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Abstract

Robots that are supposed to perform human-like tasks must possess appropriate skills
to carry them out. In unstructured environments and for complex tasks, these skills are
di Ccult to pre-program due to the complexity of the real world. It is therefore advantageous
if robots have the ability to acquire the necessary skills by learning.

Dynamic movement primitives (DMPs) have proven to be an e [edtive movement rep-
resentation for motor skill learning. In this thesis, we propose a new approach for training
deep neural networks to synthesize DMPs. The distinguishing property of our approach is
that it can utilize a novel loss function that measures the physical distance between move-
ment trajectories as opposed to measuring the distance between the parameters of DMPs
that have no physical meaning. This was made possible by deriving di Lerkntial equations
that can be applied to compute the gradients of the proposed loss function, thus enabling
backpropagation to optimize the parameters of the underlying deep neural network.

The choice of an appropriate representation is important when reconstructing motion.
A version of DMPs called arc-length dynamic movement primitive (AL-DMP) can separate
the spatial from temporal aspects of motion and is more suitable for processing data that do
not contain temporal information. We therefore extended our approach to neural networks
that can synthesize spatial paths represented by AL-DMPs.

While the developed approaches are applicable to any neural network architecture,
they were evaluated on two di Lerknt architectures based on encoder—decoder networks and
convolutional neural networks. Moreover, we proposed deep neural network architectures
that support the processing of variable-size images and images with cluttered background.
The developed approaches were applied for the reproduction of handwritten digits from
single images. Our results show that the minimization of the proposed loss functions leads
to better results than when more conventional loss functions are used. Our experiments
also show that the network can be applied to input images of sizes that are di Lerent from
the size of training images. Finally, the proposed approaches were successfully applied for
reproducing real handwritten digits with a humanoid robot.

Just like humans, robots can improve their performance by practicing, i.e. by per-
forming the desired behavior many times and updating the underlying skill representation
using the newly gathered data. In this thesis, we propose to implement robot practicing
by applying statistical and reinforcement learning (RL) in a latent space of the selected
skill representation. The latent space is computed by a deep autoencoder neural network,
with the data to train the network generated in simulation. However, we show that the
resulting latent space representation is useful also for learning on a real robot.

Our simulation and real-world results demonstrate that by exploiting the latent space
of the underlying motor skill representation, a significant reduction of the amount of data
needed for e [edtive learning by Gaussian Process Regression (GPR) can be achieved. Sim-
ilarly, the number of RL epochs can be significantly reduced. Finally, it is evident from our
results that an autoencoder-based latent space is more e [edtive for these purposes than a
latent space computed by Principal Component Analysis (PCA).
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Povzetek

Tako kot ljudje tudi roboti, ki naj bi opravljali posamezne naloge namesto €loveka, potre-
bujejo ustrezne vesCine za te naloge. V nestrukturiranem okolju in za zapletene naloge je
zaradi zapletenosti te veSCine tezko sprogramirati vnaprej. Bolje je, da robotom omogo-
¢imo, da se sami naucijo potrebnih spretnosti.

Dinamicni generatorji gibov (DGG) so se izkazali kot uCinkovita predstavitev gibanja
pri ucenju gibalnih spretnosti. V tej disertaciji predlagamo nov pristop k uenju globokih
nevronskih mrez za raunanje DGG. Poglavitna novost naSega pristopa je, da uporabljamo
novo optimizacijsko funkcijo, ki meri fizicno razdaljo med trajektorijami gibanja in ne le
napako med parametri DGG, ki nimajo fizicnega pomena. Ta pristop smo omogocili z
izpeljavo diferencialnih enacb za izraCun gradientov predlagane optimizacijske funkcije,
kar omogocCa uporabo metode vzvratnega razsirjanja napake za optimizacijo parametrov
globokih nevronskih mrez.

Pri rekonstrukciji gibanja je pomembna izbira ustrezne oblike predstavitve gibanja.
Razli¢ica DGG, imenovana dinamicni elementarni gibi po naravnem parametru (NP-DGG),
lahko loCi prostorski in ¢asovni vidik gibanja in je primernejSa za obdelavo podatkov brez
informacije o ¢asovnem poteku. Zato smo predlagano metodologijo razsirili iz DGG na
nevronske mreze, Ki sintetizirajo gibalne poti, predstavljene z NP-DGG.

Razviti pristopi so sicer uporabni za katero koli arhitekturo nevronske mreze, vendar
smo jih v disertaciji preizkusili na dveh razli¢nih arhitekturah, ki temeljita na kodirno-
dekodirnih mrezah in konvolucijskih nevronskih mrezah. Predlagali smo tudi dodatne
arhitekture globokih nevronskih mrez, ki podpirajo obdelavo slik spremenljive velikosti
in slik z nestrukturiranim ozadjem. Razviti pristopi so bili uporabljeni za reprodukcijo
ro€no napisanih Stevk iz digitalnih slik. Nasi rezultati kaZejo, da uporaba predlaganih
optimizacijskih funkcij daje boljSe rezultate kot uporaba obicajnih optimizacijskih funkcij,
ki merijo napako med parametri. Iz naSih rezultatov je tudi razvidno, da predlagana
nevronska mreza omogoca uporabo vhodnih slik drugacne velikosti kot slike v podatkovni
zbirki za ucenje. Predlagane pristope smo na koncu uspedno uporabili za reprodukcijo
realnih rokopisnih Stevk s humanoidnim robotom.

Tako kot ljudje lahko tudi roboti izboljSajo svoje sposobnosti z vadbo (ucenjem), to je
z veCkratno izvedbo Zelene naloge in posodobitvijo parametrov z uporabo na novo zbranih
podatkov. V tej disertaciji predlagamo ucenje robotov z uporabo statisti¢nega in spodbu-
jevalnega ucenja v latentnem prostoru Zelene naloge. Latentni prostor izraCuna globoka
nevronska mreza za avtokodiranje, pri Cemer podatke za uCenje mreze ustvarimo v simu-
laciji. Z eksperimenti smo pokazali, da je tako generirana latentna predstavitev uporabna
tudi za ucenje na realnem robotu.

Rezultati simulacij in eksperimentov z realnim robotom kazejo, da je mogoce z uporabo
latentnega prostora gibalnih vesCin doseCi znatno zmanjSanje koliine podatkov, potreb-
nih za ucinkovito ucenje z Gaussovo regresijo. Podobno lahko znatno zmanjSamo Stevilo
epizod spodbujevalnega ucenja. Prav tako je latentni prostor, ki temelji na avtokoderiju,
ucinkovitejsi kot latentni prostor, izraCunan z metodo glavnih komponent.
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Chapter 1

Introduction

The number of robot applications has been steadily increasing in recent years. Besides in
standard industrial environments, robots are now used also in medical care and household
environments. With the variety of robot applications, the complexity and the variety of
tasks that a robot needs to perform are also increasing. In many applications there is
a need to adapt to the wear and tear that occurs as robots perform these tasks. To be
e ective in such applications, robots need to be able to quickly adapt their behavior to a
target task, even if the current con guration of the task is di erent from previously known
task con gurations. Many of the new applications therefore cannot be programmed in a
standard way. Thus, there is an increasing need for robots with learning capabilities.

Without learning and adaptation, the operation of robots in natural environments is
not possible. Learning allows a robot to adapt its behavior with respect to changing
tasks and environments and even act in situations that were not considered by a robot
programmer. Robot learning is based on methods from machine learning, which is a part
of arti cial intelligence. In this thesis, we focus on deep neural network architectures for
robot skill learning and learning of feature representations, methods to train deep neural
networks, and the application of features computed by neural networks to improve robot
skill learning, including imitation, reinforcement learning and statistical learning.

Imitation learning works in two steps. In the rst step, a robot is provided with one
or multiple demonstrations of the task. In the second step, the acquired data are used
to compute new task parameters, which often includes generalization to new task situa-
tions. Good generalization is only possible if a su cient amount of task demonstrations is
available [1].

Success and performance of machine learning methods depends heavily on the selected
feature representation. When feature extraction is done by hand, a skilled and experienced
user is required. The goal of feature learning is to automatically compute optimal features
from the data [2]. One approach to learning a complex robot task is to use elemental be-
haviors as building blocks for more complex behaviors. Learning algorithms can then focus
on the selection, adaption, sequencing and co-activation of building blocks and modules
[3].

Reinforcement learning is an unsupervised learning method, where a robot autonomously
discovers optimal behaviors through trial-and-error interaction with an environment. Robot
in a given state s uses policy and chooses actiora. The application of the selected ac-
tion results in a state change. The resulting behavior is evaluated with a reward function.
Robots use reinforcement learning to compute optimal policies so that actions that result
in the highest reward are selected in each state [4].

Supervised learning uses labeled data. For each input data point, there is a de ned
proper output value. The goal of learning is to nd a model that computes outputs from
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inputs with the least error. Examples of supervised learning are regression and classi cation
problems.

All the above-mentioned learning methods had expanded their capabilities by incorpo-
rating methods from the relatively new eld of deep learning, which has recently had a big
impact in the eld of arti cial intelligence.

Arti cial intelligence is a broad and evolving eld. In the early days of arti cial intel-
ligence, the focus was on problems that can be formally described and are intellectually
challenging for a human (e.g. chess playing). However, it turns out that problems that
people solve intuitively and are hard to formalize (action understanding, natural language
understanding) are more challenging. A good approach for such problems is to let ma-
chines learn from their experience and organize their knowledge in terms of a hierarchy of
concepts, with each concept de ned in terms of its relation to simpler concepts. A graph-
ical representation of such knowledge consists of many hierarchical layers, thus the name
deep learning was coined.

With the increased computational power, deep learning methods that directly model
the relationship between the available sensory input and the desired output vectors have
become more popular. Deep learning methods have achieved major success in many dif-
ferent application areas [5], e.g. natural language processing and visual classi cation.

In the eld of natural language processing, deep learning methods are successful at
part-of-speech tagging, chunking, named entity recognition, and semantic role labeling [6].
Deep learning has been successfully applied for audio recognition. Feature representations
learned from unlabeled data have shown good performance in multiple audio classi cation
tasks [7] and can be used for acoustic modeling [8].

In face recognition, it is possible to train face detectors with unlabeled data [9]. Deep
learning also achieves excellent performance in object recognition benchmarks [10]. Due
to deep learning, visual object recognition has already reached the stage where computers
are superior to humans at some tasks. These advances were enabled by the development
of suitable deep neural network architectures, such as deep convolutional neural networks
(CNNSs) [11], where connectivity between neurons mimics the organization of neurons in
human visual cortex [12]. This leads to fewer but properly organized parameters that can
be trained more easily while retaining the expressive power for visual recognition tasks.
The possibility to utilize GPUs to speed up the training of deep neural network models
also made an important contribution.

When deep learning techniques are applied to either the model-free (be it value-based or
policy-based) or model-based reinforcement learning approaches, the resulting approaches
are classi ed as Deep Reinforcement Learning [13]. Deep reinforcement learning gained
popularity after it was able to outperform human experts in Atari games [14] and the
game of Go [15]. Due to the success of deep reinforcement learning in these areas, it is
natural to apply these approaches also to robotic problems.

Robotics is a broad eld with many speci c issues that can be approached by deep
learning. Deep learning can be used as a form of robotic world interpretation to generate
a model of rigid body motion from raw point cloud data [16], where the generated model
predicts changes to the environment based on speci ¢ actions. Robotic grasping is another
complex problem involving perception, planning and control, which can all be addressed
by deep learning algorithms. For example, deep learning can be applied to nd optimal
grasp on the basis of human generated data [17] or with trial-and-error experiments with
the robot [18]. Traditional policy search methods often require hand-engineered compo-
nents for perception, state estimation and low-level control. Levine et al. [19] developed
a method to train all these components jointly and to map image observations directly to
robot joint torques. The resulting policies are represented by a deep convolutional neural



network trained with a guided policy search method that converts policy search into su-
pervised learning. With deep reinforcement learning, it is also possible to learn hand-eye
coordination for robot grasping directly on real robots. Levine et al. [20] used a large-scale
data collection on real robots to train a deep neural network representing the value func-
tion for robot grasping. However, large-scale data collection on real robots is expensive
and potentially dangerous. This can be reduced by learning in simulation before trans-
ferring the learning process to the real robot, as was done by James et al. [21] for Deep
Q-Learning and Pinto et al. [22] for the Asymmetric Actor Critic method. The simulation
environment is usually di erent from the real world, and the real world environment can
change constantly due to the unpredictable conditions in the real world. If the learned
control policy is not robust enough, it cannot handle these changes. Instead of learning a
robust deep neural network policy that is invariant to all possible environment changes, it
is often better that the policy continues to adapt to the current new environment during
deployment, as in [23] and [24].

Besides end-to-end deep learning, the ability of deep learning to deal with complex,
high-dimensional world representations can be exploited to extend classical learning meth-
ods, e.g. to generate simpler world representations. Finn et al. [25] substitute di cult
manual feature selection from visual input with spatial autoencoders that can learn a proper
state representation directly from images. Chen et al. [26] developed an autoencoder that
learns a representation of high-dimensional sensory data (vision or tactile), which is used as
feedback for control. In the second phase, an optimal controller is found by reinforcement
learning using low dimensional representation learned by the autoencoder.

In this thesis, we apply deep learning in two dierent learning frameworks. First
we propose a deep encoder-decoder network to learn direct perception-action couplings
between image input and motion output. In the second part we use a deep autoencoder
network for learning feature representations, where the learned feature representation is
used to improve the performance of robot skill learning.

The rst theme of the thesis is how to apply deep neural networks to learn perception-
action couplings. The universal approximation theorem [27] for neural networks shows
that deep neural networks provide the functionality needed to learn highly nonlinear map-
pings between perception and action. Such mappings are the key to the development of
autonomous robots that need to operate in real unstructured environments. By coupling
perception and action, a robot can form higher-level concepts such as object-action com-
plexes [28], which have been proposed to bind objects, actions, and the accompanying
attributes in a causal model. Together with suitable representations, deep neural networks
can contribute to the development of a new generation of cognitive robots.

The training of deep neural networks for robotic applications often leads to issues that
have not yet been fully addressed by the machine learning community [29]. There is a need
for better evaluation metrics which  when combined with appropriate representations
lead to a more e ective training process. The aim of many current research papers in deep
learning for robotics is to design powerful end-to-end learning processes that can map data
from images derived from the perceptual systems of robots to their control inputs [30].
However, due to the large amount of data needed for this type of learning, end-to-end
learning in robotics is often limited to simulation environments [31], [32] and the proposed
approaches do not scale to real robots.

In our work we rst investigate an e ective evaluation metric (loss function) for one
particular application domain: training of deep neural networks with dynamic movement
primitives (DMPs) [33], [34] at the output. The proposed metric takes into account the
physical distance between movements instead of measuring the distance between the pa-
rameters of DMPs, which have no physical meaning.
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When directly reproducing motion from raw digital images, we often encounter the
problem that a single image does not necessarily contain information about the time course
of the desired movement. This problem can sometimes be addressed if the rest of the
training data contain information about time. For example, if the training data consist of
images of digits and the associated writing trajectories, the correct timing of movement
can be reproduced because the writing trajectories associated with images contain the
required information. However, this is not always the case and it is sometimes necessary
to work without having information about the temporal component of motion. We have
therefore extended our approach from standard dynamic movement primitives [34], which
implicitly contain the information about the temporal course of motion, to arc-length
dynamic movement primitives (AL-DMPs) [35], [36], which e ectively separate the spatial
and temporal component of motion and can therefore be used even when information
about the timing of motion is not available. For this dissertation we did not use the
exact original form of the AL-DMPs, but we adapted their de nition to create a new
version called normalized AL-DMPs. The new version allows a more e cient training of
neural networks than the original AL-DMP formulation. Both DMPs and AL-DMPs have
been extensively used in the scope of learning by demonstration. Other representations
have also been utilized, e. g., polynomial splines, radial basis functions, Gaussian Mixture
Models, probabilistic movement primitives, etc. See [37] for a review. However, DMPs
and AL-DMPs have many advantages because they can be modulated and are robust to
perturbations.

Another topic that we deal with in this part of the thesis is how to provide input images

of di erent sizes to the developed neural network. The ability to use an arbitrary size of
input data for a neural network does not only resolve the scaling and changing aspect
ratio issues, but also opens the possibility to train a neural network faster on smaller input
images and then use it to process bigger images. An example would be the learning of
neural networks for processing images with cluttered, irrelevant background. The neural
networks learn to suppress background information on smaller examples of input images
and then use this knowledge when processing real input images at full size.

