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Abstract

Complex systems, composed of numerous interacting subsystems, exhibit intricate dynam-
ics that are challenging to model and understand. This dissertation focuses on advancing
methodologies for detecting the direction and quantifying the strength of couplings in such
systems and presents their application to real data. The basics of dynamical systems and
chaos are first presented, followed by an introduction to couplings and synchronization.
Then, the methodology for detecting couplings from measured time series is presented.
This includes the Granger causality, the phase dynamics methods, the information meth-
ods, and the state space methods, with an emphasis on the latter two. An alternative
approach called perturbation experiments, applicable to systems that can be directly in-
fluenced, is also presented. The subsequent chapters present original research and practical
applications.

The first part of the research addresses the solvability of the inverse problem, specifically
whether the coupling strength parameter can be inferred from time series by computing
information flow. Findings reveal this is possible for weak couplings but not when the
response system is highly sensitive to perturbations. Additionally, for strong diffusive
couplings, information flow decreases monotonically with increasing coupling strength,
making the inverse problem solvable, given that coupling is strong enough.

The research’s second part improves the state space methods for directional coupling
detection. By introducing cross-distance vectors and analyzing their response to coupling,
the initial tails of the cross-distance vectors are recognized as containing information about
the coupling. A new measure is defined that quantifies the prominence of this initial tail,
enhancing the accuracy of the state space measures and reducing the risk of false positives.
This advancement increases the reliability of such methods, broadening their applicability
across various scientific fields. Furthermore, a rank-based state space measure is intro-
duced and combined with surrogate data. Application to an EEG database demonstrates
the measure’s enhanced ability to differentiate between focal and nonfocal EEG signals,
highlighting its potential in clinical applications.

The final part presents a perturbation experiment and an analysis of the resulting
time series. The experiment is conducted on patients with severe aortic valve stenosis
and a healthy control group, with the goal of quantifying neurovascular coupling strength.
Results show that computing the visually evoked cerebral blood flow velocity response to
quantify the coupling strength can effectively distinguish between the aortic stenosis group
and the healthy control group, as found by detecting a statistically significant difference.

Overall, this dissertation provides contributions to the field of detecting interactions
within complex systems, offering improved methods for detecting and quantifying direc-
tional couplings and demonstrating their practical applications in medical research.
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Povzetek

Za kompleksne sisteme, sestavljene iz številnih medsebojno sklopljenih podsistemov, je
značilna zapletena dinamika, ki jo je težko modelirati in razumeti. Ta disertacija se osre-
dotoča na razvoj metodologije za detekcijo smeri in kvantifikacijo moči sklopitev v takšnih
sistemih ter predstavi njihovo uporabo na izmerjenih podatkih. Najprej so predstavljene
osnove dinamičnih sistemov in kaosa, sledi uvod v sklopitve in sinhronizacijo. Nato je
predstavljena metodologija za detekcijo sklopitev iz merjenih časovnih vrst. To vključuje
Grangerjevo kavzalnost, metode fazne dinamike, informacijske metode in metode faznega
prostora, pri čemer je poudarek na zadnjih dveh. Predstavljen je tudi alternativni pristop
s perturbacijskim eksperimentom, ki je uporaben za sisteme, na katere imamo neposredni
vpliv. Naslednja poglavja predstavljajo izvirne raziskave in praktične aplikacije.

Prvi del raziskav obravnava rešljivost inverznega problema, torej ali je mogoče iz ča-
sovnih vrst z izračunom pretoka informacij določiti parameter moči sklopitve. Ugotovitve
kažejo, da je to mogoče pri šibkih sklopitvah, vendar ne, ko je gnani sistem zelo občutljiv na
perturbacije. Poleg tega se pri močnih difuzijskih sklopitvah pretok informacij monotono
zmanjšuje z naraščajočo močjo sklopitve, kar omogoča rešljivost inverznega problema, če
je sklopitev dovolj močna.

Drugi del raziskav izboljša natančnost metod za detekcijo sklopitev, ki temeljijo na
faznem prostoru. Z uvedbo vektorjev medsebojnih razdalj in analizo njihovega odziva na
sklopitve se začetni repi teh vektorjev izkažejo kot nosilci informacije o sklopitvi. Z defini-
cijo novega indeksa, ki kvantificira izstopanje tega začetnega repa, se izboljša natančnost
teh metod in zmanjša tveganje lažnih pozitivnih rezultatov. Ta napredek poveča zaneslji-
vost ter uporabnost takšnih metod v različnih področjih. Poleg tega je predstavljen nov
indeks, ki temelji na rangiranju. Lahko ga kombiniramo z metodo nadomestnih signalov.
Aplikacija na bazi EEG podatkov kaže izboljšano sposobnost razlikovanja med fokalnimi
in nefokalnimi EEG signali, kar poudarja potencial novega indeksa v kliničnih aplikacijah.

Zadnji del predstavi perturbacijski eksperiment in analizo pridobljenih časovnih vrst.
Eksperiment je bil izveden na pacientih z aortno stenozo in na zdravi kontrolni skupini s
ciljem kvantifikacije moči nevrovaskularne sklopitve. Rezultati pokažejo, da s kvantifikacijo
moči sklopitve lahko efektivno razločimo med skupino z aortno stenozo in zdravo kontrolno
skupino, saj med njima obstaja statistično signifikantna razlika.

Kot celota ta disertacija prispeva k področju detekcije interakcij v kompleksnih siste-
mih. Predstavi izboljšane metode za detekcijo in kvantifikacijo usmerjenih sklopitev ter
prikaže njihove praktične aplikacije v medicini.
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Chapter 1

Introduction

Complex systems consist of numerous interacting components known as subsystems. Some
examples include the human body, ecosystems, the Earth's climate, and �nancial markets.
The distinction between systems and subsystems is largely for convenience and depends
on the context. For example, the human body consists of subsystems such as the cardiac
system, the vascular system, the respiratory system, and the brain. However, the brain
can also be considered a system that consists of many neurons, which are its subsystems.
Generally, the main point that de�nes subsystems is that they are never truly separate due
to their mutual interactions.

Complex systems are often hard to model due to a large number of interacting com-
ponents or due to the possibly complex behavior of their components. In the example of
the human body, the heart, i.e., the cardiac subsystem is a complicated system in itself.
Although some useful models describing its dynamics have been introduced, the exact dy-
namics underlying it remain unknown. Including interactions between the heart and all
the other parts of the human body signi�cantly increases the di�culty of modeling, if not
makes it impossible.

Additionally, the interactions themselves can be complicated. A well-explored exam-
ple is the relationship between the cardiac and the respiratory subsystems of the human
body, called cardiorespiratory coupling. The cardiac subsystem in�uences the respiratory
subsystem by a single mechanism, while the respiratory subsystem in�uences the cardiac
subsystem by three di�erent mechanisms, resulting in a complex interaction [1].

In order to be able to study di�erent systems, one has to characterize them somehow.
This can be done by measuring available quantities pertaining to a subsystem. For example,
the cardiac system can be characterized with an electrocardiogram (ECG), which measures
the heart's electrical activity. This results in a time series, which consists of values of
the measured quantity at di�erent points in time. By measuring the time series of a
number of subsystems, one can study both the dynamics of individual subsystems and the
relationships between them. The focus of this dissertation is the latter.

The study of interactions between systems is also referred to as causal inference. Knowl-
edge about these interactions is just as crucial as knowledge about the systems themselves,
as they can reveal emergent properties and dynamics that are not apparent when the sub-
systems are considered in isolation. Thus, various methods for detecting interactions from
measured time series of complex systems have been developed. Two related methodologies
can be distinguished. The �rst is network reconstruction, which focuses on uncovering the
various connections within a large number of mutually interacting systems. The second
is detecting directional couplings, which aims to infer the direction of coupling between a
pair of systems and quantify its strength as accurately as possible. This dissertation con-
siders the latter methodology, emphasizing the accurate detection of individual directional
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couplings. It is widely used in various �elds, for example in economy [2]�[4], ecology [5],
[6], medicine [7]�[10], neuroscience [11]�[13], and Earth system sciences [14], [15].

1.1 Directional Couplings

Consider two systemsX and Y , depicted in Figure 1.1. Two properties can characterize
an interaction between a pair of subsystems. The �rst is thedirection of coupling. The
second is thestrength of coupling. There are four possibilities for the direction of coupling
betweenX and Y :

1. The two subsystems can be independent, meaning there are no interactions between
them.

2. The subsystemX can in�uence the subsystemY and not vice versa. In this scenario,
X is called thedriver and Y the response, re�ecting their respective roles within their
interaction.

3. The subsystemY can in�uence the subsystemX and not vice versa, which makesY
the driver and X the response.

4. Both subsystems can mutually in�uence each other, in which case no distinction
between the driver and the response can be made.

The interaction in the second and the third scenario is considered aunidirectional coupling,
and the interaction in the last one is considered abidirectional coupling.

Figure 1.1: A depiction of two interacting subsystemsX and Y . The arrows represent the
possible directional couplings between them.

On the other hand, the strength of coupling is a continuous value. It can be weak, in
which case the dynamics are often similar to those of the isolated subsystems but with a
slight perturbation. At the other extreme, when coupling is strong, synchronization can
occur, meaning the subsystems can no longer be considered as two separate parts of the
whole system but rather as one.

In this dissertation, two di�erent approaches to detecting directional couplings are
introduced. The �rst is used when one does not have direct control over the measured
systems. In this case, the time series are measured from the system without an external
perturbation to the measured subsystems. The second approach is used when in�uencing a
subsystem is possible, allowing one to discern whether or how another subsystem responds
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to this perturbation. For example, one cannot directly in�uence the Earth's climate, which
necessitates adopting the �rst approach. An example of the second approach is inducing
variations in the breathing frequency, allowing one to assess how this a�ects the heart rate
via the cardiorespiratory coupling.

1.2 The Purpose of the Dissertation

The purpose of the dissertation can be divided into three parts:

1. The �rst pertains to the solvability of an inverse problem of inferring the coupling
strength from the information �ow. While information �ow has been shown to gen-
erally increase with increased coupling strength, this relationship has not been thor-
oughly investigated in di�erent scenarios. This dissertation aims to explore this
in greater detail with the purpose of assessing the behavior of information �ow in
systems in di�erent dynamical regimes.

