = 0, i.e. the assumed intercept is 0.

The prior distribution over the latent function values, induced by the prior distribution
over the weights p(w) ~ N (w|0,1), is transformed to the posterior distribution of the
latent function values given the noisy observations y. The posterior uncertainty interval is
reduced compared to the prior. This is expected, since many of the latent function values,
assumed by the prior distribution, are not consistent with the data.

One can quickly see that Bayesian linear regression works well only when the underlying
process that generated the data is linear. Unfortunately, many problems are nonlinear and
linear assumptions are too restrictive. In the next section, we will present an extension of
the linear framework that still preserves the closed-form solutions.



2.1. Bayesian Regression

Xn

Xx

fi=x{w

fi (0
fa [A Y2
N
fn (Jr\ Yn

N
f* (+ Yx

(a) Block diagram of a linear regression model.

(b) Probabilistic graphical model (PGM) of a linear regression model.

17

Figure 2.2: Dual graphical representation of a Bayesian linear regression. For linear re-
gression, the function evaluated at the input x; is defined by f(x;) = x;TFw. The output
y; is simply the latent value f; corrupted with noise ¢;. The shaded circles in the PGM
represent the observed random variables, unshaded circles represent the latent random
variables, and solid black circles represent deterministic variables. In linear regression, all
latent variables f are fully connected. This is represented by a thick black line. Note that
this is not a Markov structure but denotes a full joint Gaussian distribution, i.e. a latent

value is connected to all other latent values.
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—— Prior mean Prior mean = 1.96 o

-1 2 0 2 4

(a) Prior in Bayesian linear regression.

—— Posterior mean Posterior mean = 1.96 o
Noisy observations Posterior mean = 1.96 (0+ o)
—4 -2 0 2 4

(b) Posterior in Bayesian linear regression.

Figure 2.3: Figure 2.3a represents the prior over the latent function values p (f,|X,) and
some corresponding draws of the latent function. Figure 2.3b represents the posterior over

the latent function values p <f Ly, X, X, Ui) and some corresponding draws of the latent

function. Solid blue region represents the 95% uncertainty interval, i.e. +1.96 standard
deviation, where o? represents the latent variance. Orange solid region represents the 95%
uncertainty interval that includes the likelihood noise variance o;,.
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2.1.3 Bayesian nonlinear regression

An elegant way to preserve the closed-form solution of the linear framework is to expand
the input with nonlinear transformations of the input matrix. Nonlinear functions that
expand the input space are called basis functions. The input matrix gets transformed into
a higher dimensional space where the problem can be modeled by a linear function. The
noisy output observations and the weights remain linearly dependent and the math stays
the same as in the case of linear regression. We again assume a linear model of the form

y=®(X)w +e, (2.19)

where f = ®(X)w. ® = {¢1(-),d2(-),..., ¢ (-)} represents a set of k nonlinear trans-
formations, i.e. basis functions, and ® (X) is the matrix of the expanded input matrix X
with a set of basis functions ® such that

o1 (x1) o (=T o (x1
2% |* 55 2 .xg - .x§ | 2.20)

o1 (1) o (1) oo (),

The mathematical derivation stays the same as in the linear case, only the matrix X is
replaced with its expanded counterpart ® (X). The posterior of the latent function at the
unobserved inputs X, is defined by

p(Lly. @(X),@(X,),07) = Ip(ott a?égy(;*; (:_(2))’@ XD (2.21)

Explicitly the posterior is specified by
p(E.]y.® (X),®(X,),03) =

o\ —1 o\ —1 (2.22)

=N (f*yK*vf (Kpp+10n) v K.~ K, (Kp;+107) Kf’*> ,
where K7, = & (X)®(X)", K, ; =& (X,)®(X)", and K, , = ®(X,) ®(X,)". A block
diagram of the Bayesian nonlinear regression is shown in Figure 2.4. The only difference
with Figure 2.2a are the nonlinear transformations ¢ () of the input vectors x;. Which
basis functions should be used depends on the true underlying problem we are trying to
model.

The following example is adapted from the book of David J.C. MacKay, ch. 45 [25].
For simplicity, let us assume the input to be a one-dimensional vector

Ty

x=|"?]. (2.23)

n
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Figure 2.4: Block diagram of a Bayesian nonlinear regression model, where the function
evaluated at the input x; is defined by f(x;) = ® (Xi)T w. & (x) represents the inputs which
are expanded with basis functions. The output y; denotes the latent value f; corrupted by

€;.

We consider a set of k squared exponential basis functions

where )
The functions are centered uniformly on the interval [R5, Pinaz) such that

where Ah = (R0 — Ponin) /(K — 1), O'J2r = Ahandi€{0,...,k—1}. We generate the data
from a nonlinear problem defined by

y = sin (3x) + 0.2cos (10x) + A’ (e\o, 0.1521) (2.27)

and uniformly place k=10 basis functions on the interval [A,q0 — Rmin] = [—2,2]. The
basis function expansion of the input vector is then defined by the matrix

(x)=| _ ) o N (2.28)

A fixed lengthscale parameter is assumed, i.e. [ = 0.1. The nonlinear approach to the
problem defined by Equation (2.27) is presented in Figure 2.5. Figure 2.5a shows the prior
over latent function values and Figure 2.5b shows the corresponding posterior over the
latent function values. Uniformly spaced squared exponential functions are represented in
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green color. We can see that the nonlinear posterior distribution over the latent function
values does not describe the observed data well.

Figure 2.6 shows the same example, only the number of squared exponential functions
is increased to k = 20 over the same input interval. This results in increased smoothness
of the resulting predictive distribution and in a better fit. The example with a 100 squared
exponential functions is shown in Figure 2.7. But what if the number of basis functions is
increased to infinity?

—— Prior mean Prior mean * 1.96 o
1
0
-1
N=10
-2
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 10 12 14
(a) Prior induced with 10 basis functions.
—— Posterior mean Posterior mean + 1.96 o
Noisy observations Posterior mean = 1.96 (o + ap)
2
1
e
0
-1
-2 N=10
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 12 14

(b) Posterior induced with 10 basis functions.

Figure 2.5: Figure 2.5a shows the prior over the latent function values using 10 squared ex-
ponential basis functions that are uniformly spaced on the interval (h,uzs Pmin] = (—2,2].
Basis functions are plotted in green. Figure 2.5b shows the corresponding posterior distri-
bution over latent function values given the observed data.
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1.5
—— Prior mean Prior mean + 1.96 ¢
1.0
0.5
0.0
-0.51 =
-1.0
-1.5
N=20
-2.0
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
(a) Prior induced with 20 basis functions.
—— Posterior mean Posterior mean = 1.96 ¢
Noisy observations Posterior mean = 1.96 (o+ gp)
2
1
0
-1
2 N=20
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

(b) Posterior induced with 20 basis functions.

Figure 2.6: Figure 2.6a shows the prior over the latent function values using 20 squared ex-
ponential basis functions that are uniformly spaced on the interval (A4, Pminl = (=2, 2].
Basis functions are plotted in green. Figure 2.6b shows the corresponding posterior distri-
bution over latent function values given the observed data.
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(a) Prior induced with 100 basis functions.
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(b) Posterior induced with 100 basis functions.

Figure 2.7: Figure 2.7a shows the prior over the latent function values using 100 squared ex-
ponential basis functions that are uniformly spaced on the interval (h,,q0, Pminl = (=2, 2].
Basis functions are plotted in green. Figure 2.7b shows the corresponding posterior distri-
bution over latent function values given the observed data.
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2.1.4 From Bayesian nonlinear regression to Gaussian process regression

We recall that Ky ; = ® (x) ® (x)". Explicitly, the elements of the matrix K ; can be
defined by

K], Z by (;) 0y () , (2.29a)

(sl ZAh exp[ @ 2lhp) ] exp [—W] : (2.29b)

21?

If we now consider the uniformly spaced basis function in their limit when Ah — 0 and
[Pmazs Pmin) — [—00, 00], the sum turns into an integral [25]

oo T — 2 €T — 2
[K]Z.j :/ exp [—(Z2l2h)] exp [_(]2l2h)] dh, (2.30a)

—00

rexp! W] =k (25,7 (2.30b)

ne v

Instead of computing an inner product over an infinite-dimensional feature space, we in-
stead equivalently evaluate a function [80]. Regression where the elements of the covariance
matrix K, ; are evaluated by a function, rather than by an inner product over an infinite-
dimensional feature space, is called Gaussian process (GP) regression.

The example above demonstrates the nonparametric nature of GPs. GPs can be viewed
as a weighted sum of an infinite number of basis functions. Therefore, the number of model
parameters can be interpreted as infinite. The assumptions about the smoothness are,
therefore, incorporated through the design of the function k(-,-).

Figure 2.8 shows a GP regression example. The parameters Ufc and [ of the selected
covariance function, i.e. the radial basis function (RBF) defined by Equation (C.3), were
fixed to correspond to the squared exponential function expansion. We can see that the
posterior over the latent function values generated by a GP is almost identical to that of
the posterior obtained by a 100 basis functions presented in Figure 2.7.

We can generalize this concept and instead use a different function k(-,-) in Equation
(2.30b). However, the function should generate a positive definite matrix. A function with
such property will be from here on equivalently referred to as the covariance function or
the kernel. A number of common functions exist that satisfy this condition [81]. The
covariance functions that will be used throughout this thesis are defined in Appendix C.

This introduction to GPs was from the point of basis function expansion. In the next
section, we will define GPs through the "function view" representation [22].
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10 —— Prior mean Prior mean + 1.96 ¢
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(a) Prior induced with an infinite number of basis functions (GP).
—— Posterior mean Posterior mean = 1.96 ¢
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(b) Posterior induced with infinite number of basis functions (GP).

Figure 2.8: Figure 2.8a shows the prior over the latent function values using an infi-
nite number of squared exponential functions that are uniformly spaced on the interval
(Rmazs Pmin) = (—2,2]. Figure 2.8b shows the corresponding posterior distribution over
latent function values given the observed data.
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2.2 Gaussian Process Regression
Let us again consider a model of the form
y=f(X)+e (2.31)

and the set of observed data by D = {X,y}. The noise € is assumed to be IID and follows
a Gaussian distribution € ~ N (e|0,Ia,21). Function f is in general a nonlinear mapping,
which we model by a GP. The GP model represented in this section will be in future

sections also referred to as the "vanilla GP", which emphasizes a full GP model structure
that is not approximated [52].

2.2.1 Prior over functions

GP is a collection of random variables, any finite number of which have a joint Gaussian
distribution [22]. It is completely specified by its mean m (-) and covariance function & (-, -)

m (x) = E[f(x)], (2.32a)
k (x,x') = E[(£(x) — m(x))(f(x) = m(x')T)]. (2.32b)

A GP will be denoted by
FC)~GP(f()m () k(0), (2.33)

where the m (-) and k (-, ) are parametrized by hyperparameters 6.

2.2.2 Posterior over functions

The prior over functions is transformed to the posterior using the Bayes theorem. The
posterior is defined by

R :p(}’|f,<772;> GP(f () |m (), k("))
GP (f()|y7 nem (0) Sk (s )> p(ng’m(.)’k(_’.)) . (2.34)

Hereafter, the conditioning on the choice of m () and k(-,-) will be replaced with the
parameters @ that parametrize the aforementioned functions for notational simplicity, i.e.

p(¥I£.52) GP (£ ()16)
p(vie.or)

We will usually also omit the conditioning on 6 and 0'7% since they will normally be deter-
ministic variables learned from data. We will only introduce them back in the notation
when they will be the parameters of interest or become a random variable. Additionally
the mean function will be without the loss of generality considered as m(-) = 0 . The
posterior GP is specified by

GP (f()1y.0.0%) = (2.35)

Elp(f () )] = k(%) (K +102) .

. (2.36)
VIp(f () 9)) = k() =k (X) (Kpp+10n)  k(X0),
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where [K ] =k (x',x»). The posterior over the latent function values can also be
f i 177
factored to

gP (f () 1f7f*‘Y) =GP (f () |f> f*>Y)p (fa f*|y) ) (237)

where f represents the vector of latent function values at the observed inputs X and f, the
vector of latent function values at the unobserved inputs X,,. Expression f(-) will from here
on represent all other latent function values not explicitly defined in the respective joint
distribution based on the context, e.g. in Equation (2.37), f(-) represents all latent values
not in {f,f,}. A block diagram and a probabilistic graphical model of a GP regression
model are shown in Figure 2.9. Practically, we always work in finite sets of random
variables because we can always analytically marginalize out all latent quantities that are
not of interest, i.e.

p(E,£.]y) = / GP (f () [£.£.,y) p (£.£.]y) df ey, (2.38)

where f\ ¢ ¢ y represents the set of all latent values that are not in {f,f,}. The marginal-
ization property of a Gaussian distribution allows us to simply "ignore" all other latent
variables. Marginalization over a joint Gaussian distribution is defined in the Appendix by
Equation (A.3). Marginalization over an infinite-dimensional distribution presented here
should serve merely as a sketch. We reference the reader to [82] for a more technically
involved analysis. The finite posterior over the vectors of the observed and the unobserved
latent values is defined by

p(ylf)p(f.£.)

p(f,f.ly) = oY)

, (2.39)

where the likelihood is p (y|f) = N (y]f , Iai). The marginal likelihood is explicitly defined
by
p(y) =N <y|0, K+ Iai) ) (2.40)

The joint prior is specified by

e S
* *, f *,%k

where Ky ¢, K, , and K, represent the covariance matrix between the observed inputs,
covariance matrix between unobserved inputs, and their cross-covariance matrix, respec-
tively. Marginalizing out the latent values f from the joint posterior in Equation (2.39)
yields the predictive posterior p (f,|y) at the unobserved inputs X,. Again the predic-
tive distribution can be more elegantly expressed as a conditional, derived from the joint

distribution, i.e.
y 0
p(y,f) =N ;

where the identity considering the conditioning over a joint Gaussian distribution can be
found in the Appendix with Equation (A.4). The posterior at the unobserved inputs X,
is defined by

2
Krptlon Kpel ) (2.42)
K*,f K*,*

-1
Ep(f.ly)] = K, ; (Kf,f + IUZ) Y,

1 (2.43)
Vip(f.ly)] =K. - Ko f (Kpp+107) Ky
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(a) Block diagram of a GP regression model.

(b) PGM of a GP regression model.

Figure 2.9: Dual graphical representation of a GP regression. In both graphical represen-

tations, the function f(-) is modeled by a GP, i.e. f(-) ~

GP(f () |m (), k(.

). In PGM,

the parameters of the mean and the covariance function, as well as the noise variance, will
be hereafter omitted for brevity. Again it is important to note that the latent variables
are fully connected, which is represented by a thick black line.
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Figure 2.8 shows an example of a GP regression. Figure 2.8a shows the prior over latent
function values, and Figure 2.8b shows the posterior given the observed data. So far,
nothing was said about how the parameters of the mean, the covariance function, and the
noise variance were determined. In the next section, we will show how these parameters
can be obtained systematically.

2.2.3 Kernel learning

Here, we introduce back the conditioning on the parameters Ui, 0 and treat them as random
variables. Although technically the hyperparameters are only the parameters of the prior
distribution, i.e. 6, we will from here on refer to hyperparameters as the set {9,03}.
In a full probabilistic approach we would consider placing a prior distribution over the
hyperparameters and infer their posterior given the observed data

p(v16.07)p(0.07)
Sp(v16.02)p(8.07) d007

but unfortunately this cannot be evaluated in closed-form.

One could design a sampling scheme such as the Markov Chain Monte Carlo (MCMC)
[6], [83], [84]. In the case of MCMC inference, the predictive posterior is also numerically
approximated since the integration with respect to the hyperparameters cannot be obtained
in closed-form. The predictive posterior is, therefore, approximated by an equally weighted
sum over r samples, i.e.

p(ely) = [ [o(t.0.02)p (002 ) dvao2 ~ S (110" (52) ). 29

k=1

p (&m%!y) = (2.44)

~(k (k)
where 0( ), (52) represent the k-th realization from the posterior p (0, 02|y) obtained

by MCMC.

MCMC samples from the target distribution are correlated and can, therefore, explore
the high dimensional space of hyperparameters more efficiently and more precisely than
the independent MC approach. Independent MC provides a rough estimate, since the

convergence of the algorithm is proportional to 7“7%, where 1 represents the number of
samples. However, it can be practical for the initialization of the MCMC algorithm, or in
situations where the complexity of MCMC is prohibiting.

Figure 2.10 shows the results of hyperparameters inference (kernel learning) for the
function defined by Equation (2.27). For MCMC, two chains were generated with Hamil-
tonian MC [84] up to 2500 samples, where the first 1000 samples were discarded as a part of
the burn-in period. Blue solid circles show the first 100 samples (that were not discarded).
The Blue vertical line represents the MLE solution. Unfortunately, MCMC sampling for
GP regression is computationally very demanding as the sampler can converge very slowly
due to the posterior distribution over the latent function values being highly correlated
[85].
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Figure 2.10: MCMC inference of the posterior hyperparameters given the observed data.
Blue solid circles represent some samples of the posterior distribution of the hyperparam-
eters. The MLE solution of the hyperparameters is represented with a blue vertical line.
The maximum a posteriori (MAP) estimate is represented with an orange vertical line.
The two columns show individual results for two independent MCMC chains.
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When the data sets are relatively large, an alternative approach to MCMC is to maximize
the logarithm of the marginal likelihood with respect to the hyperparameters, i.e.

0, &Z = arg max [log P (yw, 02)} , (2.46)
9,0'721
where
2 L 7 2\ ! 1 o M
log p (y\@, an) =3y (Kﬁf + Ian> y— §log ‘Kf’f +1Io,,| — 510g27r. (2.47)
—_—
data fit term regularization term constant

We will refer to this term as the marginal log-likelihood (MLL).

The elegant framework comes at the cost of the computational complexity of O(ns) due
to the inversion of the covariance matrix of the observed data which makes GP regression
unpractical for data sets larger than a few thousand data points. [22]. The memory
requirements are O(n2) because of the storage of the covariance matrix.

In theory, GPs could be approximated with a limited set of basis functions [44], which
translates the problem back to Bayesian linear regression and thus reduces the significant
computational demand. In the case of stationary kernels, one can use the Fourier-feature-
based approximation [86].

Unfortunately, approximations based on the finite representation of basis function ex-
pansion are too restrictive in their assumption and exhibit undesirable pathologies at test
time [45]-{47].

With the advancement of contemporary software frameworks, the gradient of the MLL
can be obtained by the means of automatic differentiation [87|, [88]. Automatic differen-
tiation exploits the fact that every algorithm is constructed by a sequence of elementary
arithmetic operations and elementary functions. Elementary operations and functions are
represented as a tuple that consists of:

1. A forward step;
2. A backward step.

The forward step simply applies the operation over the inputs to produce an output. The
backward step calculates the derivative of the forward operation with respect to the free
parameters and updates the free parameters based on the selected optimizer. To update
the whole sequence of the forward operations, the chain rule is applied repeatedly.

In practice the MLL defined by Equation (2.47) is computed using the Cholesky decom-

position of the covariance matrix LL” = (K £t Ia,%), which is defined in the Appendix

by Equation (A.10). Obtaining the derivatives over the Cholesky decomposition can be
found in [89], and are implemented in contemporary software frameworks, e.g. Tensorflow
[90] and, consequently, in a GP specific toolbox GPflow [91].

A common way to optimize the MLL is with a second-order optimization method, such
as the Newton’s method [92]. Second order optimization uses the Hessian to calculate
the direction of the step that minimizes the local quadratic approximation of the cost
function. Due to the high computational expense of calculating and inverting the Hessian,
an approximation is usually used.

If not stated otherwise, the reader should assume that in the examples used in this
thesis, limited-memory Broyden-Fletcher—Goldfarb-Shanno (LBFGS) optimizer is used to
maximize the MLL, which computes a low-rank approximation of the Hessian with finite
differences [93].
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So far we have considered how the hyperparameters are learned in GP regression. We also
defined how the posterior moments of the prediction are specified in closed-form. However,
in certain scenarios, we wish to obtain a sample from the posterior GP. Two examples where
the posterior samples are required are:

1. Numerical marginalization with respect to GP prediction;
2. Simulation of dynamical GP models.

In the next section, we will consider how a sample from the posterior is obtained.

2.2.4 Sampling from the posterior GP

Sampling from the posterior GP practically refers to taking a sample from the posterior
over functions given the observed data, i.e.

draw f (1) ~ GP (f () ly). (2.48)

where f (-) denotes a realization of the posterior function. Since a function can be seen
as an infinite-dimensional vector, taking a sample from an infinite object seems confusing.
In practice, we cannot sample from an infinite-dimensional object. A practical trick lies
in the marginalization of the latent values that we are not interested in. Since the joint
distribution is Gaussian, the marginalization is trivial. For example, the GP posterior can
be factored as

GP(f () Ely) =GP (f () If,y) p(f.ly) - (2.49)
infinite part finite part

In practice, a sample is drawn from the finite part. The sample from the posterior can be
computed in two ways:

1. Batch algorithm;
2. Sequential algorithm.

In static systems, a more convenient batch draw is preferred. However, one has to know
the inputs at which the posterior is evaluated beforehand. In the simulation of dynamical
GP models, this is not possible since the inputs are evaluated iteratively and the posterior
is sampled sequentially. In the next two sections, we will demonstrate how a batch sample
and a sequential sample can be obtained from the posterior GP.
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Batch sample

Let us explicitly define the test latent function values as

£, ={fi.fos f3,- - [} (2.50)

A batch sample from the finite part, i.e.

draw f17f~2>.f37"'>.fnwp(f*|Y)v (251)

is simply a draw from a multivariate Gaussian which is defined in the Appendix with Equa-
tion (A.8). For generating visually appealing plots, the infinite part can be approximated
by

FO~GP(FOEny) ~g(-E), (2:52)

where f (+) represents an approximated function realization at input locations that are not
in X, and g represents a piecewise linear function that interpolates between the latent
realizations of the posterior f,.

Figure 2.11 represents this approximation colored in red. If we look at the posterior
shown in Figure 2.11b, exact samples f, are presented with red solid circles. The approx-
imated latent function values f (-) are shown with red lines that interpolate between the
exact latent samples f,. The same procedure is applied to the prior in Figure 2.11a, where
the latent function values are drawn from the prior instead.

The blue bars in Figure 2.11 are also exact and represent the prior or the posterior
marginals of the latent function values f,. The blue green region represents the linearly
interpolated part of the marginals, where the mean and the 95% confidence interval are
again approximated with a piecewise linear function.

It is important to understand that until an arbitrary latent function f’, at an arbitrary
input 2, is explicitly added to the joint distribution (to the set f,), one cannot in practice
obtain an exact sample at z’. This is a consequence of the nonparametric nature of GPs.
Note that this is not conceptually a problem in linear models, where by definition linear
interpolation is exact, and so are the samples of the latent function values. For that
reason, GPs using a linear covariance function do not justify the cubic computational
complexity that originates from the large joint probabilistic model, since the same result
can be obtained more efficiently through the Bayesian linear regression framework.
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Figure 2.11: A batch sample from the posterior GP. Figure 2.11a represents the prior and
Figure 2.11b represents the posterior over the latent function f (-). The means and the
confidence intervals shown with blue bars are evaluated at uniformly spaced inputs X,.
They are represented by a finite distribution, i.e. p(f,) for the prior or p (f,|y) for the
posterior, and are exact. The blue solid region represents the linearly interpolated parts.
Red circles represent an exact sample f'* from the prior or the posterior, respectively.
Red connecting lines show an interpolated approximation of the sample at all other latent
function values.
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Sequential sample

An equivalent approach to a batch sample is to sample the finite part of the latent function
p(f,|y) sequentially. We can obtain a discrete sample f, over the inputs X, by

draw fl ~ p(flb’)
draw fy ~ p(fol f1,¥)
draw f3 ~ p(fs|fa f1,¥) (2.53)

draw fn Np(fn‘fn—lv e '7f27f17Y)

For plotting, the infinite part is again approximated by
FO)~aP(FO)IEy) =g (- E). (2.54)

In static problems, the sample draw presented in Equation (2.53) is invariant to permu-
tation of the latent samples. A sequential sample is non-Markovian since a single latent
sample depends on all realizations of the latent values up to the respective latent value
considered. In practice, the sequential sample would not be applied in static problems as
the batch algorithm is more convenient. However, it provides an intuitive view of how a
sample from a GP can be obtained if the nature of the problem is dynamic, and the future
inputs are not known beforehand, but rather determined iteratively.

A sequential sample for 3 latent values is demonstrated in Figure 2.12. Samples fl, f2, f3
are shown with red solid circles. The marginals for other latent function values not in

{fi, fo, f3}, i.e. of p (f*\{fl,f%fs}lfl,fQ,f3,y), are shown with blue bars and are exact.

Blue solid region is approximated and represents the linear interpolated part for arbitrary
latent function values f(-).

The rest of the thesis will use the approach described in this section to visualize the
posterior function mean, variance, or sample, where we will equivalently use the batch
or the sequential representation for static or dynamic GPs respectively. This generates
visually appealing graphs, but the reader should remember that an exact representation of
the latent function value at an arbitrary input can only be obtained if that latent function
value is explicitly added to the joint distribution.

So far we have only dealt with static problems. In the next section, we will introduce a
dynamical GP model that can model time-ordered data. The simulation of the dynamical
model considered will justify the introduction of the sequential sampling of the posterior
that is otherwise not practical in static GPs.
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(a) Posterior prediction given the observed data, i.e. p(f () |y). Exact marginals are shown
with blue bars. The interpolated part is shown with solid blue color.
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(b) Posterior prediction given the observed data and 1 latent realization. Exact marginals

are shown with blue bars, i.e. p (f*\f1 |f1,y), and an exact realization of the latent function

value fl is represented by a red circle. The interpolated part is shown with solid blue color.
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(d) Posterior prediction given the observed data and 3 latent realizations. Exact marginals
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Figure 2.12: Sequential sample from a GP posterior for 3 latent realizations.
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2.3 Autoregressive Gaussian Process Regression

In this section, we will introduce dynamical notation for indexing the latent values and
the corresponding observed data. Note that the dynamic notation of indexing the latent
values by time steps can be for static problems equivalently replaced by a more common
notation in the GP literature, i.e.

fl:t = f7
ft+1:t+n = f*7 (255)
)= f0).
Unfortunately, we need the tedious notation by the time index to represent the simulation
of GP-NARX models, which requires ordered latent values to fully and precisely describe
the algorithms in mathematical terms. We also want to emphasize how the notation in
dynamical GPs corresponds to a more common notation in the system identification liter-

ature. The control inputs in this thesis will be denoted by x, but they can be equivalently
replaced by a more common notation, i.e.

N (2.56)

However, in the literature considering approximations of GPs, the letter u is reserved for
pseudo-points, which will be introduced in later chapters, and we would like to avoid that
confusion. Additionally, we want to emphasize that the estimated value that is in the
system identification field usually denoted by y,,;, is in GP regression replaced by the
posterior mean at ¢+ 1, i.e

Elp(ye 11y 1.0)] = G- (2.57)
In the following section, we will introduce a dynamical GP model that models the in-

put/output dependency by a nonlinear autoregressive model with exogenous inputs (NARX)
model [23].

2.3.1 Nonlinear autoregressive model with exogenous inputs

Let us assume that the true dynamics are governed by

ft:f(ftfnav"'vftflaxtfnba"'vxtfl)7 (258)

where f is a nonlinear function, f; an evaluation of the nonlinear function at the respective
time step t + 1, and n,,n, > 0 denote the number of lags for the delayed outputs and
delayed exogenous variables, respectively. In matrix form, this can be represented by

£, = f(let)a (259)

where f,.,; denotes the vector of latent function values. The input matrix Z,,, € R (Matm™)

is represented with a NARX model, where ¢ denotes the number of observations. The i-th
row of the matrix Z,,; is defined by

T
zZ; = [fz'fnav"'>fi71axifnb7"'axi71}' (2.60)

Instead of the true output vector we observe a noisy one, ie. y;, = fi.; + €, where
€ ~ N(€]0,I02). The dynamical system is then modeled by

Y1t = f(zl:t) + €, (261>
where the i-th row of the input matrix Z.; is defined by
T
z; = [yi—nav s Y1 Ty - - s i) (2.62)

The goal is to infer the latent function f from Equation (2.61). Similarly, as in the static
case, the latent function is modeled with a GP.
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2.3.2 Kernel learning and prediction

We again introduce the posterior over functions

(Y14lf1:) GP (f (1))
p(ylzt) .

p
GP (f () ly1e) = (2.63)
The cost of representing a dynamical model in this form is that now not only the output
is corrupted by noise, but so are the inputs. Throughout this thesis, we will refer to this
model as the vanilla GP-NARX model. The hyperparameters of the GP-NARX model can
be obtained through the maximization of the MLL defined by

1 T 2 -1 1 2 n
log p(y1.4) = —5 Y1 (Kflmfu + Ian) Y1t~ 5log ‘Kfltt,fm +1oy, | — Slog2m. (2.64)

The prediction at ¢t + 1 is obtained by marginalizing out the latent values that do not
belong to time step t + 1 out of the posterior, i.e.