The second main topic of the thesis is how to improve robot skill learning by using
low dimensional features computed by autoencoder neural networks. Learning complete
actions and/or skills from scratch is in most cases not feasible because the search space is
too large [38]. A better approach is often to initiate the learning process by observing a
skilled teacher performing the desired task, i.e. by observing human demonstrations [39].
However, unless the robot can generalize from the available human demonstrations, it is
unlikely that the accumulated knowledge is directly applicable in all possible states of the
real world [40]. Skill transfer from a human might also not achieve the same outcome when
performed by a robot due to the correspondence problem [41], or due to the nature of the
task itself.

To adapt to the current state of the environment and perform the desired task, a new
skill instance should be synthesized using a database of previous executions of the appli-
cable skill. If the skill instances in the database are related to each other through a known
set of parameters describing the task, then the optimal skill instantiation for the current
task description can be computed by statistical generalization of skill executions stored in
the database [42]. If statistical generalization does not result in an appropriate action to
ful | the desired task, then the computed skill must be adapted, e.g. by reinforcement
learning (RL).

Reinforcement learning provides a framework and a set of tools for learning of so-
phisticated and hard-to-engineer behaviors [43]. However, the high number of degrees of
freedom (DOFs) typical for robots as well as the continuous state and action space make
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RL notoriously di cult in practical applications [44]. The use of parameterized policies,
policy search methodologies [45] and the exploitation of initial knowledge, e.g. from human
demonstration, can somewhat alleviate this problem. Nevertheless, it is often necessary to
reduce the dimensionality of the RL problem to make it tractable.

Di erent dimensionality reduction methods have been applied in the past to reduce the
learning space. The aforementioned dynamic movement primitive (DMP) representation
[46] provides a low-dimensional representation of the action space. However, the dimen-
sionality of the DMP parameter space is still rather high [40]. One of the best known
general methods for dimensionality reduction is Principal Component Analysis (PCA),
which projects the data onto the vector space spanned by basis vectors de ned by the
variance of the data [47]. Dimensionality reduction and regression have been combined in
Locally Weighted Projection Regression (LWPR) [48], an algorithm that achieves nonlinear
function approximation in high dimensional spaces even in the presence of redundant and
irrelevant input dimensions. Another common method is the use of (deep) autoencoders
[49], where the data is pushed through the layer with the smallest number of neurons
the latent space.

In this thesis, we propose and experimentally evaluate the process of obtaining new
skills by exploiting a latent space representation de ned by a deep autoencoder (AE)
neural network. Our main aim is to show that both generalization and RL can be applied
more e ectively in latent space than in the original action space, which in our case is
de ned by the DMP parameters describing the desired skKill.

By acting in the real world and accumulating new knowledge, a robot can gradually
improve its performance [50], which is an important step towards achieving the dream of
lifelong robot learning [51]. We therefore also take under consideration another learning
aspect, which is the problem of accumulating the database for learning. Statistical skill
learning needs a database to generalize from and training of a deep autoencoder requires
an even larger database. In the thesis we evaluate if an autoencoder trained on a database
of simulated data can be used to compute the latent space of real robot actions.

1.1 Review of the Relevant Scienti ¢ Field

Other approaches to utilize deep neural networks for learning of DMPs have been reported
in the past. For example, Chen et al. used autoencoders [52] and variational autoencoders
[53] to reduce the dimensionality of the movements obtained by human demonstration and
e ectively train dynamic movement primitives in a low-dimensional latent space. Pervez
et al. [54] used a pre-trained CNN for nding task parameters from input images, while
using another fully-connected neural network to learn the mapping from the clock signal
and task parameters to the forcing term of a DMP. Similarly, in the work of Kim et al. [55]
the authors used hierarchical deep reinforcement learning to optimize the forcing term of
a DMP for demonstrated trajectories. In the eld of imitation learning, Zhou et al. [56]
proposed to apply mixture density network for the mapping from the task parameter query
to the parameters describing the movement primitives distribution.

Many of the above-mentioned works are based on dimensionality reduction methods
originally proposed by the computer vision community. This research started with the
development of deep autoencoders, which were shown to be e ective at computing low
dimensional latent spaces from raw character images [57]. The MNIST training set [58],
which consists of handwritten digits, is often used for testing the proposed networks and
algorithms. To improve the previously reported results on image reproduction, Gregor et
al. [59] proposed a recurrent neural network architecture called DRAW, which consists of
a pair of recurrent neural networks: an encoder network that compresses the real images
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presented during training, and a decoder network that reconstitutes images after receiving
the compressed codes. Encoder-decoder networks in combination with convolutional layers
have proven to be useful also in computer vision. A well-known example is SegNet [60],
in which pre-trained convolutional layers from a convolutional neural network (CNN) were
adapted to form a fully-convolutional encoder-decoder architecture for semantic pixel-wise
segmentation. While these research results are not directly applicable to the problem of
mapping images to robotic movements, they inform about the possible neural network
architectures that can be used for this purpose.

Usually, when CNNs are used for supervised learning of perception-action couplings,
they are used in combination with another neural network in two separately trainable
parts. For example, in Yang et al. [61], a deep convolutional autoencoder is rst used for
nding camera image features and then, in combination with the recorded joint angles,
sequences are formed for the learning of task dynamics with a time delay neural network.
This approach produces the next step from the image of the current step while working
in an online loop, whereas in our proposed method, by contrast, we use single images for
generating entire trajectories.

To evaluate the proposed metrics and network architectures, we apply them to the
problem of mapping raw images of digits to the robot handwriting trajectories. Although
the focus of the thesis is not on the development of an optimal approach for robotic writing,
we mention here some related approaches that aim at inferring writing movements from
images. Ali [62] models individual brush strokes of calligraphic characters using Gaussian
Mixture Models, combining the brush strokes using Gaussian Mixture Regression and
reproducing brush stroke trajectories using DMPs. The reproduced stroke trajectories were
iteratively re ned using reinforcement learning for learning examples in the database, but
each reproduction started from scratch with no generalization between di erent examples
or to new unseen cases. A database approach to learning to draw characters was recently
presented also by Kotani and Tellex [63]. Unlike our proposed method that focuses on
end-to-end learning of DMPs that describe digits, this approach is based on inferring a
sequence of commands for writing a character, where each command is represented as a
shift in the x and y directions and a Boolean value which determines whether or not the
pen makes contact with the table surface.

One of the options for using arbitrary size input data is spatial pyramid pooling as
proposed by He et al. [64]. They used a spatial pyramid pooling layer to convert the
last convolutional layer to a xed-length vector, which was then used as input to the fully
connected part for classi cation. Another possibility is to use the region of interest pooling
as in [65]. The convolutional neural network encodes the input image of arbitrary size in
the feature map. From the feature map, regions of di erent positions, sizes, and ratios are
sampled. In each region, max-pooling is used to create a vector of xed size by quantizing
the regions to the same number of subregions and using max-pooling for each region.
Another approach is to apply a global average pooling layer [66], which takes averages over
each feature map in the last convolutional layer to be used as inputs for each class in the
nal softmax layer. In contrast to this work, we propose a global maximal pooling layer,
which takes the maximum value from each feature map in the last convolutional layer
instead of the average value. We use the resulting vector, which forms the latent layer in
our architecture, as input for the subsequent decoder layers that regress on the nal output
values representing the digit trajectory shape. Not only that our approach deals with a
regression problem as opposed to classi cation, but the use of a global maximal pooling
layer as opposed to an average pooling layer in this way allows the network to more easily
Iter out background noise and focus on the most relevant local features. In addition,
although the models described in [66] could be trained with di erently sized inputs, our
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proposed architecture is capable of being trained with inputs of a particular size and then
generalizing to use arbitrarily sized inputs at the execution time.

DMPs are often used as a motor representation in reinforcement learning (RL) [43],
[44]. The dimensionality of learning DMP parameters in combination with tactile and
visual feedback has been deemed too large in some practical applications [67], prompting
RL in latent space of actuator redundancies. Latent spaces de ned by autoencoders were
applied for this purpose [67], [68]. Deep autoencoders and variational autoencoders have
also been used to train movement primitives in a low-dimensional latent space [69], [70].
RL in the latent space of a deep autoencoder network greatly reduces the dimensionality.
However, depending on the size of the latent space, it can also reduce the accuracy of the
representation [70]. Another way to reduce the dimensionality of the search space is by
constraining the parameter space with statistical generalization [40], [71]. This way the
learning process can be sped up. However, constraining the learning space can leave out
some valid solutions. Exploration in RL can also be constrained to proceed only along the
most signi cant directions in the parameter space [72], [73].

Statistical learning using a database of example skill executions and task descriptors
has been applied to compute DMP parameters in the past. Methods such as Gaussian
Process Regression (GPR) [74] and Locally Weighted Regression (LWR) [42], [75] have
been applied for this purpose. The application of GPR was extended to compliant DMPs
[76], Cartesian DMPs [77], arc-length dynamic movement primitives (AL-DMPs) [78], and
for the autonomous generation of the training database [50].

Task parameters were also applied for learning parameterized skills [79], where the
authors propose to adapt the DMP weights of a single demonstration based on the task
parameter. Parameterized skill memories [80] enable task-speci ¢ generalization from a
low number of examples and are based on DMPs. Methods based on other trajectory rep-
resentations were used as well. For example, the Mixture of Motor Primitives (MoMP) [81]
was used to obtain a task policy that is composed of several movement primitives weighted
by their ability to generate successful movements in the given task context. The approach
of Calinon [82] is centered around task-speci ¢ Gaussian Mixture Models (TP-GMM). An
extensive list of papers on learning of task-parameterized movements is provided in [82].

Statistical learning in latent spaces was analyzed in several papers. Zuo et al. [83] show
that latent spaces can be explored in a controlled manner and argue that this complements
various inference methods. Variational autoencoders (VAE) were used to compute latent
spaces in this work. Le et al. [84] demonstrated that supervised dimensionality reduction
architectures can provide improved generalization performance, which is also the key fea-
ture of our approach. Yoo et al. [85] reported an approach where GPR is applied in the
latent space de ned by VAE. However, generalization in [85] was applied to visual data,
whereas we concentrate on latent space generalization to synthesize new robot trajectories.

1.2 Thesis Purpose, Goals and Hypothesis

The purpose of this thesis is to advance the eld of robot learning with the application of
deep neural networks. In particular, we focus on the development of new approaches to
learning perception-action couplings with deep neural networks and on improving robot
skill learning in latent spaces computed by deep autoencoder neural networks. To achieve
these advances we have set six goals listed below, which represent our scienti ¢ contri-
butions to this eld of science. For each goal, we present a scienti ¢ argumentation and
corresponding hypotheses.

For easier references in the thesis, we have listed each of our goals with the capital letter
G and the corresponding number. Similarly, we mark each corresponding hypothesis with
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the capital letter H and a number that corresponds to the goal number.

G1: Develop a suitable deep neural network architecture capable of gen-
erating a DMP-encoded motion trajectory at the neural network output
from an image at the neural network input.

For the autonomous operation of robots, it is necessary to connect the robot's percep-
tual system with its actions. Robot actions usually involve motion de ned as robot
trajectories, hence it is advantageous if it is possible to compute robot trajectories
directly from the perceptual input. One of the most informative senses is robot vi-
sion, but its complexity requires highly nonlinear mappings in order to connect vision
with motor representations.

Due to their high representational power, deep neural networks (DNNs) are highly
successful in solving vision tasks such as for example object recognition. DNNs
have recently been gaining traction also in robotics. They are suitable to directly
connect perception, e.g. robot vision, to action, e.g. motion trajectories. Since
motion trajectories depend on time, the number of samples that can be gathered
from di erent trajectories vary with the duration of motion. It is therefore not
possible to directly output a complete trajectory as a discrete sequence of samples if
feedforward networks are used because the size of output layer in a neural network
is xed. On the other hand, we can use DMP parameter values as output as DMPs
enable the generation of temporal trajectories with di erent duration.

H1l: A deep encoder-decoder network is able to learn perception-action
couplings with images at the input and DMPs at the output.

G2: Improve the training of the proposed deep neural network architec-
ture by developing a new loss function for calculating the physical error
between the motion trajectories at the network output.

A loss function de ned as the mean square error between the predicted and desired
DMP parameters has no physical meaning. A better way is to calculate the distance
between the actual predicted and desired trajectories in physical space, e.g. Cartesian
or joint space. However, the training of neural networks using backpropagation
algorithm requires the calculation of gradients of the loss function. This is not so
trivial because a DMP is de ned by a second-order dynamical system. The derivation
of gradients for such loss functions has not yet been reported in the literature. By
deriving the proper equations for the gradients of proposed loss function, we enable
the use of a loss function with physical meaning, which should improve the prediction
performance of neural networks having DMPs as output.

H2: The application of a loss function that measures the physical error
between motion trajectories gives better results than the loss function that
calculates the DMP parameter error.

G3: Extend the proposed method including the loss function to networks
that have AL-DMPs at the neural network output instead of standard
DMPs.

AL-DMPs separate the spatial and temporal parts of the trajectory, which provides
the ability to learn both parts separately in the proposed learning framework. This
enables us to separate or prioritize the learning of spatial or temporal part of the
trajectory in cases when the available data do not support the joint learning of spatial
and temporal components of motion.
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H3: Extending the same learning framework to AL-DMPs makes it possi-
ble to learn handwriting movements when information about the temporal
evolution of handwriting motion is not available.

G4: Develop a neural network architecture capable of using input images
of variable sizes and containing cluttered backgrounds.

Neural network architectures with the ability to use input images of variable size and
containing cluttered backgrounds are essential components of an end-to-end learning
system based on neural networks. They enable us to avoid applying classic computer
vision algorithms to pre-process input images. Most existing solutions in the liter-
ature rely on input images of xed sizes and are usually intended for classi cation
applications.

H4: We can extend the proposed deep neural network architectures to be
applied to variable size input images with cluttered background.

G5: Improve the robot skill learning by projecting DMPs to low-dimensional
latent spaces computed by autoencoder neural networks.

Robot learning algorithms such as reinforcement learning and statistical learning can
be applied to adapt robot skills to the changes in the environment and other task
changes. However, these algorithms su er from the curse of dimensionality when
applied to robots with many degrees of freedom and continuous states and actions.
It is therefore often necessary to apply dimensionality reduction methods to make
robot learning problems computationally tractable. We propose to apply deep au-
toencoder neural networks to reduce dimensionality when learning DMP parameters.
To evaluate the e ectiveness of the proposed methodology, we compare the proposed
autoencoder-based latent space with the initial DMP parameter space and the PCA-
based latent space.

H5: Robot skill learning in the autoencoder-based latent space performs
better than in the DMP parameter space or in the PCA-based latent
space.

G6: Evaluate the possibility of using the autoencoder trained on the sim-
ulated dataset for learning skills with a real robot.

The training of autoencoders requires a relatively large training dataset. It is, how-
ever, time-consuming to gather large amounts of training data with a real robot.
In addition, the risk of damaging the robot is high. These issues can be avoided
by making use of simulation data for training. But since simulation does not de-
scribe the real world perfectly, the usability of models trained in simulation cannot
be guaranteed for real-world applications. In this thesis, we show that dimensionality
reduction through autoencoders trained in simulation is e ective also for learning on
a real robot.

H6: We can use latent spaces computed by autoencoders trained on sim-
ulated data for learning skills with a real robot.

1.3 Thesis Outline

Here we outline the content of each chapter. The detailed structure of the chapters is
presented at the beginning of each chapter.
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In this chapter (Chapter 1), we have introduced the eld of research, the research
problems and provided an overview of the relevant scienti ¢ eld (Sec. 1.1). We presented
the purpose of the thesis with research goals and corresponding hypotheses (Sec. 1.2).

The rst part of the work is presented in Chapter 2. This part deals with the use of
a deep encoder-decoder network to directly learn perceptual-action couplings between an
image input and a motion output. In this chapter, we address the rst four goals of the
thesis. We introduce the approach to generate a DMP-encoded motion trajectory at the
output of the neural network from an image at the input of the neural network (G1) and
a new DMP trajectory loss function together with its gradients to better train the neural
network (G2). We extend the developed methods from the rst two goals to a normalized
AL-DMP path representation by developing a normalized AL-DMP path loss function
and deriving its gradients (G3). To extend the usability of neural networks that directly
couple image inputs and motion outputs, we have also extended the input capabilities of
the proposed neural networks. We describe a new neural network architecture, which is
able to use inputs of di erent sizes and can deal with complex backgroundsG4). At the
end of the chapter, we evaluate all four goal-correlated hypotheses in di erent experiments
to reproduce handwritten images from a single image.