2. The second concerns state space based methods. While they excel in sensitivity
to directional couplings, they are also in�uenced by other signal properties and,
thus, often tend to result in a false positive. The advancement is improving these
approaches to decrease the probability of receiving a false positive result. The purpose
is to increase the reliability of state space measures, increasing their applicability to
various �elds of science.

3. The third relates to a perturbation experiment within a clinical study. Conducting
an experiment and analyzing the resulting time series allowed for the quanti�cation
of neurovascular coupling. The purpose is to provide an index that quanti�es this
coupling, enabling physicians to perform further statistical analysis.

1.3 Goals

Di�erent methods for coupling detection have di�erent advantages and disadvantages. Un-
derstanding the setting for which they were devised is crucial for the correct application,
as using the methods incorrectly can lead to false results. With this in mind, the goals of
this dissertation are:

1. Solvability of the inverse problem : The �rst goal pertains to the behavior of
information �ow in the limit of in�nite time series length. Information �ow between
two systems can be estimated from their time series by computing the transfer en-
tropy. The result is two indices, each quantifying information �ow between systems in
one direction. Information �ow has been shown to generally increase with increased
coupling strength. However, a thorough investigation of whether and in which cases
this increase is strictly monotonic has yet to be done. Thus, the �rst goal is to assess
when, in the limit of in�nite time series length, the coupling strength between two
dynamical systems uniquely determines information �ow.

2. Increasing the accuracy of state space measures : The second goal is to im-
prove the accuracy of state space approaches for directional coupling detection. The
classical state space measures are excellent at detecting weak directional couplings.
However, they have the drawback of being strongly in�uenced by other signal proper-
ties, such as linear cross-correlation, decreasing their reliability in applications. The
goal is to alleviate this drawback by introducing an improved state space measure
that is less in�uenced by such properties.
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3. Combining the improved state space measures with surrogate data : The
state space measures always yield nonzero values in practical situations with �nite-
length time series, even though their expected value across realisations is zero. The
surrogate data method o�ers a statistical test to determine if obtained values are
statistically signi�cant, indicating the presence of genuine interactions. Although
the new measure discussed earlier in this section has increased accuracy, combining
it with surrogate data can present challenges. Therefore, the third goal is to re�ne
this improved measure further to enable its reliable integration with surrogate data.
This advanced measure, combined with surrogates, will also be applied to an EEG
database to validate its applicability to real data.

4. Quantifying neurovascular coupling in a perturbation experiment : If a
complex system can be directly in�uenced, the underlying interactions can be studied
directly with a perturbation experiment. By perturbing one subsystem, analyzing
the response of another can detect or quantify couplings. The time series from such
an experiment are analyzed as a part of this dissertation. The time series include
measurements on patients with severe aortic valve stenosis and a healthy control
group. The goal is to compute the visually evoked cerebral blood �ow velocity
response from transcranial Doppler ultrasonography measurements of the posterior
cerebral artery, quantifying neurovascular coupling for each individual in the two
groups.

1.4 Hypotheses

This dissertation is based on the following hypotheses:

Hypothesis 1 : In an ideal situation of in�nite time series length, the value of the coupling
strength exactly determines the information �ow between subsystems.

Hypothesis 2 : The accuracy of the state space approaches for directional coupling de-
tection can be improved with the method of cross-distance vectors, resulting in a smaller
probability of a false positive result.

Hypothesis 3 : Combining the improved state space measure with surrogate data increases
its reliability in inferring the true coupling direction.

Hypothesis 4 : The index calculated from time series of a perturbation experiment is able
to detect a di�erence between two groups in a clinical study.

1.5 Scienti�c Contribution

The contributions of this thesis are the following:

ˆ It is shown that the inverse problem of inferring the coupling strength is solvable,
but only in certain scenarios. As it turns out, this is possible when the response
subsystem remains in an orbit around the same attractor and does not transition to
a di�erent attractor when coupled. Furthermore, it is possible only if it is given that
the coupling is either weak enough or strong enough. This provides an important
insight into when the comparison of information �ow is equivalent to comparing
coupling strengths.
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ˆ A signi�cant improvement is made to the state space methods for directional coupling
detection. The new approach provides insights into the signatures of coupling in the
time series of coupled dynamical systems, making it interesting from a theoretical
perspective.

ˆ The new approach also increases the applicability to real data, as shown by an
analysis of an EEG database of patients with epilepsy. Combining the new state space
measure with surrogates better distinguishes between the focal signals (measured
from brain areas where the seizure was �rst detected) and the nonfocal signals (not
involved in the seizure onset) than the classical measures, which have previously been
used for this purpose. Therefore, the contribution is also in increased applicability
of state space methods in clinical applications.

ˆ A perturbation experiment was conducted on patients with severe aortic valve steno-
sis and on a healthy control group. The contribution lies in demonstrating that
computing the visually evoked cerebral blood �ow velocity response can e�ectively
distinguish between the aortic stenosis group and the healthy control group, as found
by detecting a statistically signi�cant di�erence.

1.6 Structure of the Thesis

The remainder of the thesis is structured as follows. Chapter 2 �rst discusses the basic
theory of coupled dynamical systems and chaos, followed by the introduction of directional
couplings and the concept of synchronization. Chapter 3 discusses the methodology for
detecting directional couplings from measured time series. Four families of methods are
introduced: Granger causality, phase dynamics methods, information methods, and state
space methods. Perturbation experiments are also discussed as an alternative approach.

Following the introduction of the methodology, original research is presented. Chap-
ter 4 studies the information �ow between two coupled dynamical systems. Speci�cally,
it considers the solvability of the inverse problem of inferring the coupling strength from
bivariate time series. Chapter 5 introduces a new state space method for directional cou-
pling detection, more accurate than the classical state space approaches. Furthermore,
an analysis of an EEG dataset is performed. Chapter 6 presents a perturbation experi-
ment in which the strength of a neurovascular coupling was compared between patients
with severe aortic stenosis and a healthy control group. Finally, Chapter 7 summarizes the
dissertation.
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Chapter 2

Directional Couplings in Dynamical
Systems

2.1 Dynamical Systems

A dynamical system is a deterministic mathematical prescription for the time evolution
of variables [16], [17]. Time can be either a discrete or a continuous variable. The time
evolution of a discrete-time dynamical system is described by a prescription for the variable
values for the next point in time. A general example of ann-dimensional discrete-time
dynamical systemX is

x1(t + 1) = f 1(x1(t); x2(t); : : : ; xn (t))

x2(t + 1) = f 2(x1(t); x2(t); : : : ; xn (t))
...

xn (t + 1) = f n (x1(t); x2(t); : : : ; xn (t)) :

(2.1)

The time evolution of a continuous-time dynamical system is described by di�erential
equations. A general example of ann-dimensional continuous-time dynamical systemX is

dx1(t)
dt

= F1(x1(t); x2(t); : : : ; xn (t))

dx2(t)
dt

= F2(x1(t); x2(t); : : : ; xn (t))

...

dxn (t)
dt

= Fn (x1(t); x2(t); : : : ; xn (t)) :

(2.2)

This dissertation focuses on continuous-time systems, as they are generally more represen-
tative of real systems. The equations (2.2) can be rewritten in vector form as

dx (t)
dt

= F (x (t)) : (2.3)

Throughout the dissertation, bold notation represents vector values. Then-dimensional
space of all possible states with coordinatesx = ( x1; x2; : : : ; xn ) is called the state space
(also the phase space). Given an initial condition x (t0), the solution at a later time x (t) is
uniquely determined by the time evolution (2.3). The collection of solutions for all timest
is called atrajectory in the state space.
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Figure 2.1: Diagram of the pendulum system described by equation (2.4).

Consider a simple example of a pendulum, depicted in Figure 2.1. It consists of a mass
attached to a massless rod of lengthl in a gravitational �eld g. Let � be the angle between
the orientation of the rod and the gravitational �eld. The time evolution of � is determined
by

d2�
dt2 = �

g
l

sin �: (2.4)

The equation can be transformed into the form (2.2) by setting d�
dt = � , resulting in two

�rst-order equations. In the limit of small angles, the approximation sin(� ) � � results
in a harmonic oscillator. Otherwise, we can use a numerical integrator to obtain the
approximate solutions. Throughout this dissertation, the Runge-Kutta integrator of fourth
order with a constant step [18] is used to obtain numerical solutions of all considered
systems.

Three exemplary solutions are shown in Figure 2.2 (a). When the pendulum's energy is
small, the angle� is bounded. When energy is large enough, the pendulum starts rotating,
and � escapes above� . However, its dynamics are still very simple and, more importantly,
predictable. Figure 2.2 (b) shows a collection of orbits in the state space(�; d�

dt ), called the
phase portrait. Plots in state space can be useful to understand the behavior of a system.
For instance, observing the pendulum's phase portrait makes it clear that the coordinate
� of systems with large enough energy is not bounded.

The systems considered thus far do not explicitly depend on time. Such systems are
called autonomous dynamical systems. If there is an explicit time dependence in the time
evolution

dx (t)
dt

= F (x (t); t); (2.5)

then the system is called non-autonomous. An example is a pendulum with additional pe-
riodic forcing. However, the distinction between autonomous and non-autonomous systems
is merely for convenience. Ann-dimensional non-autonomous dynamical system is equiv-
alent to an n + 1 -dimensional autonomous system, as evident by de�ning a new variable
xn+1 with the time evolution dxn +1

dt = 1 .

2.2 Chaos in Dynamical Systems

Nonlinear dynamical systems can exhibit chaotic dynamics, characterized by exponential
sensitivity to initial conditions [17]. Consider a systemX with time evolution dx (t)=dt =
F (x (t)) . Let x (t) be the solution for the initial condition x (t0) and let ~x (t) be the solution
for the initial condition ~x (t0) = x (t0) + � x (t0), where j� x (t0)j is in�nitesimally small.
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Figure 2.2: (a) Three solutions to the pendulum equation (2.4) withg = l = 1 for three
di�erent initial conditions (�rst component is � (t = 0) = 0 for all three cases), and (b) the
phase portrait of the pendulum system.