P (Y1lf10) P (Fr frg1) dfy.
pUialyrd) = [P (O vty = 12Ol 2T Juen) e (o 5
b (ylzt)
The mean and the variance of the predictive posterior are specified by
o\ 1
Elflyid = Kpon (Kpos, 7100) Yias (2.66a)
-1
2
V[ft'f‘l’y“f] = Kft+17ft+1 - Kft+17f1:t (Kfl:tvflzt + IU”) Kfl:tvft-&-l‘ (266b>

Equivalent, but numerically more stable algorithm, is defined in Appendix E.1.1.

PGM of the GP-NARX model is presented in Figure 2.13. Again, it is important to
note that all latent values f in the PGM are fully connected which is shown with a thick
black line. The block diagram for NARX model construction is shown in Figure 2.14, which
illustrates how the dynamical input at the time step t is obtained, i.e. by concatenating the
lagged exogenous variables and the lagged observations. The block diagrams for training
and prediction in a GP-NARX model are shown in Figure 2.15 and Figure 2.16. Although
arbitrary latent function values f () are in practice marginalized out, we keep them in the
block diagrams to emphasize the omnipresence of the fully connected Gaussian field.
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z(-) VAl Z3 Zt Zt11

Figure 2.13: PGM of a GP-NARX regression model. The thick black line denotes fully
correlated latent values.
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Figure 2.14: Block diagram of NARX model construction. 2 represents the lag operator.
The dynamical input at the time step t is obtained by concatenating the lagged exogenous
variables and the lagged observations.
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T1:t ———>
Y1:t —>

Ti41 —

Yt+1 —>

Z:¢
2zt = g(xt, yt)
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zt = g(xt, yt)
z¢ = g(x¢, yt)
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Figure 2.16: Block diagram of a GP-NARX model prediction. In prediction, the GP-NARX model is identical to that of the static case, where the
only difference is the construction of the inputs z. The transformation g (z;,y;) represents the NARX model constructor, shown in Figure 2.14.
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2.3.3 Simulation

Marginalizing the GP posterior over all the latent quantities that are not of interest, we
arrive at the posterior prediction at time steps from ¢ +1 up tot +n

P (Fortanlyre) = / GP (f () [y 1) A\ (s,

_ fp (Y1.elf1:6) p (F1ae, ft+1:t+n) dfl:t.
p(ylzt)

(2.67)

Note that the estimation of the latent function values, up to the time step ¢ + n, can only
be obtained in closed-form if the inputs at that time step are known. Unfortunately, that is
not the case in the simulation. The inputs have to be determined iteratively, using the past
predicted latent values to replace the output data in the dynamical input z. Consequently,
the posterior sample from a dynamical GP model has to be determined sequentially. The
problem in simulation is best illustrated by an example. Let us consider a model of the
form

Jie1= f(zt—i-l)a (2.68)

where the input is represented by a NARX model with parameters n, = 1,n, = 2, i.e.

T
Zi1 = [yta Ty_1, xt} (2-69)

and the function is modeled by a GP. We observe the noise corrupted values y;., and
the corresponding exogenous variables x;.; up to the time step ¢. At the time step t + 1,
the latent function f;,; simply follows the predictive distribution p (f;11|y1.;), defined by
Equation (2.66). At the time step ¢ 4 2, the input becomes a random variable, i.e.

P(ZtT+2|ft+1) =9 (Zaz - [ft+1a$ta$t+ﬂ> ) (2.70a)
Jig1~ D (ft+1b’1:t) . (2.70Db)

The joint predictive distribution from the time step ¢t + 1 up to ¢ + 2 is then defined by
P (Ferrapalyre) = /p(ft+2‘ft+1:YI:tvzt-‘rQ)p(Zt—&-Q‘ft-i—l)p(ft-i—l’yl:t)dzt+2' (2.71)

Similarly, at the time step ¢ 4 3, the input is defined by

p(th-i-B’ft—i—Z) =9 (Zag - [ft+27xt+17$t+2]) ) (2723)

ft+2 ~p (ft+2|ft+17 Yit Zt+2) . (2-72]3)

The joint predictive distribution from the time step ¢t + 1 up to ¢ + 3 is then

p(ft+1:t+3|Y1:t) = //p(ft+3|ft+2aft+1>Y1:tvzt+3)p(zt+3|ft+2)'

‘D (ft+2|ft+17 Yie Zt+2) p(Zt+2’ft+1)p (ft—l—l ’}’u) dzy odz; 3.

(2.73)

The joint distributions that involve marginalization over the uncertain inputs cannot be
evaluated in closed-form, since the Gaussian distribution is propagated through the non-
linear covariance function. Therefore, the resulting distribution over the latent function
values is not Gaussian anymore. The distinction of the joint posterior over the latent
function values between the prediction and the simulation is presented in Figure 2.17 and
Figure 2.18, where the joint distribution up to t 4+ 4 was considered. We can see that in
the simulation, the joint distribution between the latent function values is not Gaussian
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Figure 2.17: Posterior distribution of the consecutive latent function values in prediction,
i.e. the inputs are known and are deterministic. The posterior can be obtained in closed-
form and is Gaussian.
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Figure 2.18: Posterior distribution of the consecutive latent function values in simulation,

i.e. the inputs are obtained sequentially and are a random variable. The posterior cannot
be obtained in closed-form and is not Gaussian.
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anymore. Although the joint distribution is not Gaussian, the individual conditionals in
Equation (2.73) are. We can approximate the marginalization over the uncertain inputs
with MC integration. The joint distribution over the latent function values, generalized
for arbitrary parameter value n,, is defined by

n
P (Friinlye) = /p(ft+2na:t+1|Y1:t)(H/p(ft+i’ft+l:t+i1vY1:tht+i)'
i=2

(2.74)
'p(zt—i-i|ft+i—na:t+i—1)dzt+i> AE\(fn)s
where
T T T T
p(zt+i|ft+ifna:t+i71) =0 (Zt+i - [ft+ifna:t+iflaXt+z’fnb:t+ifl]) . (2.75)
A k-th trajectory sample is obtained sequentially by
draw " £
raw Iyio_n 41 ™ p( t+2—na:t+1’y1:t)7
d _ (k) f(k)
raw 2,5 ~ P(Ziiolfiion,141)
F(k) #(k - (k
draw ;5 ~ p(ft+2|ft(+)1’}’1:ta Z§+)2), (2.76)
~(k #(k)
draw Z§+)n ~ p(zt+n|ft+n—na:t+n—l)a
#(k) #(k) ~(k
draw £, ~ p(frpnlfi14m—1, Y100 Zi(i—l—)n)'
The noisy values can then be drawn independently
~(k #(k)
draw Y§+)1;t+n ~p (yt+1:t+n|ft+1:t+n) . (2.77)

The equation is very similar to the sequential sampling in the static example, defined
by Equation (2.53), only that now the order of the latent samples is important. It is
determined by the sequential estimation of the inputs which, consequently, breaks the
elegant Gaussian property of the latent function values. Posterior marginals that can be
seen as a Gaussian mixture model (GMM) at an arbitrary time step ¢ + 4, where i > 1 |
can be defined by

1 — ~(k) _(k
p(frpilyre) = - Zp(ft+i|ft+1:t+i7173’1:ta Z§+)i)> (2.78)
k=1

where r denotes the number of MC samples.

PGM of a GP-NARX model simulation is presented in Figure 2.19. A block diagram
of the simulation is presented in Figure 2.20. In the simulation, a dependency between the
inputs and the delayed latent function values is introduced, which can be seen in the block
diagram by connections between the latent values and future inputs.

A diagram of the simulation procedure is presented in Figure 2.21. Horizontally, the
diagram represents a k-th MC sample of the trajectory, where it is demonstrated how the
posterior latent distributions, at the time step considered, depend on all latent realizations
up to that time step. Vertically, the diagram shows how the conditional distributions for
individual samples define ae GMM that approximates the posterior latent distribution at
the respective time step.
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Figure 2.19: PGM of a GP-NARX model simulation. The PGM is presented for a NARX
model with parameter n, = 1. The thick black represents fully correlated latent values.
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Noise propagation

If the assumed GP model does not separate the epistemic and the aleatoric uncertainty
well, i.e. the noise U?L not only contains the random fluctuations, but also other possible
unknowns that could in practice be reduced, one can also propagate the noise corrupted
values through the inputs, i.e.

T T T
p(zt+i’y}+ifna:t+ifl) =0 (Zt+i - {yt+z¥na:t+iflvXt+ifnb:t+ifl]) . (2.79)

Note that in practice this approach might overestimate the simulated variance since the
whole afb is propagated, even though some of it might just be random noise. And since the
latent function is generally nonlinear, the posterior moments of the estimated distribution
change as well. On the other hand, if only the latent values are propagated, the simulated
variance might be underestimated, if the learned ag contains other uncertainties than just
random noise. In practice, the decision to propagate the noise or not is a design choice
and should be best selected through cross-validation.

Comparing the predictive variances of the two approaches additionally gives valuable
insight into the modeled dynamics. E.g., if the noise propagation approach describes the
observations better in probabilistic terms, one can conclude that there is still uncertainty
in the process that could in practice be reduced. New data could be acquired to model
the latent process better and thus reduce the likelihood variance that should ideally only
contain random fluctuations, i.e. noise.

The computational complexity of the simulation is unfortunately cubic with respect to
the number of steps into the future. In the next section, we will provide an overview of
approximations to the numerical simulation of GP-NARX models.
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Figure 2.21: Diagram of MC approximation of the GP-NARX model simulation. Orange-
filled circles represent the realizations at the time step considered, and the blue distribu-
tions show the individual conditional components. At the bottom of the diagram, a GMM
representation for the latent function values at the time step considered is shown.
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2.3.4 Simulation approximations

In the existing literature considering the simulation of autoregressive GP models, the sim-
ulation is often further approximated due to the high computational complexity of the
algorithm. Here we will summarize the numerical approximations in relation to the ground
truth. The ground truth will refer to the numerical approximation of the simulation defined
by Equation (2.74) and Equation (2.75). We will call this approach the fully correlated
MC (FCMC) simulation.

Conditionally independent MC (CIMC) simulation assumes that the latent function
values up to the time step ¢t + n are conditionally independent given the inputs and the
noisy observations, i.e.

p(ft+1:t+n|y1:t) = /p(ft+2—na:t+1’y1:t) <H /p(ft+iM7y1:t7Zt+i)'
i=2
'p(zt+i |ft+i—na:t+i—1)dzt+i> df\{ft+1:t+n}

n
~ /p(ft+2—n,1:t+1b’1:t)<H/p(ft+iY1:t7zt+i)'
i=2

(2.80)

'p(zt—‘ri|ft+i—na:t+i—l)dzt+i> df\{fm“n}

The dependence on the past latent values is omitted. The uncertain inputs are defined by
Equation (2.75).

Fully correlated naive (FCN) simulation keeps the fully correlated latent distribution,
defined by Equation (2.74), but considers only the mean of the prediction in the definition
of the inputs. The inputs are, therefore, deterministic and numerical integration with
respect to the latent values can be obtained in close-form, although sequentially. The
inputs are defined by

T T T T
p(zt+z’\ft+i—na:t+i—1) ~ 0 (Zt+i - [Mt+i—na:t+z‘—1aXt+i—nb:t+i—1]> ) (2.81)
Bipin,t4+i—1 = E [p(ft—i-i—na:t—&—i—l’yl:t)] .

Conditionally independent naive (CIN) simulation further approximates the FCN simu-
lation by considering the latent distribution defined by Equation (2.80) and the inputs
defined by Equation (2.81).

Table 2.1 represents the computational complexities and the memory requirements of
different approximations to the simulation of GP-NARX models. Parameter r represents
the number of MC samples, ¢ the number of observed time steps, and n the number of
predicted steps into the future. We can see why the methods using the independence as-
sumption are appealing in practice, since the computational complexity and the memory
requirements are heavily reduced in approximations that either assume deterministic in-
puts, or do not consider all latent values jointly correlated. However, such assumptions at
test time break the mathematical definition of GPs, and can result in severe underestima-
tion of the latent uncertainty. On the other side, the computational demands and memory
requirements of the FCMC simulation are too restrictive to be useful in practice.

So far the simulation of GP-NARX models was presented in a rather abstract way. In
the next section, we will provide an illustrative example of modeling a dynamical system
with a GP-NARX model. We will explicitly show how the simulation can be obtained in
practice.
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Table 2.1: Computational complexity and memory requirements of approximations for
the simulation of GP-NARX models. The number of MC samples are denoted by r, the
number of observed time steps with ¢, and the number of predicted steps into the future
by n.

Approximation algorithm Computational complexity Memory requirements

FCMC simulation O (r ‘n-(n+ t)2> O (r -(n+ t)2)
CIMC simulation (@] (r n- t2) O <t2>
FCN simulation o <n “(n+ t)z) O <(n + t)2>
CIN simulation @) <n . t2) (@] <t2>

2.4 TIllustrative Example

Let us consider an illustrative problem [68], where the true process is governed by the
difference equation

(2 + 1.2x}) 2

fri=fiexp |1—04ff —>— 2|
1
1+ ()
(15 — .’L'?) ftz 2.89
fin = I exp 1—0-5$§—T ; (2.82)
t

xf = cos (27t)
a7 = sin (27t) .

We observe noisy values

1 1,01 2
Yt NN(yt‘ft7O—n>7

) T, (2.83)
Yt NN (yt ‘ft 7Un) )
where JZ = 0.05. The process is modeled by
Yl:t = f(zlzt) + €, (284)

where f ~ GP (f(-)|m(-),k(-,-)). The row of the input matrix Z.; is defined by a NARX

model, where n, = 1 and ny = 2, i.e.

T _ |1 2 1 1 2 2
Zt = \Yt—1 Yi—1 Ty—1 Ty T l‘t_g] ) (2.85)
and the corresponding row of the output matrix Y., = [Y%:t Y%:t} is defined by
T
vi=[ut o). (2.56)

We assume that the joint posterior of the two outputs is conditionally independent given
the observed data, i.e.

p (f%:t, f%:t|Y1:t> Zl:t> =D (f%;tb’%:ta Zl:t) p (f%:tb’%:tv Zl:t) . (2.87)
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Then their joint prior has the form

1 1 1
(D@ )
fl:t f1:t 0 0 Kfl:t:fl:t

where the blocks K} f,., are parametrized by a separate covariance function k:i(~, -). The

1:t2J1:t .
(2
noise variance is similarly modeled separately for each output dimension, i.e. O'TQL

For this example, the covariance function was chosen as a combination of a linear and
a Matérn(3) kernel such that

ki('v ) = kiinear(% ) + kli\/[atérn(g)('v ) (289)

The covariance functions are defined in Appendix C.

Note that the cross terms in the distribution defined by Equation (2.88) could also
be populated [94]-96], instead of being set to 0. This increases the joint distribution by
2 times and the computational complexity by 8 times due to the cubic dependency with
respect to the number of data points. In practice, this can be best utilized if the data are
partially observed, e.g. we are trying to predict one output having observed the other.

In this example, we will assume that the whole time-series is observed and that the
dependency between the outputs can be described well by having both lagged outputs in
the NARX model. We would expect this to be a good enough approximation when the
discrete system is sampled with a relatively high frequency.

We are interested in predicting the process output up to some arbitrary time step into
the future ¢t + n. We follow Equation (2.74). The input at ¢ + 1 is defined by

r _ |1 2 1 _1 2 2
Zyel = |y Yi Ty Ty Ty Tpq| - (2.90)

In the first step, the latent values are drawn from the posterior distribution of the latent
function values given the data we have observed up to the time step ¢, i.e.

rl 1 1 1
draw fiq ~ N(ft+1|,ut+17 Zt+1)7 (2.91a)
72 2 2 2
draw fiyq ~ N(ft+1\ut+17 Et-ﬁ-l)? (2.91b)
where
i i 2\ !
My = KftJrlvfl:t (Kfl:t>f1:t + IJ”) Yt (2.92&)
. . . —1 .
i 7 7 2 1
Et+17i = Kft+17ft+1 - Kft+17f1:t (Kflszl;t + IU”) Kfl:tvft-&-l‘ (2'92b)

K’ represents the covariance matrix for fy.,,, and K’ represents the cross-
fl:ufu ) T . Jer1:f1:t
covariance between f1,; and f, ;. The input at ¢ + 2 is defined by

ST |71 72 1 1.2 2
Ziy2 = [ft+1 fir1 T T T xt:| (2.93)
and the next latent realization is obtained, i.e.

draw fiys ~ N (fialitee, Siva), (2.94a)
draw f2io ~ N (fZaliire: Sita)- (2.94b)
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The latent posterior at t 4+ 2 is specified by

. , -1
~ K + IO‘2 K .
i 451 it Y1
Hivo4 = Kft+2af1:t+1 [ flK.tifl't " 'fl't fens ~1 e ) (2.953)

7
fer1of1:e Kft+17ft+1 ft+1,i

. . —1
i i K’ +I02 K| i
_ et @ Jie51: n Ji:f, t
ZH-Q,Z' = Kft+2’ft+2 - Kft+2’f1:t+l [ : ti - K e Kfl:t+1vft+2' (2.95b)
feg1:f1:t feg1:fe41

The input for the time step t + 3 is defined by

o L sl 72 1 1 2 2
Zt+3_[ft+2 ftra T2 Ty T Tp (2.96)

and the next latent realization is obtained by

71 1 1 1
draw fii3 ~ N(ft+3|,ut+3> Et+3)a (2.97a)
72 2 2 2
draw fii g ~ N (firslpies, Xits), (2.97b)
where
K} Io} K, K, -
i fri:f1e + On fl:tvft-&-l 4f1:t7ft+2 yl:t,i
W i i 1 1
Mt+3,i - Kft+37f1:t+2 Kft+l7fl:t Kft+17ft+l Kft+17ft+2 ftJrl’i y (298&)
~0 =1 ~1 P
Kfotie Kot Khiofip Jrv24
~ i -1 T:t+2,4
[ f1:t+27f1:t+2]

~ 0

i 2 1
f1:u‘f1:t + Ian K‘flztvftJrl K(fl:tvft+2

~ i ~ ~ 1

_ 1t i i
z31‘/4-3,2’ - Kft+31ft+3 - Kft+31f1:t+2 I?ft+1,f1;t Kft+17ft+1 Ifft+laft+2 Kfl:t+27ft+3'

1 ~_ 1 1
Kporie  Krodin Kfofios

K -
[ fl:t+27f1:t+2]

(2.98D)

This procedure can be repeated up to an arbitrary time step into the future.

Figure 2.22 and Figure 2.23 show the FCMC simulation on the illustrative example
where the data were observed up to the time step 500 and then the trajectory was sim-
ulated for another 100 steps. If we look at Equation (2.98), we can quickly realize that
the dimension of the matrix we are inverting is increased with each additional time step
considered.

To reduce the computational complexity one can consider only propagating the mean
of the posterior of the latent function values. FCN simulation would replace the latent
realizations with their corresponding posterior means. In the example presented above,
the input at time step t+3 would then be defined by

T _ |1 2 1 1 2 2
Zt43 = M2 Mi42 Tep2 Tepr Tepo Tip (2.99)
and
Y,
Mit+2i = | M1 - (2.100)

Hi4-2.4
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CIN simulation would consider an additional assumption and set the covariance matrix
elements to

] 'Kz ~ 1
K _ Jreto:f1e42 Jrt+2,fe4s
Jrt+3:f1:043 Kl I“{Z
L M fevs 142 Jt+3:Si43
Mot 2 i e e
Kfl:tzfl:t + IUTL Kfl:t:ft+1 Kfl:tvft+2 Kf1;mft+3 (2_101)
(2 7
| Krpne  Krpfn O 0
~ i ~ 0
K ofi 0 Kfotin O
~ i ~ 4
L Kft+37f1:t 0 0 Kft+37ft+3

CIMC simulation would do the same approximation to the covariance matrix but introduce
back the propagation of the latent uncertainty, i.e. propagate the latent realizations instead
of the posterior mean, i.e.

ST |7l 72 1 1 2 2
Zi3 = | five fihe Tepo ey Thhe i (2.102)

The quantified uncertainty for different approximations is presented in Figure 2.24, where
we can see that in some regions, the approximations underestimate the variance, whereas
in other regions, the variance is overestimated when compared to the FCMC simulation.
The FCN simulation is omitted from the graph because it severely underestimated the
variance.

Although the CIN simulation and CIMC simulation performed similarly in this illustra-
tive example, this is generally not the case. The CIN simulation usually underestimates the
latent variance [23|. Since the computational complexity of the two algorithms is not sig-
nificantly different, as shown in Table 2.1, the CIMC approximation is generally preferred
over the CIN simulation.

The example only considered 500 observed data points. The simulation was calculated
for 100 steps into the future. Practically, GP-NARX regression can only be applied to data
sets of a few 1000 observed data points, and even less if simulation is considered, due to the
cubic computational complexity with respect to the observed data and predicted steps into
the future. In the next chapter, we will consider approximations of the vanilla GP-NARX
model, which can reduce the computational complexity in training and in simulation.
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(a) Latent simulation response, i.e. f%+1:t+100.
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(b) Noisy simulated response for, i.e. yt1+1:t+100.

Figure 2.22: The data are observed up to the time step ¢ = 500. Only the last 100 training
data are plotted. The output is then simulated 100 steps into the future. Figure 2.22a
shows the first two moments of the latent simulated trajectory, and Figure 2.22b shows
the first two moments of the noisy trajectory.
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(b) Noisy simulated response for, i.e. ff+1:t+100-

Figure 2.23: The data are observed up to the time step t = 500. Only the last 100 training
data are plotted. The output is then simulated 100 steps into the future. Figure 2.23a
shows the first two moments of the latent simulated trajectory, and Figure 2.23b shows
the first two moments of the noisy trajectory.
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(b) Latent 1.96 standard deviations for ff+1:t+100.

Figure 2.24: Comparison of the latent 1.96 standard deviations of the resulting trajectory

in simulation of an illustrative dynamical example.
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Chapter 3

Pseudo-Point Autoregressive
(Gaussian Process Regression

GP models represent an elegant method that describes both the aleatoric and the epistemic
uncertainty in closed-form. The downside of the framework is its cubical computational
complexity and quadratic memory requirements. Unfortunately, the computational com-
plexity and memory requirements extend also to the simulation. This chapter introduces
sparse approximations of GP-NARX models which significantly reduce the computational
complexity of modeling with GPs for large data.

3.1 Sparse Autoregressive Gaussian Process Regression

In this section, we will introduce approximated GP models based on the idea of pseudo-
points. We seek to find representative m pseudo-inputs that can describe the data well
[34]. This can be seen as a dimensionality reduction, but not in the sense of the feature
reduction, i.e. the column space of the input matrix, but in the sense of data points
reduction, i.e. the row space of the input matrix. We consider m pseudo-inputs

Zin = [21; -+ 2] (3.1)

and the corresponding vector of latent function values
u=[Up,...,Upl (3.2)

which come from the same joint distribution as fy.;, f;; 1, and f (-). This representation is
not different from the vanilla GP model, where u are implicitly present but marginalized
out of the joint distribution. For the model to be useful, the latent values fy.;, f;,1, and
f (+) are assumed to be conditionally independent given u such that the joint prior between
the latent function values is defined by

p(f1ss fein, £ () = /p(flzt‘u)p(ft-s-laf(') lu)p(u)du. (3-3)

The finite joint distribution is then represented by marginalizing all latent values that are
not of interest, i.e.

p(Fras frrs) = / P(Eres frvs f e,y

- / P(E [ 0)p(fr 1 [0)p(w)d,
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Z] V]

fl f2 [ N X}

Figure 3.1: PGM of a sparse GP regression model, where the latent values f;,1, f(:),
and the latent values f;.; are conditionally independent given the pseudo-points u. The
. / . . .

inputs z1.,, corresponding to pseudo-points u are free model parameters. This model does
not provide any computational advantages compared to the vanilla GP without further
assumptions.

which can again be done analytically by simply ignoring those latent function values, since
the joint distribution is Gaussian. The conditional distributions given pseudo-points fully
specify the joint Gaussian distribution. They are defined by

-1
p(f1t|u) = N(f1:t|Kf1:t7uKu7uu’ Kfl:t7f1:t B Qfl:tvfl:t) (3.53;)
~1
p(ft+1 |11) = N(ft—i—l ’Kft+1,uKu,uu7 ]E{ft_‘_th_1 - th+17ft+1)7 (35b)
where Q,, = KWLK_1 K, - Figure 3.1 depicts a PGM of the sparse GP model considered

U,
up to this part. Unfortunately, this approximation still does not reduce the computational

complexity and we have to consider further assumptions.

3.1.1 Fully independent training conditional approximation

The fully independent training conditional (FITC) approximation considers an exact test
conditional p(f;,1, f(-)|u), but an approximated training conditional where

t

p(frlu) ~ q(f1u) = [ [ p(filw). (3.6)
i=1
The latent values that belong to the training data are considered conditionally independent
given the pseudo-points u [37]. Fully independent conditional approximation (FIC) extends
this approximation to the test conditional. The conditionals of the FITC approximation
are given by

q(f14lu) = N(f1;t\Kf1:t,uK;,iu’diag Ky oor,—Qripi ) (3.7a)

—1
p(frpau) = N(ft+1‘Kft+1,uKu,uua Kle,le - th+1,ft+1)- (3.7b)

Figure 3.2 depicts a PGM of the FITC approximation. Compared to the sparse PGM
presented in Figure 3.1, the connections between the training latent values f.; are omitted.
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YAl Zy

N fo

Figure 3.2: PGM of the FITC approximation of the sparse model, where the conditional
of the latent function values f;,q, f(-) is considered exact. The conditional of the latent
values f,; is approximated so that individual latent values are independent given the
pseudo-inputs u. The latent function values f;.; are not directly connected, which can be
seen in the PGM.

Marginal log-likelihood

The marginal distribution of the latent function values results in a covariance matrix
Ky, ., 1., with exact values on the diagonal, while the cross terms are approximated, i.e.

Q(fl:t) = N(fllt’07 Qfl:tvfl:t B dlag [Qflztvflzt B Kfl:tvfl:t] )’ (38)
where ¢(f1.;) = [ (Hﬁzlp(fﬂu)) p(u)du. The noisy marginal follows by

. 2
Q(ylzt) = N(y1:t|0’ Qfl:tvfl:t B dlag [Qfltthfl:t B Kfl:tvfl:t] + Ian)7 (39)

since p(y1.4/£1.4) = N (1414, I02). The explicit definition of the MLL is then defined by

1 T . 9 -1
IOg q (Y1:t) = _iylst (Qf1;t7f1:t - dlag [Qf1;t7f1:t - Kf1:t7f1;t] + IO’n) Y1 (3 10)

1 . 2 n
B ilog ‘Qflithfl:t B dlag [Qfl:tv‘fl:t o Kfl:tvfl:t] + Ian B §log2ﬂ—

From here on we will refer to this approximation as the GP-NARX (FITC) model. FITC
approximation reduces the computational complexity in training to (’)(tm2), where t and
m represent the number of observed steps and the number of inducing points, respectively.
The memory requirements are reduced to (’)(m2) since the biggest matrix we have to store
in memory is the full covariance matrix over the pseudo-points u, i.e. K, ,. Note that
quadratic complexity is introduced over the number of inducing points which is a user-
defined parameter.