The second part of the thesis is presented in Chapter 3 where we address the remaining
two goals of the thesis. This part deals with how to improve robot skill learning by using
features computed by the autoencoder neural network@5). The proposed approach is
evaluated by experiments in which a robot learns how to throw a ball precisely at a target,
either by reinforcement learning or by statistical generalization. Since the dataset for
training of deep autoencoders is created in simulation, we have also addressed gG#
with the same experiments.

In Chapter 4, we discuss the results of the experiments and possible future work for
both parts of the thesis. Based on the achieved results, we evaluate the acceptance of our
hypotheses and the ful liment of the set goals.
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Chapter 2

Deep Neural Networks for the
Generation of Trajectories/Paths
from Images

This chapter describes the use of a deep encoder-decoder network to learn direct perception-
action couplings between an image input and a motion output. As a motion output, we
used two di erent motor representations (DMP and normalized AL-DMP) as de ned in
our goalsG1 and G3. As dened in G2, we introduced a new, better loss function
that measures the actual physical di erence between the resulting motion for both motor
representations and derived equations of its gradient, which is necessary for learning with
backpropagation. We have published the proposal for a new, better DMP loss function in
[86] and [87], while the path reproduction with normalized AL-DMP has been published
in [88]. We have also extended the input capabilities of our approach by designing a
deep neural network capable of using inputs of di erent sizes and dealt with cluttered
backgrounds according to ourG4 goal. This was part of the results reported in [88].

First we describe the methodology. To compute the motion output, we used two dif-
ferent motor representations (DMPs and normalized AL-DMPs), which are presented in
Section 2.1. In the same section, we also introduce the original AL-DMPs, which are the
basis for normalized AL-DMPs. We describe how the normalized AL-DMPs are estimated
and executed. In Section 2.2, we specify the data that were used to train neural networks
mapping image inputs to motion outputs. In Section 2.3, we introduce the new loss func-
tions and derive the gradients of loss functions based on the integration of DMPs (Section
2.3.1) and normalized AL-DMPs (Section 2.3.2). The applied neural network architectures
are presented in Section 2.4. We introduce the fully connected encoder-decoder neural
network (Section 2.4.1), the encoder-decoder network with convolutional layers (Section
2.4.2), and our new convolutional architecture capable of using variable size input images
(Section 2.4.3).

The methodology is followed by the experimental results in Section 2.5. As a task, we
chose the reproduction of handwritten humbers from single images. First, we de ne the
datasets used for training and testing neural networks in our experiments (Section 2.5.1),
explain the training procedure (Section 2.5.2) and the evaluation of experimental results
(Section 2.5.3). We have conducted a total of ve dierent types of experiments. The
rst experiment in Section 2.5.4 served to select suitable neural network architectures and
training procedures. In the second experiment (Section 2.5.5), we tested DMP-based loss
functions and then compared them with loss functions based on normalized AL-DMPs in
Section 2.5.6. In Section 2.5.7, we used all of the investigated loss functions in experiments
with input images of di erent sizes. Finally, we also performed real robot experiments,
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which are described in Section 2.5.8.

2.1 Trajectory/Path Representations

As it is standard in robotics, in the thesis we refer to a path if we are given a set of points
that lead us from the starting point to the nal point without specifying how quickly the
robot should move. On the other hand, we refer to a trajectory if we are given a path
together with a temporal schedule for how to get from the initial to the nal point.

The sampling of human or robot motion is usually done in constant time steps, which
means that the number of data points representing the trajectory depends on the duration
of motion. Neural networks have a xed size output. If we want to train feedforward
neural network architectures with trajectories of di erent duration at the output, we have
to encode the trajectories of variable duration into the constant number of parameters
needed for xed-size output of feedforward neural network.

The rst trajectory representation that we used for encoding of trajectories into the
xed number of parameters is DMP. The next suitable candidate is AL-DMP. Its advantage
is that it rst generates the path from the trajectory by separating spatial and temporal
aspects of motion and thus encodes spatial and temporal parts separately. We did not use
classical AL-DMPs in our experiments. Instead we proposed a version called normalized
AL-DMP which is better suited for training neural networks. We present the estimation of
normalized AL-DMP parameters and the execution of robot motion speci ed by normalized
AL-DMP.

2.1.1 Dynamic movement primitives

Let us denote a time-dependent movement trajectory ag (t) 2 R, whered,, speci es the
dimension of space that contains the desired movement trajectory (robot joint angles of
Cartesian space). Adynamic movement primitive (DMP) [34] specifying such a movement
is de ned by the following system of di erential equations

z 2( (@ y) z)+diag(g Yyo) F(x); (2.1)

y = z; (2.2)

whereygo 2 R is the initial position on the trajectory, g 2 R% the nal position on the
trajectory, diag(g yo) 2 R 9n a diagonal matrix with components of vectorg yo on
the diagonal, F(x) 2 R a nonlinear forcing term, z 2 R% a scaled velocity of motion,
and x 2 R the phase de ned by the following equation

X = x X (2.3)

Phasex is used instead of time to avoid explicit time dependency. It is fully de ned by
setting its initial value to x(0) = 1. If parameters ; «; z; 2z 2 R are de ned appropri-
ately, e.g. ; x> 0and ;=4 ;> 0, then the linear part of equation system (2.1)
(2.2) becomes critically damped andy; z monotonically converge to a unique attractor
pointat y = g, z =0. The forcing term F(x) is usually de ned as a linear combination of
radial basis functions
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P

N
F — FL(:l Wi k(X) . 2.4
(x) N 00 X (2.4)
k(X) = exp he(x )® ; (2.5)

where ¢ are the centers of Gaussians distributed along the phase of the trajectory, and
hg their widths. The role of F is to adapt the dynamics of (2.1) (2.2) to the desired
trajectory y(t), thus enabling the system to reproduce any smooth movement from the
initial position yg to the nal con guration g. This can be accomplished by computing
the free parameterswy 2 R using regression techniques. See [42] for more details.

2. z;and  are usually constants that do not change between movements. Thus the
neural network needs to output the other parameters of the di erential equation system
(2.1) (2.3) to fully specify a DMP:

fWidker: 5 05 Yo (2.6)

2.1.2 Arc-length dynamic movement primitives (AL-DMPs

The DMP movement representation introduced above already has many advantages for
robot trajectory generation and control as DMPs can be learned, modulated, and are
robust against perturbations. They can also be used to compare trajectories to each other.
However, due to the implicit dependency on time because of time derivatives in Egs.
(2.1) (2.3), they cannot the separate spatial and temporal aspect of motion. For this
reason, Ga?par et al. [36] extended the DMP movement representation with arc-length
parameterization of the trajectory and developed a new movement representation called
arc-length dynamic movement primitive (AL-DMP). For a time-parameterized trajectory
y(t), the spatial length of the trajectory (also called arc-length) up to timet is de ned as

z t

s(t) = ky (u)kdu: (2.7)
0

Given the duration T of the complete movement, the spatial lengthL of the complete path
traversed by the trajectory is given by
Zt
L=s(T)= ky (u)kdu; (2.8)
0

The speed of movement is related to arc-length and can be calculated as the time derivative
of s

s(t) = ky(t)k: (2.9)

Parameter s of any valid re-parameterization y (s(t)) of time-dependent trajectory y(t)
needs to be strictly increasing, i.e. s(t) > 0;8t [89]. Otherwise it is not possible to
compute derivatives of the pathy (s) with respect to parameters. According to Eq. (2.9),
the derivative of speed always ful Is condition s(t) 0. If there exist times t where the
speed of motion equals zero, the trajectory needs to be subdivided into segments of non-
zero speed, except possibly at the end of the trajectory. In this case, the rst and second
derivatives of y (s) with respect to arc-length parameters at both ends of each trajectory
segment ought to be computed as left and right derivatives, respectively. This is possible
if the path y(s) is piecewiseC? continuous.
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The reparametrization of the trajectory with the arc-length parameter leads to a time-
independent parametrization of the path traversed by the trajectory. To obtain arc-length
dynamic movement primitives, we rewrite Eqs. (2.10) (2.12) by computing the derivatives
with respect to arc-length parameter instead of time. The following dynamical system is
obtained:

Lz® = (A9 y) 2z)+ F(x); (2.10)
Lyo = Zz; (211)
Lx% = KX (2.12)

Here, all derivatives are taken with respect to arc-length instead of time. Such derivatives
are denoted by°. The time constant , the function of which in standard DMPs is to
speed-up or slow-down the movement during its execution by the robot, is replaced by arc
length L > 0, which can be calculated by integrating (2.8).

Since robots are controlled at constant time steps, the information about time needs
to be added to AL-DMPs to fully specify a motion trajectory. This can be accomplished
by specifying the speed of motion, that is by approximating the derivative of arc-length
s. For this purpose we write the speed of motion as a linear combination of radial basis
functions along phasex

_ P !\11 Vi i(X) .
s(x)=1+ Adﬁx. (2.13)
i=1 |

Since speed is encoded separately, it is not necessary that the number of basis functions
M for the approximation of speed is the same as the number of basis functiomé in the
forcing term (2.4).

Just like in standard DMPs, parameters ,; ,; and 4 are usually also taken as
constant in AL-DMPs and do not change when encoding di erent movements. Thus, to
fully specify an AL-DMP, a neural network needs to output the following parameters

fwidhess Lo 95 Yo ¥9 (2.14)
If the speed also needs to be learned, then the network needs to output an additional set
of weightsfv;gM, for speed encoding. These parameters do not in uence the spatial shape
of the trajectory.

A network that outputs AL-DMPs instead of standard DMPs thus has a similar set of
neurons at the output layer. If the speed of motion is not estimated, the only additional
parameters compared to standard DMPs are the starting spatial derivativey 3. The reason
for this is that unlike in standard DMPs, where initial and nal velocities are assumed to be
zero, we cannot assume that the derivatives of with respect to arc length would be equal
to zero. This is because by de nition, these derivatives have a unit norm, i.eky{s)k = 1.
This can be easily proven by computing the derivative ofy(s(t)) with respect to t and
taking into account Eq. (2.9)

dy _ody=dt kyk .
ds = ds=dt  kyk
2.1.3 Normalized arc-length dynamic movement primitives

Note that among fwkgl_,; g; L; Yyo; and yJ, L is the only parameter in the di erential
equation system (2.10) (2.12) that a ects all dimensions of the control variabley. We
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therefore reformulate system (2.10) (2.12) to avoid usingL. This can be achieved by
re-parameterization with normalized arc length, i.e. 8 = s=L, ds=de = L. Let us de ne

v(8) = y(sL) = y(s); B(8) = z(s); and r(8) = x(s). This re-parameterization changes the
spatial derivatives as follows:

o_ dg _ dyds_ LyC

48~ dsde - (2.15)
Similarly we obtain
B’= Lz; &%= Lx® (2.16)
We can now rewrite the di erential equation system (2.10) (2.12)
B° = (9 @ B+ F(®); (2.17)
g = B (2.18)
g’ = B (2.19)

Note that the above equation system does not contair. and a neural network needs to
output only the following parameters

fWigker ;05 Yo; Yo (2.20)

to fully specify a normalized AL-DMP. By excluding L with normalization, some parame-
ters change value but the encoded spatial trajectory remains intact. At the same time, as
we will see later in the dissertation, its exclusion leads to simpli ed calculations of gradi-
ents of criterion functions and greatly simpli es and consequently accelerates the training
of the neural networks. The consequence of normalization is also that the norm of velocity
with respect to arc length is no longer a unity vector, but has the norm equal to the arc

length L
de dy ds
0 _ - - 0 — -
= — = —— =1L = L: 2.21
¥ % - dsde y (2.21)
For the sake of clarity, in the rest of this dissertation we omit the modi er e when referring
to the di erential equation system (2.17) (2.19) and its parameters. We call the resulting

representationnormalized arc length dynamic movement primitive

2.1.4 Estimation of normalized AL-DMPs

Given a sequence of point$y;gL,; yi 6 yi 1 8i; on the robot path, we estimate the arc

length L as follows
X
L = kyi Vi 1k (2.22)
i=1
We also compute the normalized arc length parameters;

Si =S 1+%kyi yi 1k;i=1;:::;n; so=0: (2.23)
Given the fact that according to Eq. (2.21) ky% = L; we can approximate the normalized
arc length derivatives using the following formulas for alli, i =0;:::;n 1:
0 — Yi+1 Yi |
;= L————; 2.24
4 kyi+1  Yik (2.29)
0 0
yo = Y i (2.25)

Si+1 Sj
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From these data we can copy the initial position and velocityyy and y0 as well as the goal
g = yn. The weightswy of the forcing term (2.4) can be estimated by rewriting Eq. (2.10)
(2.11) as a second-order di erential equation for alli, i =0;:::;n:

P
y® (g i) yd= nglwk (i), (2.26)
M k(X0)

In Eg. (2.26), the weights wy appear linearly, thus giveny;, y,, yI 0 and x;, they can be
computed by solving a linear least squares optimization problem.

2.1.5 Execution of normalized AL-DMPs

Since robots are controlled at constant time steps, the information about time needs to
be added to normalized AL-DMPs to create an executable robot motion trajectory. The
normalized arc length parameters starts at 0 and reachesl at the end of the path. To
de ne a schedule to perform a normalized AL-DMP with a robot, we specify the desired
duration of motion T and compute a fth-order polynomial s(t) with boundary conditions
s(0)= s(0)=(0)= s(T)=(T)=0; s(T)=1. Note that s(t) > Oforall 0<t<T .

To sample the path at the constant time step t, tj,g = ti+ t; tg =0, we rst
compute the normalized arc length integration step

si=s(ti+ t)  s(tj): (2.27)

We can then integrate the normalized AL-DMP with a variable integration step s to
sample the corresponding time parametrized trajectory at constant time steps as required
by robot controllers. The desired positionsy are obtained directly by integrating (2.17)
(2.19) while the velocitiesy_and accelerationsy (if needed) can be computed as follows

d
Y = Syst) = v (2.28)

y = SOTsms) = vy (2:29)

Note that the choice of schedules(t) does not change the spatial course of motion. Any
continuously increasing time parametrization ofs results in the same spatial path, but
executed at di erent speeds. Compared to standard DMPs [34], the normalized AL-DMPs
as de ned by Egs. (2.17) (2.19) do not enable temporal and spatial scaling of the resulting
motion. If these properties of DMPs are needed, we can sample the normalized AL-DMP
with the given schedules(t) using the above procedure and re-encode the resulting motion
using the standard DMP representation.

2.2 Datasets for Training Deep Image-to-Motion Encoder-
Decoder Networks

In order to facilitate the understanding of what follows, we next brie y describe the task
used to evaluate the proposed approaches and the data used for network training. Note,
however, that the proposed loss functions and the calculation of their gradients are useful
to implement back-propagation in any neural network that outputs DMP or normalized
AL-DMP parameters, not just the ones considered in our experiments.

Our experimental problem is to learn a deep neural network that transforms raw im-
ages of digits into robot writing trajectories. This is a highly nonlinear transformation
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that requires a lot of data to learn. The training data are given as pairs of images and
the associated writing trajectories. After training, the robot observes a digit, captures its
image, and feeds the captured image to the trained neural network, which outputs the cor-
responding DMP or normalized AL-DMP. The robot then calculates the writing movement
either from DMP or normalized AL-DMP, replays this movement and writes the digit in
the same style as in the captured image.
In this experimental setting, the input and output data pairs have the following struc-

ture:

D=fCi;Mjg_, ; (2.30)

whereP is the number of training pairs, C; 2 R" W are the input images of widthw and
height H, and M j the corresponding writing movements associated with each image. The
most straightforward form to represent time-dependent trajectory data for execution on a
robot or from a human recording is as a temporal sequence of positions on the trajectory

MJ'f(t) = fyij s ti giTii . (2.31)

Here,y;; 2 Rdm are the robot con gurations, e.g. Cartesian positions or joint angles, on
the j th trajectory at time t;; 2 R and dy, is the number of degrees of freedom. With
arc-length parameterization andL; length normalization, we sample the data as a function
of normalized arc-lengths;;

M= iy iy sy T (2.32)

i Jo i Vi e Sn =g

wherey;; 2 R are now robot con gurations andy? 2 R ;y20 2 RIn their derivatives
at normalized arc-lengths;; 2 R. We explicitly include arc-length derivatives in the train-
ing data here as these derivatives can be estimated in di erent ways, not necessarily from
an arc-length dependent sequence of con gurations. On the other hand, the estimation of
time derivatives from the temporal data sequence in Eq. (2.31) is more straight-forward
as time derivatives can be easily estimated directly from temporal sequences.