Here, j � j denotes the Euclidean norm. The time evolution of the displacement vector
� x (t) = ~x (t) � x (t) is thus given by

d(� x )( t)
dt

= J � x (t); (2.6)

where J is the Jacobi matrix of F . For chaotic systems, the norm of the displacement
vector increases exponentially with time

j� x (t)j = j� x (t0)je� (x (t0 );� x (t0 )) t : (2.7)

The exponent � (x (t0); � x (t0)) is called the Lyapunov exponentfor initial condition x (t0)
and initial displacement � x (t0). If it is positive, then the system is said to be chaotic.

More generally, ann-dimensional system hasn Lyapunov exponents for an initial con-
dition x (t0), depending on the orientation of the initial displacement� x (t0). Integrating
equation (2.6) over time takes initial displacement vector� x (t0) to a displacement at a later
time � x (t), which can be considered a mapM (x (t0); t) so that � x (t) = M (x (t0); t)� x (t0).
The Lyapunov exponents� 1; � 2; : : : ; � n are de�ned as the logarithm of the eigenvalues of
the matrix

� = lim
t !1

1
2t

(M (x (t0); t)M T (x (t0); t)) : (2.8)



10 Chapter 2. Directional Couplings in Dynamical Systems

Each Lyapunov exponent� i determines how a small displacement in a characteristic di-
rection (the direction in the corresponding eigenvector) either expands when� i > 0 or
shrinks when� i < 0.

The maximal Lyapunov exponent is of most importance. Chaos is de�ned as exponen-
tial sensitivity to initial conditions, which corresponds to a positive maximal Lyapunov
exponent � max > 0. In practice, a chosen random displacement almost always consists
of all characteristic directions, and over a long time period, the displacement changes
exponentially according to the maximal Lyapunov exponent.

For continuous-time dynamical systems, chaos is possible forn � 3 dimensions. For
non-autonomous continuous-time dynamical systems, chaos is possible forn � 2 dimen-
sions because time can be considered an additional dimension, as shown in Chapter 2.1.
Such an example is the Du�ng system, considered in Chapter 4.

The Rössler system [19] is a commonly studied system that exhibits chaotic dynamics.
It is a three-dimensional system described by

dx1

dt
= � x2 � x3

dx2

dt
= x1 + ax2

dx3

dt
= b+ x3(x1 � c);

(2.9)

where a, b and c are parameters. Although this system of equations is rather simple, the
solutions can exhibit rich, chaotic dynamics because of the nonlinear term. An example
of a numerically obtained solution is shown in Figure 2.3 (a). A clearer display of the
solution can be obtained by plotting it in the three-dimensional state space, which is seen
in Figure 2.3 (b). Here, one can see that the solution seems to form a structure called
the system's attractor . It is the part of the state space the orbit tends towards as time
increases, much like the limit cycles of simpler periodic systems [20].

In order to illustrate the Rössler system's exponential sensitivity to initial conditions,
let us evolve two trajectories with close initial conditions in time. The �rst solution has the
initial condition x (t0) which is a point on the Rössler attractor. The second solution has the
initial condition x (t0)+ � x (t0), where the displacement has the normj� x (t0)j = 10 � 14 and
has a random orientation. Figure 2.4 (a) shows the time evolution of the �rst component of
the two solutions. At approximately t � 370, the solutions become visibly di�erent. More
information can be gained by observing the time evolution of the displacement normj� x (t)j,
shown in Figure 2.4 (b). For a large part, it increases linearly on the logarithmic scale.
This indicates that the Rössler system (2.3) is indeed chaotic, and the slope determines
the largest Lyapunov exponent. It can be roughly approximated by

� max �
1

t1 � t0
ln

� j� x (t1)j
j� x (t0)j

�
; (2.10)

wheret1 is the time when the displacement norm reaches a plateau. This results in� max �
0:09.

Note that this is a very rough approximation. A more rigorous algorithm to compute
all n Lyapunov exponents of ann-dimensional system was proposed by Benettin, Galgani,
Giorgilli, et al. [21]. It consists of repeatedly evolvingn displacement vectors forward
in time and performing the Gram-Schmidt orthogonalization every couple of time steps.
However, the main idea is similar to the example above.
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Figure 2.3: A numerical solution of the Rössler system (2.9) with parametersa = 0 :15; b =
0:2; c = 10 and random initial conditions. (a) shows the time evolution of all three
components, and (b) shows the numerical solution in the three-dimensional state space
(x1; x2; x3). The numerical solution was obtained using a Runge-Kutta integrator of fourth
order with a time step � t = 0 :01. First, 104 samples were discarded to avoid transients,
i.e., for the solution to be on the attractor.

2.3 Coupling of Two Systems

Consider two dynamical systemsX and Y described by

dx
dt

= FX (x )

dy
dt

= FY (y ):
(2.11)

These systems are isolated from each other since the time evolution ofX does not depend
on the state of Y , and vice versa. If the systems are coupled, their time evolution has
additional terms

dx
dt

= FX (x ) + GX (x ; y )

dy
dt

= FY (y ) + GY (y ; x ):
(2.12)

The �rst terms FX ; FY describe isolated dynamics, and the second termsGX ; GY are
coupling functions [22] that describe interactions. For convenience,X and Y are sometimes
referred to as subsystems to di�erentiate them from the complete system they form. Let
us de�ne the central concept of thedirection of coupling. We have four possibilities:

1. If GX = 0 and GY = 0 , we have independent systems

2. If GX 6= 0 and GY = 0 , we have unidirectional coupling whereX (the response
subsystem) depends onY (the driving subsystem), denoted byY ! X

3. If GX = 0 and GY 6= 0 , we have unidirectional coupling whereY (the response
subsystem) depends onX (the driving subsystem), denoted byX ! Y
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Figure 2.4: (a) The time evolution of the �rst component of the Rössler system for two
slightly displaced initial conditions, and (b) the time evolution of the norm of the displace-
ment vector j� x (t)j:

4. If GX 6= 0 and GY 6= 0 , we have bidirectional coupling whereX and Y mutually
interact, denoted by X  ! Y

The coupling functions are often written in the form G(x ; y ) = " ~G(x ; y ). Here, " is the
coupling strength. Although " and ~G(x ; y ) are not uniquely determined by G(x ; y ), the
distinction is often very useful.

Consider the example of two identical Rössler systems (2.9)X and Y with a unidirec-
tional coupling Y ! X . They are described by

dx1

dt
= � x2 � x3 + "(y1 � x1)

dx2

dt
= x1 + 0 :15x2

dx3

dt
= 0 :2 + x3(x1 � 10)

dy1

dt
= � y2 � y3

dy2

dt
= y1 + 0 :15y2

dy3

dt
= 0 :2 + y3(y1 � 10)

(2.13)

Here the coupling functions areGY (y ; x ) = (0 ; 0; 0) and GX (x ; y ) = ( " (y1 � x1); 0; 0).
Coupling of this form is called di�usive coupling. It forces the values of one variable
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towards the values of another. In the limit of large " (strong coupling), variables coupled
in this way will be nearly identical. Figure 2.5 shows numerical solutions to (2.13) for
di�erent coupling strengths " . When " = 0 , the two Rössler systems are independent. By
increasing" , the coupled variablesx1 and y1 are becoming increasingly similar. When" is
large enough, the subsystems become completely identical. This brings us to the concept
of synchronization.

Figure 2.5: The componentsx1 and y1 of the numerical solutions to the coupled Rössler
systems (2.13) for four values of the coupling strength" , increasing from (a) to (d). Initial
conditions are the same for all four cases. The integration step is� t = 0 :01, and the �rst
104 samples were discarded to avoid transients.

2.4 Synchronization of Chaos

When the coupling between two oscillatory systems is strong enough, the systems cansyn-
chronize [20]. Synchronization is characterized by common dynamical properties between
systems, such as common oscillation frequencies. Two systems can oscillate with di�erent
frequencies when isolated from each other but begin oscillating in unison once a coupling is
introduced. Synchronization was �rst described in the 17th century by the Dutch scientist
Christiaan Huygens, who observed the synchronization of two pendulum clocks. More re-
cently, the concept of synchronization has been described in chaotic systems. Three main
types of synchronization of chaos are complete synchronization, phase synchronization, and
generalized synchronization.

2.4.1 Complete synchronization

The simplest type of synchronization of chaos iscomplete synchronization. It occurs when
two subsystems begin evolving under di�erent initial conditions, but their trajectories
eventually become identical. Such synchronization is only possible for identical subsystems.
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Consider two identical dynamical systemsX and Y with a di�usive coupling in their �rst
components

dx
dt

= F (x ) + ( " (y1 � x1); 0; : : : ; 0) (2.14)

dy
dt

= F (y ): (2.15)

The trajectory of X tends towards that of Y . When the coupling is su�ciently strong, the
trajectories can become identical. This occurs because at the moment the states of both
subsystems matchx (t1) = y (t1), the coupling function becomes zero"(y1(t1) � x1(t1)) = 0 .
From that point onward, the systems evolve according to their isolated dynamics, which
are the same for bothF (x (t1)) = F (y (t1)) . The trajectories are therefore identical for all
future times x (t) = y (t). This is known as complete synchronization.

Note that the coupled Rössler systems (2.13) is an example of such dynamics. In the
case of strong coupling, shown in Figure 2.5 (d), the states of the Rössler systems are iden-
tical x (t) = y (t). Again, this is only possible because the parametersa, b, and c from (2.9)
are identical for both subsystems, as seen in equation (2.13). The two dynamics cannot
become identical when the parameters are not identical, making complete synchroniza-
tion impossible. However, phase synchronization and generalized synchronization can still
occur in such cases.