60 Chapter 3. Pseudo-Point Autoregressive Gaussian Process Regression

Predictive distribution

The posterior of the latent function values given the observed data ¢(f;,1]y;.) is fully
specified by

-1
E[ft-i—l’yl:t] - Kft+1,u2Ku,fl:tA Y1 (311&)
Vifilyied =Kpnn = Qo T Kr o 2K g (3.11Db)

where
o —1
E = (Ku7u + Ku’flztA 1Kf1:t7u> ’

) (3.12)
A = dlag |:Kf1:t7f1:t B Qfl:tv‘fl:t + Io—n] :

Equivalent, but numerically more stable definition, is defined in Appendix E.1.2. For
completeness, and to reference in later sections, the posterior of the latent function values
u, given the observed data ¢(ulyy.;), is specified by

E[ubﬁ:t] = Ku,uEKu,flztA71YI:ta (313&)
V[u|y1:t] = Ku,uxKu,u' (313b)

Numerically stable implementation of the pseudo-point posterior can be found in Appendix
E.2.2. The predictive distribution for a single point can be obtained in O(m?).

Unfortunately, the assumption of the conditionally independent latent values f;.; given
the pseudo-points u within the FITC framework is too restrictive to even view the model
as "an approximation" to the GP model. It can be considered as a completely new model
since the difference between the FITC approximation and the vanilla GP model is never
minimized.

This causes many pathological problems when considering the FITC approximation.
Some of them are even interpreted as an advantage of the method (and they can be in
special cases where the noise is heteroskedastic [34], [35], [37]). In the next section, we will
introduce the variational approximations which approximate the vanilla GP model more
systematically. Variational approximations rigorously define and minimize the distance
between the approximated GP posterior and the true GP posterior.

3.1.2 Variational approximations

Let us consider the joint model p(y;., {14, u) and its exact MLL

log p(y1.1) = 10g//p(fl:t,ulylzt)p(ylzt)dfudu (3.14)
We can obtain a lower bound on log p(y;.,) as

log p(y1.:) > log p(y1.+) — KL[g(f1.¢, w)||p(f1.4, ulyy.4)], (3.15)

where

q(u) = N(ujm, ®) (3.16)

is a free variational distribution with parameters m and ®. The derivation of Equation
(3.15) is defined in the Appendix by Equation (D.8). We can see in Equation (3.15) that
the bound is tight when the Kullback—Leibler (KL) divergence between the approximated
posterior distribution ¢(f;.;,u) and the posterior distribution p(f;.;, uly;.;) is small.
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Minimization of the aforementioned KL divergence is equivalent to maximization of the
evidence lower bound (ELBO) defined by

F(m, ®,2).,) = Eqy, ,)[log p(y1:|f1.1)] — KL[g(w)[[p(w)]. (3.17)

The derivation without constraining the variational distribution to a Gaussian form can be
found in the Appendix by Equation (D.12). Only when the collapsed bound is considered in
the Appendix D.4, we can see that the Gaussian form is in fact optimal. Lower bounding
the MLL pushes the free variational distribution towards the exact posterior over the
pseudo-points, i.e. ¢ (u) = p(uly.,.) since

KL[Q(f1:t7 u)Hp(flzt7 ub’l:t)] = KLM‘](L‘)HMI)(U‘|Y11€)]
= KL[g(w)[|p(uly1.)]-

Figure 3.3 depicts a PGM of a sparse variational approximation to the posterior. Compared
to the sparse PGM presented in Figure 3.1, the probabilistic variables y;., are omitted. The
dependency on y;., gets introduced back through ¢(u) which approximates the posterior
over the pseudo-points p(uly;.,). If the pseudo-points are placed at the training inputs,
ie. z)., = Z.,, then the variational approximation is equivalent to the vanilla GP. Two
variational approximations emerged that can be separated by the way the free variational
distribution g(u) is determined, i.e.

(3.18)

o Numerically optimized;

e Analytically derived.

In the next sections, we will describe these two approaches.

3.1.2.1 Scalable variational Gaussian process

The most scalable sparse method is the scalable variational Gaussian process (SVGP) [38],
[39], which retains the variational distribution as a free parameter. The parameters of the
free variational distribution are then determined numerically by optimizing the ELBO.

Marginal log-likelihood
The likelihood in Equation (3.17) factorizes, i.e.

t

p(y1alfre) = [ (il ) (3.19)

i=1
The ELBO can then be rewritten to
t

F(m7 P, le:m) - Z IEq(fn) [lOg p(yn’fn)] — KL [q(u)Hp(u)] . (320)

n=1

The KL divergence is explicitly defined by
1 _ _
KL [q(u)||p(w)] = 5 (tr [K, L @] + m"K, \m +1og [K, [~ log @] —m).  (3:21)

where m represents the number of pseudo-inputs. The learning of variational parameters
can be stabilized by reducing correlations in the variational distribution [97], [98]. An
equivalent, but whitened, representation of the bound is defined by

F(m, ®,21.,) = > Eys,) 10g p(yalfn)] = KL [G(w)|[p(w)], (3.22)

n=1
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J1 f2

Figure 3.3: PGM of the variational approximations of the sparse model, where the posterior
is determined by a rigorous minimization of the KL divergence between ¢(fy.;,u) and
p(f14,uly;,). In the VFE approximation, the distribution is optimally determined in
closed-form, whereas in the SVGP approximation, the free parameters are retained to
further reduce the computational complexity. Additionally, the SVGP model can be trained
in a stochastic manner.

where

p(u) = N(0,1),

. - _ _ 4 AT (3.23)
and IAJQS = L;1L¢. The KL divergence is then explicitly defined by
1 T !
KL [G(u)[[p(u)] = 5 (tr [L¢L¢} +mlm— QZlog [Lqﬁ} = m) : (3.24)
2
i=1

Unbiased estimation of the ELBO can be obtained stochastically in batches of training
data where the model parameters and pseudo-inputs are jointly learned. The expectations
in the MLL defined by Equation (3.22) can be computed by the Gauss-Hermite quadrature
[99], since the integrals are only one-dimensional.

Unfortunately, the LBFGS optimization algorithm cannot be used, as the approxima-
tion of the Hessian matrix is not robust enough to noise introduced by the stochastic nature
of the optimization. However, a successful approach to optimizing the ELBO was found to
be an alternating scheme, where a step of the adaptive moment estimation ADAM opti-
mizer [100] is performed on the hyperparameters, followed by a step of the natural gradient
descent (NGD) [38], [101] on the variational parameters m, ®.

The computational complexity of the ELBO is O(m3), where m represents the number

of pseudo-inputs and is a user-defined parameter. The memory requirements are (’)(mz).
From here on we will refer to this approximation as the GP-NARX (SVGP) model.
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Predictive distribution
The posterior of the latent functions given the observed data is approximated by

p(fre e, £ )5 |yie) = /p(f() | fer1,0) P (frgalw) p (£14]u) g (u) du. (3.25)

Marginalizing out the latent values that are not of interest we obtain the predictive distri-
bution

q (ft—i—l) = /p <f1:t7 ft+17 f () ‘YI:t) df\{ft+1}

(3.26)
— / p(fraalw) g (u) du,

where g (fi11) = p(fiy1ly14)- The explicit definition of the approximated predictive dis-
tribution ¢ (f;, 1) is specified by

-1
E[ft-‘rﬂ - Kft+1,uKu,um7 (327&)
-1 -1
V[ft""ﬂ = Kft+17ft+l B th+17ft+1 + Kft+17UKU7U(I)KU7UKU»ft+1' (3'27b)

Equivalent, but numerically more stable definition, is defined in Appendix E.1.4. The pos-
terior of the pseudo-points u given the observed data is approximated by ¢(u) = p(uly;.;)
and specified by

E[u] = m, (3.28a)
V[u] = . (3.28b)

We emphasize again that m and ® are learned from data. Numerically stable imple-
mentation of the pseudo-point posterior can be found in Appendix E.2.4. The predictive
distribution for a single point can be obtained in O(m?).

3.1.2.2 Variational free energy

The less scalable variational method is the variational free energy (VFE). However, the
benefit of this approach is that the variational distribution is optimally determined by
maximizing the ELBO in closed-form.

Marginal log-likelihood
The collapsed ELBO in VFE approximation is defined by

Fghon) =log ING1410.Qp,, 1, +100] = gtr(Kp, p, ~ Qi) (329
n
The derivation of the collapsed ELBO can be found in the Appendix D.4. The collapsed
bound introduces again the full correlation between the marginals and, therefore, cannot
be optimized in a stochastic manner. LBFGS is the usual choice of the optimizer for this
bound, which can be computed in O(tm?). The memory requirements are O(m?). From
here on we will refer to this approximation as the GP-NARX (VFE) model.
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Predictive distribution

Prediction is defined exactly as in the SVGP model since the models are theoretically the
same. The explicit specification of the approximated predictive distribution ¢ (f;; 1) is
again defined by

-1
E{ft—&-l] = Kft+1,uKu,uma (330&)
-1 -1
V[ft""l] - Kft+1vft+1 - th+11ft+1 + Kft+1,UKUﬂtq)KuyuKuaftJrl’ (3.30b)

but now the parameters m and ® are not free.

Although Equation (3.27) and Equation (3.30) are the same, the algorithms to im-
plement the prediction are not. This can be seen in the Appendix in Section E.1.3 and
Section E.1.4 where numerically stable implementations of the posteriors are defined. This
is because in the case of the SVGP approximation, the variational parameters m and ©
are matrices learned from data, whereas in VFE approximation, they are an algebraic ex-
pression. This expression can then be manipulated to result in a more numerically stable
implementation.

The posterior of the pseudo-points u given the observed data is approximated by ¢(u) ~
p(uly;.;) and specified by

E[u]
Vu]

m =0, K, ,2 'K, Vi (3.31a)
®=K,,5 'K, (3.31D)

where

Y =K, +0, Ky K o (3.32)

Numerically stable implementation of the pseudo-point posterior can be found in Appendix
E.2.3. Again, the predictive distribution for a single point can be obtained in (’)(m2).

In the existing literature, the variational approximations are usually preferred over the
FITC approximation [35]. The differences between the aforementioned approximations
were studied only for static problems. In the next section, we empirically evaluate the
performance of the approximations for prediction on 10 dynamical problems. The results
are compared to the vanilla GP-NARX model.

uvfl:t

3.2 Comparison of Sparse Approximations

Sparse approximations approximate the vanilla GP regression with reduced computational
demands. The variational approximations directly approximate the posterior, whereas the
FITC approximation, and similar approximations [34], assume additional simplifications of
the true sparse model. For that reason, the approximations exhibit different pathologies.

3.2.1 Prediction of a static model

Figure 3.4 and Figure 3.5 show the comparison of different sparse approximations on a
static example defined by Equation (2.27). The hyperparameters were learned by MLL
maximization. In this thesis, the maximization of the MLL will be equivalently repre-
sented by a minimization of the negative MLL for convenience, since minimization is more
commonly used in the field of optimization.

Figure 3.4a shows the ground truth, i.e. the posterior fit of the vanilla GP, which
is described in Chapter 2. The blue bars represent the predictive distribution of the
latent function values at the training data points, i.e. p(f|y). The confidence interval of 2
standard deviations is presented. The solid blue part of the graph represents the predictive
distribution of the test latent function values f,.
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Figure 3.4b, Figure 3.5a, and Figure 3.5b represent the static fits of sparse approximations,
where the blue bars show the posterior over the inducing points, i.e. ¢(uly) or g(u).
Regression in sparse GPs can be seen as learning a set of pseudo-inputs corresponding to
the posterior latent function values that can replace the training latent posteriors, where
the number of pseudo-inputs is smaller than the number of training data. The number of
pseudo-inputs depends on the complexity of the underlying process and the computational
limitations.

We can see that the heteroskedasticity of the fit in the FITC approximation is empha-
sized, which is due to the conditional independence assumption between the latent function
values that belong to the training data. FITC can also be seen as a GP regression where
instead of approximating the prior, the likelihood is modified to be heteroscedastic. FITC
approximation can be beneficial in scenarios where the likelihood of the observed data is
in fact heteroskedastic [37]. However, this is mostly considered a pathological problem of
the approximation [35].

The 2nd Wasserstein distance (W5), defined by Equation (B.5), between the vanilla
GP and a respective approximation is displayed in the bottom left corner. Wasserstein
distance defines a distance between probability distributions. Intuitively, it can be seen as
the minimum cost of turning one distribution into another. The 2nd Wasserstein distance
can be for Gaussian distributions evaluated in closed-form. In this demonstration, fully
correlated distributions are compared, i.e. the predictive covariance matrix at test inputs
X*ERPX1 is K € RP*P,

For the regression of this static function, the Wy distance clearly shows that the FITC
approximation does not compare well to the vanilla GP. Figure 3.5a and Figure 3.5b rep-
resent the variational approximation fits, which approximate the vanilla GP much better.
This is due to the rigorous minimization of the KL divergence between the true posterior
q(f1.;,u) and the variational posterior p(fi.;, uy;.;)-

VFE and SVGP approximations are theoretically the same models. The difference is
only in how the free variational distribution is determined and how the model is trained.
However, different training procedures might result in different hyperparameters. This can
be seen in Figure 3.6 which shows the results of MLL optimization in relation to the training
steps for different approximations. We can observe that the variational approximations
converge to similar MLL values. But they are not the same. We can also see that we need
much more optimization steps to train the SVGP model. This is due to the stochastic
optimization which is why the MLL in Figure 3.6b is noisy. However, the optimizer in
learning the hyperparameters of the SVGP model is of the first order compared to learning
hyperparameters in the VFE approximation, where the optimizer is of the second order.

Both variational approximations converge to similar values as vanilla GP. FITC ap-
proximation instead converges at a lower value and implies a better fit, which might be
deceptive if we use the MLL for model selection. If the underlying process does not ex-
hibit heteroskedastic behavior, the chances are that the FITC approximation will overly
emphasize the random heteroskedasticity of the noise in the data. Consequently, we would
wrongly select the best model according to the MLL [35]. However, this pathology will
tend to be less highlighted in large data sets.

In the next section, we will empirically test the approximations for modeling dynamical
systems. We will consider the prediction of different GP-NARX models on chaotic time
series.
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(b) Static fit of a FITC approximation.

Figure 3.4: Static predictions of a function for the vanilla GP and the FITC approximation.
The training data can be distilled into a few informative data points. The locations of
these data points, i.e. the pseudo-inputs, are determined with optimization. The blue bars
represent the respective latent posterior at the training inputs or the pseudo-points for the
vanilla GP or the FITC approximation, respectively. MLL depicts the negative marginal
log-likelihood after optimization and W, depicts the 2nd Wasserstein distance between the
fully correlated posterior of the vanilla GP and the FITC approximation.
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(a) Static fit of a VFE approximation.
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(b) Static fit of a SVGP approximation.

Figure 3.5: Static predictions of a function for the variational GP approximations. The
training data can be distilled into a few informative data points. The locations of these
data points, i.e. the pseudo-inputs, are determined with optimization. The blue bars
represent the respective posterior at the location of the pseudo-points. MLL depicts the
negative marginal log-likelihood after optimization and W5 depicts the 2nd Wasserstein
distance between the fully correlated posterior of the vanilla GP and the VFE or SVGP
approximation, respectively.
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Figure 3.6: Negative MLLs in relation to the training steps for the vanilla GP and its
sparse approximations. Vanilla GP, FITC approximation, and VFE approximation were
optimized using LBFGS optimizer, whereas SVGP approximation was optimized using
ADAM optimizer for the hyperparameters and NDG optimizer for the variational param-
eters. SVGP was trained for a 100 epochs.
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Table 3.1: Comparison of sparse approximations to the vanilla GP-NARX model for pre-
diction in chaotic time-series. The table shows the predictive RMSE and the corresponding
95% confidence interval over random restarts and folds in the cross-validation. The best
results of the approximations are emphasized in bold. Compared to the vanilla GP-NARX
model, the variational approximations outperform the GP-NARX (FITC) model. [69].

GP-NARX (FITC) GP-NARX (VFE) GP-NARX (SVGP) vanilla GP-NARX
Hénon map 0.272 £ 0.037 0.205 £ 0.025 0.195 + 0.026 0.198 £ 0.026
Ikeda map 0.383 £ 0.043 0.357 £ 0.036 0.355 + 0.036 0.354 £ 0.037
Logistic map 0.824 £ 0.097 0.748 £ 0.077 0.744 + 0.077 0.746 £ 0.077
Lorenz attractor 0.264 £ 0.040 0.203 + 0.039 0.206 £ 0.039 0.205 £ 0.041
Mackey-Glass 0.392 £ 0.060 0.363 + 0.054 0.365 £ 0.057 0.365 £ 0.056
Quadratic map 0.730 £ 0.075 0.674 + 0.066 0.676 £ 0.065 0.675 £ 0.066
Réssler attractor 0.254 £ 0.056 0.168 + 0.086 0.175 £ 0.128 0.171 £ 0.102
Gauss map 0.267 £ 0.048 0.225 + 0.039 0.225 + 0.039 0.226 £ 0.039
Tent map 0.719 £ 0.099 0.661 £ 0.078 0.661 + 0.073 0.661 £ 0.074
Driven pendulum 0.438 + 0.056 0.405 + 0.048 0.405 + 0.048 0.407 £ 0.047

3.2.2 Prediction of a dynamical model

In this section, we will compare the prediction of the sparse approximation models for
modeling chaotic time series. Chaotic time series belong to a class of nonlinear dynamical
systems, i.e. the systems that evolve over time. Chaotic (in this sense) means that the
smallest change in the initial conditions produces a very different outcome, even when the
governing equations are known exactly. When the governing equations are nonlinear, this
is known as deterministic chaos [102].

We empirically validated the sparse approximation methods on 10 chaotic time series.
The description of the modeled chaotic time-series can be found in [102]. We standardized
the data sets and injected a relatively high Gaussian noise into the time series with a zero
mean and a standard deviation of 0.5. 300 pseudo-inputs were used, which were initialized
at random.

The whole training data set was used for the batch optimization in GP-NARX (SVGP)
model. The order of the NARX model was selected as n, = 5 for all data sets. We
used an RBF covariance function with automatic relevance determination (ARD) defined
in Appendix C.3. The experiments were run with 10 random restarts. In each random
restart, we validated the model with a 5-fold cross-validation. The mean and the variance
of the root mean squared error (RMSE), defined by Equation (B.2) were computed over
all random restarts and different folds in the cross-validation.

The results of the prediction experiments on the chaotic time series are presented in
Table 3.1. The table shows the means and the respective 95% confidence interval of the
RMSE over the random restarts and folds in the cross-validation. We can see that, in the
case of relatively noisy measurements, the variational methods perform better in regard to
the RMSE. The results for the vanilla GP-NARX model are shown for comparison, where
we can observe that the variational GP-NARX models perform similarly to the vanilla
GP-NARX in terms of the RMSE. However, this is not the case for the GP-NARX (FITC)
approximation.

In the next chapter, we will describe an approach that algorithmically unifies the simula-
tion of the vanilla GP-NARX model with its sparse approximations into a single framework.
We will analyze the computational complexity of the proposed algorithms and introduce
new approximations for the simulation of GP-NARX models.






71

Chapter 4

Unified Simulation of Autoregressive
(Gaussian Process Regression

Different approximations with the addition of the vanilla GP-NARX model all define sep-
arate training, prediction, and simulation algorithms. This is incredibly tedious for the
software development of complex simulation algorithms.

In this section, we will introduce a unified view of the simulation of GP-NARX models
which joins the simulation algorithms under a single framework. We will consider existing
approximations to the FCMC simulation. A new approximation will be introduced that can
trade-off between the computational complexity and the accuracy of the latent simulation
by tuning a single user-defined parameter.

4.1 Unified GP-NARX Model Prediction

Similarly, as in the previous sections, we will first start simple to build the intuition, i.e.
we will consider prediction. Compared to the previous definition of prediction, we will
consider the latent values from ¢ + 1 to £ + n and assume that the inputs are known.

4.1.1 Vanilla GP-NARX model prediction

Let us again consider a standard approach to prediction in the vanilla GP-NARX model
which can be defined by

p(ft+1:t+nb’1:t) = /p(ft+1:t+n’f1:taYI:t)p(fl:tb’l:t>df1:t
(4.1)

= /p(ft+1:t+n|f1:t)p(f1:t|y1:t)df1:t»

where the latent values f(-) are assumed to be already marginalized out. However, we
retain the posterior over the latent values that belong to the training data, i.e. p(fi./|y.;)s
and do not analytically marginalize them out of the joint distribution. For reference, we
explicitly define the mean and the variance of the latent values that belong to the training
data by

1
2
E[fl;t’yl;t] = Kfl:t:fl:t (Kfl:tvflzt + Io-n) YI:t7 (42&)

-1
2
V[flt’ylt] = Kfl:tvfl:t o Kfl:t!fl:t (Kf1:t7f1:t + Io-n) Kfl:t»fl:t‘ (4‘2b)
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4.1.2 Sparse approximated GP-NARX model prediction

For the sparse approximations, we start from Equation (4.1) and introduce the pseudo-
points u that are in the vanilla GP implicitly marginalized out (they are contained in f (-)).
The prediction is defined by

p(ft+1:t+n|y1:t) = /p(ft+1:t+n|f1:t7 yl:t)p(fl:t|YI:t)df\{ft+1:t+n}

(4.3)
= / /p(ft+1:t+n|f1:tv Y1 u)p(fl:t‘YLt? u)p(u|Y1:t)dUdf\{ft_H:t_Hl}'

If we consider the conditional independence of the training and test data given the pseudo-
points, then

P(Eii1a4nlY1e) = //p(ft—',-l:t—i-n|u>p(f1:t|}’1:tau)p(ub’l:t)dUdf\{ftJrl:Hn}' (4.4)

Marginalizing p(fy.;|y.;, u) out of Equation (4.4), and considering q(u) ~ p(uly;.,) we get

q(ft+1:t+n) ~ //p(ft+1:t+n|u)p(f1:t|YI:t7u)q(u)dudf\{ft+1:t+n}

(4.5)
~ / P(E 10 n[0)g(u)du

Again, we retain ¢(u) and do not analytically marginalize over the respective distribution,
although a closed-form solution exists. In the next section, we will demonstrate how a
unified sample of the posterior can be taken from a vanilla GP-NARX model or its sparse
approximations.

4.1.3 Unified sampling in GP-NARX model prediction

From the equations presented in Section (4.1.1) and Section (4.1.2), we can realize that
a unifying predictive posterior p(f;,1.44,]¥1.), or its approximation ¢(f;,1.14,), can be
defined by

Q(ft+1:t+n) ~ P(ft+1:t+n|Y1:t) = /p(ft+1:t+n|u)Q(u)duv (4.6)
where
Q(u) = p(flzt‘ylzt)v deﬁned by Equation (42)7

vanilla GP-NARX

q(u) = q(uly;.), defined by Equation (3.13),

GP-NARX (FITC)

q(u) ~ p(uly;.), defined by Equation (3.28),

GP-NARX (SVGP)

g(u) =~ p(uly;.,) defined by Equation (3.31).

GP-NARX (VFE)

The main idea behind the unified sampling is that the marginalization over ¢(u) in Equa-
tion (4.6) is not obtained in closed-form, but explicitly retained in the equation. The
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distribution over the latent function values is the same as depicted by Equation 4.8, where

d e .
= denotes "equal in distribution”, i.e.

d
0(Fris) L [ pEisrnlu) g (u) du (48)
——
specific the same specific

The closed-form solution for ¢ (f;,1.44,) exists but then the algebraic expressions for the
prediction become specific for each GP-NARX model and, consequently, the simulation
algorithms become specific to each model. But if the posterior over the latent function
values ¢ (u) is retained, only the respective posterior distribution is specific, whereas the
conditional is the same. This is important in simulation, where realizations from the static
part, i.e. ¢ (u), can easily be obtained. However, the tedious dynamical part is the same
for all sparse approximations.

A unified draw from the static predictive distribution can be obtained by firstly taking
a batch sample from ¢(u), followed by a batch sample from the latent function values
f;11.41n conditioned on the observed pseudo-points u, i.e.

draw @ ~ ¢(u), (4.9a)

draw £;4 1000 ~ P(Frp10n/0)- (4.9b)

Figure 4.1 and Figure 4.2 demonstrate the unified sampling procedure on a static exam-
ple. The first rows of the aforementioned graphs represent the static prediction of a GP
model. The second rows represent the posterior of the latent function after a batch sam-
ple is observed from the posterior over the pseudo-points. Lastly, the third rows show a
batch sample of the latent function conditioned on the realizations from the pseudo-input
posterior. In the case of the vanilla GP model, the pseudo-point posterior is replaced with
the respective posterior over the training latent function values.

Although this does not simplify the sampling in the prediction of the GP-NARX model,
it significantly reduces the algorithmic development in the simulation of the GP-NARX
model. In the next section, we will show how a unified simulation sample can be obtained
that does not assume the inputs known, but rather estimates them sequentially.
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(c) Prediction of the latent function after ob-
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30
Noisy observations
25

20

0
—0.2 0.0 0.2 0.4 0.6 0.8 10 12

(e) Sample of the latent function, i.e. f, ~
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(d) Prediction of the latent function after ob-
taining @ ~ ¢(uly) for the FITC approxima-
tion.
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(f) Sample of the latent function, i.e. f, ~
p(f,|a) for the FITC approximation.

Figure 4.1: Demonstration of a unified sample of the posterior in the vanilla GP model
and the FITC approximation. Figure 4.1a and Figure 4.1b represent the respective static
prediction. Figure 4.1c and Figure 4.1d show the prediction conditioned on u ~ g¢(u).
Figure 4.1e and Figure 4.1f show the respective realizations of the latent function at the

test locations.
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(c) Prediction of the latent function after ob-
taining u ~ g(u) for the VFE approximation.
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p(f.|a) for the VFE approximation.

25 Predicted mean Noisy observations
Predicted mean + 1.96 o ¥ oglw
20
15
10 } {
0.5 { { I
0.0 { 1 {
—-05
-1.0
—-0.2 0.0 02 0.4 0.6 0.8 10 12

(b) Prediction of the latent function for the
SVGP approximation.

3.0
Predicted mean o

2.5 Predicted mean + 1.96 o Noisy observations

2.0

-1.0
-0.2 0.0 02 0.4 0.6 0.8 1.0 12
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taining @ ~ ¢(u) for the SVGP approxima-
tion.
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(f) Sample of the latent function, i.e. f, ~
p(f,|a) for the SVGP approximation.

Figure 4.2: Demonstration of a unified sample of the posterior in the VFE and SVGP

approximation.

Figure 4.2a and Figure 4.2b represent the respective static prediction.

Figure 4.2¢ and Figure 4.2d show the latent prediction conditioned on i ~ ¢(u). Figure 4.2e
and Figure 4.2f show the respective realizations of the latent function at the test locations.
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4.2 Unified Algorithm for the Simulation of GP-NARX Mod-
els

The joint distribution over the latent function values, generalized for arbitrary parameter
value n,, is defined by

q(fei1it4n) = //p(ft+2—na:t+1u)Q(u)

static

n (4.10)
: (H /p(ft+i’ft+1:t+i—1v u, zt—i—i)p(ZH—i|ft+i—na:t+i—1)dzt+i> df\{fm“n}du,
=2
dynamic
where
T T T T
p(zt+i|ft+i—na:t+i—1) =0 (Zt—i-i - [ft+z‘—na;t+z'—1aXt+z’—nb;t+i—1]> . (4.11)

Similarly, as in the simulation defined by Equation (2.76), a k-th sequential sample of the
simulation naturally unrolls through the chained Gaussian distributions, i.e.

draw a® ~ g(u), (4.12a)
draw 155 a1 ~ p(Erra 1 [u™), (4.12b)
draw iﬁ?g ~ p(zt+2|fz(€f—)2—n t41)) (4.12¢)
draww £15 ~ p(E,ol £y 0™ 7)), (4.124)
(4.12¢)

draw (0, ~ (@ E im0, (4.12f)
)

#(k) ~(k
draw ft+n ~ p(ft+n|ft+1 t4+n— 1,a (k)’ Z1(€+)n)' (4 12g

The noisy values can be again drawn independently

- (k w(k)
draw Y§+)1;t+n ~p (yt+1:t+n|ft+1:t+n) . (4'13)

Posterior marginals that can be seen as a GMM at an arbitrary time step ¢ + ¢, where
i > 1, can be defined by

~(k
q(fry) = ZP ft—l—z‘ft—i-l i1 U )7 ,§+)1) (4.14)

where r denotes the number of MC samples.