Note that the number of data points in datasets (2.31) and (2.32) is not constant and
varies with respect to the selected sampling step and overall time/length of the movement
trajectory. Thus, it is not possible for a neural network to directly output the sequence of
data points on the trajectory. Instead, the proposed neural networks output the parameters
of DMPs or normalized AL-DMPs, where the resulting output movements are encoded by
a constant number of parameters. In the case of DMPs, the output data of the neural
network is given by

= fwig ot 5 95 Yoj (2.33)

while for normalized AL-DMP, the output parameters consist of

DMP _
M

MAS = fwi ok G5 Yo YO - (2.34)

See Section 2.1 for more details about these parameters.

2.3 Loss Functions and Calculation of their Gradients

The training of neural networks is usually realized by estimating the parameters of a given
network that minimize a pre-speci ed loss function. For supervised learning, the loss func-
tion usually measures the di erence between the desired and actual outputs. Backpropa-
gation [90] is the method of choice to implement such an optimization process. Backprop-
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agation requires the gradients of all functions that constitute a neural network, including
the gradients of the loss function.

2.3.1 Loss functions for training neural networks with DMP parameters
as output

The most common loss function that could be used for training of a neural network with
DMP parameters as output is the mean squared error of DMP parameters, which is de ned
for the j -th training datapoint as follows:

|
« !
EPVP () = kwi wiik2+( )2+ kg gk®+kyo yojk® @ (2.35)

k=1

NI =

Here, ff wkg’lz‘ﬂ; , 0, Yog denotes the output of the neural network andff w; g’lz‘:l; i
gj; Yo;dthe DMP parameters estimated from the training data (2.33) at index;j .

While this loss function provides for an easy implementation, it does not measure the
real physical di erence between the training movement and the movement calculated by the
neural network, but rather the di erence between the DMP parameters. A more natural
loss function measures the di erence between the trajectories generated by the output
DMP, here denoted asyP™P | and the training data y;; from Eq. (2.31). We de ne the
following loss function

1 X
Ei)= 5=  ky""(xig) v K (2.36)
2T
where yPMP (x;; ) and xij; = x(tij ) are obtained by integrating the j -th output DMP as
calculated by the neural network andT; is the number of points on thej-th DMP. The
process of training deep neural networks for mapping raw images to DMPs with this loss
function is presented graphically in Figure 2.1.
To apply backpropagation, we need to be able to compute the gradients of the loss
function. The gradients of error function (2.35) are trivial to compute as this is simply the

Figure 2.1: Training of writing DMPs with the loss function (2.36). Each input image

is fed to the neural network that transforms it into DMP parameters. The output DMP
parameters are used to generate a temporal sequence of points on the DMP trajectory,
which are compared to the data points on the training trajectory associated with the input
image. The loss function and its gradients are then computed to optimize the parameters
of the deep neural network by backpropagation.
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Euclidean distance between the training DMP parameters and the parameters computed
by the neural network. But it is more dicult to compute the gradients of (2.36) as
yPMP (x;; ) are calculated by integrating DMP equations (2.1) (2.3).

puted as output of the neural network. Then the partial derivatives of E;(j ) with respect
to each DMP parameter can be calculated as follows

@(j) _ i)a DMP /o - T@ L
@p T, i:1 y (Xij ) Yij @p (Xij )s

(2.37)

where @PMP =@p is the partial derivative of yPMP with respect to the DMP parameter
ph. The diculty lies in the computation of @ PMP =@p becausey®™P is computed by
integrating di erential equation system (2.1) (2.3). It turns out, however, that each of the
partial derivatives @ °MP =@y can also be computed by integrating a system of di erential
equations with proper boundary conditions. These di erential equation systems are similar
to the initial DMP equations.

We next analyze the structure of partial derivatives @ °M" =@p that appear in Eq.
(2.37). Analyzing di erential equation system (2.1) (2.3), it is clear that of all DMP
parameters listed in Eqg. (2.6), only a ects multiple dimensions of yPMP . All other DMP
parameters a ect only one dimension ofy®P . Thus 8p, 6 , the partial derivatives are
di erent from zero only for the dimension of yPMP that is a ected by this parameter. Thus
Eqg. (2.61) becomes

&) . 1X o @
= = Xisi i —(Xii ); 8pn 6 ; 2.38
@p T, i=1 Yi (Xij ) i @p (Xi;j ); 8pn ( )
where| is the dimension ofy®MP a ected by parameter p,. Below we derive the partial
derivatives of yPMP with respect to all DMP parameters.
We start with the forcing term parameters w;y; k = 1;:::;N; | = 1;:::;dm: The

partial derivatives @Y =@w can be obtained by calculating the derivatives of Egs.
(2.1) and (2.2) with respect to w;

@ @y @ k(X)
= = + . X; 2.39
aw z(z@w( @%)(g ”“pifi&i (2.39)
@ @
= = 2.40
@Wk @ Wk (2:40)
Because the following holds for continuously di erentiable trajectories
d @ _ @d_,
a@Wk Z = @\M( dtZ|, (2-41)
d @ _ @d_ .
dew” = ewada (2.42)
we obtain the resulting di erential equation system with respect to @y=@w and @z @
d @ @y @ k(X)
—— = + ) P———X; 2.43
it @w, (2 aw @Wk) (9 VYro) I (2.43)
d oy _ @ (2.44)

d@w  Ow’
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Just like the DMP values yPMP (x;; ), which we obtain through numerical integration, we
can calculate the values(@y=@w )(x;;j ) by integrating the di erential equation system
(2.43) (2.44). For this purpose we need to know the initial values of @y=-@w and
@E@w at x(ty;) = x(0) = 1. Since the initial position y;(1) on the trajectory does not
depend onwj, we can set

@y, . ._ @z, _..
. 1) = @Wk(l)_o. (2.45)

The partial derivatives with respect to parametersg;; yo;; | =1;:::;dy; are obtained
analogously. Just like in the case of partial derivatives with respect tow;, the partial
derivatives with respect to g and yo, are obtained by calculating the partial derivatives of
Egs. (2.1) and (2.2) with respect tog, and yp,. We obtain

; ggz g; (2.47)
and
d @z _ @y @r P,2'=1 Win n(x)... (2.48)
dey * ‘@w @y TN a0
(2.49)
d @y _ @z, (2.50)

dt@y @w’

The values of the above partial derivatives at phases;; can be calculated by respectively
integrating the equation systems (2.46) (2.47) and (2.48) (2.50). The initial values are
set as follows

@y. _ @z, _..

7g(1)_ g(1) 0; (2.51)
@y . _,. @z _.
@—w(l)—l, on (1)=0: (2.52)

In equation (2.52), we took into account thaty; is initially set to yo,.

The calculation of partial derivatives with respect to is somewhat more complicated
because unlike previously considered parameters, a ects all the degrees of freedom and
also phasex through Eq. (2.3). Instead of the simpli ed Eq. (2.38), we need to apply the
full Eg. (2.61), i.e.

T @,DMP

. i
@) _ 1 yOMP (xii) Vi T(xi;j ): (2.53)

@ Ti i

To compute the partial derivatives @MP =@ at phasesxi; , we rst calculate the partial
derivatives of Eq. (2.1) and (2.2) with respect to

P !
d @z _ @y @ @ N Win n(X)
a@ = g z@ @ 2+(9 YO;I)@ p r,\]l:]_ ) X (2.54)
d@y_ @ " (2.55)

a@ @
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Sincex depends on , we also nheed to compute

Py !
@ B=1 W| n n(X)
@ "N, W
N 0 PN
n=1 Win ( n (X)X +  n(X)) n=1 n(X) @X
P 2 @
N:l n(X) @
P P
N1 9(X) N1 Win  n(X)X @x
Py 5 @: (2.56)
n=1 n(X)

Finally, di erential equation (2.3) needs to be di erentiated with respect to  to compute
the partial derivative @x=@ which appears in the equation above. We obtain
@ _ @x

—= X:
@ ‘@ =
Thus, to calculate @ °MP =@, we need to integrate2d+1 equations comprising di erential

equation system (2.54), (2.55), and (2.57) i@ y=@, @z=@, and @ x=@ with initial values
set to

(2.57)

@y, . @z, _@x. . o . _..... :
sw= gw @’21) 0; 1=1;:::;0n: (2.58)

The initialization above is because the initial positions on the trajectory and the initial
value of the phase do not depend on.

Note that di erential equation system (2.54), (2.55), (2.57) contains the values ofy|,
Z;, X, and x, thus the DMP di erential equation system (2.1) (2.3) must be integrated
simultaneously to have all the necessary quantities available. If one wanted to avoid the
rather complicated calculation of partial derivative @& (j )=@ as speci ed by Eq. (2.53),
one could consider as constant when optimizing the loss function (2.36) to calculate the
rest of the DMP parameters, i.e. fwygk.,, g, and yo. We could then estimate by a
separate deep neural network.

2.3.2 Loss functions for training neural networks with normalized AL-
DMPs as output

Similarly to the DMP loss function in Eg. (2.35) we can de ne mean squared error for the
j -th normalized AL-DMP parameters:
!
1 X

Ept ()= > kwie  wik?+ kg gik®+ kyo  yojk®+ kyg yg;k® :  (2.59)

k=1

where ff wegh_; ; d; Yo yJg denotes the output of the neural network andff wy; gi-; ;
gj; Yo y8;j g the normalized AL-DMP parameters from the training data in Eq. (2.34).
As in the case of DMPs, this loss function formulation does not directly measure the
di erence between the training movement and the movement calculated by the neural
network, but rather the di erence between the normalized AL-DMP parameters. For
direct measurement of the di erence between the trajectories de ned by normalized AL-
DMP parameters calculated by the neural network, here denoted ag”- PMP | and the
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training data y;; from Eq. (2.32), we need to de ne the following loss function

. 1 X
Ea(j) = 2n; kyAt PMP(xii)  yig K2 (2.60)
i=1
where yAt PMP (x;. ) and xij = X(tij ) are obtained by integrating the AL-DMP calcu-

lated by the neural network. In Figure 2.2, the process of training deep neural networks for
mapping raw images to normalized AL-DMPs with this loss function is graphically com-
pared to the process of training deep neural networks for mapping raw images to DMPs
with loss function (2.36).

It is more di cult to compute the gradients of (2.60) with respect to the normalized AL-
DMP parameters than of (2.59) becausey (x;; ) are calculated by integrating di erential

AL-DMP parameters speci ed in Eq. (2.34). The partial derivatives of Ep(j ) with respect
to each normalized AL-DMP parameter p; can be calculated as follows

a j 1 )Qj
@@g) " . (Yxig)  vig)T gp(xi;j ); (2.61)

where @ =@y is the partial derivative of y with respect to the normalized AL-DMP pa-
rameter pa.
Next, we show how to compute the partial derivatives@ =@4%. Using notation y =

Figure 2.2: Comparison of training with normalized AL-DMPs (bold) and DMPs (shaded)
parameters. An input image is fed to a deep neural network, which transforms the image
into normalized AL-DMP (DMP) parameters. The output normalized AL-DMP (DMP) is
then used to generate a sequence of points along the path (trajectory). During training,
the generated points are compared with the data points along the training path (as a
function of arc-length) / trajectory (as a function of time). The parameters of the deep
neural network are estimated by backpropagation.
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de, _ @d _ @
ds@p”’ @pds” @p’
de _ @d _ @f
ds@p’ @pds’ = @p

Thus @y=@w and @z=@v can be obtained by calculating the derivatives of (2.17) and
(2.18) with respect to w;

d @z _ @y @z k(X)

———— = — )+t P ———X; 2.62
sow - ‘ow ow' PN . (2.62)
d @y Qe

—— = —; 2.63

ds@w  @wk (2:69)

and integrating the resulting di erential equation system of @y=@w and @z@w with
initial values @ @

y 4

1) = 1)=0: 2.64

@\M<( ) @Wk( ) (2.64)

The partial derivatives with respect to the parametersg;; Yyo:; yg;,; I=1;:::;dn; are

obtained analogously, i. e. by calculating the partial derivatives of Egs. (2.17) and (2.18)
with respect to g, yo, and y8;|. This results in

d@e_ . @y @

ds@g_ z z @g @g ; (2.65)

d @y _ Q@r

$@g- @d (2.66)
and

d @z @y @z

= - , =F 2.67

ds @y @y @y (2.67)

d @y _ @F.

ds@y @y’ (2:69)
and

|

d @z @y Qg

2 E2E - , =r . 2.69

ds @§, @y @f (2.69)

d @y @r

_— = — 2

is@§, ~ @y, (2.70)

The values of the above partial derivatives at phases;; can be calculated by respec-
tively integrating the equation systems (2.46) (2.47), (2.48) (2.50) and (2.69) (2.70),
where the initial values are set as follows

@y, . @z, _,.
oV = gdb=0 (2.71)
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In equation (2.72), we took into account that y; is initially set to yg;, and in equation
(2.73), that yis initially set to yg,.

If we used di erential equation system (2.10) (2.12) instead of (2.17) (2.19), we
would also need to calculate the partial derivatives with respect to parametet.. It turns
out that since L aects all dimensions of control variable y, the calculation of partial
derivatives with respect to L is similar to the calculation of partial derivatives with respect
to in equation system (2.54) - (2.58), thus much more complicated than for other AL-
DMP variables. Within the AL-DMP formulation, the temporal part and the spatial part
of the trajectory are separated. The spatial part is encoded in the parameters that we used
for neural network training. By excluding L from parameter sets with normalization, some
parameters change value but the encoded spatial trajectory remains intact. At the same
time, its exclusion greatly simpli es and consequently accelerates the training of neural
networks.

2.4 Deep Neural Network Architectures

To evaluate the e ectiveness of the proposed loss functions, we considered deep neural
networks that transform raw images of digits into the corresponding robot writing trajec-
tories. In such a setting, the pixels of an image containing a digit are used as input to a
deep neural network, which is trained to compute the corresponding DMP or normalized
AL-DMP parameters of writing trajectories that reproduce the observed digit.

We used di erent types of encoder-decoder neural network architectures to carry out
these experiments. The deep neural network architecture that we developed and tested as
rst is a fully-connected image-to-motion encoder-decoder network architecture (IMED-
Net). A fully-connected neural network is easy to implement, and its simple design with
the possibility of a large number of trainable parameters ensures a big representational
power. All this is useful for initial testing and proof-of-concept.

A smaller number of trainable parameters accelerates the training of the neural net-
work and can also result in better generalization. Therefore, in the next step we developed
two di erent variants of a CNN-based architecture, i.e. a convolutional image-to-motion
encoder-decoder network (CIMEDNet). The rst of these variants uses pre-trained convo-
lutional layers in the encoder part of the network exclusively, followed by fully-connected
layers in the decoder part. The other variant uses pre-trained convolutional layers followed
by some additional fully-connected layers in the encoder, whereas the decoder is again
constructed of fully-connected layers only.

For real images, neural networks should be able to process input data with background.
All three network architectures mentioned above have xed-size inputs, hence they are only
applicable if the input images have a xed size. They can only be used on the same size
they have been trained on. The variety of image sizes from robot cameras is too large
to allow successful training of neural networks on all possible input images with cluttered
background. We can overcome this issue with a network architecture capable of processing
variable input sizes. Such a network architecture allows training on xed-size input images
and can then be applied to process robot camera images of di erent sizes.

Thus in the next development step, we upgraded our convolutional neural network
architecture with a global maximal pooling layer to create a new network architecture
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called CIMEDNet+ that is capable of processing input images of di erent sizes. Inthe nal
development step, we added additional layers to the CIMEDNet+ architecture to create a
more powerful variable-size input image-to-motion encoder-decoder network (VIMEDNEet).