2.4.2 Phase synchronization

Oscillating systems can often be described in terms of theiramplitude and phase[20].
This is typically possible when a system's trajectory circles around a point in state space.
Note that the word phase has a di�erent meaning in the contexts of phase space and
phase of oscillators. Phase� increases monotonically with time and increases by2� every
oscillation. De�ning a phase is mostly straightforward for periodic systems, as a recurrence
marks one well-de�ned oscillation and the increase of phase by2� . For example, for a
periodic trajectory of the pendulum (2.4) (the closed orbits in Figure 2.2), de�ning a phase
is trivial in the (�; d�=dt ) space. De�ning the phase of chaotic oscillators is, however, not
as straightforward and not always possible. Still, for many systems, a well-de�ned phase
can be determined. Take, for example, the Rössler system (2.9). Looking at Figure 2.3 (b),
we see that the projection of the trajectory to the (x1; x2) plane circles around the point
(0; 0). The phase can therefore be de�ned as� = arctan( x2=x1), and the amplitude as
A =

p
x2

1 + x2
2 [23].

Furthermore, phase can be extracted from time series numerically. A notable method
for numerical phase extraction is the Hilbert transform [20]. It requires a single dominant
frequency in order to provide a monotonically increasing phase. If there are multiple
dominant peaks, one can use the short-time Fourier transform or the complex wavelet
transform [24], which are time-frequency transformations. They provide information about
instantaneous amplitudes and instantaneous phases at di�erent frequencies.

The existence of a phase in coupled systemsX and Y can lead tophase synchronization
even in non-identical systems [25]. Formally, it is de�ned as the condition that

jm� X (t) � n� Y (t)j < C where m; n 2 N (2.16)

holds for all times t (after possible transients), whereC is a constant. This condition
means that the phases of the two coupled oscillators are locked in anm : n ratio. In the
time it takes the system X to make n oscillations, the systemY makes exactlym. The
simplest case is a1 : 1 ratio, where the coupling results in identical frequencies ofX and
Y , even if they are not identical when the systems are isolated.
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2.4.3 Generalized synchronization

The third type of synchronization considered here isgeneralized synchronization[26], [27].
Its onset does not require identical subsystems or a well-de�ned phase. Consider two
unidirectionally coupled subsystemsX and Y with time evolution

dx
dt

= FX (x ) + GX (x ; y )

dy
dt

= FY (y ):
(2.17)

Generalized synchronization occurs when the state of the response subsystemX is com-
pletely determined by the state of the driving subsystemY

x (t) =  (y (t)) ; (2.18)

where  is a time-independent function. One could say the response loses its identity and
can no longer be considered a separate subsystem from the driver. Complete synchroniza-
tion is a special case of generalized synchronization where is the identity.

Detecting generalized synchronization numerically is not as straightforward as detecting
complete synchronization or phase synchronization. A method based on the closeness
of states is brie�y discussed in Chapter 3.5.2. Other methods include the conditional
Lyapunov exponents [28] and the auxiliary system approach [29]. The latter is especially
practical due to its simple implementation.
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Chapter 3

Inferring the Direction of Coupling
from Time Series

When it comes to complex systems found in nature, how or even if the subsystems interact
is often unknown. This raises the question about the direction and strength of possible
interactions. Consider two systems,X and Y . If we cannot directly in�uence these systems,
we can only characterize them by measuring their time series. Thus, three central questions
arise in the study of time series of possibly interacting complex systems:

1. Can we know, based on the time series, whether or not the systems are coupled?

2. Can we infer the direction of coupling?

3. Can we quantify the strength of coupling?

In many cases, the answer to all three questions is a�rmative. Generally couplings are
easier to detect if they are strong. However, if they are strong enough to result in the
synchronization of subsystems, the coupling direction can no longer be reliably inferred.
This is because synchronized systems cannot be considered as two separate subsystems
but only as one larger system. For weak couplings that do not result in synchronization,
coupling strength, as well as coupling direction, can often be inferred from measured time
series.

Historically, linear cross-correlation is perhaps the most commonly used approach to
detect connections between dynamical variables. However, it has signi�cant limitations.
It can only detect linear dependencies between variables, not nonlinear relationships. Ad-
ditionally, linear cross-correlation cannot determine the direction of coupling. Therefore,
other numerical methods capable of detectingdirectional couplings not only in linear sys-
tems but also in nonlinear dynamics, which may be chaotic, are needed. Various such
methods based on di�erent principles have been developed.

This chapter discusses four of the most prominent families of methods for directional
coupling detection, namely Granger causality methods, phase dynamics methods, infor-
mation methods, and state space methods. The former two are considered only brie�y in
order to give a more complete overview of the methodology but will not be used further in
this dissertation. The latter two are discussed in greater detail, as they are the subject of
Chapter 4 and Chapter 5, which present original research on these methods. This chapter
also introduces the concept of surrogate data, and the concept of perturbation experiments,
which is an alternative approach to inferring interactions.
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3.1 Time Series of Dynamical Systems

Systems found in nature can be measured, resulting in time series. A measurement captures
the state of a systemX at equally spaced timest i = t0+ i � t, wherei = 1 ; 2; : : : ; N . Usually,
only one component, or more generally a one-dimensional function� of all the components
x(t i ) = � (x1(t i ); x2(t i ); : : : ; xn (t i )) is measured, which results in a one-dimensional time
series(x(t i ); i = 1 ; 2; : : : ; N ) of length N . In what follows, a time series is often denoted
as x(t i ) for simplicity. This should not lead to confusion with its components at times t i

as the context will make the intended meaning clear.
The reduction to one dimension, a consequence of measurement, is often not su�cient

for analyzing a dynamical system. Fortunately, the dynamics can, in principle, be recon-
structed with the Takens' delay embedding [30]. One can de�ne a new multidimensional
variable ~x , which at time t i has values

~x (t i ) = ( x(t i ); x(t i + � ); : : : ; x(t i +( m� 1)� )) (3.1)

where m is the embedding dimension and� is the time delay. The Takens' embedding
theorem states that if m > 2d, where d is the dimension of the system's attractor, the
dynamics of the embedded vectors are equivalent to the true dynamics of the full system.
This is a formal upper bound for m, and a smallerm is often su�cient. In practice, the
choice of� is also important and is usually taken to be around one-tenth to one-half of the
mean orbital period around the attractor [31].

In what follows, bivariate time series are considered and represented as two one-
dimensional time seriesx(t i ) and y(t i ). They are always sampled at identical, equally
spaced times and have the same length. This assumption is necessary for the methodology
presented in this chapter.

3.2 Granger Causality

Clive Granger proposed the �rst framework for detecting directional couplings from mea-
sured time series in 1969 [2]. It is based on the Wiener's principle of observational causality
[32]. It states that for two simultaneously observed processesX , Y , we call Y causal to
X if knowledge about the past ofY improves our prediction of X over and above what is
predictable from the past ofX alone. Granger put Wiener's de�nition into practice and
developed a statistical test for determining whether a variableY helps forecast another
variable X . Speci�cally, he tested for whether the past ofY contains unique information
about the future of X that is not contained in the past of X . If that turns out to be the
case, thenY causesX . For this purpose, Granger proposed to construct the linear vector
autoregressive models

M X
R (t i +1 ) = A +

kX

j =0

B j x(t i � j ); (3.2)

M X
F (t i +1 ) = C +

kX

j =0

D j x(t i � j ) +
kX

j =0

E j y(t i � j ); (3.3)

where k is the maximal time lag, and A; C and B j ; D j ; E j ; j = 0 ; : : : ; k are real constants
determined by minimizing the errors between each of the two models and the original
time series. For instance, one can minimize the mean square errors MSE(M X

R (t i ); x(t i ))
and MSE(M X

F (t i ); x(t i )) . Note that M X
F (t i ) is the full model that depends on the past

of both X and Y , and M X
R (t i ) is the reduced model that only depends on the past of
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X . If the resulting mean square error of the extended model is signi�cantly smaller than
that of the reduced model MSE(M X

F (t i ); x(t i )) < MSE(M X
R (t i ); x(t i )) , then Y is said to

Granger-causeX . In other words, it means a directional couplingY ! X is detected. The
signi�cance is assessed by, for example, the F-test [33]. Accordingly, a couplingX ! Y
can be detected by swapping the roles ofX and Y and constructing the modelsM Y

F and
M Y

R in the same manner asM X
F and M X

R .
Granger causality is a popular choice due to its simple implementation. Its applications

range from economics [3] and �nance [34] to meteorology [14] and enviromental science [15].
However, it has its limitations. The linear model does not capture possible nonlinear dy-
namics within the subsystemsX and Y or nonlinear interactions between them. Nonlinear
extensions to Granger causality have been proposed by including nonlinear terms to the
models (3.2) and (3.3) [33]. They can detect linear couplings in nonlinear systems as well
as nonlinear couplings. However, such methods are more challenging to implement and
still assume a speci�c model. Other methods that operate on di�erent principles have been
proposed to account for these drawbacks.

3.3 Phase Dynamics Methods

Computing the phases of interacting systems can be used to detect couplings. For the
de�nition of phase, see Chapter 2.4.2. Let� X (t i ) and � Y (t i ) be the time series of the
phases extracted from signalsx(t i ) and y(t i ), respectively. If the coupling between systems
results in phase synchronization, then one can detect am : n phase lock (2.16) by observing
the absolute di�erence

� � m;n (t i ) = jm� X (t i ) � n� Y (t i )j: (3.4)

If this di�erence is bounded for all times, then the phases are in anm : n lock. However,
the absolute phase di�erence will have a positive drift if the coupling is not strong enough
to result in phase synchronization. In order to detect weaker couplings, one can compute
the phase coherence [35] de�ned as

� m;n =
�
�
�

1
N

NX

i =1

ei (m� X (t i )� n� Y (t i ))
�
�
� : (3.5)

If there is an m : n phase lock, then� m;n will be close to one. Conversely, if there is no
m : n lock, it will be close to zero. When the coupling is not so strong as to result in phase
synchronization for all times, there can still be short time windows where phases evolve
in an m : n ratio. This results in intermediate values of phase coherence. In other words,
the expression (3.5) results in values that increase from0 to 1 as the coupling strength
increases. Thus, phase coherence can be used to quantify the coupling strength.