Figure 4.3 demonstrates how a MC sample is obtained. At each step, the latent dis-
tribution can be represented as a GMM. Single components, i.e. the conditional Gaussian
distributions of a GMM, are shown with blue distributions. Orange-colored circles repre-
sent realizations from the respective distribution. The unified simulation can be seen as a
two-part procedure:

1. Batch sample the latent function values that have known inputs before the simulation
begins. Specific to each sparse approximation but static;

2. Iteratively sample the quantities conditioned on the static latent function values.
The same for all sparse approximations but dynamic.
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Figure 4.4 shows the PGM of a unified simulation. Note that the distribution over u
is specific to the sparse approximation. The unified representation of sparse GP-NARX
models introduces the possibility of new approximations to the simulation algorithm. We
will consider the approximations in the next section.
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! Il Il Il Il Il
f T T T T T
t+1 t+2 t+3 t+n
q(u) =~ p(uly,,) p(fesil ) p(frs2 ’ Z(fi]ﬁ p(fess s s i:jr)i) P(fe4nl ’ iii)n)
| A ! /\\ /\\ /J\ J\\
f T T T T T
t+1 t+2 t+3 t+n
a(w) ~ p(ulyr) pUala®) p(feal 000,25 (el £, £ 0, 20y Sl )
L I A A A A
f T t t T T
t+1 t+2 t+3 t+n
) 5 5(5) : ~(5) 5(5)
q(u) = p(uly,.,) p(frs] ) P(fesal s 'ZHz) P(frssl s 5 -Z[+:;) P(frenl s Zygn)
| I A A ! 4\/k
f T T + T T
t+1 t+2 t+3 t+n
q(u) ~ p(ulyy.,) p(frsa]a) Pl F00 00 ) p(feral 10 10,0 2 P(frsnl 57,
! Il Il ! Il Il
f T T T T T
t+1 t+2 t+3 t+n
1 r 3 1 T 3 (k) 1 T 3 = (k) 1 T . =(k)
q(u) =~ p(uly,,) sz-zlﬂ(ﬁ—l‘ ) TZA-:lp(.ﬂ—:‘ s 1 Zi1) ?Zk-:lp(ffAi‘ s s 3 Z443) :2;»:11’(// | s Zy i)
static dynamic

Figure 4.3: Diagram of a unified algorithm for the simulation of GP-NARX models. The
figure demonstrates how a MC sample of the simulation is obtained iteratively. The batch
sample of the latent function values that have known inputs before the simulation begins
is the static part of the algorithm. The iterative sample of the quantities conditioned on
the static latent function values is the dynamical part of the algorithm. Orange-colored
circles represent realizations at the time step considered. Blue distributions denote the
conditionals at the respective time step.
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Figure 4.4: PGM of a unified model for the simulation of GP-NARX models. The inputs
in simulation are uncertain, i.e. they are random variables, and depend on historical latent
function values. For that reason, the simulation cannot be obtained in closed-form and has
to be determined numerically.

Approximations to the unified GP-NARX model simulation

In this section, we will summarize the approximations of the ground truth numerical sim-
ulation in the context of the unified simulation. From here on we will not consider the
naive approximation anymore. Instead, we will introduce another MC approximation that
is based on the unified representation of the simulation of GP-NARX models.

We again start with a FCMC simulation, where the latent distribution at an arbitrary
time step t + ¢ is defined by

q(fri1:4n) = //p(ft+2—na:t+1|u)Q(u)°

n (4.15)
: (H /p(ft+i \ft+1:t+i—1a u, Zt+i)p(zt+¢’ft+i—na:t+z‘—1)dzt+i> df\{fm%n}du,

i=2

which is exact for ¢ (u) = p (u]y;.;). With the introduction of pseudo-points u in the sparse
models, we can define a new approximation. This approximation will be from here on re-
ferred to as the pseudo independent Monte Carlo (PIMC) simulation. In PIMC simulation,
the distribution over the latent function values at the time step ¢ + ¢ is approximated by

q (ft—i—l:t—i-n) = //p(ft+2—na:t+lu)q (LI) :

: ( H /p(ft+i|M7 u, Zy ) p(Zy ft-i—i—na:t—i—i—l)dzt—i-i) df\{fm%n}du
i=2

_ / / P(Erya o1 [0)q (u) -

: ( H /p(ft+i|u7 Zt+z‘)P(Zt+i\ft+z‘—na:t+z‘—1)dzt+i> df\{fm%n}du,
i=2
(4.16)

where the latent values are considered conditionally independent given the realizations of
the pseudo-points .
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CIMC simulation does not retain g(u), but instead analytically marginalizes over the afore-
mentioned distribution, pushing the integral in the product term, i.e.

q(Eii1:04m) ://p(ft+2na:t+1|u)Q(u)'
: (H/p(ft—l-i‘Mv u, Zt+z’)P(Zt+z"ft+i—na:t+z‘—1)dzt+z‘> df\{ftﬂ:tﬂ}du
i=2

B //p(ft+2na:t+1u)Q(u) :

. (H/p(ft+i|u>Zt+i)p(zt+i|ft+i—na:t+i—1)dzt+i> df\ (41 pnyd0 (4.17)
i=2
:/Q(ft+2—na:t+l)'

: (H / /P(ft+i|u7 Zt+i)‘](u)p(zt+i|ft+ina:t+i1)dzt+idu> df\{le:Hn}
i=2

= / Q(ft+2—na:t+1> ( H / Q(ft+i ’Zt+i)p(zt+z’ft+z'—na;t+i—1)dzt+z‘> df\{ft+1:t+n}’
i=2

where ¢(u) is again specific to each approximation and defined by Equation (4.7).

The main difference between the PIMC and CIMC is in the marginalization over g(u).
This can be best seen on a static example in Figure 4.1 and Figure 4.2. The prediction in
the first rows of the aforementioned figures corresponds to that of the CIMC simulation,
i.e. the test points represented with blue are conditionally independent given the observed
data, and ¢(u) is marginalized out in closed-form after pushing the integral inside the
product. The prediction in the second rows of the aforementioned figures corresponds to
that of the PIMC simulation, i.e. the test points represented with blue are conditionally
independent given the realizations from ¢(u), and the integral is more correctly considered
out of the product term. A realization from g(u) reduces the residual variance in the
respective MC sample. Therefore, the consecutive latent values in the PIMC simulation
are more correlated than in the CIMC case.

The PIMC simulation has identical computational complexity as the CIMC simulation
if we assume that the running time of a batch sample over the pseudo-points is negligible
compared to the running time of the dynamical part of the algorithm. In the CIMC and
PIMC simulation, the computation can be cached efficiently, i.e. only one Cholesky factor
is needed and can be precomputed. However, we can expect that the PIMC simulation
will better approximate the FCMC simulation than the CIMC simulation.

But generally, some uncertainty will still be unaccounted for. In the next section, we
will present an approximated algorithm for the simulation of GP-NARX models based on
the unified FCMC simulation which can in the limit recover the ground truth.
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4.3 Thresholded Algorithm for the Simulation of GP-NARX
Models

In this section, we will present a simulation algorithm that introduces a trade-off parameter
between the computational complexity and the accuracy of the estimated latent distribu-
tion in the simulation. The algorithm allows the error minimization of the estimated
response while maximizing the computational resources.

Noisy versus latent observations

The true numerical simulation algorithm keeps all past latent states in memory. This is
the consequence of the definition of the GP. We want to emphasize that the consecutive
realizations are latent. The latent realizations are much more informative than the noisy
realizations since they represent an uncorrupted observation of the process.

The difference between the informative nature of the noisy and the latent realizations
is presented by the polynomial regression in Figure 4.5. Figure 4.5a shows a linear fit with
noisy observations and Figure 4.5b shows a linear fit with latent observations. We can see
that for the linear function, only 2 true latent samples are enough to exactly specify the
function at an arbitrary input. However, we need much more noisy observations to model
the latent function, and some error is still present.

Similarly Figure 4.5¢, Figure 4.5d, Figure 4.5e, and Figure 4.5f present the Bayesian
regression fits for higher-order polynomials. The observed latent samples that fully specify
the latent function can be seen as degrees of freedom (DOF'). DOF refers to the maximum
number of logically independent values, i.e. the values that have the freedom to vary. In
linear regression, these are the free parameters of the model, e.g. weights in polynomial re-
gression. In nonlinear regression, the analysis gets more complicated. A possible definition
of the flexibility of the model is the Vapnik—Chervonenkis (VC) dimension [103], which is
defined as the cardinality of the largest set of points that the classification algorithm can
shatter.

GP regression is equivalent to Bayesian regression with an infinite number of weights,
which implies infinite VC dimension (model complexity grows with the number of training
points). However, the (useful) covariance functions learned with the maximization of the
MLL induce nonlinear functions that can generalize well and are, consequently, relatively
smooth. Smoothness can be seen as a form of regularization where the effective DOF are
reduced, i.e. the free parameters become correlated [5]. Determining the right amount of
smoothness/regularization /model complexity is a crucial concept in data-driven modeling
and is directly addressing the bias-variance trade-off problem.

The flexibility of the induced functions by a GP can be seen empirically by how much
the latent uncertainty is reduced after observing latent realizations. If the uncertainty is
heavily reduced, the possible set of latent functions that can be realized from the posterior
gets smaller, and the inducing functions are smoother. If the uncertainty is not heavily
reduced, the latent points are not well correlated, i.e. are rough.

For example, the RBF covariance function induces nonlinear functions that are in-
finitely differentiable. This implies very smooth functions and, consequently, the induced
functions are strongly regularized and the latent values highly correlated. For that reason,
the RBF covariance function can be a great choice for processes that are governed by rel-
atively smooth mappings. Figure 4.6 depicts the residual variance in the latent function
p (f,|a) after a sample from the pseudo-point posterior is obtained, i.e. draw @ ~ ¢(u).
We can see that the residual variance of the latent function is small, which implies that
given 0, not many realizations of the latent functions persist.
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Matérn covariance functions represent a family of functions where a single parameter de-
fines the degree of the differentiability [22]. For example Matérn(v) covariance functions,
defined by Equation (C.5), are [v] - 1 differentiable. The induced functions are, therefore,
rougher than in the case of the RBF covariance function (although the RBF kernel is a
special case of the Matérn kernel where v = o).
Figure 4.7 represents a fit of a static function conditioned on a realization from the
5

pseudo-point posterior for the Matérn(5) covariance function, and Figure 4.8 for the

Matérn(3) covariance function. For the Matérn(2) kernel, a reasonable amount of un-
certainty is reduced in the posterior. However, for the Matérn(%) covariance function,
latent realizations are not very informative since by definition, the neighboring points are
not well correlated and the induced functions are very rough. Consequently, the latent
uncertainty is not heavily reduced.

In the next section, we will introduce an approximation to the numerical simulation that
is based on the concept above, i.e. useful covariance functions seldom induce very rough
functions. Although all the latent function values are retained in the FCMC simulation,
the remaining variance in the latent posterior gets heavily reduced after a certain amount of
latent realizations. An algorithm can be derived where the uninformative latent realizations

are discarded online.
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(c) Latent function fit from noisy observations, (d) Latent function fit from latent observations,
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(e) Latent function fit from noisy observations, (f) Latent function fit from latent observations,
where f = 0.1x” + 0.005%% — 0.1x + 1. where f = 0.1x” 4 0.005x” — 0.1x + 1.

Figure 4.5: Noisy versus latent observations for polynomial regression. The latent values
f were corrupted with Gaussian noise, i.e. y = f + € where € ~ N (€|0, 0.1521).
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(a) Prediction of the latent function conditioned (b) Residual variance of the latent function con-

on f ~ p(fly) for the vanilla GP.
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(c) Prediction of the latent function conditioned (d) Residual variance of the latent function con-

on a ~ p(uly) for the FITC approximation.
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(e) Prediction of the latent function conditioned (f) Residual variance of the latent function con-
on 1 ~ ¢(u) for the VFE approximation. ditioned on u ~ ¢(u) for the VFE approxima-
tion.

Figure 4.6: Demonstration of the residual variance after a sample is observed from the
pseudo-point posterior. The covariance function used was RBF which is defined in Ap-
pendix C. Jitter represents the artificial noise added to the matrix diagonals for numerical
stability.
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(a) Prediction of the latent function after draw-

ing f ~ p(fly) for the vanilla GP.
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(b) Residual variance of the latent function con-
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(e) Prediction of the latent function conditioned (f) Residual variance of the latent function con-
on 1 ~ ¢(u) for the VFE approximation. ditioned on u ~ ¢(u) for the VFE approxima-
tion.

Figure 4.7: Demonstration of the residual variance after a sample is observed from the
pseudo-point posterior. The covariance function used was Matérn(%) which is defined
in Appendix C. Jitter represents the artificial noise added to the matrix diagonals for
numerical stability.
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(a) Prediction of the latent function conditioned (b) Residual variance of the latent function con-
on f ~ p(fly) for the vanilla GP. ditioned on f ~ p(f|y) for the vanilla GP.
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(c) Prediction of the latent function conditioned (d) Residual variance of the latent function con-
on a ~ p(uly) for the FITC approximation. ditioned on @ ~ p(uly) for the FITC approxi-
mation.
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(e) Prediction of the latent function conditioned (f) Residual variance of the latent function con-
on 1 ~ ¢(u) for the VFE approximation. ditioned on u ~ ¢(u) for the VFE approxima-
tion.

Figure 4.8: Demonstration of the residual variance after a sample is observed from the
pseudo-point posterior. The covariance function used was Matérn(%) which is defined
in Appendix C. Jitter represents the artificial noise added to the matrix diagonals for
numerical stability.
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Thresholded simulation algorithm

A way to determine if the latent realization is informative is with the entropy. The entropy
specifies the level of uncertainty to the random variable’s possible outcomes. For the time
step t + i, the Shannon entropy [104], [105] of the latent value given the realizations up to
the time step 4, for a single MC sample, is explicitly defined by

1 z(k) ~k ~(k
H = ilog [QWGV [p(ft+i|ft+1:t+i71aukaz7§+)i)H ) (4.18)

where log denotes the natural logarithm. The variance of the predictive distribution given
the realization up to the time step ¢ completely specifies the level of uncertainty. Therefore,
we can use the variance as a measure of information. The idea of thresholded simulation
is to define a threshold parameter Ty. If the predictive variance at the time step
considered exceeds the defined threshold, the latent realizations are considered informative
and are kept in memory. Otherwise, the latent realization is discarded.

An independent draw from the thresholded simulation is defined by the following algo-
rithm. Firstly, a sample from the posterior over the pseudo-points is taken and added to
the set of observed latent values F, i.e.

draw @ ~ ¢(u),

F— fa). (4.19)

Secondly, a posterior latent realization is taken up to the time step ¢t 4+ 1, i.e.

draw ft+2—na:t+1 ~ p(ft+2—na:t+1|f>a

F_ F, iV [p(fi0mn 4r1lF)] < Ty (4.20)

{fr00, FY, iV [p(Eri0 .11 F)] > Ty

where the latent observations are added to the set F only if they are considered informative,
i.e. the variance exceeds the user-defined threshold. The procedure is repeated for the time
step t 4 2, i.e.

draw it-‘,—? ~ p(zt+2‘ft+2—na:t+l)7

draw ft+2 ~p(f 0| F,2440),

‘ . (4.21)
F_ F, iV [p(f40lF, 240)] < Ty
{f.t-‘r?af}a it v [p(ft-i-?’]:a ZH-Q” > TV
For the time step t + 3
draw z;, 3 ~ p(zt+3|ft+37na:t+2)7
draw £, 3 ~ p(f, 3] F, Z443),
_ . (4.22)
F— F, i VIp(Es]F,243)] < Ty
{Frys, Fh 3 V [p(Fiys] F, Zss)] > Ty
The latent sample at the time step ¢ + n is obtained by
draw z,,, ~ p(z nf‘ ien tan—1)s
t+ P(Zynlfry @t 1) (4.23)

draw f.t—&-n ~ p(ft+n|-7:7 Zt+n)'
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Table 4.1: Computational complexity and memory requirements of the numerical approx-
imations for the unified simulation of the GP-NARX models. The number of samples is
denoted by 7, the predictive horizon with n, the number of retained samples in TCMC
simulation with p, and the number of pseudo-points by m. In the vanilla GP-NARX case,
m is replaced with the number of training data by ¢.

Simulation Algorithm Computational Complexity Memory Requirements

FCMC simulation O(r-n-(n+m)? O (r-(n+m)?
TCMC simulation O(r-n-(p+m)’ O (r-(p+m)?
PIMC simulation O(r-n-m? O (r-m?
CIMC simulation O(r-n-m? O (r-m?
FCN simulation @] (n - (n+ m)2) (@) ((n + m)2)
CIN simulation (@) (n . m2) (@) <m2>

A MC approximation of the posterior latent distribution that can be seen as a GMM at
an arbitrary time step t + ¢ is defined by

1 _(k
PlEesilyrd) =~ Y p(Eal 7V 2, (4:24)
k=1

where k denotes a single sequential draw, r denotes the number of samples, and F (k)
represents the retained latent samples. From here on we will refer to this approximation as
the thresholded correlated MC simulation (TCMC). A flow chart of TCMC simulation is
shown in Figure 4.9. If the algorithm above only considered the latent values, i.e. F, the
simulation chart more precisely considers input/output pairs represented by D = {Z, n},
where 7 represents the vector of retained latent realizations and Z represents the matrix
of the corresponding inputs.

A PIMC simulation can be seen as a special case of the TCMC, where the threshold
Ty is sufficiently large so that no latent observations are retained after drawing u ~ ¢(u).
Also, the FCMC simulation can be seen as a special case of the TCMC simulation, where
the threshold Tyy = 0 and all latent observations are retained.

This kind of representation of the simulation allows us to trade-off between the com-
putational complexity and the degree to which the simulation is approximated. Table 4.1
shows the computational complexities and memory requirements of the unified simulation
of the GP-NARX models. The complexity and memory requirements of the TCMC sim-
ulation depend on parameter p which denotes the number of retained latent observations.
The number of retained latent observations in practice depends on several factors:

e Threshold parameter Tvy;
e Choice of the covariance function;
e Specifics of the problem, e.g. learned hyperparameters.

In the next section, we will empirically test the simulation approximations. We will com-
pare the approximations to the FCMC simulation and analyze the running times. Several
covariance functions will be considered.
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draw @ ~ g(u)

|

Z =17 ,n=00D={Zmn}

|

i=t+1
es
1o ifi<t+n b
i? = [f?—na;i—mxﬁm,:ifl}
draw f; ~ p(fi|D,2:) = N'(filu, o%)
i=1+1

no b
O'; > Ty

7" = [ZT,z;!‘] T = [nT,ﬁ-] D ={Z,n}

Figure 4.9: Flow chart of the TCMC simulation algorithm. The variance of the latent
posterior is used to determine if the latent observations are informative. Uninformative
latent observations are discarded.
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4.4 Empirical Validation

In this section, we will present an empirical evaluation of the approximated simulation
algorithms. We will consider two cases:

e Sequential sampling of a static function;

e Simulation of a GP-NARX model.

Firstly, we will compare the approximated simulated latent distributions between the
FCMC estimation of the sequential sampling of a static function and the simulation of GP-
NARX models. Secondly, running times will be considered for various covariance functions,
different sparse approximations, and the number of pseudo-inducing points. Lastly, we will
consider the hardware acceleration of the approximated algorithms with general-purpose
graphics processing units GPGPUs.

The practical implementation of the TCMC algorithm has an important distinction
from the previously described approach. In the practical TCMC algorithm, the latent
samples are retained if the variance of the latent posterior of the independent MC sample
at the time step considered exceeds the threshold Ty for any of the r independent MC
samples. This would in practice retain more latent observations than in an individual
MC run. However, adding a few latent observations that would otherwise be discarded
guarantees that the dimensionality of the retained latent observations and the Cholesky
factors is preserved for all independent MC samples. This allows us to carefully vectorize
the algorithm and significantly reduce the running time.

The algorithms were implemented in contemporary software frameworks, namely, Ten-
sorflow [90] and its GP-specific extension GPflow [91]. The vectorization over the r MC
samples, as well as the vectorization over the algebraic expressions in independent MC sam-
ples, makes the algorithms appropriate for hardware acceleration, such as running them
on GPGPU. The system specifications used in the experiments are defined in Appendix G.

To compare the sequential estimation of the static posterior, or the simulation of a
GP-NARX model, we will consider a 2-Wasserstein distance defined by Equation (B.5)
between two multivariate Gaussian distributions. In a static problem (or in the prediction
of a dynamical system), the ground truth can be evaluated in closed-form, i.e. we compute
a fully correlated multivariate distribution at test inputs, i.e.

P(ft+1:t+nb’1:t) = N(ft+1:t+nmt+1:t+n7 2t+1:t+n)7
1
p’t+1:t+n € R Xnv (425)

nxn
Yitiqn ERTTT,

where n denotes the number of test points, and f;, ., a dynamic notation for the latent
function values. The latent function values can be for static problems equivalently denoted
by f,. In the simulation of the GP-NARX models, the latent distribution cannot be
evaluated in closed-form. The ground is, therefore, estimated from r independent FCMC
samples of the trajectory, denoted by F € R™*" where the estimated mean f1, 1., € R*"
and the variance 3, 1., € R™" are defined by

_ 1 =
[ 41:04 1008 = T = Z Fi
k=1
T

(4.26)
N 1 ~ = _
[EtﬂstﬂooLj I Z(sz — ;) (Fj), — ).
k=1

The mean and the covariance matrix of the simulation approximations are estimated in
the same way.
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Sequential sampling of a static function

Firstly, we will consider sequential sampling on a static problem defined by
y = sin (3x) + 0.2cos (10x) + A (e|0, 0.1521> . (4.27)

The sequential sample in a static model is algorithmically similar to the simulation of the
GP-NARX models. However, the latent distribution is Gaussian and can be evaluated in
closed-form. Therefore, we have an analytical solution as the ground truth to compare to.

The problem defined by Equation (4.27) was modeled by a VFE approximation and a
FITC approximation with 30 pseudo-inputs. The latent distribution was estimated from
r=500 MC samples. The models were trained by MLL maximization using the LBFGS
optimizer. The threshold in thresholded MC sampling was selected as Ty = 107°. This is
equivalent to the jitter added to the covariance matrices for numerical stability.

Note that the latent distribution is compared within the model approximation, e.g. we
compare a closed-form solution of the latent distribution for the VFE approximation to its
respective latent distribution from estimated samples. The empirical evaluation comparing
the prediction of different sparse approximations to the vanilla GP model was presented
in Section 3.2.2.

Figure 4.10, Figure 4.11, Figure 4.12, and Figure 4.13 show the 2-Wasserstein distance
between the closed-form solution of the latent distribution and the estimated distribution
from samples for various covariance functions. The sparse approximated model considered
was VFE. The aforementioned figures also depict the running times of different numerical
approximations of the sequential sampling with respect to the increasing number of input
locations.

The running times of the FCMC estimation cubically expand and cannot even be
evaluated for a large number of test inputs in practice. However, the TCMC estimation
can be computed only at a fraction of the time of the FCMC estimation. The sequential
sampling for 10000 test inputs for the TCMC estimation is only 5% of the running time of
the FCMC estimation at 600 test inputs for the RBF covariance function. The percentage
is increased when rougher functions are considered, e.g. for the Matérn(%) covariance
functions the running time is 10% of the FCMC estimation at 600 test inputs.

However, if we look closely at the 2-Wasserstein distance, which could only be computed
up to the 600 test inputs for the ground truth, we can see that the TCMC estimation error is
similar as in the FCMC simulation. This is due to the very low threshold value Ty = 107°.
Setting the threshold as low as the numerical jitter allows the TCMC estimation to recover
the ground truth at only the fraction of the running time for the covariance functions that
induce relatively smooth functions.

PIMC and CIMC estimations are even less computationally demanding but introduce a
certain error which can be seen with the 2-Wasserstein distance presented in the aforemen-
tioned figures. This is especially evident with the CIMC estimation where the 2-Wasserstein
distance is relatively high when compared to the FCMC estimation.

If the functions induced by the covariance functions are rougher, e.g. the Matérn(3)
and Matérn(%) covariance functions, presented in Figure 4.12; Figure 4.13, then the com-
putational benefits of the thresholded sampler are reduced. For the Matérn(%) covari-
ance function, the computational benefits are completely diminished. In the case of the
Matérn(1) covariance function, we usually have to resort to CIMC and PIMC estimation.
However, we should expect a significant error as shown with the 2-Wasserstein distance in
Figure 4.13.
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The results of the FITC sparse approximation for the RBF and the Matérn(g) covari-
ance functions are presented in Figure 5.2 and Figure 4.15. The conditional independence
assumption in the FITC model decorrelates the latent samples to some degree. VFE ap-
proximation keeps the samples fully correlated by definition. For that reason, the running
times of the TCMC estimation are increased when compared to the variational approxi-
mations. More latent samples are retained, since locally, the latent observations are not so
strongly correlated. This can be seen in Figure 5.2 and Figure 4.15, where we can observe
that the running times of the TCMC estimation are roughly 200% longer than with the
VFE approximation.

Figure 4.16 shows the retained latent points with respect to the increasing number
of test location for different covariance functions. We can observe that at some point,
the number of retained points is saturated and there is no practical benefit in retaining
more latent points. For smoother covariance functions, the point of saturation comes
sooner when compared to the rougher kernels. Almost all latent points are retained for the
Matérn(%) covariance function, where the data points are extremely uncorrelated between
neighboring inputs. The Matérn(%) curve can, therefore, also be seen as a proxy for the
retained latent points in the case of the FCMC estimation, e.g. the ground truth retained
latent points with the FCMC estimation of the Matérn(3) covariance function would very
closely follow the curve from the TCMC estimation of the Matérn(3) kernel.

Although the sequential estimation in static problems is similar to the simulation of
GP-NARX models, the problem is not the same. However, it is convenient to have a closed-
form solution to compare to. In static problems, there is no input/output dependency
between the consequent latent samples. For that reason, a single Cholesky factor can be
computed for multiple independent MC samples, which significantly reduces the running
times and memory requirements of the algorithms. In the next section, we will consider
the approximations on an illustrative dynamical system.
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Figure 4.10: The 2-Wasserstein distance and the running times for the VFE approximation
in the sequential estimation of the latent distribution using the RBF covariance function.
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function.
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Figure 4.12: The 2-Wasserstein distance and the running times for the VFE approximation
in the sequential estimation of the latent distribution using the Matérn(2) covariance
function.
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Figure 4.13: The 2-Wasserstein distance and the running times for the VFE approximation
in the sequential estimation of the latent distribution using the Matérn(s) covariance
function.
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Figure 4.16: Retained latent points versus the number of input locations for different
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Simulation of a GP-NARX model

The dynamic problem that is considered in this section is the illustrative example de-
fined by Equation (2.82). For the training data, the system was initialized by [fol, f02] =
[0.300, 0.800] and simulated for 900 samples. For the test data, the system was initialized
by [ f(} , f02 ] = [0.380,0.326] and simulated for the number of samples considered. The data
were corrupted by Gaussian noise with 0'7% =102, The parameters of the NARX models
were selected by n, = n, = 4. The system was modeled by a GP-NARX (VFE) model
with 50 pseudo-inputs. The latent distribution was estimated using r=500 MC samples.
Hyperparameters were obtained by MLL maximization using the LBFGS optimizer. The
threshold in the TOMC simulation was selected as Ty = 10~°. The algorithms for the
respective simulation approximation are presented in Appendix F.

We want to emphasize that the latent distribution is compared within the model ap-
proximation, e.g. we compare the latent distribution in the simulation of the GP-NARX
(VFE) model to the respective latent distribution from approximations to the simulation.

Figure 4.17, Figure 4.18, Figure 4.19, and Figure 4.20 show the running times of the
simulation up to 10000 steps into the future. We can see that the running times of the
FCMC simulation expand quickly as in the static case. For long prediction horizons, the
FCMC cannot be realized in practice.

The approximations are computed in reasonable time, which is evident from Fig-
ure 4.17, Figure 4.18, and Figure 4.19 for the covariance functions that induce relatively
smooth functions. However, the running times in simulation are significantly larger com-
pared to the static estimation since a separate Cholesky factor has to be computed for
each independent MC sample.

For the Matérn(1) covariance function in Figure 4.20, the running times of the TCMC
simulation are not reduced when compared to the FCMC simulation. In this case, the
TCMC simulation is also not practically realizable for large prediction horizons since almost
all latent samples are retained and the simulation does not differ much from the FCMC
simulation. One can use an approximation that introduces additional assumptions, such
as the PIMC and CIMC simulation, but can expect some error in the estimation of the
latent response, which can be seen with the 2-Wasserstein distance in Figure 4.20.