2.4.1 Fully-connected encoder-decoder architecture

The rst of the applied deep neural network architectures is the fully-connected image-to-
motion encoder-decoder network architecture (IMEDNet) shown in Fig. 2.3. Its application
was inspired by the work of Hinton and Salakhutdinov [57]. It has an input layer consisting
of 1600 neurons (for an image size of0 40 pixels) and was applied to reproduce 2-D
writing trajectories from raw images. The output layer contains 55 neurons that correspond
to the parameters of a two-dimensional DMP @ 25 neurons for the weights of the two
forcing terms de ned in Eq. (2.4), 2 neurons each to specify the beginningo and the end

g of the trajectory, respectively, and 1 neuron for the joint time constant ). Alternatively,
the output consists of 56 neurons that correspond to the parameters of a two-dimensional
normalized AL-DMP (2 25 neurons for the weights of the two forcing terms, 2 neurons
each to specify the initial derivative y§, the initial position yo and the end positiong on
the trajectory). There are 7 hidden fully-connected layers with 1500, 1300, 1000, 600, 200,
20, and 35 neurons, respectively. The number of all trainable parameters in the network is
around 6.38 million. This con guration of neurons forms an asymmetrical encoder-decoder
architecture. The bottleneck layer consists of 20 neurons, which can be used to de ne the
latent space for writing trajectories.

Figure 2.3: IMEDNet (Image-to-Motion Encoder-Decoder Network) neural network with
seven fully-connected hidden layers (note that the ratio between the number of actual
neurons and the number of depicted neurons is not the same in all layers).
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2.4.2 Convolutional encoder-decoder architectures

Convolutional neural networks (CNN) are specialized for processing data in a grid-like
form. They use mathematical operation convolution to compute feature maps from input

images. Convolution is de ned by a small number of neurons called kernel. It adds to
neural network's important properties in terms of image processing. By making kernels
smaller than input images, the number of parameters that need to be learned is signi cantly

reduced. The application of the same parameters to process di erent parts of input data
is called parameter sharing. This form of parameter sharing also provides for invariance
to translation.

Each layer of CNN typically consists of three stages. The rst layer performs several
convolutions in parallel to produce a set of linear activations. The second stage is called
detection where the computed activations are run through a nonlinear activation function.
In the last stage, a pooling function modi es the input to the next layer. The pooling
function replaces the outputs with a summary statistic of all nearby outputs. This helps
make the network invariant to small translations of the input.

The purpose of creating a CNN-based architecture, i.e. a convolutional image-to-motion
encoder-decoder network (CIMEDNet) architecture, was to reduce the number of network
parameters in order to achieve faster training and better generalization. However, if we
simplify the model too much, we lose the representational power of the neural network,
which can lead to reduced performance. For example, in the rst version of CIMEDNet,
where the encoder part consisted of convolutional layers only as shown in Fig. 2.4 and the
number of trainable parameters was around 23.000, the network performance was lower
compared to IMEDNet in our initial experiments.

Good results were obtained by the proposed architecture in Fig. 2.5, which still con-
tains signi cantly less parameters than IMEDNet while preserving su cient representa-
tional power to map images to handwriting DMPs or normalized AL-DMPs. We used this
version of CIMEDNet in all other experiments. It consists of an encoder that contains two
convolutional layers followed by three fully-connected layers, and a decoder consisting of
two fully-connected layers. The network takes as input &40 40 grayscale image, followed
by a convolutional layer with 5 5 kernel size and10 feature maps, a2 2 max pooling
layer, a convolutional layer with 5 5 kernel size and20 feature maps, a2 2 max pooling
layer, a 0:5 dropout layer, fully-connected layers of size600, 200, 20, 35 and the output
layer of size55 or 56, matching the number of DMP or normalized AL-DMP parameters.
The number of all trainable parameters in this network is around 721.000.

The encoder part of the proposed network has a somewhat similar structure as the
LeNet-5 architecture [91]. The fully connected encoder-decoder part is taken over from
IMEDNet with the rst three layers removed.

In the experiments described in Section 2.5.4, we tested the robustness of the proposed
networks to noise. We also tested the training with frozen convolutional layers for both of
the proposed CIMEDNet architectures. When training with frozen convolutional layers,
these layers were pretrained as a part of a CNN classi er that provides class names as
output. We used the original MNIST dataset to train the classi er. This classi er takes
as input a40 40 grayscale image, followed by a convolutional layer wittb 5 kernel size
and 10 feature maps, a2 2 max pooling layer, a convolutional layer with5 5 kernel
size and20 feature maps, a2 2 max pooling layer, a0:5 dropout layer, a fully-connected
layer of size320, a fully-connected layer of sizeb0 and the output layer of size10, matching
the number of digits. After training the classi er, the fully-connected layers are removed,
while the convolutional layers are retained and used to form the rst layers of the encoder
in our proposed CIMEDNet architectures.
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Figure 2.4: CIMEDNet (convolutional image-to-motion encoder-decoder network) archi-
tecture with an encoder consisting of two convolutional layers and a decoder consisting of
two fully-connected layers.

Figure 2.5: CIMEDNet architecture with an encoder consisting of two convolutional layers
followed by three fully-connected layers, and a decoder consisting of two fully-connected
layers.
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2.4.3 Convolutional encoder-decoder architectures for variable size in-
put images

The CIMEDNet architectures described above take images of xed size as input. Here,
we propose two network architectures that enable the processing of variable size images
with a signi cant portion of cluttered background. The ability to process input images of
variable sizes is achieved by introducing a max-pooling layer that transforms input data
into a vector of xed size just before the decoder part of the network.

The neural network architectures described above are e ective if the input image con-
tains only the sheet of paper with a digit written on it. They cannot, however, deal with
images that contain a highly textured background outside of the said sheet of paper. To
reproduce digits with a robot, we thus still need standard machine vision algorithms to nd
and extract the sheet of paper from the acquired camera image. To generate the inputs for
both networks in our experiments, the observed images of digits were cropped and resized
to a xed-size input (see also Section 2.5.8). To alleviate the need for standard machine
vision algorithms, we need neural networks that can deal with a signi cant amount of
textured background not related to the images of digits.

To achieve invariance to varying backgrounds, we have created a new dataset of images
of digits that contain a signi cant portion of background outside of the sheet of paper on
which digits are written (see Section 2.5.1.3). For this new dataset, we rst experimented
with the CIMEDNet architecture. The results in Section 2.5.7 show that the performance
of CIMEDNet decreases drastically already at an image size of 120x120 pixels. Such a
neural network cannot be trained to the size of images obtained from a real robot. The
application of CNNs like in CIMEDNet instead of fully connected neural networks like
in IMEDNet already helps to extend the applicability of the trained neural networks to
larger inputs. Fewer network parameters in CNNs at the same input size make training
faster, less memory demanding and enable better generalization. But even for CNNs it
still applies that the number of trainable parameters increases with the increasing input
size. As a result, training slows down, generalization performance decreases, and especially
when using GPUs, our databases can exceed the available GPU memory.

In many cases, the relevant information is only a local part of the input, and CNN
must learn how to extract this information. As in the case of digit writing, the neural
network has to use information from the part of the input image with the sheet of paper,
everything else is just background that the neural network has to ignore. If the neural
network can learn this on the small inputs with paper sheets in front the background, the
neural network will generalize to larger inputs with much more background in the image
without additional training. It is often useful to be able to process images of di erent
sizes because the trained images might come from di erent sources and rescaling to a xed
size can lead to the loss of information. However, we still make the assumption that the
relevant details are always in the same size range.

Classical CNN architectures like the proposed CIMEDNet cannot directly transfer net-
work weights between architecture versions with varying size inputs. The problem does
not lie in the convolutional layers themselves because the number of parameters within a
general convolution layer depends only on the kernel size, the number of input channels,
and the number of output channels. The part that prevents the application of CNNs to
varying size images is the transition from the convolutional part to the fully connected
part of the architecture. The input in the rst fully connected layer is the vectorized out-
put from the last convolutional layer. In the convolutional layers, the size of the output
channels depends on the size of the input channels, and this dependence passes through
all convolutional layers to the last convolutional output. Thus the size of the input to the
fully connected part depends on the input image size of the neural network. To solve this
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Figure 2.6: CIMEDNet+ (convolutional image-to-motion encoder-decoder network +
global polling layer) architecture with an encoder consisting of two convolutional layers
followed by a global max pooling layer, and a decoder consisting of two fully-connected
layers. Note that the size of channels in the convolutional part of the network is not xed.
Thus the network can take images of any size as input.

Figure 2.7. VIMEDNet (variable input to motion encoder-decoder network) architecture
with an encoder consisting of four convolutional layers followed by a global max pooling
layer, and a decoder consisting of three fully-connected layers. Note that the size of chan-
nels in the convolutional part of the network is not xed. Thus the network can take

images of any size as input.
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problem, we introduced a 2D max pooling layer between the last convolutional layer and

the rst fully connected layer. The kernel size of the maximum pooling layer corresponds

to the size of the last convolutional channels, thus it always generates output channels of
size one and serves as the global maximum pooling layer. In this architecture, the only
part that changes with the size of the input image is the kernel size of the maximum pool-

ing layer. Since the kernel of the max pooling layer has no trainable parameters,such an
architecture can be used with inputs of di erent sizes than the training inputs.

We developed a network architecture CIMEDNet+ based on the initial version of
CIMEDNet (shown in Fig. 2.4). The ability to process input images of varying sizes
is brought into CIMEDNet+ by adding a global maximum pooling layer instead of fully
connected layers in the encoder part of the network (see Fig. 2.6). In CIMEDNet+, the
output from the global maximum pooling layer also represents the latent space. The global
maximal pooling layer chooses the maximum value from each channel and computes the
bottleneck layer neurons from these values. This way we obtain a xed number of neurons
in the bottleneck layer because the number of channels is constant.

Our experiments with cluttered background show (see Sec. 2.5.7) that the performance
of CIMEDNet+ is not as good as the performance of the original CIMEDNet architecture,
which is probably due to the reduced number of parameters in CIMEDNet+ compared to
CIMEDNet. We therefore inserted two additional convolutional and max pooling layers
into the encoder part of the network and one additional fully connected layer into the
decoder part (see Fig. 2.7). We also increased the number of neurons in the bottleneck
layer from 20 to 35. The resulting architecture is called VIMEDNet (variable image to
motion encoder-decoder network). Our experiments have shown (see Section 2.5.8 for
details) that the proposed architecture is powerful enough to transform robot real camera
images of digits with a signi cant amount of background into writing trajectories.

2.5 Experimental Evaluation

The main goal of our experiments was to evaluate the proposed loss functions and deep
neural networks for learning DMPs and normalized AL-DMPs. For testing purposes we
applied the developed networks and criterion functions to the problem of reproducing hand-
written digits. For the development of convolutional neural networks, we rst tested the
robustness of the proposed neural networks to noise. Then we focused on the e ectiveness
of di erent movement representations and loss functions for the reproduction of handwrit-
ten digits. We compared the performance of the proposed approach when standard DMPs
and normalized AL-DMPs are used as a movement representation. In the third set of
experiments, we evaluated the performance of CIMEDNet, CIMEDNet+, and VIMEDNet
networks on input images of di erent sizes. Finally, we tested the network performance
when real images taken by a humanoid robot are used as input.

2.5.1 Datasets

Here we explain the acquisition of datasets that were used in our experiments for train-
ing and testing. We have created three di erent groups of datasets. In the rst group,
we hand-annotated trajectories for images with human-written digits from the MNIST
dataset. Since hand annotation is time-consuming and requires a lot of human work for
large datasets, we created a second group of datasets with computer-generated writing
trajectories and the corresponding synthetic images of digits. To evaluate the ability of
di erent neural network architectures to process images with cluttered background, we
created the third group of datasets. This group was created by pasting images from the
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second group datasets onto di erent backgrounds.

2.5.1.1 Annotated MNIST (a-MNIST)

To evaluate our methodology, we need pairs of input and output data. Because until
now, no suitable dataset exist with pairs of images and corresponding motions, we rst
created our own dataset by annotating images of digits with the corresponding handwriting
motions.

The rst dataset was created based on the well-known MNIST dataset [58], which
consists of a training set of 60,000 samples and a test set of 10,000 samples of handwritten
digit images of size28 28 grayscale pixels, but contains no writing trajectories. Using
touch interface, we annotated 1170 images of digit 3 and 1170 images of digit 5 from
this dataset with the corresponding handwriting movements. Some examples of annotated
images are shown in Fig. 2.8. For training, we generated 11700 samples of digit 3 and
11700 samples of digit 5 in total by applying a ne transformations to the original images
as well as to the manually added handwriting movements. Values for a ne transformations
were 3 pixels for translations, 8 for rotations, 10% for scalings and 0:1 for shear
values. The resulting dataset is called annotated MNIST dataset (a-MNIST) and consists
of the original and transformed images from the MNIST database, supplemented with the
corresponding handwriting trajectories.

The extension of the dataset by applying a ne transformations was necessary because
otherwise the dataset would contain only 2340 annotated examples, which is too little for
reliable training of deep neural networks that map images to DMPs. Training with such a
small dataset would lead to a poor generalization performance.

Figure 2.8: Examples of annotated digit images from the a-MNIST dataset. The blue
dashed line represents the writing trajectory corresponding to the digit in the image.

2.5.1.2 Synthetic MNIST (s-MNIST)

The size of a-MNIST dataset is limited by the necessity of hand-annotating images of digits
with handwriting trajectories, which is a time-consuming process. In order to provide more
data for a thorough and controlled evaluation, we developed a synthetic method to generate
40 40images of digits and the associated two-dimensional writing movements.

The synthetic trajectory data were generated using a combination of straight lines and
elliptic arcs. When generating these geometric elements, we varied the parameters such
as lengths, angles, and minor and major axes and centers of elliptic arcs. We varied these
parameters according to the uniform distribution. From these trajectories, binary images
were generated with the prede ned width of the image curve. The resulting images were
processed with a Gaussian Iter. Finally, both the generated trajectories and the resulting
images were transformed using a ne transformations composed of translation, rotation,
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scaling, and shearing. Values for a ne transformations were the same as for a-MNIST and
were taken from a uniform distribution.

Using the above-described procedure, several datasets of pairs of synthetic digit images
and the associated handwriting trajectories were generated both with and without di erent
types of noise:

s-MNIST: 2000 pairs of images and trajectories without any added noise were gen-
erated for each digit (see Fig. 2.9), for a total of 20000 samples,

Figure 2.9: Examples of digit images and writing trajectories from the s-MNIST dataset.
The blue dotted line represents the trajectory corresponding to the image.

s-MNIST-AWGN-19.0-SNR: 300 samples per digit / 3000 total samples, using
additive white Gaussian noise with the signal-to-noise ratio of 19.0 (see Fig. 2.10),

Figure 2.10: Examples of digit images and writing trajectories from the s-MNIST-AWGN-
19.0-SNR dataset. The blue dashed line represents the trajectory corresponding to the
image.

S-MNIST-AWGN-9.5-SNR: 300 samples per digit / 3000 total samples, using
additive white Gaussian noise with the signal-to-noise ratio of 9.5 (see Fig. 2.11),

s-MNIST-MB: 300 samples per digit / 3000 total samples, using a motion blur



2.5. Experimental Evaluation 33

Figure 2.11: Examples of annotated digit images from the s-MNIST-AWGN-9.5-SNR
dataset. The blue dashed line represents the trajectory corresponding to the image.

Iter emulating a linear motion of the camera of 5 pixels and a 15 degree motion in
the counterclockwise direction (see Fig. 2.12),

Figure 2.12: Examples of annotated digit images from the s-MNIST-MB dataset. The blue
dashed line represents the trajectory corresponding to the image.

s-MNIST-RC-AWGN: 300 samples per digit / 3000 total samples, using a contrast
range scaled down to half as well as additive white Gaussian noise with the signal-
to-noise ratio of 9.5 (see Fig. 2.13),

We call these datasets synthetic MNIST (s-MNIST), as they simulate the real MNIST
dataset but do not contain real images from MNIST. The above noise pro les are the
same as in the noisy MNIST dataset (n-MNIST) [92], which is a publicly available set of
three sub-datasets that standardize noise distortion of the original MNIST dataset. The s-
MNIST dataset of 20000 examples without noise was used as a training set for experiments
in Section 2.5.4 and Section 2.5.5 and as a source of images with digits to create datasets
with background in Section 2.5.1.3. All other s-MNIST datasets with noise and only 3000
examples were used only for testing in Section 2.5.4 when we evaluated the neural network
architectures.
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Figure 2.13: Examples of annotated digit images from the s-MNIST-RC-AWGN dataset.
The blue dashed line represents the trajectory corresponding to the image.