In practice, one can compute the phase coherence for variousm and n to search for
di�erent phase locks. However, the ability to detect them rapidly diminishes asm and n
increase. Although implementing phase coherence is fairly simple, it cannot determine the
direction of coupling.

A phase dynamics method introduced to detect speci�cally the direction of coupling
was proposed by Rosenblum and Pikovsky [36]. To detect a coupling fromY to X , �rst
consider the time evolution of the increments of the phase� X (k) = � X (tk + � ) � � X (tk )
for a set time lag � . These increments can be considered as generated by a noisy map
� X (k) = FX (� X (tk ); � Y (tk )) . Next, one performs a regression of a Fourier seriesFX =P

m;n Am;n ei (m� X + n� Y ) , where m and n are indices that span all frequencies. Here, the
idea becomes apparent. IfX is in�uenced by Y , then some of the constantsAm;n with



20 Chapter 3. Inferring the Direction of Coupling from Time Series

n 6= 0 will be nonzero. In order to quantify the overall coupling strength in the direction
Y ! X , one computes

cX =
Z 2�

0

Z 2�

0

� @FX
@�Y

� 2
d� X d� Y : (3.6)

Conversely, the couplingX ! Y is quanti�ed by cY , which is obtained by swappingX
and Y in (3.6) and in all quantities used within. The direction of coupling can thus be
determined by comparing the valuescX and cY .

The phase methods rely on well-de�ned phases of the analyzed systems. Notable �elds
of application include astrophysics [37], medicine [7], and neuroscience [11].

3.4 Information Theory Methods

The third family of methods is based on information theory. These methods do not require
a meaningful de�nition of phase and do not assume a model. Therefore, they are quite
general and can detect both linear and nonlinear couplings between linear or nonlinear
systems.

Following the idea of Granger causality, one can put Wiener's de�nition of causality
into the framework of information theory: how much additional information does the past
state of Y contain about the future observation of a value ofX given that we already know
the past state ofX ? This can be put into practice, as information is mathematically
well-de�ned and can be estimated from measured time series. This section presents the
basic concepts of information theory, followed by the introduction of transfer entropy as
the most prominent information theory method for directional coupling detection.

3.4.1 Entropy and information

In the framework of probabilities, the notion of information is a well-de�ned quantity. If
an event e1 has a large probability of occurring, for example,p(e1) = 0 :99, observing this
event gives us a small amount of information. If another evente2 has a small probability of
occurring, for example,p(e2) = 0 :01, observing it gives us a large amount of information.
Mathematically, information of an event e is de�ned asI (e) = � log(p(e)) . The logarithm's
base is not important, as it only changes the units. For example, base-2 yields the bit as
the unit of information, and base-e yields the nat.

Note that in this section, the notation X is used to denote random variables rather
than dynamical systems. This is speci�c to this section and should not lead to confusion.

Information can be used to characterize random variables and the relationships between
them. The central quantity of this section is the Shannon entropy[38], which quanti�es the
average amount of information given by an outcome of a random variable. In this context,
average refers to the average taken across realizations. LetX be a random variable with
a probability distribution pX (x). The Shannon entropy ofX is de�ned as

H (X ) = �
X

x

pX (x) log pX (x); (3.7)

where the sum includes all possible values ofX . Shannon entropy can be considered
quantifying the expected �surprise� of an outcome of a trial. For example, ifX can only
take one possible valuepX (0) = 1 , the outcome of a trial is certain, and the entropy
equals zero. IfX has two possible values, its entropy will be the largest if both are equally
probable. The joint entropy of two random variables X and Y with a joint probability
distribution pX;Y (x; y) is de�ned as

H (X; Y ) = �
X

x;y

pX;Y (x; y) log pX;Y (x; y): (3.8)
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The meaning of the joint entropy is similar to the entropy H (X ), as the variablesX and
Y can be considered a vector-valued random variable~X , which makes the joint entropy
equivalent to H ( ~X ). The conditional entropy of X given Y is de�ned as

H (X jY ) = �
X

x;y

pX;Y (x; y) log pX jY (xjy): (3.9)

It quanti�es the expected surprise of an outcome ofX in a trial, given that the outcome
of Y in that same trial is already known. To grasp the meaning of this quantity, consider
two extreme examples. IfX = Y , then H (X jY ) = 0 because there will be no surprise (or
no additional information gained) when looking at the result of X , having already looked
at Y . If X and Y are statistically independent, i.e., if pX;Y (x; y) = pX (x)pY (y), then the
conditional entropy is H (X jY ) = H (X ), since knowing an outcome ofY tells us nothing
about X .

Next, we have therelative entropy, also called theKullback-Leibler divergence

D(pX jj pY ) =
X

x

pX (x) log
� pX (x)

pY (x)

�
: (3.10)

It can be considered quantifying how much two probability distributions di�er, but it is
not actually a measure of distance as it is not symmetric inpX and pY . It is equal to zero
if pX (x) = pY (x) and is in�nite if there is an x such that pX (x) > 0 and pY (x) = 0 .

Finally, we have the mutual information of two random variables

I (X; Y ) = H (X ) + H (Y ) � H (X; Y ): (3.11)

It quanti�es the average amount of common information contained in two random variables
X and Y . If they are statistically independent, then H (X; Y ) = H (X ) + H (Y ), which
givesI (X; Y ) = 0 . In the other extreme whenX = Y, we haveH (X ) = H (Y) = H (X; Y )
and thereforeI (X; X ) = H (X ) + H (X ) � H (X ) = H (X ) is maximal. Combining mutual
information (3.11) and conditional entropy (3.9) gives usconditional mutual information
(CMI)

I (X; Y jZ ) = H (X jZ ) + H (Y jZ ) � H (X; Y jZ ): (3.12)

It quanti�es the average amount of common information contained inX and Y given the
value ofZ . This is the central quantity used for detecting directional couplings. A diagram
representing relationships between the CMI and di�erent entropies and informations is
shown in Figure 3.1.

3.4.2 Transfer entropy

Although the de�nitions of entropy and information are rooted in probability theory, they
are also applicable to dynamical systems. Consider a realization of a dynamical systemX
and its time seriesx(t i ). Let the values ofX at time t i be distributed by some probability
distribution. Here, we refer to a distribution across realizations. With a slight abuse of
notation, we denote it by p(x i ). If we assume the system is ergodic [39], the averaging
over time is equal to the averaging over states, and thusp(x i ) = p(x j ) for all i; j . In
order to incorporate information about the dynamical structure, we consider the joint
probability distribution of the states of X at two di�erent times p(x i ; x i + k ). Although
both marginal distributions are identical, the joint distribution depends on the time lag
k and contains information about the dynamics. This notion allows for the expression of
Markov properties central to de�ning transfer entropy.
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H (X ) H (Y )

H (Z )

H (X jY;Z ) H (Y jX;Z )

H (Z jX;Y )

I (Y;X jZ )

I (Y;Z jX )

I (Y;X;Z )

I (X;Z jY )

Figure 3.1: A diagram representing the relationships between the CMII (X; Y jZ ) and the
di�erent entropies and informations.

Transfer entropy was proposed as an asymmetric measure of information transfer by
Schreiber [40]. Assume thatX and Y can be approximated by a Markov process of order
k. If X and Y are independent, then the following generalized Markov property holds

p(x i +1 jx(k)
i ) = p(x i +1 jx(k)

i ; y(l )
i ); (3.13)

where x(k)
i = ( x i ; x i � 1; : : : ; x i � k+1 ) and y(l )

i = ( yi ; yi � 1; : : : ; yi � l+1 ), for all l . Schreiber [40]
proposed to quantify the incorrectness of this statement by the Kullback-Leibler divergence
(3.10) for conditional probabilities, which results in the transfer entropy

TY ! X =
X

p(x i +1 ; x(k)
i ; y(l )

i ) log
p(x i +1 jx(k)

i ; y(l )
i )

p(x i +1 jx(k)
i )

: (3.14)

Here, the sum goes over possible states ofx i +1 , and over possible states of all the compo-
nents of x(k)

i and y(l )
i . This measure quanti�es the amount of additional information about

X contained in the past of Y and can be thought of as information transfer fromY to
X . It quanti�es the strength of a directional coupling Y ! X . Conversely, a directional
coupling X ! Y is quanti�ed by TX ! Y , which is obtained by swapping the roles ofX and
Y in equation (3.14) and the quantities that are used within.

A similar idea was considered by Palu², Komárek, Hrn£í°,et al. [8]. They proposed to
quantify the information �ow from Y to X by the following CMI

I Y ! X = I (yi ; x i +1 jx i ): (3.15)

Surprisingly, it turns out that the expressions for transfer entropy (3.14) and the CMI
(3.15) are equivalentTY ! X � I Y ! X , given of course that the dimensions of all the variables
match [41]. The transfer entropy is thus actually a CMI. Intuitively, it can be thought of
as

TY ! X = I (Y � ; X + jX � ); (3.16)

where + represents the future and� the past.
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While, in theory, the transfer entropy is well-de�ned for a wide range of systems, es-
timating the necessary multidimensional probability distributions poses a signi�cant chal-
lenge in practice. This becomes increasingly problematic as the number of dimensions of
X and Y increase. Although it is far from trivial, this problem can be at least partially
alleviated by an educated choice of CMI estimators [42] and by �nding only the relevant
past variables for conditioning [43]. Thus, transfer entropy has been successfully applied
in various �elds, including �nance [4], medicine [8], and neuroscience [12].

3.5 State Space Methods

The family of state space methods for directional coupling detection relies on a general
cross-mapping propertyof weakly coupled dynamical systems. This property states that
if two states of the response subsystem are similarx (t i ) � x (t j ), then the corresponding
states of the driving subsystemy(t i ) and y (t j ) are more likely also to be similar, but not
vice versa [44]. In other words, we can say that the close states of the response are mapped
to the close states of the driver. Like the information methods, the state space methods
make no assumptions about the underlying dynamics, enabling them to detect both linear
and nonlinear couplings between linear or nonlinear systems.

This section �rst de�nes the concept of the conditioned nearest neighbors, utilized
by all state space methods for directional coupling detection. Then, we discuss how the
cross-mapping property naturally came to light during the studies on synchronization and,
�nally, present the most prominent state space methods for directional coupling detection.