However, the CIMC approximation that was generally used in the literature provides
zero benefits when compared to the proposed PIMC simulation. The estimated response
using a PIMC simulation better approximates the ground truth and can be obtained in
identical computational time as the CIMC simulation. Therefore, the PIMC simulation
should be preferred to the CIMC simulation in cases when the TCMC simulation cannot
be obtained.

For RBF, Matérn(2), and Matérn(2) covariance functions, the TCMC simulation sig-
nificantly reduced the running time of the simulation. The 2-Wasserstein distance is prac-
tically the same as in the FCMC simulation. The threshold Ty = 107 selected in this
section is equal to the jitter that is added to the covariance matrices for numerical stability.
It is the amount of variance we are prepared to sacrifice for a better conditioned numerical
problem. With the threshold equal to the numerical jitter, the TCMC simulation can be
considered exact and is equivalent to the FCMC simulation. However, it can be computed
in a reasonable time and can be scaled to larger predictive horizons.
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Similarly as in the static case, Figure 4.22 shows the retained latent points with respect to
the increasing number of predicted steps into the future for different covariance function.
We can again observe that at some point, the number of retained points is saturated and
there is no practical benefit in retaining more latent points. Again, the curve for the
Matérn(%) covariance function can serve as the proxy for the retained latent points in the
FCMC simulation.

Since the Cholesky factors are computed individually for each MC sample, and the
algorithms are carefully vectorized, the simulation algorithms are more appropriate for
hardware acceleration based on parallel execution of the matrix operations than their static
counterparts. Figure 4.21 shows the comparison of running the simulation algorithms on
the CPU and the GPGPU. We reduced the number of MC samples to » = 100 because we
were constrained by our computational resources, i.e. the memory of our GPU. The figure
shows the running times with respect to the increasing number of pseudo-inputs.

We can observe that when running the simulation using 250 pseudo-inputs for training,
the GPGPU computation is slower than the computation on the CPU. When the number
of pseudo-inputs is increased to 500 and 750, the GPGPU-accelerated algorithms tend to
perform faster. A possible explanation is that due to the data transfer from the CPU
to the GPU (and back), some latency is introduced. The computational benefits of the
GPGPU acceleration become evident when the matrices are larger, in our case this is when
the number of pseudo-inputs is larger. In this case, the benefits of the parallel execution
of matrix products outweigh the overhead of the additional latency introduced by the
communication between the CPU and the GPU.

In this section, we showed how the TCMC simulation can estimate the exact latent
response. The simulation is obtained in only a fraction of the running time needed to
estimate the FCMC simulation. In the case of the Matérn(3) covariance function, the
computational gains are completely diminished. The reduction of the running times in
simulation is most evident when the covariance functions used induce relatively smooth
functions. In practice, this does not pose a significant limitation since smooth functions
tend to generalize better and are more commonly used.

In the next section, we will empirically justify the selection of smoother covariance
functions on two benchmarks from dynamic systems literature. The TCMC simulation
will be considered for the simulation in large validation data sets. Previously, the cor-
related samples of the simulated response could not be obtained in practice due to the
computational complexity of the correlated algorithm.
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Figure 4.17: The 2-Wasserstein distance and the running times for the simulation of the
GP-NARX (VFE) model using the RBF covariance function.
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Figure 4.18: The 2-Wasserstein distance and the running times for the simulation of the
GP-NARX (VFE) model using the Matérn(3) covariance function.
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Figure 4.19: The 2-Wasserstein distance and the running times for the simulation of the
GP-NARX (VFE) model using the Matérn(2) covariance function.
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Figure 4.20: The 2-Wasserstein distance and the running times for the simulation of the
GP-NARX (VFE) model using the Matérn(3) covariance function.
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Figure 4.21: Comparison of the running times between the CPU and the GPGPU for the
simulation of the GP-NARX (VFE) model using the RBF covariance function.
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Figure 4.22: Retained latent points versus the number of predicted steps into the future
for different kernels in GP-NARX (VFE) model. The results are presented for 10 random
restarts, where the solid regions represent the 2 standard deviation intervals.
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4.5 Nonlinear Benchmarks for Dynamic System Identifica-
tion

As demonstrated in the previous section, the TCMC simulation recovers the ground truth in
significantly less computational time when the functions were relatively smooth. However,
the computational benefits diminish for covariance functions that induce rougher functions.
This is generally not a problem in practice for the following reasons:

1. For small data sets, smooth functions are usually preferred because they generalize
better;

2. For large data sets, the choice of the covariance function is less important;
3. For large data sets, the uncertainty of the latent function posterior is relatively small.

The first point states that well-regularized models usually perform better. This is intro-
duced to the model with some sort of a smoothness assumption. For GP-specific models,
this is defined on a meta-level, i.e. with the properties of the functions induced from the
respective covariance functions. An example of a smoothness assumption is the level of
differentiability, i.e. how many times is the function differentiable.

The second point is concerned with the choice of the covariance function. In large data
sets, the data penalize overly flexible models and the selected kernel is less important. We
expect that the model performance when using various covariance functions, but appro-
priately flexible to reduce the bias, will not be significantly different. In the simulation of
GP-NARX models we can take this into account if the goal of the model is to simulate the
data over long prediction horizons. We could prefer a smoother covariance function if the
performance of the model does not change significantly.

The third point states that the uncertainty of the expected latent function posterior
is relatively small in large data sets. The latent uncertainty represents the epistemic
uncertainty, which is by definition the uncertainty due to the lack of observed data. When
more data are observed, the latent uncertainty is reduced and fewer latent samples are
required to sufficiently specify the latent function.

The dynamical system used in the previous section was relatively simple and can be
considered an illustrative example. We did not deal with model selection, e.g. determining
the best covariance function, but rather just benchmarked the performance of the sim-
ulation algorithms. In this section, the modeling of two dynamical benchmarks will be
considered. They both provide a relatively large training data set, where the vanilla GP-
NARX model cannot be used in practice [69]. Even with sparse models approximating the
model training, the test data sets are too large to practically realize the FCMC simulation.
We will demonstrate the application of the TCMC simulation on the two benchmarks.
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4.5.1 Silverbox

Silverbox benchmark represents the second-order linear time-invariant system with the
third-degree polynomial static nonlinearity around it in feedback. It is a real-world system,
where the data were collected from an electric circuit. The system theoretically obeys the
equation

Py) _dy)

= —
dt dt
We selected the training data from samples 40,586 to 127,410, and the test data as the first
40,495 samples [106]. The system was excited with a white Gaussian noise sequence filtered
by a ninth-order discrete-time Butterworth filter with a cut-off frequency of 200 Hz for the
test data. The amplitude was varied linearly over the interval from zero to its maximal
value. Training data were obtained with the excitation of 10 successive realizations of a
random odd multi-sine signal. More detailed information about the benchmark can be
found in [107]. We additionally standardized the data and added a Gaussian noise to the
observations with the standard deviation of o, = 5 x 1072,

The meta-parameters of the NARX model were selected as n, = n, = 10. We used 300
pseudo-inputs initialized with the k-means clustering algorithm as suggested in [35]. The
hyperparameters and the pseudo-input locations were determined by MLL maximization
using the LBFGS optimizer.

Table 4.2 shows the prediction results of the 10-fold cross-validation on the training
data. We can see that in the case of the Silverbox data, the combination of a linear and
a Matérn(%) covariance function performs best, followed by the combination of a linear
and a Matérn(%) covariance function. The performance measures show that in the case
of the prediction, the model describes the data well. In terms of the mean values of the
prediction, this can be seen with the RMSE and the standardized mean squared error
(SMSE) metrics, and in terms of probability distributions, this can be seen with the mean
standardized log loss (MSLL) metric.

Table 4.3 shows the results of the prediction and the simulation on the test data for
the best two covariance functions selected by cross-validation. The simulation results are
presented for two options:

m + ay(t) + by(t)* = u(t). (4.28)

1. Simulation without noise propagation (NP);
2. Simulation with NP;

The first option is the TCMC simulation described by Equation 4.24. The threshold was
selected as Ty = 1073, The second option propagates the likelihood noise in the inputs as
described in Equation (2.79), but otherwise uses the same TCMC simulation. We see in
Table 4.3 that the data is well modeled even in the case of simulation, where the simulation
without NP performs better. The best covariance function selected by prediction in cross-
validation also performs best in simulation. The response on a part of the test data is
shown in Figure 4.23.

We want to emphasize that the FCMC simulation cannot be obtained for trajectories
such as the one presented in the Silverbox data set, where the number of test samples is
above 40000. However, with the proposed TCMC simulation we can obtain the correlated
latent response. The simulation response was estimated using r = 500 independent MC
samples of the trajectory.
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Table 4.2: Means and the respective 95% confidence intervals of the RMSE, SMSE, and
MSLL for the prediction on the Silverbox data. The presented performance metrics are for
10-fold cross-validation over the training data. The best values are emphasized in bold. A
linear covariance function (L.) was added to the respective covariance functions.

L.+ RBF L.+ Matérn(3) L.+ Matérn(3) L. + Matérn(3)
RMSE [x107%] 3.284 + 0.514  2.913 4 0.047 2915 + 0.045  2.936 + 0.052
SMSE [x107%]  3.640 + 1.028 2.851 + 0.129  2.856 & 0.126  2.896 = 0.139

MSLL -2.813 £ 0.151 -2.930 4+ 0.023 -2.929 4+ 0.022  -2.922 £+ 0.023

Table 4.3: Results of the prediction and the simulation on the Silverbox test data for the
best 2 covariance functions selected by cross-validation. NP denotes noise propagation.

Prediction Simulation Simulation with NP

RMSE [x107%]  2.982 3.014 3.010
L. + Matérn(3)  SMSE [x107°]  3.105 3.173 3.164
MSLL -2.894 -2.912 -2.860
RMSE [x107%]  3.069 3.507 3.504
L. + Matérn(3)  SMSE [x107%]  3.290 4.296 4.289
MSLL 2.868 -2.768 -2.762
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(a) Prediction on the Silverbox test data. (b) Simulation on the Silverbox test data.

Figure 4.23: Graphical comparison of the prediction and the simulation on the Silverbox

test data. Only a subset of data is shown. The responses are shown for the combination

of a linear and a Matérn(3) covariance function.
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4.5.2 Bouc-Wen

Bouc-Wen benchmark represents the vibrations of a single degree of freedom Bouc-Wen
system, representing a hysteretic process. Hysteresis is a dynamical nonlinearity, where the
input-output loop persists when the input frequency approaches zero [108]. The system is
mathematically defined by

2
T 4 0, 0 + 2000, ) = g, (4.290)
r(y(t), d‘zliﬂ) = kry(t) +cr d‘z(tt) : (4.29b)
(y(t), 20y = gD ) WO ooty 5Ty (4.290)

Training data consist of a multi-sine excitation signal, where 5 periods of the input and
output signal were recorded with 40,960 samples. Test data consists of a period excited with
a multi-sine signal, with a length of 8 192. For a detailed explanation of model parameters
and how the data were generated see |[109]. We additionally standardized the data and
added Gaussian noise to the observations with the standard deviation of o,, = 5 X 1072

The meta-parameters of the NARX model were selected as n, = n, = 10. As in the
Silverbox case, we used 300 pseudo-inputs initialized with the k-means clustering algorithm.
The hyperparameters were determined by MLL maximization using the LBFGS optimizer.

Table 4.4 shows the results of the 10-fold cross-validation on the training data. We
can see that in the case of the Bouc-Wen data set, a combination of a linear and a RBF
covariance function performs best, followed by the combination of a linear and a Matérn(%)
covariance function. The performance measures show that in the case of the prediction,
the model describes the data well.

Table 4.5 shows the prediction and the simulation results on the test data for the best
two covariance functions selected by cross-validation. The results show that the data are
well modeled in a probabilistic sense, as well as in the mean sense. The RBF covariance
function selected by cross-validation also performs best for prediction on the test data set.
However, in simulation, the Matérn(%) covariance function performs significantly better.
The response on a part of the test data is shown in Figure 4.24. The simulation response
was estimated using » = 500 independent MC samples of the trajectory and Ty = 1073

In this chapter, we presented a numerical simulation algorithm that unifies the simula-
tion of the vanilla GP and its sparse approximations. We have proposed an approximation
to the simulation that can approximate the ground truth up to a user-defined threshold. If
the threshold is defined as the numerical jitter, the TCMC simulation recovers the ground
truth while significantly reducing the time of the computation. This is especially evident
in large data sets where the posterior uncertainty is small and when smooth covariance
functions are used. In the next two chapters, we will present two case studies where the
quantification of uncertainty is important and the nature of the problem requires scalable
and flexible simulation algorithms.
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Table 4.4: Means and the respective 95% confidence intervals of the RMSE, SMSE, and
MSLL for the prediction on the Bouc-Wen data. The presented performance metrics are
for 10-fold cross-validation over the training data. The best values are emphasized in bold.
A linear covariance function (L.) was added to the respective covariance functions.

L. + RBF L. + Matérn(2) L. + Matérn(3) L. + Matérn(3)
RMSE [x107°] 4.492 4 0.068  4.498 + 0.069  4.506 & 0.064  4.548 + 0.069
SMSE [x107%]  4.550 + 0.418  4.561 + 0.424 4578 £ 0.410  4.665 & 0.415

MSLL -2.696 £ 0.046 -2.695 £+ 0.046  -2.693 = 0.045  -2.683 £ 0.044

Table 4.5: Results of the prediction and the simulation on the Bouc-Wen test data for the

best 2 covariance functions selected by cross-validation. The best values are emphasized
in bold. NP denotes noise propagation.

Prediction Simulation Simulation with NP

RMSE [x107°]  4.461 5.880 6.090

L. + RBF SMSE [x107°]  4.462 7.753 8.318
MSLL -2.705 -2.367 -2.071

RMSE [x107°]  4.458 5.863 6.104

L.+ Matérn(3) SMSE [x107°]  4.458 7.710 8.356
MSLL -2.706 -2.384 -2.067
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(a) Prediction on the Bouc-Wen test data. (b) Simulation on the Bouc-Wen test data.

Figure 4.24: Graphical comparison of the prediction and the simulation on the Bouc-Wen
test data. Only a subset of data is shown. The responses are shown for the combination

of a linear and a Matérn(5) covariance function.
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Chapter 5

Modeling the Local Weather
Dynamics

In this chapter, we will present a multi-input multi-output GP-NARX model to describe
the local weather dynamics in the vicinity of the nuclear power plant (NPP) Krgko. The
size of the data and the observation of multiple outputs present a significant challenge
to GP-NARX models, where an implementation of the vanilla GP-NARX or the FCMC
correlated simulation of the sparse approximated GP-NARX models is not possible in
practice. For this reason, the case study presents an interesting problem to validate the
TCMC approximation for the simulation of GP-NARX models.

5.1 Introduction

Accidents at a nuclear power plant, which could cause the release of radionuclides into the
atmosphere, are dangers that are handled with all seriousness by individual nuclear power
plants. We must be prepared for action in advance in case of such events by researching
the possible developments of the dispersion of pollution in the air.

Appropriate online operating regime models for existing nuclear plants prepare real-
time forecasts about the possible development of an event for a day or two ahead [110]. Such
a predictive model must spatially and temporally show correctly where the radionuclide
cloud would disperse to in the next few hours for the available weather forecast. It should
also predict the radionuclide concentrations within a three-dimensional space above the
studied area.

The input data for the air-pollution dispersion models are the weather variables which
describe the condition of the atmosphere during the passage of the radioactive pollution
cloud. At present, we can use the numerical weather prediction (NWP) model to collect
the forecasts of the weather variables, but these data are not accurate enough for complex
terrain.

This motivates the investigation at hand, which is to make a few-hour forecast of
the weather variables describing the conditions in the atmosphere surrounding a nuclear
facility. The solution is the integration of the NWP model with the multi-input multi-
output GP-NARX model.
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5.2 Case Study

The example in our investigation deals with the dispersion of radioactive pollutants hy-
pothetically emitted from the Krgko NPP, located in the East of Slovenia. The modeling
problem is of pronounced interest because of the surrounding terrain which is considered
to be complex. It is surrounded by hills, valleys, a river, and has different land use, e.g.
urban, fields, forests, water bodies, etc. The investigated area covers 25 square kilometers
around the Krsko NPP.

Data used in the investigation are composed of the measurements of the historic weather
variables and the NWP model forecasts. The measurements of the weather variables are
collected by automatic measurement stations at five different locations. One measurement
station is located at Krsko NPP and the other five distributed around in the settlements of
Brezice, Cerklje, Krgko, Libna, and at Cerklje airport. Listed automatic measuring stations
take real-time measurements and are averaged over 30-minute intervals. Characteristics of
the measurement equipment can be found in [110].

The available measured weather variables are: wind speed and direction, temperature,
humidity, air pressure, global solar radiation. An additional signal, diffuse solar radiation,
is derived from the NWP model variables using a soft sensor [111].

The same weather variables are also provided as the NWP forecasts for this region.
The data set used in our investigation consists of data from the years 2015 through 2017.
The data from the year 2015 and the first half of 2016 are used for training and the data
from the year 2017 as the test data. Some data gaps in the training data are omitted,
which does not influence the results considerably. This resulted in the training set size of
n = 8955 samples, and the test set size of n = 17519 samples.

The training and test splits are reasonable for atmospheric sciences. It is especially
important that the size of the test data set contains a large amount of data from different
seasons with different weather patterns. The available measured weather variables and the
NWP model forecasts are defined in Table 5.1, where the exogenous inputs are represented
by x, y denotes the outputs of interest, and y, denotes all the augmented outputs with
local measurements. The model is trained, predicted, and simulated on the augmented
outputs. However, in the validation of the model, we only consider the weather variables
of interest.

5.3 System for Modeling the Particle Dispersion

In critical scenarios, as in the case of advising the prevention actions of a potential nuclear
disaster, estimation of the predictive uncertainty of the model is critical. Additionally,
we want to use all available information, e.g. the measured weather variables at near
geographical locations.

The weather variables describing the atmosphere dynamics (preprocessed and extended
with additional variables) serve as an input to the Lagrangian particle dispersion model,
which forecasts the air pollution dispersion into the near future. The high-level description
for modeling the particle dispersion is presented in Figure 5.1. In this thesis we will focus
on the GP-NARX model used for modeling the atmospheric variables. The details and
description for other parts of the system can be found in [67].
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Table 5.1: The data used for modeling the local weather dynamics. Exogenous inputs are
represented by x, y denotes the outputs of interest, and y, denotes all the augmented
outputs with local measurements. The Weather Research and Forecasting (WRF) model
is the NWP model considered in this case study. The model is trained, predicted, and
simulated on the augmented outputs. However, in the validation of the model, we only
consider the weather variables of interest.

Abbreviation

Definition

X YV Yaq
WRF_AH WRF model absolute humidity prediction X
WRF_WX WRF model wind component x prediction X
WRF_WY WRF model wind component y prediction X
WRF_CC WRF model cloud cover prediction X
WRF_AT WRF model air temperature prediction X
WRF_GSR WRF model global solar radiation prediction X
WRF_DSR WREF model diffuse solar radiation prediction  x
WRF_AP WRF model air pressure prediction X
S_WX Stolp wind component x measurement at 10m X X
S_Wy Stolp wind component y measurement at 10m X X
S_AT2 Stolp air temperature measurement at 2m X X
S_AT10 Stolp air temperature measurement at 10m X X
S_AT40 Stolp air temperature measurement at 40m X X
S_AT70 Stolp air temperature measurement at 70m X X
S_AH2 Stolp absolute humidity measurement at 2m X X
S_AP Stolp air pressure measurement X X
B_AT Brezice air temperature measurement X
B_AH Brezice absolute humidity measurement X
C_AT Cerklje air temperature measurement X
C_AH Cerklje absolute humidity measurement X
C_AP Cerklje air pressure measurement X
CA_AT Cerklje airport air temperature measurement X
CA_AH Cerklje airport absolute humidity measurement X
CA_AP Cerklje airport air pressure measurement X
K_AT Krsko air temperature measurement X
K_AH Krsko absolute humidity measurement X
L_AT Libna air temperature measurement X
L_AH Libna absolute humidity measurement X
S_GSR Stolp global solar radiation measurement X
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Figure 5.1: The model of the air pollution dispersion at a chosen geographical location.
The existing approach uses the forecasts from the NWP model directly as the inputs to
the data preprocessing software. The outputs from the data preprocessing software are
later used in a Lagrangian particle dispersion model. In our proposed approach, the NWP
forecasts are enhanced with a data-driven model resulting in a hybrid model. In such case,
the data preprocessing software uses the forecasts from the hybrid model which are then
provided to the Lagrangian particle dispersion model.

5.4 Probabilistic Hybrid Model

A probabilistic hybrid model is described in this section, which combines all the available
data, i.e. the forecasts of the weather variables from the physical NWP model and the
historic measured weather variables. This single integrated model aims to improve the
weather variable forecast for the complex terrain of interest. Because of the demanding
computational requirements, a variational approximation of the GP-NARX model was
used. Namely we used a GP-NARX (VFE) model because it can be trained using the
LBFGS optimizer.

The parameters of a NARX model presented by Equation (2.62) were identified by
n, = 1 and ny, = 2. The model capability was not improved significantly with an increasing
number of lags. A second-order system was found as an optimal trade-off between the
modeling capability and the computational complexity.

We assume that the outputs of the model are conditionally independent given the
observed data, i.e

1 22 1 2 .2
p (fl:tu fl:t> R f113:t|Y1:ta Zl:t) =P (flst‘Yi:t’ Zl:t) p (flst’yl:h Zl:t) Ry (le?:t|y117;tv Zl:t) ’
(5.1)
where the i-th row of the matrix Z;.; is defined by zZ»T = [yiT—1 yiT_2 er—l}' The blocks

Ké”u, f,,, are parametrized by the same covariance function k(-,-), i.e. the hyperparameters
i
are shared. The noise variance is modeled separately for each output dimension, i.e. (ai

Hyperparameters were obtained with the MLL maximization using the LEFBGS optimizer.
The number of pseudo-inputs was selected as 100, where the initial locations were initialized
with the k-means clustering algorithm as suggested in [35].

The covariance function was identified by 10-fold cross-validation over the training
data. Table 5.2 shows the proposed covariance functions used in this empirical process
where the results are averaged over 10-fold cross-validation. Table 5.2 shows that the best
covariance function according to the performance measures for the half-hour prediction was
the Matérn(%) kernel. Again, the smooth functions induced by the Matérn(%) covariance
function generalize better than functions induced by the rougher Matérn kernels.
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Table 5.2: Means and the respective 95% confidence intervals of the RMSE, SMSE, and
MSLL for the prediction of the atmospheric variables. The performance metrics are pre-
sented for 10-fold cross-validation over the training data. The best values are emphasized

in bold.

RBF Matérn(3) Matérn(3) Matérn(3)
RMSE [><1071] 6.018 4 1.819 6.041 + 1.826 6.262 + 1.855 7.837 £ 2.469
S_WX SMSE [><1071] 4.135 + 2.005 4.164 £+ 2.002 4.448 + 1.877 6.837 £ 1.718
MSLL -0.428 + 0.275 -0.425 £+ 0.274 -0.388 £ 0.242 -0.164 £+ 0.133
RMSE [><1071] 6.470 +1.263 6.490 + 1.254 6.757 £ 1.225 8.911 + 1.433
SWY  SMSE[x10"'] 1.665 4+ 0.977 1674+ 0.969  1.806 + 0.961  3.166 + 1.829
MSLL -0.907 £ 0.284  -0.904 £ 0.282  -0.865 + 0.264  -0.583 £ 0.293
RMSE [><1071] 5.435 + 1.492 5.412 4 1.475 5.453 + 1.440 7.044 £+ 5.918
S_AT2 SMSE [><1072] 1.412 4+ 1.281 1.400 &+ 1.268 1.417 + 1.261 2.578 £+ 5.088
MSLL -2.161 £ 0.470 -2.165 4 0.463 -2.155 £+ 0.434 -1.886 £+ 0.696
RMSE [><1071] 4.724 + 1.165 4.694 + 1.134 4.695 £+ 1.099 6.297 £ 6.387
S_AT10 SMSE [><1072] 1.158 4+ 1.023 1.141 £+ 0.997 1.136 + 0.972 2.421 + 6.087
MSLL -2.264 £ 0.452 -2.272 4 0.439 -2.267 £+ 0.412 -1.954 + 0.799
RMSE [><1071] 4.920 £+ 1.253 4.909 + 1.237 4.955 £+ 1.243 6.642 + 6.039
S_AT40 SMSE [><1072] 1.303 £ 1.022 1.297 4+ 1.014 1.322 4+ 1.027 2.762 + 6.181
MSLL 2193 + 0.389  -2.197 4 0.385  -2.184 + 0.376  -1.876 + 0.771
RMSE [><1071] 4.892 + 1.208 4.881 + 1.193 4.930 £+ 1.211 6.918 £ 6.957
S_AT70 SMSE [><1072] 1.389 4+ 1.233 1.382 4 1.215 1.411 4+ 1.243 3.391 £ 2.760
MSLL -2.174 £+ 0.444 -2.177 4+ 0.438 -2.165 £ 0.432 -1.802 £+ 0.992
RMSE [><1071] 2.187 4+ 1.784 2.187 + 1.787 2.229 + 1.904 3.589 + 7.437
S_AH2 SMSE [><1072] 2.656 + 3.297 2.655 4+ 3.301 2.722 + 3.309 7.001 £+ 20.72
MSLL 1731 + 0725 -1.737 + 0.709  -1.730 & 0.671  -0.700 + 5.170
RMSE [><1071] 2.218 4+ 1.200 2.227 + 1.199 2.330 £+ 1.223 4.826 £ 5.088
S_AP SMSE [X1073] 1.274 4 1.082 1.290 £+ 1.118 1.420 + 1.225 7.535 £+ 18.56
MSLL -3.293 + 0.516 -3.283 £+ 0.517 -3.176 £ 0.541 -2.442 + 0.760

5.5 Short-Term Weather Variables Forecast

In this section, we will consider one step-ahead prediction and multi-step ahead predic-
tion of up to 12 hours into the future. Figure 5.2 shows the scatter plot between the
measurements and the half-hour prediction of the weather variables.

The largest variability can be seen in the wind component predictions which proved to
be a significant modeling challenge. The Cartesian wind components show a slight bias and
the modeled noise does not seem to be independent and identically distributed as assumed
with modeling with GPs. This is not an unexpected behavior since the wind predictions
are complex and heavily depend on the surrounding terrain as well as other predictors that
may not be accessible. Other weather variables on Figure 5.2 show excellent performance
results and the noise is modeled appropriately.

Table 5.3 presents the results of the validation on the test set for three performance
metrics and a comparison to the NWP forecast that was previously used in practice. We see
that the GP-NARX (VFE) model performs better than the NWP forecast with respect to
the RMSE. The downside of the RMSE metrics is that it can only take the predicted mean
into consideration. Therefore, the MSLL is also included which is suitable for validation in
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Table 5.3: RMSE, SMSE, and MSLL metrics for the half-hour prediction of the weather
variables of interest. The GP-NARX model prediction is compared to the NWP forecast.
Best results are shown in bold.

S_WX S_WY S_AT2 S_AT10

RMSE 6.230 x10™" 6.489 x10™ ' 4.892 x10~ " 3.920 x10™ '

GP-NARX SMSE 3.534 x10~' 1.519 x10~' 2.547 x10™° 1.714 x10™2
MSLL -0.520 -0.943 -2.981 -3.155

RMSE  15.25 x107" 15.87 x107" 25.53 x107" 26.69 x107"

SMSE  21.19 x107" 9.094 x107" 69.34 x10™°  79.44 x107?

NWP

S_AT40 S_AT70 S_AH2 S_AP
RMSE 4.692 x10™' 4.504 x10~' 2.591 x10~ ' 2.029 x10™ '
GP-NARX SMSE 2.475 x10™° 2.342 x10™° 4.643 x10~® 8.126 x10~*
MSLL -3.004 -3.025 -2.693 -3.527
RMSE 3031 x10™'  30.56 x10™'  14.71 x10°'  20.45 x10™"
SMSE  103.2 x10™®  107.8 x10™®  149.6 x10™®  825.3 x10~*

NWP

the form of random variables. We can see that half-hour prediction performs well also in
terms of predicted probabilities. The predictive response of the weather variables for the
period between the first and the seventh of March 2017 is presented in Figure 5.4.