The s-MNIST dataset has the constant width of the curves that form the images of
digits and constant gray levels, with the digits curve always white and a sheet of paper
in the background always black. In order to use a deep neural network trained with such
a dataset on real robot images (see Section 3.5), we need computer vision algorithms in
which we rescale the color scheme and width to match the training dataset. We do not
use image processing algorithms when using variable input size CNNs on real robot images
that contain a textured background. This variation must be processed in the network itself.
The neural network must be trained on a dataset that contains this variation just like the
following dataset:

s-MNIST-GRAY: 2000 samples per digit / 20000 total samples, with varied width
of curves forming the images of digits and the background computed with varying
grayscale (see Fig. 2.14),

Figure 2.14: Examples of annotated digit images from the s-MNIST-GRAY dataset. The
blue dashed line represents the trajectory corresponding to the image.

Since sharp corners result in discontinuous velocities, AL-DMPs cannot represent such
paths. Within standard DMPs and real physical movements, sharp corners are handled
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by reducing the movement velocity, but AL-DMPs cannot do this because the derivatives
with respect to the arc length parameter always have a unit norm. For our normalized
AL-DMP experiments, we therefore used only the digits without sharp corners: 0, 6, 8
and 9. See Chapter 4 for the discussion on how to deal with other digits using AL-DMP
representation.

To account for variability in the temporal execution of motion typical for humans, we
created a dataset which consists of the same spatial trajectories (paths) as s-MNIST, but
with nonlinearly scaled temporal course of motion. At the beginning of Section 2.1.5, we
de ned the normalized arc length as a function of time by a fth order polynomial s(t).
This parametrization was also used to generate s-MNIST datasets. For this new dataset,
we scaleds(t) by a quadratic function

f(s(t)) = as(t)2+(1 a)s(t) (2.74)

with randomly selected parametera, where 1 a 1. The resulting parametrization is
still strictly increasing but is nonlinearly transformed in time. While such a transformation
does not change the weightsv of normalized AL-DMP's, it does change the weights of stan-
dard DMPs. The important di erence between s-MNIS and temporally scaled s-MNIST is
that in the former, the selection of duration of motion does not a ect the weights of DMPs,
whereas in the latter it does. This is problematic for learning with DMPs because it is
not possible to learn random choices of timing. This a ects the performance of networks
outputting DMPs. Similarly as for s-MNIST, we also created four digits 0,6,8,9 dataset to
train neural networks suitable for processing real images captured by a robot.

For experiments with normalized AL-DMPs, we created altogether three additional
datasets:

s-MNIST(0,6,8,9): 5000 pairs of images and trajectories without any added noise
were generated for digits 0, 6, 8, 9 for a total of 20000 samples,

s-MNIST(0,6,8,9)-VTS: 5000 pairs of images and trajectories temporally scaled
for digits 0, 6, 8, 9 for a total of 20000 samples,

s-MNIST(0,6,8,9)-GRAY: 5000 pairs of grayscale images created with the varied
width of curves and the corresponding trajectories for digits 0, 6, 8, 9 for a total of
20000 samples.

2.5.1.3 Synthetic MNIST with background

To train neural networks for generating writing trajectories from digits contained within
images of more natural scenes, we prepared a database with digit images from di erent
s-MNIST datasets pasted on di erent images of textured backgrounds. The digit images
of size40 40 pixels from di erent s-MNIST datasets were pasted at random positions on
the background images of siz80 80 pixels.

We set the size of training images t80 80 because this way we ensure that a portion
of the image that is not covered by the40 40 image of the digit is always present. Thus
the network is trained to deal with the portions of images that are not covered by the
images of digits.

To generate the synthetic MNIST with a background dataset for neural network train-
ing, we used images from the s-MNIST dataset, meaning we had 20000 di erent examples
of digit shapes. The source of our background images was the LSUN-dataset [93], which
is often used for scene classi cation. From this dataset, we took 300 images belonging to
the scene 'Classroom’ and resized them t80 80 resolution. The size di erence between
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the size of the training images and the size of the digit images provide$0 40 possible
di erent digit image positions in the training image. The resulting images were ltered
with a Gaussian Iter (see Fig. 2.15).

The training examples were prepared separately for each training epoch. For each digit
shape from 14000 di erent shapes in the 70% training portion of the s-MIST dataset, we
randomly selected a new background from 300 di erent backgrounds and inserted the digit
shapes at a new random location in the area o0 40 pixels. Even though there are
only 14000 di erent outputs in the dataset that correspond to digit shapes, then there are
14000 300 40 40for a total of 6720million possible inputs.

Figure 2.15: Examples of training images from the s-MNIST with a background dataset.

The above-described dataset was used in our synthetic experiments. To apply the
trained neural networks to real images captured by a robot, we generated a modied
version of this dataset and re-trained the network. To generate the modi ed version, we
used s-MNIST-GRAY images where the width of the curves forming the digits varied and
the images of digits were variably grayscales instead of binary. The resulting0 40
images were then pasted onto the Classroom scene of the LSUN-dataset images rescaled
to 80 80resolution and ltered as described above. Examples from the resulting dataset
are shown in Fig. 2.16.

We also experimented with images containing background on neural networks trained
with normalized AL-DMPs. Since the normalized AL-DMPs cannot represent digits with
sharp corners, we generated the s-MNIST dataset with a background that has the s-
MNIST(0,6,8,9) dataset for the source of the digit shape. To evaluate the use of the DMP
trajectory loss function and the normalized AL-DMP path loss function also with variable
input neural network architectures, we generated an additional dataset with a background
onto which we pasted digits with variably scaled trajectories from the s-MNIST(0,6,8,9)-
VTS dataset.

In order to train neural networks with normalized AL-DMPs that are suitable for
processing real images captured by a robot, we generated the dataset with a background
based on s-MNIST(0,6,8,9)-GREY. In this dataset with simulated images, the width of
the curves forming the images of the digits varied, and the simulated images of the digits
were computed as grayscale rather than binary images to correspond to the real images of
the robot camera. The digit images are pasted onto the background in the same way as in
other S-MNIST datasets with a background.

For experiments with input images containing a background, we have created a total
of 6 di erent s-MNIST with a background datasets:

s-MNIST with background: 2000 trajectories from the s-MNIST dataset for
each digit, altogether 20000 digit shapes for output. 2000 images of digits from the
s-MNIST dataset for each digit, altogether 20000 images of digits randomly pasted
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Figure 2.16: Examples of training images from the s-MNIST-GRAY with a background
dataset.

at 40x40 di erent locations in 300 di erent background LSUN 'classroom’ images for
altogether 9600 million possible input examples.

s-MNIST-GRAY with background: 2000 trajectories from the s-MNIST-GRAY
dataset for each digit, altogether 20000 digit shapes for output. 2000 images of
digits from the s-MNIST-GRAY dataset for each digit, altogether 20000 digit im-
ages randomly pasted at 40x40 di erent locations in 300 di erent background LSUN
‘classroom' images for altogether 9600 million possible input examples.

s-MNIST(0,6,8,9) with background: 5000 trajectories from the s-MNIST dataset
for digit O, 6, 8, 9, altogether 20000 digit shapes for output. 2000 images of digits
from the s-MNIST dataset for each digit, altogether 20000 digit images randomly
pasted at 40x40 di erent locations in 300 di erent background LSUN ‘classroom’
images for altogether 9600 million possible input examples.

s-MNIST(0,6,8,9)-VTS with background: 5000 variable time-scaled trajecto-
ries from the s-MNIST dataset for digit 0, 6, 8, 9, altogether 20000 digit shapes for
output. 2000 images of digits from the s-MNIST dataset for each digit, altogether
20000 digit images randomly pasted at 40x40 di erent locations in 300 di erent back-
ground LSUN ‘classroom' images for altogether 9600 million possible input examples.

s-MNIST(0,6,8,9)-GRAY with background: 5000 trajectories from the s-MNIST-
GRAY dataset for digit 0, 6, 8, 9, altogether 20000 digit shapes for output. 2000
images of digits from the s-MNIST-GRAY dataset for each digit, altogether 20000
digit images randomly pasted at 40x40 di erent locations in 300 di erent background
LSUN ‘classroom’ images for altogether 9600 million possible input examples.

2.5.2 Neural network training

We used the PyTorch platform [94] in order to implement the proposed networks (Sec. 2.4).
Training was performed on a 16 core workstation with two graphics cards (NIVIDIA GTX
1080Ti GPUs). The PyTorch training algorithms allow us to select various loss functions
and parameters.

To train the MNIST CNN classi er described in Section 2.4.2, we used a stochastic
gradient descent optimizer, a negative log-likelihood objective function, a batch size of
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64, a learning rate of 0.01 with momentum 0.5, and trained for 10 epochs. This achieved
a 98% accuracy, which we deemed su cient for our purposes in extracting the trained
convolutional layers for use in the encoder-decoder networks. In the case of the CIMEDNet
architecture, we also experimented with either freezing the convolutional layer weights or
training the entire network end-to-end. The results for these di erent training regimes are
cataloged in Table 2.1.

For training the encoder-decoder networks, we used the Adam optimizer [95] with a
learning rate of 0:0005 The batch size was set to 128 for weight updates. In order to
avoid learning plateaus, the optimizer parameters were reset to the initial values every 500
epochs. We halted the training if the best validation loss was unchanged after 60 epochs.
We retained the neural network parameters with the best validation result.

In all experiments with DMPs, the DMP representation of handwriting trajectories
comprised 25 radial basis functions for every dimension of the two-dimensional writing
trajectory. The weights of these basis functions form together with the joint time constant
(1 parameter) and the start and end points of a planar movement2 2 parameters) the
full set of 55 DMP parameters (2.6) that represent each handwriting motion.

In all experiments with normalized AL-DMPs, the normalized AL-DMP representation
of handwriting trajectories comprised 25 radial basis functions for every dimension of a
two-dimensional writing trajectory. The weights of these basis functions form together with
the start and end points of a planar movement and the initial derivatives @ 2 parameters)
the full set of 56 DMP parameters (2.20) that represent each handwriting path.

When training with the DMP trajectory loss function de ned in Eq. (2.36) or training
with the normalized AL-DMP path loss function de ned in Eqg. (2.60), the trajectories do
not need to be transformed into DMPs or normalized AL-DMPs. However, to compute
these loss functions, we needed to conduct temporal integration of the output parameters
for each training example. In addition, the gradients of the loss function must be computed
by integrating the di erential equations provided in Sec. 2.3. The most computationally
expensive part in these calculations is the calculation of the weighted sum of radial basis
functions. As this sum is the same across all di erential equations, it needs to be cal-
culated only once at each sampling step. Thus we ad®(n) computational complexity,
where n is the average number of time/spatial integration steps, to the initial computa-
tional complexity of training neural network directly with DMP or normalized AL-DMP
parameters.

For more e cient training, we pretrained a neural network using the DMP parameters
loss function (2.35) or the normalized AL-DMP parameters loss function (2.59) and then
used the newly proposed loss functions for additional training. When using the DMP or
AL-DMP parameters loss function, the gradient calculation is simpler and can be performed
using the built-in PyTorch functionalities. In this case, the gradients can be calculated
without integrating the di erential equations provided in Sec. 2.3. However, the training
trajectories must be transformed to DMPs or normalized AL-DMPs to compute these loss
functions.

The application of DMP trajectory and normalized AL-DMP path loss functions within
the PyTorch framework requires the implementation of new custom PyTorchautogradfunc-
tions, which should implement forward propagation and backpropagation for our custom-
designed loss function. The resulting DMPautograd function computes the DMP trajec-
tories by integrating di erential equation system (2.1) (2.3) in the forward propagation,
while for backpropagation the loss function gradients are computed by integrating dif-
ferential equations described in Sec. 2.3.1. The resulting normalized AL-DMRwutograd
function computes the normalized AL-DMP paths by integrating di erential equation sys-
tem (2.17) (2.19) in the forward propagation, while for backpropagation the loss function



2.5. Experimental Evaluation 39

gradients are computed by integrating di erential equations described in Sec. 2.3.2. We
use the Euler integration method in both cases of forward and backward propagation, but
more advanced Runge-Kutta methods could also be applied. We implemented two vari-
ants; rstly in Python for CPU utilization and secondly in C to exploit CUDA library for
GPU utilization.

2.5.2.1 Number of training parameters and avoidance of over tting

The number of parameters in our fully connected IMEDNet neural network for DMP
output is rather high, as it contains 6381335 free parameters, all of which have to be
calculated during the training. A high number of parameters slows down the training of
the neural network and could lead to over tting of the model. CNN architectures with
their parameter sharing usually achieve comparable performance with signi cantly fewer
parameters. Our rst CNN proposal was the CIMEDNet version without fully connected
layers in the encoder part. This architecture with its 27615 free parameters has drastically
fewer parameters than IMEDNet, but does not achieve the performance of IMEDNet (Sec.
2.5.4). However, the CIMEDNet version with fully connected layers in the encoder part
can match the IMEDNet performance and still has almost nine times fewer parameters
with its 720955 free parameters.

The training data without background typically consisted of 20000 data points, of
which 17000 were used for optimization and the rest for testing. In our experiments, the
dimension of the neural network DMP output was 55 as there were 55 DMP parameters.
Thus we obtained 17000*55 = 935000 equations. This number is higher than the number
of parameters in CIMEDNet (720955) but still less than the number of parameters in
IMEDNet (6381335). Thus the CIMEDNet optimization problem is overconstrained, which
is good to prevent over tting.

To avoid over tting, especially in the case of IMEDNet, we applied a standard tech-
nique that results in early stopping of the optimization process. This technique relies on
a criterion that measures the performance of the neural network in each validation step.
In the case of CIMEDNet, we also introduced a 0.5 dropout layer, which is located at
the boundary between the convolutional and the fully connected part. This reduces the
number of active parameters at each optimization step to 426955, which is much less than
the number of equations that are considered during training (935000). For CIMEDNet
without fully connected layers in the encoder part, the number of free parameters is even
reduced to 17815. Our results show that we achieve a reasonable degree of generalization
both with CIMEDNet and IMEDNet as they were able to replicate a-MNIST handwrit-
ing trajectories that were not in the training dataset. Thus the fact that the optimization
problem that needs to be solved for IMEDNet is underconstrained did not drastically in u-
ence the performance of IMEDNet. However, Fig. 2.18 shows that CIMEDNet converged
signi cantly faster.

When we experimented with inputs of dierent sizes (Sec. 2.5.7), we rst used the
variable input architecture CIMEDNet+ with only 8015 free parameters. This architec-
ture was not able to achieve the desired performance, so we proposed the VIMEDNet
architecture. The VIMEDNet architecture with its 642260 free parameters is close to the
number of parameters in the CIMEDNet architecture for the 40 40 pixel input size. In
these experiments we generated training inputs separately for each training period. We
pasted 14000 di erent digit shapes at locations in the area o0 40 pixels in 300 dif-
ferent background images. This results inl4000 300 40 40 = 6720 million possible
input images. Each input example provides 55 equations that together overconstrain the
optimization problem. Nevertheless, we used the validation stop as a control measure for
the over tting.
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In the same experiment, we also compared the CIMEDNet architectures trained for
di erent input sizes. Note that compared to CIMEDNet+ and VIMEDNet, CIMEDNet
cannot be trained on one size and used on another, but we have to generate and train
a neural network for each input size separately, which also changes the number of free
parameters depending on the input size. We have trained CIMEDNet for input sizes of
60 60 pixels with 8880815 free parameters80 80 pixels with 26640815 free parameters,
and 120 120pixels with 90980815 free parameters. The number of free parameters grows
exponentially with the increasing input size. However, due to the large amount of data we
provide with the generation of new combinations for each training epoch, the optimization
problem was still overconstrained in all cases.

When we use normalized AL-DMPs as output for training the neural network, its output
size is 56 instead of 55. Connecting an additional output neuron in the deep neural network
adds additional free parameters. Since the output neuron is connected with a weight to
each neuron in the previous layer, the number of additional free parameters is equal to the
number of neurons in the previous layer plus one bias parameter. In the case of IMEDNet
and CIMEDNet, the model with the additional output neuron gains 36 additional free
parameters (35 weights and 1 bias) and in the case of VIMEDNet, the model gains 46
additional free parameters (45 weights and 1 bias). At the same time, this one additional
output neuron provides one additional equation per training example, giving a total of
56 equations per training example for the entire model. With 16000 training examples,
the additional output neuron added 16000 equations to the number of total equations
considered during training. When we compare training with normalized AL-DMP loss
functions to training with DMP loss functions, we added 16000 additional equations for
training with normalized AL-DMPs and only 36 or 46 additional free parameters in the
model. This ensures that training with normalized AL-DMP loss functions is even more
overconstrained than training with DMP loss functions.