3.5.1 Conditioned nearest neighbors

All the state space methods for directional coupling detection quantify the cross-mapping
property by analyzing the conditioned nearest neighbors. LetX and Y be two dynamical
systems andx(t i ) and y(t i ) their time series of length N0. First, we reconstruct the
dynamics with the Takens' delay embedding, as discussed in Chapter 3.1. The result is
embedding vectors

~x (t i ) = ( x(t i ); x(t i + � ); : : : ; x(t i +( m� 1)� ))

~y (t i ) = ( y(t i ); y(t i + � ); : : : ; y(t i +( m� 1)� )) ;
(3.17)

where m is the embedding dimension and� is the time delay. This restricts the range of
the time index to i = 1 ; 2; : : : ; N = N0 � (m � 1)� . Allowing a slight abuse of notation,
we denote the embedding vectors at timet i as x i and y i . Next, we construct the distance
matrix D X of sizeN � N with elementsD X

ij = d(x i ; x j ), whered is the Euclidean distance.
We then compute the index permutationsPX

i ; i = 1 ; 2; : : : ; N so that the i -th row of D X

is sorted in ascending order under that permutation. Thus, we haveN permutations of
sizeN , and PX

i (j ) refers to the j -th of the N elements of the permutationPX
i .

We carry out the same steps of the analysis for the other subsystem leading from the
time seriesy(t i ) to the distance matrix D Y and the index permutationsPY

i ; i = 1 ; 2; : : : ; N .
We can now introduce thek-th conditioned nearest neighborof y i , de�ned as yP X

i (k) . The
k-th conditioned nearest neighbor ofy i is simply the state of Y at another time t j , namely
y j . The time t j is determined such that x j is the k-th nearest neighbor ofx i (here, we
refer to the true nearest neighbors, not the conditioned ones).

3.5.2 Cross-mapping of close states in synchronized systems

Having introduced conditioned nearest neighbors, let us discuss how they can be utilized
to detect generalized synchronization, as �rst considered by Rulkov, Sushchik, Tsimring,
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et al. [26]. This will lead us to detecting directional couplings. LetX and Y be dynamical
systems with a strong unidirectional couplingY ! X . Generalised synchronization occurs
when a function  exists such thatx (t) =  (y (t)) . This means that the state of the driving
subsystem completely determines the state of the response subsystem. Rulkov, Sushchik,
Tsimring, et al. [26] proposed a numerical method to detect synchronization from the time
seriesx(t i ) and y(t i ). The idea is as follows: if is su�ciently nice, then close states of Y
(the driver) are mapped to close states ofX (the response). One can determine whether
systems are synchronized by assessing if this cross-mapping of close states is present in the
time series.

This is where the conditioned nearest neighbors are used. If the synchronization con-
dition x (t) =  (y (t)) holds, then the conditioned nearest neighbors ofX are, on average,
also true neighbors. In order to detect generalized synchronization numerically, one can
compute the conditioned nearest neighbors of each subsystem and assess whether they are
also true neighbors [26]. This idea evolved into methods for detecting weak directional
couplings that do not lead to synchronization, some of which are presented in the following
section.

3.5.3 Cross-mapping of close states in non-synchronized systems

One might be tempted to use the method for detecting generalized synchronization to also
detect weak couplings that do not lead to synchronization. Le Van Quyen, Martinerie,
Adam, et al. [45] gave this interpretation that the close states of the driver are mapped to
the close states of the response when a weak coupling is present. However, the opposite
holds. When the coupling is weak, the close states of the response subsystem are more likely
than in the absence of coupling to be mapped to the close states of the driving subsystem,
but not vice versa [44], [46]. Thus, the conditioned nearest neighbors of the driver are
(more likely) to also be true neighbors. This is shown in an example in Figure 3.2.

Moreover, the probability that the conditioned nearest neighbors of the driver are also
true neighbors increases with increased coupling. This provides an asymmetric criterion
that can quantify directional coupling strength, used by the state space directional cou-
plings measures [5], [44], [46]�[48]. In what follows, some of these methods are presented.

All state space measures require one �rst to compute the distance matricesD X and
D Y , and the permutations PX

i and PY
i . Before we proceed, it must be noted that we have

to somehow suppress the potential in�uence of linear autocorrelation. Before computing
the permutations, we have to exclude the distances between pairs of points that are close
in time because they are automatically also close in space. A simple way to do this is with
the Theiler correction [49] by applying a constraint to the considered pairs of time indices
ji � j j > W , whereW is the window size. This, in turn, reduces the e�ective dimension of
the distance matrices and the permutations. This section de�nes the methodology using
the full distance matrices of dimensionN � N for the purpose of simpler notation. The
only di�erence in the de�nitions would be excluding the elements included in the constraint
ji � j j > W from any sums over matrices. In practice, it is crucial to account for this.

Two of the methods discussed in this section also share some of the subsequent steps, in
addition to the computation of the distance matrices and the permutations. These are now
presented. The permutations and the distance matrices are used to construct the following
ordered matrices. The permutationPY

i is applied to the i -th row of D Y acrossi = 1 ; : : : ; N
resulting in the matrix D Y ! Y , whereD Y ! Y

ij = D Y
i;P Y

i (j )
is the distance fromy i to its j -th

nearest neighbor. In analogy, the permutationPX
i is applied to the i -th row of D Y across

i = 1 ; : : : ; N resulting in the cross-distance matrixD Y ! X , whereD Y ! X
ij = D Y

i;P X
i (j )

is the

distance from y i to its j -th conditioned nearest neighbor. Analogous procedures are used
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Figure 3.2: An example of the cross-mapping of close states in coupled Rössler systems
(2.13). The close states of the response subsystem are mapped to the close states of the
driving subsystem (orange dots), but the close states of the driving subsystem are not
mapped to the close states of the response subsystem (red dots). Note that this is an
actual result of a simulation and not just a schematic drawing.

to determine D X ! X and D X ! Y .

3.5.3.1 M measure

The measureM (Y jX ) is calculated directly from mean distances [47]. First, the mean
distance from y i to all other points y j is determined by Ri (Y ) = 1

N

P N
j =1 D Y

ij . The

mean distance fromy i to its k nearest neighbors is given byRk
i (Y ) = 1

k

P k
j =1 D Y ! Y

ij ,
and the mean distance fromy i to its k conditioned nearest neighbors byRk

i (Y jX ) =
1
k

P k
j =1 D Y ! X

ij . Finally, we de�ne

M (Y jX ) =
1
N

NX

i =1

Ri (Y ) � Rk
i (Y jX )

Ri (Y ) � Rk
i (Y )

: (3.18)

The measureM (Y jX ) quanti�es the coupling Y ! X , and the measureM (X jY ) is ob-
tained by exchanging the role ofX and Y in the de�nitions above to quantify the coupling
X ! Y .

3.5.3.2 L measure

The measureL(Y jX ) is obtained from ranks [48]. We begin withD Y ! X and de�ne the
cross-rank matrix B Y ! X , where the i -th row of B Y ! X is obtained by ranking the values
of the i -th row of D Y ! X . The mean rank is given byG(Y) = 1

N

P N
j =1 j = N +1

2 and the

mean of the �rst k ranks by Gk (Y ) = 1
k

P k
j =1 j = k+1

2 . The mean rank of the distances

from y i to its k conditioned nearest neighbors is determined byGk
i (Y jX ) = 1

k

P k
j =1 B Y ! X

ij .
Finally, in analogy to (3.18), we de�ne

L(Y jX ) =
1
N

NX

i =1

G(Y) � Gk
i (Y jX )

G(Y ) � Gk (Y )
: (3.19)
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The measureL(Y jX ) quanti�es the coupling Y ! X , and by exchanging the role ofX
and Y in the de�nitions above, we obtain the measureL(X jY ) to quantify the coupling
X ! Y .

3.5.3.3 � measure

The measure� (Y jX ) (also called the convergent cross-mapping) [5] quanti�es the cross-
mapping property by constructing an estimate of one time series from the conditioned
nearest neighbors. The estimate is constructed back in the one-dimensional domain by
reducing the delay embedded points to their �rst component. First, we de�ne the cross-
mapping matrix C Y ! X , where CY ! X

ij = y(tP X
i (j ) ) is the �rst component of the j -th

conditioned nearest neighbor ofy i . The estimate of each point is then de�ned as

ŷ(t i ) =
kX

j =1

wX
ij CY ! X

ij ; (3.20)

where

wX
ij =

exp(� D X
ij =DX

i 1)
P k

l=1 exp(� D X
il =DX

i 1)
(3.21)

are normalized weights. After constructing an estimate of the whole time series(ŷ(t1); ŷ(t2); : : : ;
ŷ(tN )) , the linear zero-lag Pearson correlation coe�cient between the estimate and the
original time series is calculated

� (Y jX ) = corr(y; ŷ) (3.22)

as the �nal measure that quanti�es the coupling Y ! X . The measure� (X jY ) is obtained
by exchanging the role ofX and Y in the de�nitions above to quantify the coupling X ! Y .

All three measures,M , L , and � are distributed around 0 for independent dynamics
and reach the maximal value of1 when the two time series are identical. Essentially, they
all assess whether conditioned nearest neighbors are also true neighbors. Due to their high
sensitivity to directional couplings, the state space methods are used in various �elds of
science, including ecology, [5], medicine [9], and neuroscience [13].

3.6 Surrogate Data

The measures de�ned in the previous sections are all sensitive to couplings. If a coupling is
present between the underlying systems, then the measures will have larger values than if a
coupling was not present. However, other signal properties can also in�uence the measures'
values. For instance, a strong linear cross-correlation between two time series often leads to
large values of the measures. In the simplest scenario, one can obtain an arbitrary degree
of linear cross-correlation without coupling by linear mixing of two signals, measured from
independent systems. Hence, the question arises: what values of the coupling detection
measures can be expected in the absence of coupling but in the presence of some degree of
linear cross-correlation between the time series?