However, to advise the prevention actions in the case of a nuclear accident, we are
interested in longer prediction intervals. Multiple step-ahead prediction of the weather
variables was obtained with the TCMC simulation with Ty, = 10~% where a 100 independent
MC samples of future trajectories were computed.

Figure 5.3 shows the performance metrics in relationship with increasing the prediction
horizon into the future. A step corresponds to a half-hour increase in time. The prediction
error metrics for the forecasts up to 12 hours into the future were considered, where the
exogenous inputs in each step are defined by the most recent forecast from the NWP model.

The model performance is worsened with the increased prediction horizon. Tempera-
ture, humidity, and air pressure are still relatively well modeled and the negative MSLL
still shows that the variables are well described in terms of probabilities. In the case of the
wind forecasts, the model performance degrades faster with increased prediction horizon.



5.5. Short-Term Weather Variables Forecast

Predictions
(=)

-4

-8

Measurements

(a) s_wx [m/s

Predictions
=
o

=10 0 10 20 30
Measurements

(c) s_at2 [°C|

Predictions
(=
o

-10 (0] 10 20 30
Measurements

(e) s_at40 [°C]

Predictions
= = N
N o o

]

4 8 12 16 20
Measurements

(g) s_aH2 [g/m’|

119

Predictions

-6 -3 0 3
Measurements

(b) s_wY [m/s]

N w
=] o

Predictions
(=
o

=10

-10 0 10 20 30
Measurements

(d) s_at10 [°C)

30

N
o

Predictions
=
o

=10

-10 0 10 20 30
Measurements

(f) s_at70 [°C]

1020

1005

Predictions

990

975

975 990 1005 1020
Measurements

(h) s_aP [mbar|

Figure 5.2: Scatter plot showing the dependency between the measured weather variables
of interest and their corresponding half-hour prediction presented in blue. The orange line

shows the observed weather variables.
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Figure 5.3: Half-hour prediction and the corresponding 95% confidence interval for the
weather variables of interest near NPP Krsko. The results are shown for the period between
the first and the seventh of March 2017.
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Figure 5.4: RMSE and MSLL for the 12-hour prediction of weather variables near NPP
Krsko. Each step corresponds to a half-hour interval. NP denotes noise propagation.
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Table 5.4: RMSE, SMSE, and MSLL metrics for the simulation of the weather variables
of interest. Simulation without NP is denoted by T, and simulation with NP is denoted by
. The response was estimated using 500 MC samples. The GP-NARX model simulation
is compared to the NWP forecast that can also be seen as a simulation model. The best
results are shown in bold.

S_WX S_WY S_AT2 S_AT10

RMSE 9.445 x10™" 12.29 x10™' 24.24 x10™" 23.04 x10™ '

GP-NARX' SMSE 8.121 x10™% 5.451 x10~ ' 62.57 x10~® 59.24 x10
MSLL 0.141 0.254 1.179 2.100

RMSE  9.459 x10™"  12.29 x10™' 2452 x107"  23.38 x10~"

GP-NARX' SMSE  8.146 x107! 5452 x107'  64.02 x10~>  60.97 x10~°
MSLL -0.068 -0.285 -1.274 -1.147

RMSE 1525 x107" 15.87 x107" 25.53 x107" 26.69 x107"

SMSE  21.19 x10™" 9.094 x107" 69.34 x10™>  79.44 x107°

NwPp

S_AT40 S_AT70 S_AH2 S_AP

RMSE 23.69 x10~' 22.93 x10~* 11.03 x107" 13.61 x10~*

GP-NARX' SMSE 63.09 x10™® 60.73 x10™2 8423 x10™°  365.5 x10™*
MSLL 1.846 0.930 2.064 -1.267

RMSE  24.17 x107! 23.40 x10™'  11.00 x10~'  13.75 x107'

GP-NARX' SMSE  65.68 x10°2 63.21 x10™°  83.70 x10~®  373.0 x10~*
MSLL -1.019 -1.189 -0.735 -1.653

RMSE  30.31 x107! 30.56 x107* 14.71 x107" 20.45 x107*

SMSE  103.2 x107* 107.8 x107° 149.6 x107° 825.3 x107*

NWP

5.6 Long-Term Weather Variables Forecast

The limit case where the prediction horizon is infinite was also considered. In the simu-
lation, the known parameters and measurements are used to initialize the model. In our
case, the model was initialized with the start of the test data. Then the simulation is
obtained until the end of the test data.

We want to emphasize that the measured weather variables are unknown in the future
and are not used when validating the test data set for multi-step-ahead prediction or
simulation. The unknown inputs at an arbitrary time step into the future are replaced
with the samples from the previous step. The exogenous inputs in each step are defined by
the most recent forecasts from the NWP model, meaning that we assume that the NWP
model short-term forecasts are known. In practice, this forecast would have to be replaced
with a long-term NWP model forecast if available. The simulation presented in this section
is therefore limited with the accuracy of such forecast.

Table 5.4 shows the validation metrics for the simulation on the test data set. We
observe that the simulation responses of the weather variables for a GP-NARX (VFE)
model are better modeled than the forecasts from the NWP model, which can also be seen
as a simulation model. Temperature, humidity, and air pressure are described well even in
the extreme case of simulation. Their respective RMSE is small and their corresponding
MSLL is negative.
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As expected, the worst performance is obtained for wind simulations, although the sim-
ulated wind components are still better described in the RMSE sense than the NWP
forecasts. Figure 5.5 shows the simulated response of the weather variables and the asso-
ciated uncertainty for simulating the GP-NARX (VFE) model. As previously shown with
the validation metrics, the temperature, humidity, and air pressure are described well with
the model. Even the wind simulations capture the dynamics to some degree, although the
variance is higher but well-calibrated. The predicted uncertainty interval of 95% captures
most of the predicted variability of the measured signals.

The covariance function in this chapter was selected in a black-box fashion. Although
some knowledge is known prior to observing the data, e.g. periodicity, we did not consider
adding a periodic component in the design of the covariance function. This is due to the
hybrid structure, where the model’s forecast based on first principles is already considered
in the inputs and contains most of that information. In the next chapter, we consider a case
study where the prior knowledge is incorporated into the design of the covariance function
and the likelihood model, which consequently requires flexible simulation algorithms.



124

-3

Measurements
— Simulated mean

Simulated mean + 1.96 (o + 0,)

ML At £

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

24
21
18
15
12

9

6
3
(4]

(a) s_wx [m/s]

Measurements
—— Simulated mean

Simulated mean + 1.96 (0 + 0,,)

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

21

18

15

12

11
10

w 0O 4 00 O

(c) s_at2 [°C|

Measurements
—— Simulated mean

Simulated mean = 1.96 (0 + o,,)

0]
Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

(e) s_aT40 [°C)

Measurements
—— Simulated mean

Simulated mean = 1.96 (0 + o,,)

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

(g) s_au2 [g/m’]

Chapter 5. Modeling the Local Weather Dynamics

-4

Measurements
—— Simulated mean

Simulated mean + 1.96 (g + g,)

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

21

18

15

12

9

6

3

o

(b) s_wy [m/s]

Measurements
—— Simulated mean

Simulated mean % 1.96 (0 + o,)

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

21

18

15

12

o

(d) s_at10 [°C]

Measurements
—— Simulated mean

Simulated mean % 1.96 (0 + g,)

4]
Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

(f) s_at70 [°C]

1008
1005
1002
999
996
993
990
987
984

981

Measurements
—— Simulated mean

Simulated mean + 1.96 (g + g,)

Mar 01 Mar 02 Mar 03 Mar 04 Mar 05 Mar 06 Mar 07

(h) s_aP [mbar]

Figure 5.5: Simulated response and the corresponding 95% confidence interval for the
weather variables of interest near NPP Krsko. The simulation was initialized on the first
of January 2017 and the weather variables continuously simulated where the most recent
NWP forecasts were used as exogenous inputs at each iteration. The results are shown for
the period between the first and the seventh of March 2017.
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Chapter 6

Load and Photovoltaic Generation
Forecasting

In the previous chapter, we presented a case study where a GP model considered could
deal with large amounts of data in training, as well as at test time. A rigorous exploration
of the structure in the data through kernel design was not performed, mostly because this
structure is already modeled by the physical NWP forecast that is considered in the inputs.
In this chapter, we present a case study of load and photovoltaic generation forecasting in
the greater area of Sydney. Since such physical forecasts for the outputs considered do not
exist in practice, we take a more grey-box approach to model from data.

Autoregressive models allow us to prototype the models quickly in the presence of
more complex patterns in the data, e.g. periodicity, heteroskedastic noise, and localized
change in process behavior, that are considered with the grey-box approach. The case
study justifies the need for a flexible MC approach to simulation, unconstrained from the
choice of the covariance function, the assumption of homoskedastic Gaussian noise, or the
choice of the GP model approximation.

6.1 Introduction

In power engineering, the optimal power flow (OPF) is an optimization problem that was
first introduced in [112]. The objective of OPF is to find a steady state operating point
that minimizes the cost of electric power generation while satisfying operating constraints
and meeting demand [113]. The constraints are specified by Kirchhoff’s Law, line flow
constraints, and constraints on voltage and power generation. The constraints are nonlinear
so the OPF problem is nonconvex and there is generally no guarantee to find a global
solution. However, the optimization problem is well studied in practice.

With the increasing presence of distributed energy resources (DER), the management of
electricity generation and consumption is becoming more complex. For example, rooftop
solar photovoltaic (PV) systems and home battery storage systems can reduce cost for
consumers, but they can also create network problems. Additionally, the load patterns
are changing with the introduction of electric vehicles and flexible loads. The distribution
network operators (DSO) are not well equipped for the rapid change in consumer behavior
[19].

In New South Wales, the DSO companies do not have access to real-time smart meter
data. Rather, they can buy them from retailers for the previous day. This makes the
management of electricity generation complicated. For that reason, the DSO companies
conservatively limit the consumer PV generation with blanket rooftop solar export limits,
which results in suboptimal solutions.
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In [114]-{116], they proposed dynamic operating limits to limit the PV generation of con-
sumers but assumed the input data given. This is not true in practice and we have to use
the forecasts of the respective predictors. If forecasted, the input data are not considered
random, although we can never predict the future with absolute certainty. In [19], they
proposed a chance-constrained OPF problem that handles the input data probabilistically.
The optimization problem requires a probabilistic forecast of the load and PV generation
up to 24 hours into the future. Conservative uncertainty intervals of the forecast will result
in suboptimal solutions, whereas overconfident uncertainty intervals of the forecasts can
result in ill-defined dynamic operating limits which can consequently cause the violation of
network limits. For that reason, a model for the load and PV generation that can quantify
uncertainty is of great interest.

In [19], they proposed quantile regression based on the generative adversarial network
neural network architecture that can simulate statistically representative samples of the
load and PV generation in the future. However, this approach does not systematically
model the uncertainty in a fully Bayesian approach. GP processes do model the uncer-
tainty systematically and are for that reason a state-of-the-art nonparametric approach to
quantifying uncertainty. GPs also allow us to incorporate prior knowledge in the modeling
process, which is beneficial for problems such as load and PV generation forecasting since
they exhibit structural patterns that can be somewhat determined even before the data
are observed.

Previously a GP approach was already applied to load forecasting [117]. However, the
model regresses from the time domain to the output domain which was previously shown
that it can not handle nonlinear dynamics [48|. The presented model was also validated
only for the mean of the forecast and not probabilistically. An approach to load forecasting
was also presented in [118] where only the prediction was considered. GPs were also applied
for PV generation forecasting, but only for the forecasting interval of 30 minutes or less
[119], [120].

The goal of this case study is to forecast the load and PV generation up to 24 hours
into the future. The analysis of the delay for the available observations is considered to
justify the installation of smart meters and the need for real-time observations from the
perspective of the DSO.
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Table 6.1: The data used for modeling the load and PV generation in the Greater Sydney
Area. Exogenous inputs are represented by Xp,.q for modeling the load and xpy for
modeling the PV generation. The time index is represented by t. Change points are
denoted by ¢ and are derived from the sunset and sundown times. The outputs of interest
are denoted by y.

- L P
Definition t xd xPVooe oy

Time index [Each step corresponding to a 30min interval] X
Relative humidity [%] at the Sydney station

Air Temperature [°C] at the Sydney station

Station level pressure [hPa] at the Sydney station

Derived cloud cover from the New South Wales stations

X X X X X

Calculated global solar radiation for Sydney
Change points derived from sunrise and sunset time for Sydney X
Total load

Total PV generation

6.2 Case Study

The case study considers the load and the PV generation in the Greater Sydney Area.
The data were aggregated over all households and averaged over a 30-minute time interval.
The cloud cover observations at the automatic ceilometer stations were aggregated over all
levels and all weather stations in New South Wales since ceilometer observations specific
to Sydney were not available. Observations of weather data were used from the Sydney
station for the relative humidity, temperature, and pressure.

The global solar radiation for Sydney was calculated from first principles using the
American Society of Heating, Refrigerating and Air-conditioning Engineers (ASHRAE)
model [121]. Additionally, we augmented the data with information about the sunset
and sundown times for New South Wales. Since the ceilometer observations specific to
Sydney were not available, a more general predictor for the cloud cover was derived from
the weather stations available in New South Wales. A weighted sum over the aggregated
ceilometer data was calculated by

48
Daily cloud cover = Zw(h) x Aggregated ceilometer observation(h),

h=1 (6.1)
Global solar radiation(h)

B Z?i Global solar radiation(i)’

w(h)

where the aggregated ceilometer observations are weighted by the daily global solar radia-
tion. The hours in the day when global radiation is at its peak are most heavily influenced
by the cloud cover when PV generation is considered. Figure 6.2 shows the PV generation
example profile and the derived cloud cover predictor for two weeks in different seasons.
We can see that the derived predictor is inversely correlated with the PV generation, which
is what we would expect. The less cloud cover, the more PV generation is expected.

A description of the data used is presented in Table 6.1, where xy;- denotes the weather
components, X ,,q and xXpy the exogenous data used in the respective load or PV genera-
tion model, and c denotes the change points that are used in the PV generation forecast
to separate the daily and nightly behaviour.
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The data were available only for the year 2019. To validate the model in different seasons
and different days of the week, we selected the validation data to be the 6th, 7th, 13th,
14th, 27th, and 28th day of the month. Similarly, the test data was selected to be the
4th, 5th, 11th, 12th, 25th, and 26th day of the month. The training data was selected
as the whole yearly data, excluding the days for the validation and the test data set.
We assume that the weather data between the consecutive days is not heavily correlated,
which is generally not true. Consequently, the estimation of the performance metrics can
be slightly biased. However, many of the training/validation/test split strategies exhibit
specific downsides (extrapolation, data not representing all seasons, days of the week, etc.)
when only one year of data are available. If more data are available, the strategy presented
in this case study should be reconsidered.

6.3 Probabilistic Model of Load and PV Generation

In this section, we will consider a composite model for load and PV generation forecasting.
The models consist of a GP-NARX model combined with a timeseries model (a mapping
from the time domain to the output domain) to incorporate the periodic structure of
the data. Figure 6.1 and Figure 6.2 show the aggregated load and PV generation for
different weeks in Australian summer and winter. We can see that both load and PV
generation profiles exhibit daily (and seasonal) periodic behavior. Although the assumption
of constant noise might be a good enough approximation for the load profiles, the PV
generation profiles exhibit a heteroskedastic behavior where the random fluctuations seem
to be larger with increased PV generation. Another structural property in PV generation
is the bimodal process behaviour, i.e. the process can be split to the night and day part.

In the next two sections we will demonstrate how to model the structure present in the
load and PV generation data. The properties of the problem will be modeled through the
design of the covariance function and the likelihood model. The multi-step-ahead forecasts
will be estimated using the TCMC simulation.
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(a) Example of a load profile for the week period in February, 2019.
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(b) Example of a load profile for the week period in July, 2019.

Figure 6.1: Example of two load profiles for the Greater Sydney Area in different seasons.
The data are displayed for weeks in February and July, 2019.
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(b) Example of PV generation for the week in September, 2019.

Figure 6.2: Example of two PV generation profiles for the Greater Sydney Area in different
seasons with the derived cloud cover predictor. The data are displayed for the weeks in

April and September, 2019.
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6.3.1 Load model

As we have seen in the Figure 6.1, the load exhibits periodic behavior. This can be
modeled by a periodic kernel [122], defined in the Appendix C.5. Let 7 define the period
of latent function values modeling the electrical load. Given the 30 minute observations,
we considered the periods y; =48 and v, = 7 X 48.

With the amount of data and the Gaussian likelihood assumption, the choice for the
autoregressive part of the composite model is the GP-NARX (VFE). The model addresses
the large data set with pseudo-point approximation, where the distance between the ap-
proximated posterior and the true posterior is rigorously minimized. The Gaussian likeli-
hood assumption allows for a closed-form maximization of the ELBO with respect to the
pseudo-point distribution. The ELBO is minimized with the LBFGS optimizer using 700
pseudo-inputs initialized by subsampling the original data set.

Table 6.2 shows the results of the covariance function selection on the validation data
set. Vectors z denote the inputs defined by a NARX model, i.e.

¢ Load Load [_Load\7T Load\ T T
V4 [ ) ) ] ’

i = Wi—ngs - Yi—1 5 | Xi—n, Xi-1 (6.2)
where yLO&d denotes the electrical load observations. Vectors z' denote the NARX inputs
augmented with the 1-day, 2-day, and 3-day lag of the output, i.e.
Load Load  Load _T4T
Z;r = [y 154, V06 Yias Zi |- (6.3)
The lag parameters of the NARX model were selected as (n,, ny) = (2, 1). The best kernel
was found to be a multiplication of the Matérn(5) kernel (applied on the time index only)

with an RBF kernel (applied on the NARX inputs ZI) with both the daily and the weekly
periodic component. Since we only had the data for one year, we did not consider adding
a yearly periodicity.

The prior structure of the process can be seen on Figure 6.3. The figure shows the co-
variance matrix before training on the observed data, after training on the observed data,
and the samples of the corresponding latent functions. We can see that after maximization
of the ELBO, the structure in the data is heavily emphasized. Learning the hyperparam-
eters from data is important in GPs even if the collection of data is large. In Bayesian
regression, the likelihood would eventually outweigh the prior given large amounts of data.
However, considering the high-dimensional Gaussian distribution over the observed data,
the convergence to a good solution, with respect to increasing the number of observed data,
can be rather slow. MLL (ELBO) maximization provides a more data-efficient approach
than just relying on the fact that the likelihood will eventually outweigh any reasonably
defined prior.
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Table 6.2: Results of the validation for modeling the load in the greater area of Sydney.
The best values are emphasized in bold.

k() RMSE SMSE  MSLL

kpgR, Matérn(%)(tivtj;'YI) X kMatém(%)(Zi,Z]-) 552.67  0.024  -1.872
kpgr, Matém(g)(ti’tj;’h) X krpr (2i,2;) 551.44  0.024  -1.874
kpeR, Matern(3) (Fir 135 71) + Fatagern(3) (210 25) 598.33  0.028  -1.793
kppr, Matern(3) (tistji 1) + krpr (2i,2;) 598.84  0.028  -1.792
kpEr, rBF (tist5371) + krBF (25 25) 599.40  0.028  -1.791

kPER’Matém(g)(ti,tj;w)xkPER,Matém(%)(ti,tj;wl)kaatém(g)(zi,zj) 549.34  0.023  -1.878

kpgr, Matérn(g)(ti»tﬁw) + kpER, Matérn(g)(tivtﬁ )+ kMatérn(%)(Ziv z;) 59833  0.028  -1.793

kpERr, RBF (L t5572) X kpER, RBF (L) tj571) X krpr(Z:,25) 548.60  0.023  -1.879
kpgr, rBF (ti: tj;72) + kpER, RBF (tis t5371) + krBF (265 25) 599.40  0.028  -1.791
Rprr, Matern(3) o £i11) X Kytasern(3) (2 2)) 55417 0024 -1.870
KpER, Matern(5) (Fir 153 71) X krer(z),2)) 552.60  0.024  -1.873

kpggr, Matém(g)(tivt]‘; 1)+ kMatém(g)(ZI,Z;) 598.57  0.028  -1.793
Fpr, Matern(3) (tir 1) + brpr(z],2)) 599.79  0.028  -1.791

kpgr, rBF (45 t5571) + kRBF(szZ;) 599.03  0.028  -1.792

kppr, Matern(3) (b £33 72) X KpgR, Matern(3) (fis 155 71) X kMatém(%)(z,T,z}) 551.14  0.023  -1.875
kpER, Matern(5) (Firt:72) + kppR, Matern(3) (tis 853 71) + Ratarern(3) (z],2]) 59850 0.028 -1.794
kpgpr, rBE (4, t5572) X kprgr, rBr(ti; tj;71) ¥ kRBF(Z;r’Z;r' 547.09 0.023 -1.883
kpgr, rBF (£, t5572) + kpER, RBF(tir t5;71) + k"RBF(Zva Z; 598.94  0.028  -1.793
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Figure 6.3: The covariance matrix of the prior for the load model and the corresponding
function samples. The data are displayed for 3 consecutive days.
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6.3.2 PV generation model

As observed in Figure 6.2, we will address the three structural properties of PV generation
profiles:

e Periodicity;
e Switched behavior between the night and the day;
e Heteroskedastic noise.

Although the first two can still be addressed through covariance function design, the last
one cannot. The elegant closed-form solution of the GP framework is broken in this case.
For that reason, the GP-NARX (SVGP) model will be used for the autoregressive part of
modeling the PV generation, which can handle likelihoods that break the analytic solutions
considered with the VFE approximation.

Modeling the periodical behavior was already considered with the load model. Here,
we again consider the daily periodicity where vy = 48 for the half-hour time interval. We
do not consider a weekly periodicity. The switched behavior between the day and night is
modeled by a change point kernel [122], which is defined in Appendix C.6. The kernel can
switch between two kernels similar to fuzzy logic. The membership is modeled by a sigmoid
function, or a combination of multiple ones when generalizing for many change points. The
change points are derived from the sunrise and sunset times for Sydney. Although the data
could also be separated by day and night before the modeling process, the change point
kernel provides a convenient way to model the transition between the two modes of the
PV generation profiles.

The heteroskedastic likelihood is modeled by a separate GP [123]. The PV generation
model is specified by

fl:t ~ gP (flit‘o’ Kfl:tvfl:t) ’

(6.4)
g1t ™ gP (glztm’ Kg1;t791:z) ’
where K Froooias is parametrized by a change point kernel kCR koonstants Fprocess and K91:z791;t
is parametrized by Kyikelinood- 1he likelihood is then defined by
t
p(y1:t|f1:t7 gl:t) = Hp(yz|fz7 gl)a
i=1 (6.5)

(il fir9i) ~ N (?Ji\fz‘ah(gi)2> )

where h(-) is a transformation to positive-only values since this parameter represents the
standard deviation of the Gaussian likelihood. The transformation can be for example
an exponential or a softplus function. This model will be from here on referred to as
the Heteroskedastic GP-NARX (HGP-NARX). The ELBO of the HGP-NARX model is
defined by

F(m7 (I)>Z/1:m) = ZEq(fi,gi) [lOg p(yz|fmgz)] — KL [Q(uf)Hp(uf)] — KL [Q(ug)Hp(ug)] )

i=1
(6.6)
where u; represents the pseudo-points for the f process, and u, the pseudo-points for the
g process. The KL divergence can be computed in closed-form, but the expectation over
the logarithm cannot. The integral is computed with 2D Gauss-Hermite quadrature [99].
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’ ‘ |

f

Figure 6.4: 2D Gauss—Hermite quadrature points used to compute the intractable Gaussian
expectation over a function. In the case of the HGP-NARX model, the function is defined

by a(y;, fi> 9i) = log p(yil fi, 9i)-

Gauss—Hermite quadrature approximates the expectation of a function a with respect to
a Gaussian distribution.

1 n
Eq(fi,gi) [a(fis 9:)] = P ijﬁ(fij7gij)a
j=1

B(fij» 9ij) = a <fij\/§afi + Mfi,gij\@ggi + /’l'gi) ; (6.7)
q(f;) ~ N(fi|#fiaff]20i)a
Q(gz) ~ N(gz|ugl’ai)7

where n represents the number of quadrature points, and w; denotes the corresponding
weight that belongs to the tuple (f;;,g;;) which is the input at which the function o is
evaluated. The weights and the locations of the function evaluations are given in [99].
In the case of the heteroskedastic model defined above, the transformation a(y;, f;, g;) =
log p(y;|fi;9;)- Figure 6.4 shows the tuples (f;;,9;;) with respect to which the weighted
sum of log p(y;|f;, g;) is calculated to approximate the corresponding expectation. The
prediction of the latent function values f;,; and g, is simple and was defined previously
by Equation (3.27). If the latent prediction is specified by

q(fey1) = N(ft+1|#ft+laffj%t+1)a

) (6.8)
Q(gt—f—l) = N(9t+1|ﬂgt+1 ) O—gtJrl)?
then the prediction of the noise corrupted function value y,; is specified by
2 2
Aer) = NWenaling, o Boga ) [Ploen)?] +7.,)- (6.9)

The term E,, . ) [h(gtﬂ)ﬂ =Ey(g,.,) [a(gs41)] can be computed with the 1D Gauss—Hermite

quadrature [99]. The derivation of the posterior moments in the noise corrupted prediction
is presented in Appendix E.1.5. The latent simulation response is obtained by the TCMC
approximation, extended for the heteroskedastic model, defined by the Algorithm F.7.
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For training, we used 1400 pseudo-inputs, initialized by subsampling the original data set.
We used an alternating scheme for the optimization, where a step of ADAM optimizer
[100] is performed on the hyperparameters, followed by a step of the NGD [38], [101] on
the variational parameters. 20 inputs were used for the 1D Gauss—Hermite quadrature,
and 400 for the 2D Gauss—Hermite quadrature.

Table 6.3 shows the results of the cross-validation on the PV generation validation data
set. As in the load model, vector z denotes the inputs defined by a NARX model, i.e.

T T
PV PV PV PV T
z; = [yi—nav o Y1, (Xi—nb) yer (Xi—1> ] ) (610)

where yPV denotes the PV generation observations. The lag parameters of the NARX
model were selected as (n,, ny) = (2, 1). The best kernel for modeling the process in the
change point kernel was found to be a multiplication of the Matérn(%) kernel applied on the
time index with a RBF kernel applied on the NARX inputs. The best scale transformation
function h(-) was found to be the exponential function. The likelihood kernel for the
process g was also tested and is shown in Table 6.4. The best kernel for modeling the
likelihood was found to be a multiplication of the Matérn(%) kernel applied on the time
index with a RBF kernel applied on the global solar irradiation input vector.