2.5.3 Evaluation of results

We used dynamic time warping [96] to compare the distance between DMP or normalized
AL-DMP paths, which were generated by the neural network, and the testing paths. Dy-
namic time warping computes the minimum spatial (image) distance between trajectories
that are being compared. With dynamic time warping we estimate the spatial overlap be-
tween the two trajectories regardless of their parameterization, which is the most relevant
measure when comparing writing trajectories. Note that we could not use dynamic time
warping to implement DMP trajectory loss function (2.36) and normalized AL-DMP path
loss function (2.60) because dynamic time warping does not result in a di erentiable loss
function.

Each testing path is sampled at equidistant points, with the sampling step s equal to
approximately 0.2 pixels, where the exact sampling step is computed di erently for each
path so that the path endpoints are always included. The constant sampling step is ne
because our data are synthetic and therefore do not contain noise.

In some experiments, we compared the DTW result for di erent parameters with sta-
tistical tests. We used a two-samplet-test in Section 2.5.5 and ANOVA with multiple
comparisons in Section 2.5.6. A two-samplé-test was conducted to compute if the di er-
ence between the mean values of the distance between trajectories (computed by dynamic
time warping) for the two di erent loss functions is statistically signi cant. The reported
t-value is the ratio of the observed di erence and the size of the variability in the data. The
higher the absolutet-value, the lower the p-value, where thep-value denotes the probabil-
ity that results have the same mean. In our experimentsp-value denotes the probability
that the di erence between the mean values of the distance between trajectories is not
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statistically signi cant.

A common statistical test to check whether the mean values of the results of di erent
experiments are equal or not is the analysis of variance (ANOVA). However, ANOVA only
checks whether the mean values are the same for all experiments or not. It provides no
further information about which individual pairs of test results mean values are di erent.

In order to nd statistically signi cant di erences between the mean values of DTW results
for di erent experiments, we applied two-way ANOVA based on the multiple comparisons
of experimental mean values with Tukey's honestly signi cant di erence criterion. We used
MATLAB functions from [97] to compute the described statistical tests.

2.5.4 Robustness of the proposed neural networks to noise

It is not trivial to design a good neural network architecture that is suitable for a certain
application. Small and simple neural networks might not have su cient representational
power for the problem that needs to be solved, whereas large and complex neural networks
are slow to train and might have problems with vanishing gradients. This can lead to bad
generalization results.

In this section, we present a study [98] performed to identify a suitable neural network
design for realizing a mapping of digit images to the corresponding handwriting trajec-
tories. We compared a fully connected neural network IMEDNet (Sec. 2.4.2) and two
di erent convolutional architectures of CIMEDNet (Sec. 2.4.1). Each of the CIMEDNet
architectures were trained with two separate training regimes in which the convolutional
layer weights were either frozen or the models were trained end-to-end, respectively. When
using the frozen convolutional layers, we pretrained these layers in the CNN digit classi er.

In the experiment we tested generalization results of neural networks on the same
type of data. We also evaluated the robustness of the proposed networks to noise when
generating standard DMPs. Noise robustness is one specially desired ability for the neural
networks that are used in real-world experiments (Sec. 2.5.8). In this set of experiments,
the simple DMP parameters loss function (2.35) was used. After training on the noiseless
s-MNIST dataset, each of the models was tested on all ve of the noiseless and noisy
s-MNIST datasets. The quantitative results are presented in Tab. 2.1, while qualitative
results for the selected samples are presented in Fig. 2.17.

As can be seen in Tab. 2.1, the CIMEDNet model that is trained end-to-end sig-
ni cantly outperforms the IMEDNet model on both the noiseless s-MNIST dataset and
on most of the noisy s-MNIST datasets. Only for the dataset with motion blur noise
are the mean values of the IMEDNet and CIMEDNet (end-to-end) results almost equal,
nevertheless the variance of the CIMEDNet results is still smaller. We believe that this
may be due to the fact that motion blur can signi cantly distort the overall object shape
and edge pro les. Given that convolutional neural networks function by exploiting hier-
archies of image lIters, which are often heavily represented by edge detectors, this may
impact on their e ectiveness in such circumstances. The CIMEDNet that was trained
with frozen convolutional layers also fared well, beating the IMEDNet model on the same
noisy datasets despite not scoring as well on the noiseless dataset. This indicates that the
feature detectors in the convolutional layers allow for more robust generalization whereas
fully-connected layers are more inclined to over t.

The qualitative results in Fig. 2.17 are also interesting. Here, only results for the
IMEDNet model and the best-performing CIMEDNet model that was trained end-to-end
are shown for comparison on the selected samples from the noiseless s-MNIST dataset
and three of the noisy datasets: s-MNIST-AWGN-19.0-SNR, s-MNISTAWGN-9.5-SNR
and s-MNIST-MB. The trained neural networks often perform surprisingly well given that
they were not trained or ne-tuned on the noisy data. Both neural networks produce
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Figure 2.17: Example results for two di erent neural networks: IMEDNet in the four
leftmost columns and CIMEDNet in the four rightmost columns, presented on various
di erent noise pro les of the s-MNIST data. Columns 1 and 5 show results for each of
the two models on s-MNIST without any noise, columns 2 and 6 show results for AWGN
noise with a signal-to-noise ratio of 19.0, columns 3 and 7 show results for AWGN noise
with a signal-to-noise ratio of 9.5 and columns 4 and 8 show the results for motion blur
noise. The original trajectories are shown in blue, while the DMP trajectories calculated
by the networks are shown in red. Test inputs in matching dataset columns are identical
for comparison. None of the presented samples or noisy datasets were used for training.
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Table 2.1: DMP reconstruction statistics for comparing robustness of di erent neural net-
work architectures to noise. The results are in pixels. The best result for each dataset is
highlighted in boldface.

s-MNIST sS-MNIST
AWGN AWGN s-MNIST | s-MNIST
s-MNIST 19.0-SNR 9.5-SNR MB RC-AWGN

IMEDNet 0:215 0:559 1:660 0:354 2:323
(End-to-End) 0:083 0:198 0:597 0:146 0:765
CIMEDNet -
fully conv. enci  :354 0:605 1:789 0:465 2:320
(Frozen Conv.) 0:201 0:332 0:921 0:281 0:947
CIMEDNet -
fully conv. enc 0:554 0:861 2:046 0:668 2:956
(End-to-End) 0:420 0:532 0:937 0:488 1:.072
CIMEDNet 0:262 0:541 1:476 0:473 2:185
(Frozen Conv.) 0:103 0:200 0:546 0:245 0:756
CIMEDNet 0:194 0:358 1:017 0:357 1:935
(End-to-End) 0:076 0:139 0:447 0:124 0:657

highly legible writing trajectories that closely match the actual trajectories in the case of
the s-MNIST-MB dataset. The CIMEDNet model is demonstrably superior to IMEDNet
in many cases with the s-MNIST-AWGN-19.0-SNR and s-MNIST-AWGN-9.5-SNR data,
producing much more legible results and demonstrating the robustness of the convolutional
layers in dealing with even extremely high noise levels.

From the experimental results we have concluded that for the following experiments,
two network designs are best suited, IMEDNet and CIMEDNet with fully connected layers
in the encoder part, which is trained end-to-end.

2.5.5 Performance of the proposed DMP-based loss functions

First we compare DMP parameters loss function (2.35) and DMP trajectory loss function
(2.36), which were both used for training of neural networks that output DMP param-
eters. The rst objective function directly compares the DMP parameters, which have
no physical meaning, whereas the other objective function compares the distance between
the training trajectories and the DMP-generated trajectories. In these experiments, we
used the IMEDNet and the second version of CIMEDNet architectures. They were chosen
because of their robustness to noise as demonstrated in Section 2.5.4. We trained the four
possible combinations of neural network architectures and loss functions on both s-MNIST
and a-MNIST dataset.

In the case of the s-MNIST dataset, we used 1700 training pairs of images and writing
trajectories for each digit, which altogether makes 17000 training pairs. For testing, we
used 300 pairs of images and writing trajectories per digit, altogether 3000 for the whole
test dataset. For training with the a-MNIST dataset, we used 8190 pairs of images and
writing trajectories per digit, whereas for testing, 3000 pairs were used.

The progress of the training process is shown in Fig. 2.18, which depicts the convergence
of training and validation errors. The graphs show that IMEDNet needs at least twice as
many epochs for both loss functions and for both data sets until convergence.
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Table 2.2: DMP reconstruction statistics for DMPs computed by IMEDNet and CIMED-
Net trained by loss functions (2.35) and (2.36) using s-MNIST and a-MNIST dataset,
respectively. Dynamic time warping was used to compute the pixel distance between the
DMP-generated and test trajectories. The bottom row shows the results of-test for both
loss functions, which proves that the di erence is statistically signi cant. These results
were calculated using test samples that were not used for training.

s-MNIST a-MNIST
IMEDNet
DMP parameters
loss function (2.35) 0:215 0:084 0:322 0:137
DMP trajectory
loss function (2.36) 0:134 0:045 0:231 0:104
t-test comparison results | (5998) = 46:83; | t(5998) = 29:12;
p < 0:001 p < 0:001
CIMEDNet
DMP parameters
loss function (2.35) 0:194 0:076 0:389 0:183
DMP trajectory
loss function (2.36) 0:131 0:063 0:319 0:142
t-test comparison results £(5998) = 35:37: | 1(5998) = 17:82;
p < 0:001 p < 0:001

The statistics of reconstruction quality are shown in Tab. 2.2. The results obtained
with both datasets and both network architectures con rmed that by using the physically
meaningful DMP trajectory loss function (2.36), we obtain signi cantly better results than
with the simpler DMP parameters loss function (2.35). Results of thet-test for both
datasets are shown in separate rows of the table.

Note that errors for the a-MNIST dataset are larger than errors for the s-MNIST
dataset. This is the consequence of there being more complex shapes present inside the
a-MNIST dataset. Even though the a-MNIST dataset contains just two di erent digits
compared to the ten digits inside the s-MNIST dataset, the a-MNIST dataset is not only
more complex in terms of trajectory shape but also contains digits with di erent line
width compared to constant width lines in the s-MNIST dataset. Variation of the line
width lowers the usefulness of each trained convolutional kernel on di erent examples,
which led to better performance of IMEDNet compared to CIMEDNet for the a-MNIST
dataset.

The analysis of results for the a-MNIST dataset presented in Fig. 2.19 shows that the
CIMEDNet network can compute a good approximation of the handwriting motion, even
if they are qualitatively not as good as the results for the s-MNIST dataset presented in
Fig. 2.20.
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Figure 2.18: Convergence of training and validation errors for evaluation of DMP-based loss
functions. We present results for IMEDNet and CIMEDNet, both applied to the s-MNIST
and the a-MNIST dataset. In all cases the training was stopped when the validation error
has not dropped for 60 consecutive epochs.
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Figure 2.19: Example reconstruction results for digits from the a-MNIST dataset. The
manually generated and transformed trajectories are shown in blue, while the DMP tra-
jectories calculated by the CIMEDNet are shown in red. These data were used only for
testing, not for training. Hence these results demonstrate the generalization performance
of the proposed encoder-decoder network.
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Figure 2.20: Example synthetic data showing the images of digits and the corresponding
handwriting trajectories. The original trajectories are shown in blue, while the DMP
trajectories calculated by CIMEDNet are shown in red. CIMEDNet is able to reconstruct
handwriting trajectories well even though these images and trajectories were not used for

training.
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2.5.6 Comparing performance of the proposed DMP-based and normal-
ized AL-DMP-based loss functions

Next we compare the e ectiveness of two di erent motion representations, DMPs and
normalized AL-DMPs, for the generation of writing trajectories with deep neural networks.
We used 4 dierent loss functions to train the neural networks; DMP parameters loss
function (2.35) and DMP trajectory loss function (2.36) for networks generating DMP
parameters and normalized AL-DMP parameters loss function (2.59) and normalized AL-
DMP path loss function (2.60) for networks generating normalized AL-DMP parameters
as output.

For evaluation, we used the s-MNIST(0,6,8,9) dataset, this is a dataset limited to 4
digits: 0, 6, 8, and 9. The reason for this is that arc-length DMPs cannot represent
trajectories with sharp corners because sharp corners cause discontinuities in arc-length
derivatives. While this limitation could be overcome by segmenting digits with sharp
corners into parts without sharp corners, this would not make a signi cant contribution to
the understanding of the e ectiveness of both representations.

Although CIMEDNet contains signi cantly less parameters than IMEDNet, the per-
formance of both network architectures was similar when using the same representation
and loss function. Note, however, that CIMEDNet can be trained signi cantly faster than
IMEDNet.

The results are shown in Tab. 2.3. These results show the distance of the writing
trajectories generated by DMPs and AL-DMPs, which were computed by the respective
neural networks, to the writing trajectories from the testing data using the dynamic time
warping algorithm. For the statistical test we used ANOVA with multiple comparisons.

The best results were obtained when using normalized AL-DMP path loss function
(2.60) and the second best results with DMP trajectory loss function (2.60). The reason
for this is the same as in the previous experiment for the DMP representation. Unlike
normalized AL-DMPs parameters loss function (2.59), which measures the distance be-
tween the normalized AL-DMP parameters that have no physical meaning, normalized
AL-DMP path loss function (2.60) measures the real spatial distance between the digits.
The performance of normalized AL-DMP is better because the timing of motion does not
a ect the result. Consequently, in the normalized AL-DMP representation, the points
are evenly distributed along the path, whereas in the DMP representation, the trajectory
points are spatially more distant and less numerous in parts with high velocity. Thus the
precision of approximation is lower with DMP-based neural networks in high velocity parts
of trajectories because there are less sampling points.

While the performance of estimation with normalized AL-DMP parameters loss func-
tion (2.59) and its DMP equivalent DMP parameters loss function (2.35) was worse for
both network architectures, the DMP representation outperformed the normalized AL-
DMP representation in this case. We believe that this reversal of performance is due to
the additional parameters of normalized AL-DMPs, i. e. the starting velocities, which have
a di erent scale than position parameters and must be normalized. Since there are more
parameters in normalized AL-DMPs, such scaling problems negatively a ect the perfor-
mance of networks with AL-DMP outputs compared to the networks with DMP outputs.

The above results already show the advantages of AL-DMPs in combination with path
loss function (2.60) over standard DMPs. But the most important advantage of AL-
DMPs is their independence from the temporal schedules. When the proposed neural
networks are trained using data with inconsistent temporal schedules, e.g. temporally
scaled s-MNIST(0,6,8,9)-VTS data, DMP-based neural networks are no longer able to learn
handwritten digits precisely, as evident from Table 2.3. On the other hand, the results of
normalized AL-DMPs are not a ected by temporal inconsistencies at all. The results are by
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Table 2.3: Reconstruction statistics for neural networks with DMP and normalized AL-
DMP parameters at the output when using di erent loss functions. The results are in
pixels. Result pairs that are not statistically signi cantly di erent ( p > 0:001) are marked
with * or **.

s-MNIST(0,6,8,9) s-MNIST(0,6,8,9)-VTS
IMEDNet
DMP parameters
loss function (2.35) 0:116 0:028* /
DMP trajectory
loss function (2.36) 0:088 0:016** 2:279 0:486
Normalized AL-DMP parameters
loss function (2.59) 0:264 0:.074 /
Normalized AL-DMP path
loss function (2.60) 0:059 0:.014 0:059 0:014
CIMEDNet
DMP parameters
loss function (2.35) 0:116 0:.029* /
DMP trajectory
loss function (2.36) 0:091 0:020** 2:220 0516
Normalized AL-DMP parameters
loss function (2.59) 0:182 0:087 /
Normalized AL-DMP path
loss function (2.60) 0:066 0:017 0:066 0:017

an order of magnitude better with normalized AL-DMPs than with DMP-based networks
in this case.

The progress of the training process is illustrated in Fig. 2.21, which shows the conver-
gence of training and validation errors. The training process on the s-MNIST(0,6,8,9)-VTS
dataset for loss functions based on normalized AL-DMPs is not shown because it is the
same as for s-MNIST(0,6,8,9). If we look at the error of DMP trajectory loss functions
for both neural networks trained on s-MNIST(0,6,8,9)-VTS, we can already suspect the
poor generalization shown in Table 2.3 from the di erence and step divergence between
the validation and training results.

In the previous experiment, we have already trained IMEDNet and CIMEDNet with
the DMP parameters loss function and the DMP trajectory loss function on the s-MNIST
dataset with all ten digits. By comparing these results (Tab. 2.2) with the results of
this experiment, in which we trained both neural networks and loss functions on the s-
MNIST(0,6,8,9) dataset with only four digits, we can con rm the expected trend that a
simpler dataset with only four digits and more examples per digit gives better training
results.