This problem can be addressed by the concept of surrogate data [47], [50], [51]. The
surrogate data methods provide di�erent constrained randomization procedures of the
original time series. The result is a surrogate time series that retains some of the properties
of the original time series, such as the distribution of values. All the other properties are
destroyed by the randomization. Randomization allows for the computation of a number
of surrogates, which correspond to di�erent realizations of the same system. Thus, the
value of a chosen measure computed for the measured time series can be compared to



3.6. Surrogate Data 27

the distribution of values obtained from the surrogates. Formally, this allows for testing
various null hypotheses about the dynamics underlying the measured time series.

Each type of surrogate corresponds to its own speci�c null hypothesis. A procedure for
computing the surrogates is designed such that all the assumptions of the respective null
hypothesis hold for the surrogate time series. For example, the Fourier transform surrogates
retain the power spectral density of the original time series [51]. The procedure to compute
them is to simply randomize the phases of the signal's Fourier transform and then apply
the inverse Fourier transform to return to the time domain. The result is a surrogate time
series with an identical power spectral density to that of the original time series but is
otherwise random. Formally, these surrogates can be used to test whether the data were
generated by a stationary linear correlated Gaussian process. They are used to test for
nonlinearities within a time series. Other surrogate types include, for example, the wavelet
transform-based surrogates, the cycle shu�ed surrogates, and the twin surrogates [52]. In
what follows, we discuss using bivariate surrogates to aid in detecting directional couplings.

3.6.1 Bivariate iterative amplitude adjusted Fourier surrogates

This dissertation will combine the state space measures with the surrogates in Chapter 5.2.
These measures detect signatures of nonlinear interdependence between the underlying dy-
namics. The term nonlinear interdependence can mean either nonlinear coupling between
linear systems or any coupling between nonlinear systems. However, linear cross-correlation
can also strongly in�uence them, which is a drawback. This suggests that constructing bi-
variate surrogates that retain linear cross-correlation between two signals can be bene�cial
in assessing whether large values of the measures are due to nonlinear interdependence or
due to linear cross-correlation. Such bivariate surrogates are now introduced.

Starting with a pair of time series x(t i ) and y(t i ), one can construct a bivariate sur-
rogate sx (t i ), sy(t i ) such that it retains the distribution of values and the power spectral
density of each individual time series, as well as the linear cross-correlation between them,
but is otherwise random. Note that the power spectral densities exactly determine the auto-
correlations. Thus, the corresponding null hypothesis consists of the following assumptions:
the bivariate time series was generated by a bivariate, linear, stochastic, correlated, Gaus-
sian process. This is because such a process is exactly determined by the auto-correlations
of the two components and the cross-correlation between them. Since the distributions
of values are preserved in the surrogates, they are also consistent with the notion that
the time series were obtained through an invertible but potentially nonlinear measurement
function [9].

Consider combining these surrogates with a state space measure. Nonlinear interde-
pendence is not consistent with the null hypothesis, which only allows for a nonlinear
measurement of a linear system. If the underlying systems are nonlinear interdependent,
the value of a chosen state space measure, obtained from the original time series, will be
above the range of values obtained from the surrogates. If the underlying systems are only
linearly correlated, the original value will not be above the surrogate range because the
level of linear cross-correlation present in the data is consistent with the null hypothesis.

There is, however, a challenge when using the surrogates. The null hypothesis should,
in principle, be rejected if any one of its assumptions does not hold. For example, if a
chosen directional coupling measure is in�uenced by the couplings and non-stationarity,
then a rejection of the null hypothesis could mean that the underlying subsystems are
either non-stationary or nonlinear interdependent. Therefore, all the possibilities for a
speci�c outcome must be considered when using surrogates. Moreover, the null hypothesis
often inherently does not hold in speci�c systems. For example, if a system is known to be
strictly deterministic, the null hypothesis never holds as it assumes a stochastic process.
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However, the surrogates can still provide value to such a system's analysis. Although this
is not as formal as testing for di�erent hypotheses, the surrogates can be used to provide
a baseline for the coupling measures. This baseline provides an estimate for the value of
a coupling measure, which is expected in the absence of nonlinear interdependence (which
we are trying to detect) but with signal properties common to the original time series. If
the original value (obtained from measured time series) is larger than the distribution of
surrogate values, this provides additional veri�cation of the existence of coupling.

The procedure for constructing the bivariate surrogates described above is calledbi-
variate iterative amplitude adjusted Fourier surrogatesand consists of the following steps
[51]:

1. Compute the Fourier transform of the two time seriesx(t i ) and y(t i ), resulting in
the amplitudes jFx;k j,jFy;k j and the phases� x;k ,� y;k . Here, k is the frequency index,
and i is the time index.

2. Generate random permutations of the time seriesx(t i ) and y(t i ), resulting in s(0)
x (t i )

and s(0)
y (t i ).

3. Fourier transform the current (j -th) iterations s(j )
x (t i ) and s(j )

y (t i ) to obtain the am-
plitudes jF (j )

x;k j,jF (j )
y;k j and the phases (j )

x;k , (j )
y;k . Replace the Fourier amplitudes with

those of the original time seriesjFx;k j and jFy;k j. This ensures that both resulting
time series will have an identical power spectral density to the respective original
time series.

Replace the phases with� (j )
x;k =  (j )

x;k + � (j )
k and � (j )

y;k =  (j )
y;k + � (j )

k , where � (j )
k is

determined by

tan( � (j )
k ) =

sin(� (j )
x;k � � x;k ) + sin( � (j )

y;k � � y;k )

cos(� (j )
x;k � � x;k ) + cos(� (j )

y;k � � y;k )
: (3.23)

Here, � (j )
k must be chosen in the correct quadrant. This ensures that the resulting

pair of time series will have an identical linear cross-correlation to the original pair
of time series.

Apply the inverse Fourier transform to obtain the time series~s(j +1)
x (t i ) and ~s(j +1)

y (t i ).
These time series have identical Fourier amplitudes and cross-correlation to the orig-
inal ones.

4. Rescale the values of the time series~s(j +1)
x (t i ) and ~s(j +1)

y (t i ) to the values of the orig-
inal time seriesx(t i ) and y(t i ), resulting in two time series s(j +1)

x (t i ) and s(j +1)
y (t i ).

This is done by permuting the values ofx(t i ) and y(t i ) such that the rankings of
~s(j +1)

x (t i ) and ~s(j +1)
y (t i ) are identical to the rankings of the resulting s(j +1)

x (t i ) and
s(j +1)

y (t i ), respectively. This step ensures that both resulting time series have identi-
cal value distributions to the respective original time series.

5. Repeat steps3 and 4 until convergence. As the �nal surrogate signals, take~s(j +1)
x (t i )

and ~s(j +1)
y (t i ) to exactly preserve the power spectrum and the cross-correlation (type-

2 surrogate), or takes(j +1)
x (t i ) and s(j +1)

y (t i ) to exactly preserve the value distribution
(type-1 surrogate). In either case, the other property will be nearly, though not
completely identical.
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Figure 3.3: The componentsx1 (a) and y1 (b) of a realization of the Lorenz dynamics (3.24)
with " = 0 , sampled at � t = 0 :03 and their bivariate iterative amplitude adjusted Fourier
surrogate. The plots show only the beginning of a longer signal of lengthtmax = 300.

3.6.2 Example

The following example illustrates the usefulness of the surrogates for detecting directional
couplings. Consider a pair of unidirectionally coupled Lorenz systems [53] with o�set
parameters

dx1

dt
= 10(x2 � x1) + " (y1 � x1)

dx2

dt
= 35x1 � x2 � x1x3

dx3

dt
= x1x2 �

8
3

x3

dy1

dt
= 10(y2 � y1)

dy2

dt
= 39y1 � y2 � y1y3

dy3

dt
= y1y2 �

8
3

y3:

(3.24)

Both Lorenz subsystems are chaotic for all values of" . An example of a Lorenz time series
and a bivariate surrogate time series is shown in Figure 3.3. One can see that each surrogate
has the same amplitudes and common oscillation frequencies as its respective time series
it was obtained from, as expected. Let us compute a directional coupling measure for
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this system's time series of realizations at di�erent coupling strengths" , and also for 19
bivariate surrogates at each" .

Note that the null hypothesis of the surrogates formally never holds for this system,
as Lorenz systems are deterministic and not stochastic. Thus, this example aims to show
that combining a directional coupling measure with surrogates to get a baseline can provide
additional value compared to not using surrogates. The chosen measure for this is theL
measure (3.19), as it has been successfully combined with bivariate surrogates in real data
[9].

Let us vary the coupling strength " equidistantly on a logarithmic scale, from a negli-
gibly small value up to and above the threshold that leads to generalized synchronization.
The system is again solved numerically with random initial conditions using a fourth-order
Runge-Kutta integrator with integration step 0:005. Each realization's �rst 106 points
are discarded to remove transients, and the rest are sampled at� t = 0 :03. Finally, 104

samples of each subsystem's �rst componentx1 and y1 are analyzed. TheL measure is
computed by applying the Theiler correction with an exclusion window ofW = 50 samples,
as discussed in Chapter 3.5. The nearest neighbor parameter isk = 10. For simplicity, the
embedding parameters� = 1 ; m = 20 are used.

Figure 3.4: (a) The values ofL (Y jX ) and L(X jY ) computed for realizations of the cou-
pled Lorenz systems (3.24) at di�erent coupling strengths" . Recall that a unidirectional
coupling Y ! X is present in the dynamics. The colored bands represent the range of
the 19 values obtained from surrogates at each" . Note that both surrogate bands coincide
with the values L(X jY ) obtained from the original time series for all " . Panels (b) and
(c) compare the original values ofL (Y jX ) and L(X jY ), obtained for the realization at
" = 0 :7, to their respective surrogate values.
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The results are shown in Figure 3.4 (a). One can see that the valuesL(Y jX ) quickly
increase with increased" , as expected of any directional coupling measure. However, the
other measureL(X jY ) also begins to increase at" � 1, although it should stay close to
zero because there is no couplingX ! Y . This is the point where the surrogates provide
their usefulness. The values ofL (X jY ) obtained from the original data are generally inside
the range ofL (X jY ) values obtained from the surrogates. On the other hand, the original
values of L (Y jX ) are signi�cantly larger than the surrogate range of L (Y jX ), providing
validation of a genuine couplingY ! X . This shows that comparing the original values
to those of the surrogates can improve the accuracy of the results.