Figure 6.5 shows the separate blocks in designing the change point covariance func-
tion. The covariance matrices presented are for 3 consecutive days before training the
hyperparameters on the observed data. Figure 6.5a and Figure 6.5b show the matrices
corresponding to functions «(-,-) and (-, -), which represent the weights for combining
the process kernel and the constant kernel in the change point covariance matrix. Fig-
ure 6.5¢ and Figure 6.5d represent the different kernels used for the day and night part.
The final change point kernel is shown in Figure 6.5¢, which is calculated as a weighted
sum of the day and the night kernel. Figure 6.6 shows the same figures, but after training
the hyperparameters on the observed data. This design of an application-specific kernel is
a great demonstration of how prior knowledge can be built into the modeling process and
why the simulation, unconstrained to the choice of the covariance function, is desired in
practice.
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Table 6.3: Results of the validation for selecting the process and likelihood covariance
function for the PV generation model in the greater area of Sydney. The kernel is defined
as a change point kernel switching between the constant kernel kcgpsian: @nd the process
kernel. The change points are derived from the sunrise and sundown times in Sydney. The
likelihood kernel used in this experiment was Kpikelihood = Fpgg, Matérn(3 )(t,,tﬁvl) with
the corresponding scale transformation h(-). The softplus function is denoted by sfp. and
the exponential function is denoted by exp. The selected kernel is emphasized in bold.

h(-) kprocess (5 *) RMSE SMSE MSLL
XD hppn, vatern(2) (Fir £ 71) X Fugagera(s)(27;) 56081 0.0020  -5.015
exp. pp, atern(3) (B tji1) X knpr(z,7;)  566.73 00020 -5.054
exp.  kppg, Matém(%)(tz, tizm) + kMatem(%)(zl, z;) 610.74 0.0024 -4.913
XD Ko, o3 (bt 1) + hrpe(zi2;) 61901 0.0024 4934

exp. kPER RBF (t,“ t]7 ’}’1) X kRBF (Zi7 Z]) 570.52 0.0021 -5.060
exp. kPER RBF (tzv t]7 ’)’1) —+ kRBF (Zi7 Z]) 61897 00024 -4907
sfp. Eppr, Matern (2 (tz,tj;’yl) X kMatérn(g)(Zng) 558.57  0.0020 -4.811

S Kpon, viaern(3) (bt 1) X bre(2i,2)  B8T74 0.0022 4768
stp.  kppg, Matern(%)(ti7 tizm) + kMatérn(g)(Zi> z;) 613.92 0.0024 -4.907
S Kpun, viaern(3) (bt 1) + bre(2i,2)) 61603 0.0024  -4.935
sfp. kper, rBr(tis tjs 1) + krpr(2i, 2)) 618.88  0.0024 -4.928

Table 6.4: Results of the validation for selecting the likelihood covariance function for
the PV generation model in the greater area of Sydney. The likelihood kernel used in
this experiment was kpixelihood = Fpgg, Matérn(3 )(tz, ti; 1) X kMatern(Q)(zGSR i»ZGSR,j)- The
function A (-) was the exponential function. Vector zggr denotes the global solar radiation.
The selected kernel is emphasized in bold.

kprocess(“s *) RMSE SMSE  MSLL

kpgg, Matern(%)(thtj;'h) X kMatern(%)(zZ,Z]) 561.49  0.0020 -5.054
Fprr, Matem(3) (s i 71) X Frpp(zi,2;)  572.63  0.0021 -5.094
Fonr, wasern(3) (Fis 13 1) + Fytagon(s)(2002;) - 61546 0.0024  -4.941
Fpnr, asern(3) (fis 13 1) + krpp(2,2;)  622.33 0.0025  -4.959

kPER, RBF( i j,"}/l) X kRBF( z;, j) 574.44 0.0021 -5.083
kpER, RBF (t;, tj,’yl) + krpr(2;, j) 626.96  0.0025 -4.968
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Figure 6.5: The covariance matrix of the prior for the PV generation model and the
corresponding function samples before training. The data are displayed for 3 consecutive
days. The PV covariance matrix is calculated as Ky » = A ©® C+ B © D, where ©
denotes the Hadamard product (elementwise product). See Appendix C.6 for more details.
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Figure 6.6: The covariance matrix of the prior for the PV generation model and the
corresponding function samples after training. The data are displayed for 3 consecutive
days. The PV covariance matrix is calculated as Ky = A ® C+ B © D, where ©
denotes the Hadamard product (elementwise product). See Appendix C.6 for more details.
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6.4 Short-Term Load and Photovoltaic Generation Forecast

The models for load and PV generation forecasting were evaluated on a separate test data
set. Two baseline models were considered. The first one is a persistent forecast where the
half-hour prediction for the time step y;,; is simply a half-hour lagged observation of the
respective output, i.e. y;,; 1. A moving average (MA) forecast was also considered, which
takes periodicity into account and can provide a probabilistic estimation. The forecasts
from the MA model were obtained by averaging the data for the last week, where the
forecasts were grouped by the hour of the day. Similarly, the variance of the forecasts was
estimated.

Table 6.5 shows the results of the half-hour prediction. We can see that the GP-
NARX models outperform the baselines for the load and PV generation. Figure 6.7 shows
the scatter plot between the half-hour prediction and the observed values. We can see
that the model forecast describes the observations well. The models work well even in
the probabilistic sense, which is seen by the MSLL performance metric in Table 6.5. An
example of the half-hour prediction can be seen in Figure 6.8 and Figure 6.9 which shows
the load and PV generation forecast for two different parts of the year.

However, we are interested in forecasting the load and PV generation for the whole
next day. The forecast is repeated for each time step in the day for the next 24 hours.
This rolling probabilistic forecast is then used in the chance-constrained OPF where the
operating limits of the PV generation are recalculated at a half-hour interval for the next
24 hours. In our case study, the forecast of the respective output is considered up to the
end of the day because of the nature of the test and the training data set splits. We used
a TCMC simulation approximation with Ty = 1072 and 500 MC samples.

The rolling forecast in a single test day is performed as depicted in Figure 6.10. For
example, in a single day we have 48 half-hour predictions, 47 1-hour predictions, and so
on. In a single day, we only have 1 24-hour prediction. We consider the prediction up to 6
hours into the future, for which a reasonably large sample can be collected. Two scenarios
are tested:

1. Observation available with a time delay of 1 day, i.e At = 48 = 24 hours;
2. Observations available in real-time, i.e At = 1 = 30 minutes.

The results are considered from the perspective of the current time, where the forecasts
are grouped by the prediction horizon and are shown in Figure 6.11.

From the perspective of the model, the delayed observations effectively increase the
number of predicted steps into the future. This can be seen in Figure 6.11 with worse
performance metrics of the model where the data are available with a 24-hour delay, when
compared to the model where the data are available in real-time. This is due to the fact that
the benefits of autoregressive inputs diminish over time. After some period, the forecast is
mostly deduced from the weather observations, i.e. as if the model would be trained only
on the weather data. The degradation of the model performance with increased time delay
of the available data justifies the need for real-time observations which are currently not
available in New South Wales.
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Table 6.5: Results of the half-hour prediction on the test data set. The performance

metrics for the PV generation were only considered for the day period. The best results
are emphasized in bold.

Output Model RMSE SMSE MSLL
GP-NARX (VFE) 581.90 0.018 -2.002
Load Persistent 826.67 0.041 -

Moving average 1874.34  0.213 -0.413
HGP-NARX 840.26 0.004 -3.086

PV generation Persistent 2931.81  0.052 -
Moving average 4525.75  0.122  -1.396
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Figure 6.7: Scatter plot between the half-hour prediction and the observed values for the
load and the PV generation model.
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Figure 6.8: Example of the half-hour prediction for the electrical load on the test data set.
The first two days are a part of the training data set and the following two days are a part

of the test data set.
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5th of April, 2019.

2401 T Yesicten Yt+1:t+n % 1.960y
210
180
150
120

20

PV generation [kWh]

60

30

0

18 22 02 06 10 14 18 22 02 06 10 14 18 22 02 06 10 14 18 22 02 06 10 14 18 22 02
t [hour of day]
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5th of September, 2019.

Figure 6.9: Example of the half-hour prediction for the PV generation on the test data

set. The first two days are a part of the training data set and the following two days are
a part of the test data set.
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(a) 24-hour delayed observations.

Next day

t+1 | t+2 | t4+3 [ t+4 | t+5 t+46 [t 447 |t +48

t+1 | t+2 | t+3

t+4

t+45

t+46

t+47

t41

t+2

t+3

t+44

t+45

t+46
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Figure 6.10: Diagram depicting the rolling forecast in testing the load and PV generation
models for the next day. Note that the steps ahead are considered from the current time
and not from the perspective of the model. From the perspective of the model, the delayed
observations effectively increase the number of predicted steps into the future.
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Figure 6.11: Load and PV generation forecast versus the number of predicted steps into
the future for the SMSE and the MSLL performance metrics. The results are compared
to the persistent and moving average forecast as a baseline. The performance metrics for
the PV generation were only considered for the day period.

6.5 Long-Term Load and Photovoltaic Generation Forecast

For completeness, we tested the model also for the simulation. In our case study, this
is performed individually on consecutive days in the test data set. Table 6.6 shows the
results for the simulation. We can see that the simulated response that best describes
the respective forecasts is the one with noise propagation (NP). The simulation response
describes the observation relatively well in the mean sense, as well as in the probabilistic
sense. GP-NARX models outperform the baseline, especially when the forecast is validated
probabilistically.

Figure 6.12 depicts the simulation response for the electrical load, whereas Figure 6.13
and Figure 6.13 depict the simulation response for the PV generation. Two consecutive
days in different parts of the seasons are considered. Figure 6.13a and Figure 6.13b show
the latent response in blue and the corresponding response of the process that models the
heteroskedastic standard deviation in red. Figure 6.14a and Figure 6.14b show the noisy
response estimated from the latent samples and the standard deviation samples. We can
see how the likelihood is modeled heteroskedastically where the standard deviation, shown
in red, is larger with increased PV generation. Overall, we can see that the models describe
the observations well in terms of the mean value and also probabilistically.

This study demonstrates the flexibility of the GP-NARX models to model large data
sets in a grey-box approach. It is very important in such studies that the GP models allow
for a relatively fast experimentation. We have shown this by modeling the electrical load
and PV generation where the dynamics are described by a composite model, combining
a NARX model with a timeseries approach. The GP approximations for the specific case
were easily extended to model dynamical systems, i.e. the VFE approximation used in the
load model and the SVGP approximation used in the PV generation model. The flexible
covariance function design and the choice of the GP approximation are enabled by the
flexible and scalable MC algorithms in the simulation.
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Table 6.6: Results of the 48-hour simulation on the test data set. Simulation without NP
is denoted by T, and simulation with NP is denoted by b The performance metrics for the
PV generation were only considered for the day period. The best results are emphasized
in bold.

Output Model RMSE SMSE  MSLL
GP-NARX (VFE)" 119787  0.078 -1.187

Load GP-NARX (VFE)"! 1175.90 0.075 -1.454
Moving average 1874.34 0.213  -0.413

HGP-NARX' 3892.23  0.090 -1.145

PV generation HGP-NARX? 3853.19 0.089 -1.727
Moving average 4525.75 0.122  -1.396
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(a) 48-hour simulation of the electrical load for the noisy process y; y1.; 1, between the 4th and 5th
of February, 2019.
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(b) 48-hour simulation of the electrical load for the noisy process y;,1.;1, between the 4th and 5th
of July, 2019.

Figure 6.12: Example of the 48-hour simulation for the electrical load on the test data set.
The first two days are a part of the training data set and the following two days are a part
of the test data set.
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(a) 48-hour simulation of the PV generation for the latent process f; 1.1, in blue and the estimated
heteroskedastic likelihood standard deviation h(g;1.;4,) in red for the period between the 4th and

5th of April, 2019.
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(b) 48-hour simulation of the PV generation for the noisy process y;, 1.1, for the period between

the 4th and 5th of April, 2019.

Figure 6.13: Example of the 48-hour simulation for the PV generation model between
the 4th and 5th of April, 2019. Latent process, estimate of the heteroskedastic likelihood
standard deviation, and the noisy simulated response on the test data are shown. The first
two days are a part of the training data set and the following two days are a part of the

test data set.
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(a) 48-hour simulation of the PV generation for the latent process f; | 1.,,, in blue and the estimated
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5th of September, 2019.
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(b) 48-hour simulation of the PV generation for the noisy process y;, 1.1, for the period between
the 4th and 5th of September, 2019.

Figure 6.14: Example of the 48-hour simulation for the PV generation model between
the 4th and 5th of April, 2019. Latent process, estimate of the heteroskedastic likelihood
standard deviation, and the noisy simulated response on the test data are shown. The first
two days are a part of the training data set and the following two days are a part of the
test data set.
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Chapter 7

Conclusions

In this thesis, we considered a probabilistic modeling approach. We believe that this is
not only a reasonable, but also a necessary approach to building models from data. The
uncertainty can arise from various sources, e.g.

e Real systems can be stochastic;
e We observe a finite subset of data;
e Some predictors are latent.

Quantifying the epistemic and the aleatoric uncertainty allows us to rigorously separate
the different sources of stochasticity:

e The uncertainty that cannot be reduced in practice (noise);
e The uncertainty that can be reduced in practice if we observed more data.

When the assumed probabilities are Gaussian, and the system is time-invariant and linear,
the desired mathematical objects quantifying uncertainty can be obtained in closed-form.
However, the problems in the real world are seldom linear.

GP models are a powerful probabilistic tool. They provide analytic expressions of the
marginal likelihood and of the predictive posteriors when the inputs are deterministic.
The smoothness assumption, essential in nonparametric models, is incorporated through
the design of the covariance function. In combination with a NARX model, the elegant
properties of static GPs are preserved to model dynamical systems.

GP-NARX models are very practical to work with since the training is reduced to that
of the static case and missing data can be handled trivially. GP-NARX models are, for that
reagon, simple to experiment with and can be scaled to large amounts of data since there
is no recurrent estimation of the latent function. However, the training of GP models is
computationally demanding and results in a cubic computational complexity with respect
to the number of training data.

In Chapter 3, we demonstrated how the latent function values are retained in memory
and considered in the joint model on sequential estimation of a static posterior. However,
in static systems, there is no input/output dependency as defined by the NARX model. In
the simulation of GP-NARX models, the Gaussian distribution is propagated through the
nonlinear covariance function and the response cannot be obtained in closed-form. The
estimate of the simulation can be obtained by MC integration. Unfortunately, the compu-
tational complexity of the ground truth numerical estimation, i.e. the FCMC simulation
presented in Chapter 3, again results in cubic computational complexity with respect to
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the predicted steps into the future. This restricts the vanilla GP-NARX model to a few
thousand latent values, in training and in simulation.

The computational complexity with respect to the number of observed data can be
efficiently reduced through sparse models. A smaller set of pseudo-inputs (when compared
to the data set size) is introduced with the goal to find an appropriate set of pseudo-inputs
that can effectively replace the original data. However, the computational complexity of the
sparse models in simulation still depends cubically with respect to the number of predicted
steps into the future. Additionally, each sparse approximation has a specific algorithm for
the simulation of the respective GP-NARX model, which is not practical for two reasons:

e Errors in the implementation of tedious sequential algorithms;

e The elegant benefits of the NARX model in training are diminished with complex
simulation procedures.

For the reasons above, we proposed a unified view of the simulation of GP-NARX models
in Chapter 4, invariant to the choice of the sparse approximation up to the batch sample
from the pseudo-point posterior. We proposed an approximation to the simulation, i.e. the
TCMC simulation, where the posterior variance is used as a measure of the informational
importance for the latent sample considered at the time step. If the posterior variance
is lower than the user-defined threshold, the latent observation is discarded and not kept
in memory. The user-defined parameter can be used to maximize the computational re-
sources. When the parameter is selected to be infinite, the TCMC simulation corresponds
to the PIMC simulation. When the parameter is selected to be the jitter that is added to
covariance matrices for numerical stability, the TCMC simulation can be considered exact.
For that reason, the TCMC simulation can also serve as the ground truth for future more
scalable approximations.

We compared the TCMC simulation with the ground truth, i.e. the FCMC simulation,
and the CIMC simulation. The analysis was conducted on a nonlinear static function and
an illustrative dynamical example. We used the static function to compare the results to
the closed-form estimation of the posterior. We conclude that the TCMC simulation can
provide significant computational benefits when the inducing functions from the kernel are
relatively smooth. The simulation can be evaluated for only a fraction of the cost of the
FCMC simulation. However, the estimated posterior of the latent distribution is exact
when the threshold is selected to be the numerical jitter. If the induced functions are not
smooth, the computational benefits quickly diminish. In that case, the PIMC simulation
is computationally tractable and should be preferred over the CIMC simulation since the
estimated response using a PIMC simulation better approximates the ground truth and
can be obtained in identical computational time as the CIMC simulation. But we can
expect some error in the estimation of the latent uncertainty.

For the Matérn(%) covariance function, the TCMC simulation did not provide any
computational benefits. The observed latent points are not well correlated in this case, i.e.
an observed latent value does not even reduce the posterior variance locally. With such
a rough function assumption it is hard to justify the use of GPs and their computational
complexity. The computational complexity originates from the definition that all the latent
points are fully correlated. Even if these correlations are small, as with the Matérn(%)
kernel, the computational complexity persists. In this case, a more appropriate model can
be used instead of GPs in the first place.

For the FITC approximation, the number of retained latent values in TCMC estima-
tion is higher when compared to the variational approximation. We believe that this is
due to the conditional independence assumption between the latent function values that
belong to the training data, which partially decorrelate the aforementioned values in the
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regions where pseudo-points are scarce. Consequently, the learned hyperparameters induce
rougher functions which in turn increase the running time of the simulation. Given that
theoretical benefits of the variational approximations are already accepted in the literature,
and we empirically demonstrated the superiority of the variational approximations for the
prediction of GP-NARX models in Section 3.2.2 on 10 chaotic time series, this insight
provides yet another reason why the variational frameworks should be preferred over the
FITC approximation.

In practice, the functions that assume a degree of smoothness are generally preferred.
This is because smooth functions generalize better in the presence of noise. Determining
the right amount of flexibility in a data-driven modeling approach is the core of statis-
tical learning. In GPs, model complexity scales with training data, and the flexibility is
determined automatically. However, the covariance function has to be chosen carefully.

At the end of Chapter 4, we demonstrated the use of the GP-NARX (VFE) model on
two benchmark data sets. The data sets cannot be modeled by the vanilla GP-NARX due to
the size of the data set. We empirically showed that the RBF and the Matérn(%) covariance
functions performed best, which were the smoothest kernels used. We demonstrated how a
correlated simulation can be obtained using the TCMC simulation, which was previously
not possible. The prediction and the TCMC simulation were validated on an independent
data set. The data were well modeled in the mean sense which was demonstrated using
the RMSE and SMSE metric, and also in the probabilistic sense, which was demonstrated
using the MSLL metric. We also showed how the noise propagation can be utilized in
simulation and how the posterior statistical moments can be influenced by it since the
probabilities are propagated in a nonlinear fashion.

In Chapter 5, we presented a case study that dealt with modeling the local weather
dynamics. We modeled the atmospheric variables in the vicinity of NPP Krgko. The
forecasts of the atmospheric variables are used in a system for modeling the emitted particle
dispersion to advise the actions in the case of a nuclear accident. The results of the half-
hour prediction, up to 12-hour prediction, and simulation were compared to the forecasts
from the NWP model that was previously used in this setup. We can conclude that the
GP-NARX (VFE) model performed well and outperformed the NWP forecasts even in
the extreme case of the simulation. Similarly, as in the case of the two benchmarks, the
smoothest kernels performed best.

In Chapter 6, we demonstrated the powerful GP-NARX framework for modeling the
load and PV generation in the Greater Sydney Area. We showed how GP-NARX models
can be utilized as a grey-box method and how prior knowledge can be incorporated through
the covariance function design and the design of the likelihood model. For fast experimen-
tation and flexibility, a simulation algorithm that is not constrained to the specific selection
of the covariance function is of great interest. We modeled the aforementioned outputs
in a nonparametric sense, where the uncertainty is quantified systematically, which is im-
portant since the probabilistic forecasts serve as inputs to the chance-constrained optimal
power flow optimization problem which determines the steady state operating point that
minimizes the cost of electric power while satisfying operating constraints and meeting
demand. An experiment was conducted to find the effect of the 24-hour time delay on
availability of the load and PV generation observations to the distribution system opera-
tors. We conclude that the results in a 24-hour delayed experiment are significantly worse
which justifies the need for real-time observations and installations of smart meters.
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In retrospect, the hypotheses defined in Section 1.2 were confirmed. Explicitly:

e II;: We have shown that the CIMC simulation is a rough approximation to the
simulation of GP-NARX models. Not only that it produces overly noisy simulation
samples, but the posterior statistical moments are also affected since the distributions
are propagated through a nonlinear function;

e H,: The demanding computational requirements of the fully correlated GP-NARX
simulation can be reduced with sparse approximated GP-NARX models. We showed
with the unified view of the simulation that in the case of sparse approximations,
the posterior over the training data points are replaced with the posterior of the
pseudo-points. The simulation is initialized with fewer latent observations from the
start. However, the computational complexity with each predicted step into the
future persists and all consecutive latent function values are kept in memorys;

e Hj: Pseudo-points do affect the simulation. They allow for a new approximation,
namely the PIMC simulation, that does not keep the consecutive latent observations
in memory. However, some latent uncertainty is still reduced which is especially
evident in kernels that induce smooth functions. PIMC should be preferred over the
CIMC simulation since it better approximates the ground truth and has the same
computational complexity;

e H,: An approximation to the fully correlated Monte Carlo simulation algorithm
was derived for sparse approximated GP-NARX models. TCMC simulation can
reduce the computational requirements and improve the estimation of the latent
response when compared to the CIMC and PIMC simulation. It introduces a trade-
off parameter that can maximize the computational resources and, consequently,
the quality of the estimated latent response. If the threshold equals the numerical
jitter, the TCMC simulation retrieves the FCMC simulation for only a fraction of the
computational cost of the ground truth when kernels that induce smooth functions
are used.

In future work, we aim to reconsider the assumption of the NARX model, i.e. that the
outputs introduced in the input matrix are noisy. This assumption allows the GP-NARX
models to be trained in a simple manner. However, the latent state is not filtered in this
case. GP-SSM models filter the state but introduce a complex and analytically intractable
training procedure. An interesting avenue of research would be to find the compromise
between the two approaches. For the simulation of the GP-NARX model, an improvement,
to the computational complexity could be looked-for. An appealing solution is potentially
a combination of the TCMC simulation and samplers that approximate the latent posterior
with basis functions at test time. Lastly, one could seek new applications for the GP-NARX
models and try to devise covariance functions for the specifics of the use case considered.
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Appendix A

(Gaussian and Matrix Identities

A.1 Gaussian Identities

This section will define the Gaussian identities useful for understanding and implementing
Gaussian process regression models.

A.1.1 Multivariate Gaussian distribution

The multivariate Gaussian distribution is defined by
_ _1 1 T -1
N (xlp, K) = 27K[ 72 exp { —5 (x = p) KT (x = p) |, (A1)

where x € R" and pp € R", K € R™™" represent the mean vector and the covariance matrix
respectively.
A.1.2 Gaussian marginals, conditionals, and linear transformations

g 9 9

If the joint Gaussian distribution between random variables x and y is defined by

o= (G 5)

then the marginal distribution p (x) of a multivariate normal distribution p (x,y) is speci-
fied by

A C
cl B

)

p(x) = [ p(xy)dy =N(x]a A). (A.3)
The conditional distribution p (x|y) is defined by
p(xly) =N (x|a +C™B ' (y—b),A - CTB_lc) . (A.4)

A linear transformation of a Gaussian random variable can be evaluated in closed-form

and is defined by
p(x) = /N(X|a+ Fy, A)N (y|b,B)dy = N (X\a +Fb, A + FBFT) . (A.5)
A special distribution where the probability density is infinite at x = a can be described
by Dirac delta defined by
00, Xx=a

d(x—a)= (A.6)
0, x#a
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where [0 6(x)dx = 1. If we consider the special case in Equation (A.5) where A = 0,
then

p(x) = /5(x —(a+Fy)N (yb,B)dy =N (x[a + Fb, FBFT) : (A.T)

A.1.3 Sampling from a multivariate Gaussian

A draw from a multivariate Gaussian distribution N (x|u, K) is taken as

K =LL", (A.8a)
draw z ~ N (z]0,1), (A.8b)
x = p+ Lz, (A.8c)

where LL” is the Cholesky decomposition of the covariance matrix K defined by Equation
(A.10).
A.1.4 Expectation over a squared form

If x ~ N(x|p,K), then
E [XXT] = pp’ + K, (A.9a)

E [XTAX] = pTAp + Tr (AK). (A.9b)

A.2 Matrix Identities

A.2.1 Cholesky decomposition

nxn

Positive definite matrix K € R can be decomposed to
K =LL", (A.10)

where L is a lower diagonal matrix with positive diagonal entries. We denote the Cholesky
decomposition explicitly as K = cholesky (LLT) throughout this thesis. The decomposi-

tion can be obtained in O <n3> time.

A.2.2 TIterative Cholesky update

Assume a row/column is added to the symmetric positive definite matrix K € R™*"
K = KT a (A.11)
a b

and LLT is the Cholesky decomposition of K. Let us consider an updated Cholesky
decomposition

K=LL , (A.12)
where
. L O
¢ d

An update can be obtained in (’)(n2) time. It is specified by
c=L"a, (A.14a)

d=1\/b—c'c. (A.14b)
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A.2.3 Determinant of a positive-definite matrix

The determinant of a positive definite matrix K can be computed by

T T
K| = LL'| = L|L"| = 2] [ L], (A.15)
=1

A.2.4 Woodbury identity
Woodbury identity defines

-1
(A+UCV) '=A"'+A7'U (0‘1 + VA_1U> VA, (A.16)

where A € R™" U € R™* v ¢ R¥" and C € R*.
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Appendix B

Performance Metrics

B.1 Root Mean Squared Error

Root mean squared error (RMSE) is defined by

N

RMSE = N;(yz 1i)”s (B.1)

where y; denotes the observed value at the time step i, p; the predicted mean at the time
step i, and N defines the number of data points.

B.2 Standardized Mean Squared Error

Standardized mean squared error (SMSE) is defined by

N

1 yi — i\’
SMSE = NZ <J > : (B.2)

=1

where y; denotes the observed value at the time step i, p; the predicted mean at the time
step i, o is the standard deviation of the observed data y = [y;,...,yn], and N is the
number of data points.

B.3 Mean Standardized Log Loss

The mean standardized log loss (MSLL) is defined by standardizing the mean log loss
(MLL) by subtracting the loss that would be obtained under the trivial model which
predicts using a Gaussian with mean and variance of the observed data y [22]. MSLL is
defined by

N 2
MLL = Z [log 271'0 (M> ] ,
Oi

N 2
1 2 Yi — 1
MSLL = MLL 5N ;1 [10g(27m )+ < . > ] .

(B.3)

The predicted mean at the time step ¢ is denoted by u;, o; is the predicted standard
deviation of the noisy values at the time step ¢, N is the number of data points, and u, o
denote the respective mean and the standard deviation of the trivial model prediction.
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B.4 Wasserstein Distance

The p-th Wasserstein distance [124] is defined by

Wp(u,f/)=< inf /Mde(x,y)pdv(x,y)y,

vET (V)

(B.4)

where I'(1, ) denotes the collection of all measures on M x M with marginals u and v. The
2-Wasserstein distance between two multivariate Gaussians can be obtained analytically

)1, ®5)

and is defined by

N o=
B po=

Wi )2 = [[mny — gl + Tr [ K, + K, — 2 (K KK
K

[SIE
[N

where u ~ N (pm,K;), v ~ N (v|my, K,), and K = K
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Appendix C

Covariance Functions

C.1 Constant Covariance Function

A constant covariance function is defined by

kConstant (Xia Xj) = 0?7 (Cl)

where o4 denotes a scaling factor.

C.2 Linear Covariance Function

A linear covariance function is defined by
2.T
Ktinear (X, Xj) = 0FX; X, (C.2)

where o denotes a scaling factor.

C.3 Radial Basis Covariance Function

A radial basis covariance (RBF) function is defined by

2 —17‘2
krpr(x;,x;) = ore 2", (C.3)

where r = }||x;—x;|| and [ is a lengthscale parameter. Automatic Relevance Determination
(ARD) covariance function weights the columns of the input x with their corresponding
lengthscale [;. It is defined by Equation (C.3) and

r =/ —x) A (x — x)). (C.4)

where A™! = diag([l; %, ...,1;7]) and d is the number of columns in x.

C.4 Matérn Covariance Functions

Matérn covariance functions are defined by

kMatérn(%)(thj) = U?E_T, (C.5a)

Fatatern(2) (Xi) X;) = oF(1+ \/37“)67\/@, (C.5b)
5 2\ _vhr

kMatérn(g)(xiaxj) = 012‘(1 +Vbr + §T2)€ Ve ; (C.5¢)

where r = 7|x; — %||. Matérn covariance functions with the ARD property are defined
by Equations (C.4) and (C.5).
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C.5 Periodic Covariance Function

Following [125], the periodic kernel can be obtained by mapping the inputs through the
transformation

w(z) = (cos(2my'z),sin(2my '2)). (C.6)
Then

kpER, k(Xi, X3 7) = k(u(x;), u(x;);7). (C.7)

The explicit form for the RBF kernel is

kPER, RBF(Xian;’V) = krpr(u(x;), U(Xj); 20

_ a?e—%siHQ(ﬂr771)172 ,

(C.8)

where 7 = ||x; — x;|| and v defines the period. The kernel can be trivially extended with
the ARD property.

C.6 Change Point Covariance Function

Following [122], a change point kernel is defined weighting the base kernels with sigmoid
functions. A single change point kernel is defined by

kCP,kl,kz(tzvthz’X]) a( )kl( Xis ]) +6( 3] j) (Xi7xj)a
(tzvt]) = ( (tia § CO))(l - U(tjv S, CO))’ (CQ)
ﬁ( X ]) U(tws CO) ( SvCO)'

The sigmoid is a logistic function defined by
o(a) = (14 7)™ (C.10)

where s denotes the steepness parameter and ¢ the location. The change point kernel,
generalized for multiple locations ¢’ = [co, €1, - - - ¢pl, is defined by

kCP,kl,kz(tzvthz»X]) a(tzvt )kl( Xis ])+6( 3] j) (XZ7X])

a(t;,t;) = (1 —n(t; s, c))(1 —n(t;; s, c)), (C.11)
ﬁ( %) ]) ”(t S C) (t';S,C),
where
lp/2]
n(x) =Y olw;s,c0)(1 = 0(w; 8, ¢2041))- (C.12)

=0
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Appendix D

Variational Inference

D.1 KL Divergence

For probability density functions p and ¢, defined on the same probability space, the
Kullback—Leibler (KL) divergence is defined by

> p(x)
KL [p|lq :/ p(x) log——=dx. D.1
[pllq] -~ (x) 8 () (D.1)
If p(x) = N (x|pg, K;) and ¢(x) = N (x|pe, Ky), then the KL divergence is explicitly
defined by

KL Dl = 5 (o 15 50] + 0~ 1) B3 Gz = ) + ol — ). (02
where k denotes the dimensionality of x.
D.2 Jensen Inequality
If X is a random variable and ¢ is a convex function, then
¢ (E[X]) <Elp(X)]. (D.3)
For ¢(-) = log(-)
log (E[X]) > E[log (X)] . (D.4)

D.3 Evidence Lower Bound

The dynamic notation of indexing the latent values by time steps can be for static problems
equivalently replaced by a more common notation in the GP literature
fl:t — fa
ft+1:t+n = f*v (D5)
FC = F0).
Let us consider a joint distribution p (y;.,f1.4, f (-),u), approximated by the conditional

independence assumption between the latent function values that belong to the training
data set and the latent function values that belong to unobserved values,

p (Y1:t7 f1:t7 f () ) u) ~ p(ylzt’flst)p<f1:t|u)p (f () ’u) Q(u)7 (DG)
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where g(u) is a free distribution, not constrained to any parametric form. Marginalizing
out all latent function values that do not belong to the training data yields

D (Y1 Fru) / P31l Er)p(Eralw)p (F () ) g(w)dfy e,

(D.7)
~ p(Yl:t‘flzt)P(th\U)Q(u)-
The MLL is then defined by

log p(y1.) = log //p(flztauY1:t)p(YI:t)df1:tdu’ (D.8a)

q(f1,
IOgPYU = log // fit f1t7u‘y1t) (ylzt)dflztdua (D-Sb)

t7

fi.,uly.)p(y;.
log py 1) > / / o(F 1o u)log P18 WP Y1) 4o gy (D.8¢)
Q(f1:t7u)

log p(y1.1) > log p(y1.4) — KL[g(f1., w)||p(f14, uly14)], (D.8d)

where the step from Equation (D.8b) to Equation (D.8¢) applies the Jensen inequality
defined by Equation (D.4). The KL divergence in Equation (D.8d) can be further simplified
to

KL[Q(flzta )Hp f1t7u‘y1t)]
pErrta)g(u)p(yy.) (D.9)
= [ [ ot 20y 1l 1) pErgtap(u)

Taking p(y;.;) out of the expression yields

KL[g(f1.4, 0)||[p(f14, ulyq.)] =

=i~ ([ [ 1o s relfu ot wayda - Kelg(lp)). (910

ELBO

and finally

KL[g(f1.4, 0)||p(f14, ulyq.)] =
= (Y1) = (Eqeey.) [log p(yi1.lfre)] — KL[g()[[p(w)]), (D.11)

ELBO

where we can see the equivalence between the minimization of the KL divergence (between
the true and the approximated posterior) and maximization of the ELBO [38], [39], [41].
We again explicitly define the ELBO by

F (Q7 Z/l:m) = Eq(flti)[log p(y1:t|f1:t)] - KL[Q(U)Hp(u)]? (D]-Q)

which will serve as a reference in the next section.
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D.4 Collapsed Evidence Lower Bound

The derivation is reproduced from [126] where some additional information is added in
between the steps of the original derivation. For generality let us assume the likelihood

P(y1elfie) ~ N(Yl:t|f1:t> A,.) where

ot 0 0 ... 0
0 o5 0 0
Al:t = 0 0 03 e 0 (D13)
0 0 0 ot |

represents the heteroskedastic noise. If we again consider the ELBO defined in Equation
(D.12) and explicitly write out the KL divergence and the expectations by their definition,
we get

F () = [ [ Tog poaalfrlathi witydu+ [ atw) tog ggl‘gdu (D.142)

~ faw | [ [1ogp(yl;t\fu)]p<f1;t|u>df1:t+log523 du.  (D.14b)

log G(u,yy.;)

The inner integral can be solved analytically

log G (0,510 = [ Mog ply1/810))p(Erdu)df s = (D.152)
= [ comst. — e[t (v - 2wttt [ tthwrar, (015
= const. — %Tr [Ai% (Y1;t}{t - 2y1:ta{t + al:tait + Ky, 5 Qfmfu)] , (D.15¢)
where

1
const. = —log (2m) — glog [Ax,|
-1
oy = E [f1:t|u} = Kfl:t,uKu,uu (D16)
-1
Qfl:tvfl:t = Kfl:tvuKuvuKu7f1:t

The expectation of a Gaussian over a squared form [ [fl;tf{t] p(f1.4|u)df;.; is defined by
Equation (A.9a). The expression from Equation (D.15) then simplifies to

1 _
log G (u,y4) = log [N(yiloa., Aiy)] — §Tr [Alztl (Kfu,fu - Qflzt,flzt)} : (D.17)
ELBO can now be rewritten to

N(yi.iloa., Aig)p(a)
q(u)

1 _
du — iTI‘ |:A1:1} (Kflzufl:t - Qfl:t:fl:t)j| .
(D.18)

F(Q7Z/1:m) :/Q(u)log
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The optimal variational distribution is determined by maximizing Equation (D.18) with
respect to the variational distribution ¢(u), and constraining the variational distribution
to [g(u)du = 1. The optimization problem is then defined by

O[F (4.1n) + A a(u)du — 1)]

9q(u)
_ O[F (¢, 214n) + M([ g(w)du — 1)] <8q(u))_l . (D.19)
ou ou
=0

If we consider

O [F (¢, 21m) + M[ q(u)du — 1)]

ou =0
N(iglag,Ar)p(a)
0 [f q(u)log L@z du+ X [ g(u)du+ COSt.} 0 (D.20)
Ju
N (y1aless Arg)p(u) )
q(u) | lo ' ; : +A)=0
(0 (log %
The optimal variational distribution is then defined by
Q(u) =Z- N(Yl:t‘alzb Al:t)p(u)7 (D21)

where Z is a normalizing constant and A = log Z. Only at this step we see that the optimal
variation distribution is Gaussian. Explicitly, the free variational distribution is specified
by

Q<u) =Z 'N(YI:t‘alzuAl:t)p(u) =
I 7,1 -1 ~1 -1 T -1 -1
=7Z- €xp (—211 (Ku,u + Ku,uKu,flztAlzt Kflzt,uKu,u)u + yl:tAlst Kflzt,uKu,uu )
(D.22)

which simplifies to
Q(u) = N(u|Ku,u2_1Ku,f1:tA;%Yl:t’ Ku,uz_lKu,u)v (D'23)

where ¥ =K, , + Kfl:tvuAi%KUwfl:t' The collapsed ELBO is in this case defined by

1 _
F(lezm) = log [N (Y1:t|0a Qflzt,fu + Al:t)] - §T1“ [Aktl (Kfl:t,flﬂS - Qflzt,flzt)] . (D.24)

In the special case where the likelihood noise is homoskedastic, i.e. Ay, = 10'72“ the free
variational distribution simplifies to

—2 —1 1
Q(u) = N(u‘a—n Ku,uz Ku,fljtYI:tv Ku,uz Ku,u)a (D25)

where 3 = K, , + 0, °K
then defined by

Ky .- The collapsed ELBO for the homoskedastic case is

U, f1:4

1

/ 2

F(Zl:m> = log |:'/\/’ <y1:t’0’ Qfl:tv‘fl:t + IJ”)] B ?Tr [Kflztvflzt B Qfl:tVflzt} : (D26)
n
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Posteriors in GP-NARX Models
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In this section of the Appendix, we will consider numerically practical definitions of the
predictive and pseudo-point posteriors that are required for implementing the simulation
of GP-NARX models in practice. The noisy prediction only adds the 0721 to the variance of
the latent prediction. Most of the definitions are taken from the software implementations

in the GPflow toolbox [91].

E.1 Predictive Posteriors

E.1.1 GP-NARX

The mean of the predictive posterior is defined by

Elfirilyid =Ky, h, (Kflzt,fu + IUZ) - Vit
=Ky, L Ly
The variance of the predictive posterior is defined by
-1
Vil = K pn — K fia (Kflit,flzt + IU%) K froofen

—Ty —1
= Kft+1:ft+1 - Kft+17f1:tL1:t Ly Kfl:taft+1’

where
thtLr{:t = cholesky (Kfu,fu + IO'%) .

E.1.2 GP-NARX (FITC)

The mean of the predictive posterior is defined by

-1 -1
E[ft+1|Y1:t] = Kft+1,u (Ku,u + Ku,flztA Kfljt,u> Ku,flztA Vit

-1
-1 _1
A Kfl:tvu) Ku7f1;tA Y1t

u, f1:t

T
- K, . (LuLu T K

=T -1
= Kft+17uLu (I + Lu Ku7f1:t

T Ty -1y -1 -1
:Kft+1,uLu LB LB Lu Ku,fl:tA Yit

1
1 -7 1 1
A Kfl:t,uLu > Lu Ku,fl:tA Vit

(E.1)
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The variance of the predictive posterior is defined by

—1
V[ft+1|y1it] = Kft+17ft+l o Kft+1:uKU»UKU7ft+1

K, (K + KgAK UK (E.5)
~ K~ Kyl (T L5 L5 ) LK, g,
where

L,L, = cholesky (K,.,) ,

LsL% = cholesky (I + LK, ATK flit,uL;T) , (E.6)

. —1 2
A = dlag |:Kf1:t7f1:t - Kfl:tvuKuvuKu7f1:t + Io-n:| ’

E.1.3 GP-NARX (VFE)
The mean of the predictive posterior is defined by
) ) -1 ~1
E[ft+1] = Un Kft+1au (Kuzu + O-n Kuzflrthl:i’u> KuvflztA YI:t

-1
-2 T -2
= Un Kft+17u (LuLu + O-n Ku7f1:thl:t7u> Kuvfl:ty]-:t

. (E.7)
=0 Kyl (T4 0 L Ky Ky ) LK g v
=0, Ky, oLy Ly Lp'Ly Ko g, y1a
The variance of the predictive posterior is defined by
Vfin] = Kft+17ft+1 - Kft+1,uK;,1uKu,ft+l
Ky (K + 00 Ko g, Ky, ) K (E.8)

- Kft+17uL;T (I - LBTL1_31> qulK

= Kft+1:ft+1 szt+1’
where
L,L, = cholesky (K, ) ,

T 221 =T
LgLp = cholesky (I +o0, L, K Kf1;u L

u7f1:t uu

(E.9)
) .

E.1.4 GP-NARX (SVGP)

For the whitened representation of the inducing point posterior as defined by Equation
(3.24), the mean of the predictive posterior is defined by

—1 —T .
E[ft+1] = Kft+1,uKu,um7 = KftJrl,uLu m (ElO)
The variance of the predictive posterior is then defined by

-1 —1 -1

V[-ft-f—l] = Kft+lvft+1 - Kft+17uKUvuKU7ft+1 + Kft+1auKu7U<I)KU7uK
_T ~ AT -1

= Kft+1:ft+1 - Kft+17uLu (I - L¢L¢) Lu K

U, fr41

(E.11)

U7ft+1’

where

L,L, = cholesky (K,_,) (E.12)
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and m, f‘¢ represent the whitened parameters, determined by optimization, and otherwise
defined

< -1
m=L, m,

. (E.13)
—17 -1
L,=L, L,
where ¢(u) = N (ulm, ®) = N (u]m, L¢L£>.
E.1.5 HGP-NARX
The mean of the noise corrupted predictive posterior is defined by
Elyi41] = /yt+1Eq(ft+l,gt+l) [PYes1 | fer1 9e41)] dYiia
=Eq(fii1.0000) [/ Y1 PYer | fea1s Ge1) AYia (E.14)

- Eq(ft+1»9t+1) [ftJrl]
= Hft+1 :
The variance of the noise corrupted predictive posterior is defined by
2 2
Vlyi11] = Elyia] — Elyea]
2 2
= Elyi1] — ., (F.15)
2 2
= EQ(gt+1) |:h(gt+1) } + Uft+1’

where the last step follows from
2 2
Elyii] = /yt+1Eq(ft+1,gt+1) [P(Yes1|fer1 Ge41)] AYria

[ 2
= IEq(ftﬂ,gtﬂ) /yt+1p(yt+1‘ft+1a 9t+1)dyt+1]

I 2 E.16
=Bt 1.0000) _V[ytﬂ\ftﬂa Ger1l + Elyeial fer1s 9ol } ( )

[ 2 2
= Eq(ft+1vgt+1) _h(gt-H) + ft-i—l}

2 2 2
= El](gt+1) [h(gt+1) } + Uft+1 + Mft+1'

The latent posterior mean u o and latent posterior variance Jiﬂ are defined by Equation

(E.10) and Equation (E.11). Similarly, the posterior of g;,; ~ J\/(gtﬂ\,ugtﬂ,a;t“) is
specified. The posteriors of the pseudo-points are defined in Section E.2.4.

E.2 Pseudo-Point Posterior
E.2.1 GP-NARX

In the GP-NARX model, the pseudo-point posterior is replaced with the predictive pos-
terior at the training point locations, i.e. g(u) = p(f1.4]y;+)- The mean and variance are
defined by

1
2
E[f1:t|y1;t] = Kflzt,fu (Kf1;t7f1;t + IU") Y1

(E.17)
Ty —1
= Kflzt,flthl:t Ll:t Y-
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The variance of the predictive posterior is defined by

1
2
V[f1t|y1t] = Kfl:t:fl:t - Kfl:t7fl:t (Kfl:t7f1:t + IO_”) Kfl:tvfl:t

Ty —1
= Kfl:t:fl:t B Kfl:tvfl:tLl:t Llit Kfl:tvfl:t’
where

T 2
L,.;Lj.; = cholesky (Kfu,fm + Ian> .

E.2.2 GP-NARX (FITC)

The mean of the pseudo-point posterior, i.e. g(uly;.), is defined by
-1
-1 -1
E[“‘Yl:t] - Ku,u (Ku,u + Ku,fl:tA Kfl:t,u> Ku,fl:tA Y1
= L5 L' L Ky p Ay
The variance of the pseudo-point posterior is defined by
-1
-1
V[u’ylzt] - Ku,u (Ku,u + Ku,flttA Kfl:t,u) Ku,u
B
=L,Lp Lg Ly,
where

L,L, = cholesky (K,.,) ,
LyL% = cholesky (I +1,'K,, AT'K fmuL;T) ,

. -1 2
A = dlag |:Kf1:t7fl:t - Kfl:tzuKuvuKu7f1:t + Io-ni| :

E.2.3 GP-NARX (VFE)

The mean of the pseudo-point posterior, i.e. g(u) = p(ulyy.;), is defined by
—2 —2 -1
E[u] = O’n Ku,u (Ku7u + Un Ku’flthflzt7u> Kuvflztylzt
—Ty -1y -1 _—2
= LULB LB L, o, Ku,flthLt'
The variance of the pseudo-point posterior is defined by
-2 -1
V[u] = Ku7u (K’U,,'U, + Jn Kuifl:thltt’u) Ku7u
=L,L5 Ly L,,
where

L, L, = cholesky (K, ),
T —2¢ —1 -T
LL% = cholesky (I +0,°Ly K,y Ky, oL ) .

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)

(E.23)

(E.24)

(E.25)
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E.2.4 GP-NARX (SVGP)

For the whitened representation, the mean of the pseudo-point posterior, i.e. ¢(u) =~
p(u‘ylzt)7 is defined by

E[lu] = m (£.26)
=L,'m '
The variance is then defined by
Viu] =@ ( )
E.27
1 2T __T
where
L,L. = cholesky (K,_,) (E.28)

and m, ﬂ¢ represent the whitened parameters as defined in Equation (E.13).
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Appendix F

Simulation Algorithms

F.1 CIMC Simulation
F.1.1 GP-NARX

Algorithm F.1: Algorithm for a single sample in the CIMC simulation of the vanilla GP-
NARX model. NP denotes noise propagation.

Data: D = {Zy,,y,,,}: training data
Result: f,,,.,,,: sample of the latent trajectory
Result: y,,,.,.,: sample of the noisy trajectory
fiion, g1 ~ p(ft+2—nu:t+l|y1:t);
Ter1 ~ PYet1lfevr);
7 7 1T
fiitiqn < [ft+1] ;
N - LT
Yepratn < Wea] s
14— t+2;
L,.,Li; < cholesky(K;  ; +1Io3);
Li; + Ly \L
o Ly Ly
ﬁ <~ QYLt;
while i <t +n do
if NP then
~T ~T T

‘ zZ; [yi—na:i—l’Xi*'nb:i—l];

else
~T r T

‘ Zi  [ficn, o1, Ximny 1]
end
H<= Kfi*flzt’B;

2
o; A Kfi’fi - Kfivfl:taKflét:fi;
fi ~p(filD,2:) = N(filp, 0%);
Ui ~ p(yil fo);
~T ~T ~
fittiegn < Eetiian, fil;
T ~T ~ 1.
Yittian < [Yt+1:t+myz‘]7
14141

end
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F.1.2 GP-NARX (FITC)

Algorithm F.2: Algorithm for a single sample in the CIMC simulation of the GP-NARX
(FITC) model. NP denotes noise propagation.

Data: D = {Zy,;,y,,,}: training data

Result: f, ;.. ,,: sample of the latent trajectory

Result: y,,,,,,: sample of the noisy trajectory

f.t+27na:t+1 ~ (I(ft+2—na:t+1|}’1;t)§
g1 ~ P(yt+1|ft+1)§

P 7 1T

fiitiegn < [figal s

- _ T
Vittatn < [Jeg1l s
it 2

L,LY « cholesky(K.,, ., );
L,' < L,\L
o+ L LY
. 2

A dlag[K-fl:tvfl:t - Kfl:tvuaK“»flzt +Ioy];
B=I+L,'K,; A 'K, ,L,7;
LsL}  cholesky(B);
Lp' « Lp\L
B L Ly Ly Ly
¥ BKu g Ay
while i <t +n do
if NP then

‘ i’lr — [y?—na;i—l’xz—nb:i—l];
else

- ~T

‘ ZiT «— [fz'—na:i—laxiT—nb:z‘—l];
end
= Ky w7

2
O Kfuf, — Kf“uaKu’fL + be,uﬁKu,fb)
1 ~ 2
fi ~p(£il D, 2;) = N(filu,07);
Ts ~ p(yslfi);
~T ~T ~
fittiogn & Eottian, fils

-T -T -
Yittit+n & [yt+1:t+n7 7il;
P it 1

end
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F.1.3 GP-NARX (VFE)

Algorithm F.3: Algorithm for a single sample in the CIMC simulation of the GP-NARX
(VFE) model. NP denotes noise propagation.

Data: D = {Zy,,y,,,}: training data

Result: f, ;. ,: sample of the latent trajectory

Result: y,,,,,,: sample of the noisy trajectory

f‘t+27na:t+1 ~ q(ft+27na:t+1)§
g1 ~ P(Z/t+1‘ft+1)§

7 Z 4T

fiitign < [figa] s

- _ T
Vittian < [Ger1] s
Pt 2

L, L” cholesky (K, .,);
L, < L,\L
B=1+ LglKu»flzf,a—’;QKfl:tv“L;T;
LsL% + cholesky(B);
Ly« Lp\L
o+ L LY
B L, Ly Lp'Lh;
—2
Y < On ﬂKu,fl:tyl;t;
while i <t +n do
if NP then
_T ~T T
‘ Z; [yifna;l;la Xi—nb:i—l];
else
~ ~T
‘ Z;,r — [fi—na:i—hxzr—nb:i—l];
end
p— Ky uvs
0-2 A Kf,i,f,; - Kfi’1l‘aK11/1f'i + KfmUBK“afi;
fi ~ a(filD, ) = N(filp, 0”);
i ~ p(yil fi);
~T ~T ~
fittign < Eottian, fili

T -T -
Vittan & [Viatitan Tils
11+ 1

end
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F.1.4 GP-NARX (SVGP)

Algorithm F.4: Algorithm for a single sample in the CIMC simulation of the GP-NARX
(SVGP) model. NP denotes noise propagation.

Data: D = {Z;,y,}: training data
Data: g(u) = M(u|m, Ly): m, L, are the whitened parameters determined by optimization
Result: f,,.,,,: sample of the latent trajectory
Result: y,,,.,,,: sample of the noisy trajectory
ft+2—na:t+1 ~ q(ft+2—na:t+l);
Geg1 ~ P(Yeralfigr);
z ;T
fiitiqn < [fera] s
- - T
Vittin < [e41] 5
14—t 4+ 2;
L, LT « cholesky (K, .);
L,' « L,\L
a« L 'L
B+ L, LoyLaL, s
v L, "y
while i < t+n do
if NP then
~T ~T T
‘ Z; [yi_na;i_p xi—nb:i—l];
else
=T T T

‘ Zy i, i1y Xionyi1ls
end
1 — Kfi,u’Y;
0" Ky g~ Ky uoK, g + Ky 1BKy, g
r ~ 2
fi ~a(filD,2;) = N (filw, o7);
b ~ p(vilfi);
~T ~T ~
fittign < [frrrin fil;

T -T -
Yittittn < [yt+1:t+n7yi];
P14+ 1

end
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F.2 PIMC Simulation

Algorithm F.5: Algorithm for a single sample in the PIMC simulation of the GP-NARX

models. NP denotes noise propagation.

Data: Z7.,,: pseudo-input locations
Data: ¢(u) = N (u|m, ®): posterior at the pseudo-input locations Zj.,, for the respective
GP-NARX model
Result: f‘t+1:t+n: sample of the latent trajectory
Result: y,,, . ,: sample of the noisy trajectory
ft+27na:t+1 ~ Q(ft+27na:t+l);
Zzt+1 ~ P(yt+1~‘fz+1)§
firtiign [ft+1]T§
Yitpitqn < [ﬁtﬂ]T;
i t+2;
i~ g(u);
L,L. « cholesky (K, ,);
L,' + L,\L
a« L 7L
B+ au;
while i <t +n do
if NP then
‘ 7, — [S’z"llna:iflﬂxzr—nb:i—l];
else
‘ z; [??—na;i—17X?—nb:i—1];
end
p— Ky W85
({2 — Kf'ivfi — Kfi’uaKuﬂfi;
fi~ p(£iID,25) = N(filn, 0°);
i ~ p(yilfi);
ftT+1:t+n — [f?+1:t+n7 fili
-T T _
Vitttan & [Yiatitan Gils
11+ 1

end




176 Appendix F. Simulation Algorithms

F.3 TCMC Simulation

Algorithm F.6: Algorithm for a single sample in the TCMC simulation of the GP-NARX
models. The pseudo-point posteriors for the respective GP-NARX model are defined in Section
E.2. PIMC simulation corresponds to the variance threshold 7y, = co. FCMC simulation

corresponds to the variance threshold Ty = 0.

Data: Ty: variance threshold

Data: Z',,: pseudo-input locations

Data: ¢(u) = N (u|m, ®): posterior at the pseudo-input locations Zj,,, for the respective
GP-NARX model

Result: f‘t+1:t+n: sample of the latent trajectory

Result: y,,,.,,,: sample of the noisy trajectory

ft+17na:t ~ q(ft+17na:t);
fiitieon <[]

Vittign € [];

14t +1;

Kf,f < Ku,u7

LL" < cholesky(K; ;);

u ~ q(u);

Z 2, 0,D— {Z,n};
while i < t+n do

if NP then

~T ~T T
‘ Z; < [yi—na:i—hxifnb:ifl];

else
‘ izT — [f.z:na:iflvxinnb:ifl];
end
B < L\n;
o B;

0'2 < Kfqu — aTa;
i~ p(filD, 2:) = N'(filp, 0%);
Ts ~ p(yslfi);
if o > Ty then
z" (27,2 |,n" < 0", £, D+ {Zn}
a Kypbe Ky ps
Ky Kéif RE
a b
L + update cholesky(L, {a, b}) (Algorithm F.8);

end
fittign & Eortian, fil;

~T -T -
Yiti:t4n < [Yt+1:t+nayi]§
14— 1+ 1;

end
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F.4 Heteroskedastic TCMC Simulation
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Algorithm F.7: Algorithm for a single sample in the TCMC simulation of the HGP-NARX
model. The pseudo-point posteriors for the respective GP-NARX model are defined in Section

E.2.

Data: Ty: variance threshold
Data: Z;,Z,: pseudo-input locations

Data: g(uy) = M(uy|lmg, ®;),q(u,) = N(u,/m,, ®,): posterior at the pseudo-input locations

Result: f,, .., sample of the latent trajectory for the process

Z[’ Z,, for the respective latent process

Result: y,,, . ,: sample of the noisy trajectory

ft+1
ft+1

—ng:t ~ q(ft+17na:t);
itn [ L

yt+1:t+n <~ [ ])

14—

Kf,f +— K

t+1;
Kg,g — Kug,ug§

Up, up

LfL? < cholesky(K; ), LngT < cholesky(K, ,);
uy ~q(uy), iy ~ q(u,);

Ny < Uy, M, + Ug;

Df — {vanf}vpg — {ngng}§

whi

end

lei<t+ndo
if NP then

‘ izT — [S’;’T—na;i—l’xzﬂ—nb:i—l];
else

- ~T

‘ ZiT «— [fi—na:i—hXiT—nb:i—l];
end
Oy Lf\Kfi,nﬁag A Lg\K
By < Ls\ny, B,  Lg\ny;

T T

/u‘f — afIBfuug — ag:Bg;
o Ky, 5, —ajag, o, « K,
; - 2
fi Np(fi|Dfazi) :N(filljfho'f);
- - 2
9i Np(gi|Dg7Zi) ZN(QHMW%);
i ~ p(yil fis 9:);
if af.» > Ty then

T T T T T 7
Zy < [Zf,2;],my < [0y, i, Dy < {Zs,m;};
ap Ky p by < Ky, g3

gmlg5

T
—Q

g &

g’

K a
Kepe | 0070
af bf
L; < update cholesky(L;,{ay,b;}) (Algorithm F.8);
end
if Jg > Ty then
Zg < [Zg,2;|,n, < [n,,3:],Dy < {Zg,m,};

a, — Ky g0y Ky g
K a
g.9 Qg|.
Ky, < |
ag g

L, < update cholesky(L,, {a,,b,}) (Algorithm F.8);
end

~T ~T ~

£iirian < Eeprgns fils

-T .T ~
Yitti4n < [Yt+1;t+n»yz‘]§
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F.5 Cholesky Update

Algorithm F.8: Algorithm for the iterative update of the Cholesky factor. Updates the
Cholesky factor based on a row/column addition to the covariance matrix.

Data: L € R™*™: cached Cholesky factor

Data: {a,b}: column addition to the covariance matrix as in Section (A.2.2)
Result: L € R™TDX(MFTD: yhdated cholesky factor

a + L\g;

6%\/bfaTa;
L of

)
aT,B

L«
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Appendix G

Used hardware specifications

In the experiments presented in this thesis we used the following system specifications:
e CPU: Intel(R) Core(TM) i7-8700K CPU 3.70GHz,
¢ GPU: Quadro P4000 8GB GDDR5 [GP104G1)],
¢ RAM: 2x16GB DIMM DDR4 3200 MHz,
e OS: Ubuntu 18.04.5 LTS,

Software: GPflow 2.4.0, Tensorflow 2.4.0.
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