To further prove this point, consider the realization at coupling strength " = 7 . In this
case, the values obtained on the original time series areL(Y jX ) � 0:8 and L(X jY ) � 0:4.
The comparison of the original values to the surrogate values for this example is shown
in Figure 3.4 (b),(c). If an experiment yielded this pair of time series, then based on
the original measure values, one might conclude that the coupling between the measured
subsystems is bidirectional. However, once the surrogates are included in the analysis, the
true coupling direction becomes clear, as onlyL(Y jX ) is outside its surrogate range, while
L (X jY ) is inside its surrogate range.

3.7 Networks of Systems

The methodology discussed in this chapter concerns bivariate time series. This corresponds
to the dynamics of two subsystems, ignoring potential outside in�uences. Using bivariate
methods in a multidimensional setting of a network of systems can lead to false conclusions
because bivariate methods also detect indirect interactions and common in�uences. This
is illustrated in the following two examples.

Indirect interactions

Consider two scenarios of interactions within three subsystemsX , Y , and Z . In the �rst,
we have two couplingsY ! X and Z ! Y , as illustrated in Figure 3.5 (a). In the second,
in addition to the two couplings from the �rst scenario, we also have the couplingZ ! X ,
as illustrated in Figure 3.5 (b). Bivariate methods cannot distinguish between these two
scenarios, as they also detect indirect in�uences. Applying a bivariate method three times
to all the pairs of variables (X; Y ), (X; Z ), and (Y; Z) will give the same result for both
scenarios: we will detect three couplingsZ ! Y , Y ! X , and Z ! X . In order to
distinguish a direct in�uence from an indirect one, a multivariate method that considers
the dynamics of all three variables at once must be used.

Figure 3.5: Two scenarios of interactions within a network of three systems, which a
pairwise analysis cannot distinguish due to an indirect interactionZ ! X .
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Common in�uences

Consider three subsystemsX , Y , and Z with two couplings Z ! X and Z ! Y , as
illustrated in Figure 3.6 (a). Although there is no coupling betweenX and Y , a bivariate
method tends to detect one becauseX and Y have the common in�uenceZ . Applying
a bivariate method three times to all the pairs of variables(X; Y ), (X; Z ), and (Y; Z)
will result in also inferring a bidirectional coupling X  ! Y , incorrectly suggesting the
scenario illustrated in Figure 3.6 (b). Once again, a multivariate method is necessary to
exclude this possibility and detect only direct interactions.

Figure 3.6: Two scenarios of interactions within a network of three systems, which a
pairwise analysis cannot distinguish due to a common in�uenceZ .

Multivariate methods

For the purpose of distinguishing direct interactions from indirect ones, various exten-
sions of bivariate methods have been introduced. For example, multivariate extensions to
Granger causality include conditional Granger causality [54], partial Granger causality [55],
and partial directed coherence [56], and multivariate extensions to transfer entropy include
causation entropy [57] and the PCMCI algorithm [58]. However, multivariate methods
are out of the scope of this dissertation. The emphasis is on accurate quanti�cation of
directional couplings from bivariate time series.

3.8 Coupling Analysis Through a Perturbation Experiment

The methodology discussed thus far pertains to complex systems over which one does not
have direct control. This is, however, not always the case. If one can perturb a subsys-
tem directly, this enables the detection of possible couplings by observing the response of
other subsystems to the perturbation. This alternative approach to coupling detection is
called a perturbation experiment. Generally speaking, a perturbation experiment consists
of the following steps: (1) measure the relevant quantities; (2) subject the system to some
external in�uence (the perturbation), which is preferably controlled; and (3) measure the
relevant quantities again to detect a response to the perturbation [59]. Perturbation ex-
periments have been realized in, for example, ecology for inferring relationships between
species [6], in biology for predicting the response of cells to substances [60], and in medicine
for quantifying interaction strength between physiological systems [10]. The type of per-
turbation that can be applied to the system, as well as the choice of a quantity used to
infer couplings, varies greatly depending on the speci�c case. Therefore, let us present an
example of a perturbation experiment in a simple ecological system.
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3.8.1 Example

Consider an example of an ecosystem consisting of a prey speciesX and a predator species
Y with populations x and y, respectively. A simple model describing predator-prey dy-
namics is the Lotka-Volterra model [61]

dx
dt

= �x � �xy

dy
dt

= � 
y + �xy:
(3.25)

Predators Y require prey X to survive, leading to an interaction modeled by a coupling
+ �xy . The isolated dynamics of the predators is exponentially decreasing. Conversely, the
isolated dynamics of the prey is exponentially increasing. The number of prey species is
decreased when predators are present, which is modeled by a coupling� �xy . An example
of a solution to the equations (3.25) is shown in Figure 3.7 (a). One can see that the
populations of the two species oscillate due to their predator-prey relationship.

Figure 3.7: (a) A solution to the unperturbed Lotka-Volterra model with parameters � =

 = 1 , � = � = 0 :1. (b) and (c) show two di�erent responses of the population ofX to the
removal of Y one might expect in an experiment. The vertical gray lines show the time
t = 75 where the perturbation is performed.

Consider a scenario in which the equations (3.25) are governing the dynamics of two
speciesX and Y . Furthermore, consider that we do not know the underlying dynamics
and wish to assess whetherX and Y have a predator-prey relationship. If we can perturb
the system by transporting all individuals of the speciesY to a di�erent location and
thus removing them from the ecosystem, we could observe a possible relationship directly.
In this case, our chosen quantity for inferring a coupling is simply the population of the
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speciesX . If it suddenly starts increasing upon applying the perturbation, as depicted in
Figure 3.7 (b), that would indicate that the two species have a predator-prey relationship.
This would be the result of such a perturbation experiment conducted on a system governed
by the Lotka-Volterra equations (3.25). Conversely, if the dynamics ofX would stay
unchanged, as depicted in Figure 3.7 (c), that would indicate there is no couplingY ! X .
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Chapter 4

The Inverse Problem

Consider an application of transfer entropy. One measures a pair of time seriesx(t i ) and
y(t i ) and computes information �ow between them. The result is two values that quantify
information �ow in each direction. When the time series length is �nite, a positive value of
information �ow is expected even between two independent white noise signals. In order
to assess whether an obtained value of information �ow is signi�cant, transfer entropy
is usually paired with surrogate data, discussed in Chapter 3.6. The absolute value of
information �ow is much more challenging to interpret.

Still, numerous simulation studies have shown that information �ow between two sub-
systems increases with increased coupling strength [8], [40], [41]. This suggests that infor-
mation �ow quanti�es coupling strength, at least to some extent. This raises the following
question: to what extent does information �ow actually quantify coupling strength? This
chapter investigates which scenarios result in information �ow increasing monotonically
with increased coupling strength.

The problem is illustrated by the following example. Consider two dynamical systems
X and Y with a unidirectional coupling Y ! X

dx
dt

= FX (x ) + "GX (x ; y )

dy
dt

= FY (y ):
(4.1)

Further, consider a realization of the system at a set value of the coupling strength" and
a pair of time seriesx(t i ) and y(t i ) of length N . We are interested in the behavior of
the information �ow in the direction of coupling I Y ! X . When the time series length is
�nite, the obtained value of I Y ! X varies with di�erent system realizations. However, in
the limit of in�nite time series N ! 1 , the value of information �ow will be identical for
all realizations (given, of course, they are on the same attractor). Let us denote this value
as I S(" ). Now, the inverse problem can be stated in the following manner:if the dynamics
of the system described by(4.1) are known apart from the value of" , can the information
�ow I S be used to infer the value of"?

This chapter presents original research conducted as part of this dissertation. It studies
the solvability of the inverse problem in two Du�ng oscillator systems [62] with a unidi-
rectional di�usive coupling [63]. Six di�erent Du�ng systems, which exhibit both periodic
and chaotic dynamics, are considered, leading to a wide range of di�erent dynamics when
coupled. All results from this study can be fully reproduced using the code available at
https://repo.ijs.si/mbresar/duffing-cmi .
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Figure 4.1: A sketch of the three possibilities for the dependenceI S(" ).

Let us distinguish three possibilities for the dependence ofI S(" ), depicted in Figure 4.1.

ˆ In scenario (a), the information �ow increases monotonically towards the asymptotic
value I max

S for all positive values of" , and the inverse problem is solvable in general.

ˆ In scenario (b), the information �ow increases monotonically only for weak couplings,
while it has an arbitrary dependence for intermediate coupling strengths. In this case,
the inverse problem is solvable only if" < " max is given, where"max is the coupling
strength where the information �ow stops increasing.

ˆ In scenario (c), the dependenceI S(" ), while generally increasing, is not continuous
and does not increase monotonically even for weak couplings. In this case, the inverse
problem is not solvable.

It turns out that it does not come to the scenario (a) in systems with di�usive coupling,
as such coupling leads to nearly identical coupled components when the coupling is strong,
resulting in a decrease inI S(" ! 1 ).

Scenario (c) is possible when the response system is highly sensitive and can easily
transition to a di�erent orbit around a di�erent attractor when coupled. This leads to
large deviations in the obtained values of the information �ow and a non-continuous, or
even an unde�nedI S(" ).

Finally, the scenario (b) can also occur. ForI S(" ) to be monotonic, it has to be (at
least piecewise) continuous. AnalyzingI S(" ) for di�erent time series lengths, it turns out
that it can converge towards a continuous function in the limit N ! 1 . The dependence
I S(" ) can be continuous for all" , in which case"max is determined by the �rst peak in the
dependence. Additionally, it can also be continuous only for weak coupling due to system
bifurcations. In this case, the onset of the �rst bifurcation marks "max .

Interestingly, for strong coupling where the subsystems become increasingly similar,
the dependenceI S(" ) is monotonically decreasing. This means the inverse problem is also
solvable in the limit of strong couplings.
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4.1 Solvability of the Inverse Problem in Du�ng Systems
Using Information Flow
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