Fig. 2.22 presents the CIMEDNet reconstruction results for training with the DMP
trajectory loss function and the normalized AL DMP path loss function. The DMP tra-
jectories (blue crosses) or normalized AL-DM paths (red x-s) generated by CIMEDNet are
plotted with points to show the di erence between their spatial distributions. Uniformly
time-distributed points of DMP trajectories have a high spatial density near the start and
end point of the trajectory where velocity is low. In this area, the di erences between the
original trajectories (green dotted line) and the DMP trajectories are small because the
high number of points on these trajectory sections gives priority to these sections during
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training. This has a negative e ect on the high-speed sections of the trajectories. Due
to the lack of points, these sections are less important for optimization during training.
These sections show larger deviations between the original trajectories and the trajectories
generated by the neural network. This problem becomes even more evident with the results
of our previous DMP trajectory experiment presented in Fig. 2.20, where the trajectories
usually have a really good precision at the beginning and the end of the trajectory, but the
largest deviation is in the middle of the trajectories. The normalized AL-DMP path in Fig.
2.22 has spatially evenly distributed points and a more constant shape deviation over the
entire trajectory, which lowers the average error of the entire trajectory. This advantage
of the normalized AL-DMP framework over the DMP framework is also noticeable when
comparing results in Fig. 2.23 and 2.24 in Sec. 2.5.7.

DMP trajectories trained on s-MNIST(0,6,8,9)-TS (magenta circles) still have good
predictions of start and end points because these DMP parameters are not dependent on
temporal course of motion. Where the DMP trajectory loss function fails is the prediction of
DMP weights. DMP weights encode the shape of the trajectory. Even if the general shape
of the digit is still recognizable, the accuracy is far worse than in any other experiment.
In contrast to this, in the case of CIMEDNet training with normalized AL-DMP path
loss function using s-MNIST(0,6,8,9)-TS dataset, the temporal scaling does not a ect the
spatial weights and the results are consistent with previous results of training with s-
MNIST(0,6,8,9) (red x-s).
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Figure 2.21: Convergence of training errors (solid lines) and validation errors (dashed lines)
for comparing DMP-based and normalized AL-DMP-based loss functions. We present
results for IMEDNet and CIMEDNet, both trained on datasets s-MNIST(0,6,8,9) and s-
MNIST(0,6,8,9)-VTS with loss functions based on DMPs and normalized AL-DMPs. In all
cases, the training was stopped when the validation error did not drop for 60 consecutive
epochs.
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Figure 2.22: CIMEDNet reconstruction results for training with DMP trajectory and nor-
malized AL-DMP path loss functions. The original trajectories for digits O, 6, 8, 9 are
shown in green dashed line, while the points on the normalized AL-DMP paths gener-
ated by the CIMEDNet trained with loss function (2.60) and s-MNIST(0,6,8,9) are shown
with red x. These data were used only for testing, not for training. CIMEDNet trained
with DMP trajectory loss function (2.36) generated DMP trajectories presented with blue
crosses when trained on s-MNIST(0,6,8,9) and DMP trajectories presented with magenta
circles when trained on s-MNIST(0,6,8,9)-TS.
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2.5.7 Using input images of di erent sizes

In the next experiment, we tested the performance of di erent neural network architectures
when processing di erent size digit images with a background. For training, we used DMP
trajectory loss function (2.36) when the network's outputs were DMP parameters and
normalized AL-DMP path loss function (2.60) when the network's outputs were normalized
AL-DMP parameters. We used the s-MNIST datasets with a background for training (see
Section 2.5.1.3). These datasets contained background images of a xed siZ&0( 80)
with digit images of 40 40 pixels pasted on the background at random locations. Thus,
a signi cant portion (75 %) of each digit image contained a background. In the rst
experiment, we used only DMPs for training. Therefore, we could use a datas&-MNIST
with backgroundin which the pasted digit images of40 40 pixels contained all ten digits.
In the second experiment, in which we also compared training with DMPs and training
with normalized AL DMPs on neural networks with variable input sizes, we were limited
to digits 0, 6, 8, 9 because of AL-DMPs. In this case, we used datase&sMNIST(0,6,8,9)
with backgroundand S-MNIST(0,6,8,9)-VTS with background The background images
used for training were di erent from the ones used for testing.

Results in Tab. 2.4 for training with DMP trajectory loss function (2.36) show that
the performance of VIMEDNet is for an order of magnitude better than the CIMEDNet+.
As is also evident from Fig. 2.23, the VIMEDNet is able to successfully reproduce good
quality writing movements for all tested image sizes, even if it was trained only on the
80 80 pixel images.

For comparison, we also trained and tested the initial CIMEDNet architecture on the
datasets with di erent image sizes and backgrounds. As the CIMEDNet cannot deal with
variable size images, we had to train a di erent neural network for each image size. The
results in Tab. 2.4 show that the performance of CIMEDNet is good for small inputs.
However, as the input image size increases, the performance drops drastically because of
the transition layer between convolution and fully connected layers in the encoder. The
number of parameters in this layer depends quadratically on the input size, which makes
training more di cult with larger inputs. The increasing number of parameters also slows
down training and requires more GPU memory during training.

We repeated the same experiment for all network architectures. Only this time, in
addition to training with the DMP trajectory loss function (2.36), we also trained with
the normalized AL-DMP path loss function (2.60), either on S-MNIST(0,6,8,9) with back-
ground or S-MNIST(0,6,8,9)-VTS with background datasets. The results of the experiment

Table 2.4: Reconstruction statistics for input images of di erent sizes for neural networks
trained with DMPs and S-MNIST with background The size of the test set is 3000 and
the results are in pixels.

CIMEDNet+ VIMEDNet CIMEDNet
60 60 2:530 1:414 0:319 0:109 0:494 0:189
80 80 2:528 1:410 0:287 0:092 4:004 1:996
120 120 2:529 1:408 0:277 0:079 4:930 1:119
200 200 2540 1414 0:277 0:087 /
360 360 2:533 1412 0:280 0:112 /
680 680 2:535 1:409 0:281 0:108 /
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are displayed in Tab. 2.5. Since the variable time scaling of the trajectory does not in u-
ence the results from training with the normalized AL-DMP path loss function, we present
the results for both data sets together in the rst part of the table. The results for training
with the DMP trajectory loss function are presented separately in the second and third
part.

Results for training with both loss functions on S-MNIST(0,6,8,9) with background
con rm the result of the experiment with the DMP trajectory loss function from Tab. 2.4.
CIMEDNet+ and VIMEDNeEet, trained on 80 80 pixel input images, are able to reproduce
trajectories computed from input images of di erent sizes. As expected, the general results
in Tab. 2.5 are better than in Tab. 2.4 as a consequence of the simpler training dataset.
CIMEDNEet, trained separately for each input size, is well suited for small output sizes, but
its performance decreases signi cantly as the input size starts growing. The VIMEDNet
has a better performance than the CIMEDNet+, but the di erence between them when
using normalized AL-DMP path loss function is smaller than in the experiment with DMPs
trajectories. Nevertheless, the VIMEDNet performance slightly degrades as the di erence
between the training and test image size increases. This could be the consequence of gen-
erating training backgrounds by resizing the original images, thus dropping the resolution
and reducing the amount of detail contained in the training images.

If we further compare the results of training with the normalized AL-DMP path loss
function and the results of training with the DMP trajectory loss function, we can see

Table 2.5: Reconstruction statistics for input images of di erent sizes for neural networks
trained with normalized AL-DMPs. The size of the test set is 3000 and the results are in
pixels.

CIMEDNet+ VIMEDNet CIMEDNet
N 60 60 0:223  0:086 0:146 0.049 | 0:247 0:093

%gég 80 80 0:222 0:086 0:138 0:043 | 0:419 0:164

25§ 120 120 0:223 0:087 0:135 0:041 | 2:919 2:239

gzgg 200 200 0:225 0:100 0:136 0:043 /

ETZ% 360 360 0:223 0:084 0:138 0:050 /

= b 680 680 0:225 0:088 0:139 0:049 /

A 60 60 1:561 0:720 0:149 0077 | 0:477 0:198
§§§§ 80 80 1:559 0:718 0:136 0:074 | 0709 0:261
§_§§% 120 120 1:556 0:720 0:134 0:061 | 5640 1:042
S 200 200 1:568 0:736 0:139 0:089 /

° s 360 360 1:556 0:717 0:166 0:162 /
680 680 1:553 0714 0:199 0:215 /

? 60 60 3:086 1:005 2:398 0554 | 2:223 0:472
22t 80 80 3:140 1:027 2:347 0496 | 4:613 1761
§§§% 120 120 3189 1:046 2:326  0:483 | 5271 1018
Qghs 200 200 3260 1:067 2:325 0:481 /
523 360 360 3233 1.041 2:324 0:475 /

? 680 680 3159 1:044 2:317 0:474 /
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that the results of CIMEDNet+ and CIMEDNet are better for normalized AL-DMPs.
This is the consequence of the already mentioned advantages of the normalized AL-DMP
path loss function. For VIMEDNet, the results for both loss functions in the range of
60 60to 200 200 pixels are almost the same. Nevertheless, VIMEDNet trained with
the normalized AL-DMP loss function has a better generalization performance between
di erent input sizes and is able to keep relatively good performance also to input sizes of
680 680

When comparing the results of training neural networks with variable size input im-
ages with DMP trajectory loss function or normalized AL-DMP path loss function on
s-MNIST(0,6,8,9)-VTS in Tab. 2.5, we again con rm the advantages of AL-DMPs in com-
bination with path loss function (2.60). Their independence from the temporal schedules
enables training with inconsistent temporal schedules when DMP-based neural networks
are no longer able to learn handwritten digits precisely. The results are again by an order
of magnitude better with normalized AL-DMPs than with DMP-based networks.

As evident from Fig. 2.24, the VIMEDNet trained with the normalized AL-DMP path
loss function is able to successfully generate writing trajectories for all tested image sizes.
When comparing AL-DMP paths with the DMP-generated paths in Fig. 2.23, we can
again notice the problem of the DMP trajectory loss function, which is more optimized at
the start and the end of the trajectory, while in the middle of the trajectory, the deviation
from the original shape is larger. The deviations of AL-DMP path from the original path
are more evenly distributed throughout the whole digit shape.

The progress of the training process is shown in Fig. 2.25, where the convergence of
training and validation errors are presented. The VIMEDNet has the fastest and most
persistent convergence. If we look at the training progress of CIMEDNet architectures
with xed-size inputs, we can see that with the increasing size of input images, the learning
ability of CIMEDNet decreases to the level that it can learn almost nothing. This is the
consequence of the increasing size of the transition layers between the convolutional and
the fully connected part of the neural network. Not only does the number of parameters
increase, but also the area of the paper with a digit becomes much smaller than the image
size. This means that for each example, the relevant information that ows through the
large transition layer only passes through a few local neurons. Compared to CIMEDNet
with 60 60 input, in CIMEDNet with 120 120 input, the individual neurons in the
transition layers activates in less training examples. The same is true for the relevant
gradient update during learning. This slows down or even e ectively stops the learning
process.
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Figure 2.23: Visualization of writing trajectories generated by VIMEDNet trained with
DMP trajectory loss function. The network can process images of di erent sizes at inputs.
In this experiment, 40 40 digit images were pasted ont®60 60,80 80;120 120 200
200 360 360and 680 680 pixel background images. The neural network was trained
with 80 80 pixel images.



2.5. Experimental Evaluation 57

Figure 2.24: Visualization of writing trajectories generated by VIMEDNet trained with

normalized AL-DMP path loss function. In this experiment, 40 40 digit images were
pasted onto60 60;80 80;120 120,200 200 360 360and 680 680 pixel background
images. The neural network was trained with80 80 pixel images.
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Figure 2.25: Convergence of training errors (solid lines) and validation errors (dashed
lines) when processing input images of di erent sizes. The results for training ve di erent
neural network architectures on s-MNIST(0,6,8,9) with a background dataset are shown.
In all cases, the training was stopped when the validation error stopped dropping for 60
consecutive epochs.
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2.5.8 Experiment with real robot images

The goal of this experiment was to show to the robot real handwritten digits on a piece of
paper. The robot should reproduce the digit by writing it on the prepared sheet of paper.
For each neural network, we performed two sets of experiments. In the rst experiment, we
trained CIMEDNet and VIMEDNet with the DMP loss function (2.36), and in the second
experiment, we trained both neural networks with the normalized AL-DMP loss function
(2.60).

We evaluated the performance of CIMEDNet and VIMEDNet on real input images that
were taken by the TALOS humanoid robot [99]. TALOS is a human-size humanoid robot
developed by PAL Robotics, with 32 degrees of freedom, equipped with several sensors
including RGB-D camera, IMU, force-torque sensors on its wrists and ankles and torque
sensors inside its joints. It runs the Robot Operating System (ROS) [100] and comes with
the robot dynamic simulation Gazebo [101], which o ers initial testing before using the real
robot. In these experiments, the images were taken by TALOS's on-board camera. Using
real images as input, both neural network architectures generated DMPs or normalized
AL-DMPs as output (see Fig. 2.26). The writing trajectories computed by the respective
neural network were used to generate the handwriting movements on TALOS.

When we used neural networks with DMP parameters as output, the generated trajec-
tories already contain the temporal information that is necessary to execute the generated
trajectories on the robot. In the case of neural nets with normalized AL-DMP parameters,
the generated path represents only the spatial part of the trajectory. To execute it on the
robot, we added the temporal part of the robot motion as described in Section 2.1.5.

VIMEDNet can reproduce digits from camera images of any size. However, the size
of subimages containing the digits must be similar as in the training data. On the other
hand, with CIMEDNet, both the size of input images and the size of subimages containing
the digits must be similar as in the training data. This is a severe limitation of CIMEDNet
because one cannot simply rescale camera images to a smaller size. By doing so, the digit
size becomes too small and the digit is no longer recognizable. To overcome this issue, we
generated inputs for CIMEDNet by processing real camera images with standard computer
vision algorithms in order to detect the area containing the digit in the acquired image.
The extracted subimage was then resized to the image size for which CIMEDNet had been
trained (40 40 pixels).

For experiments with CIMEDNet (left column in Fig. 2.26), we pasted a piece of
paper with a handwritten digit on a whiteboard in front of the robot. We used images
of digits pasted on the whiteboard where segmentation is easier than with more complex
backgrounds. The acquired camera images were converted to grayscale images. Canny
edge detector was then applied. Next we searched through extracted edges to detect
closed contours with the shape of a parallelogram and having the appropriate size. The
content of the detected parallelogram was then converted to a square shape using a ne
transformation and resized to40 40 pixel images required for the CIMEDNet input. The
resulting image was then further processed to reduce the in uence of lighting. Next, the
image was thresholded to obtain a binary image. In the end, we dilated the image with
the kernel of size 2 to closely match the width of the pen used by the human writer to the
width of the digits in the training dataset.

The processed images were used as input to CIMEDNet, which was trained to return
DMP or normalized AL-DMP parameters of the associated writing trajectories. The hand-
writing trajectories were speci ed in image coordinates (pixels). We transformed them into
robot base coordinates, taking into account the actual paper size. The transformed tra-
jectories were executed with a robot arm in the horizontal plane with constant height and
orientation of the hand (shown in Fig. 2.27). The trajectory was executed with position
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Figure 2.26: Comparison of the experimental setup for testing the CIMEDNet (left) and
VIMEDNet (right) neural network architecture. For CIMEDNet, a paper sheet with a
handwritten digit is pasted onto a board in front of the robot, the input to the neural
network is extracted from the robot camera image using computer vision algorithms (red
arrow) and the resized extracted image is used as input. For VIMEDNet, a sheet of paper
with a handwritten digit is attached to the rod on the robot's left side, the acquired robot
camera image is resized and then used directly as input.

control and the desired force of the pen on the paper was ensured with a spring behind
the pen in the holder.

Both CIMEDNet architectures used in the experiment with real robot images were
taken directly from the previous experiments: CIMEDNet trained with s-MNIST and loss
function (2.36) from the experiment in Section 2.5.5 and CIMEDNet trained with s-MNIST
(0,6,8,9) and loss function (2.60) from the experiment in Sec. 2.5.6.

To evaluate the performance of VIMEDNet on real-world data, we attached the hand-
written digit to a rod placed on the left side of the robot, as shown in the right column of
Fig. 2.26. The VIMEDNet used in this experiment was trained with data described at the
end of Sec. 2.5.1.3, i.e. modi ed s-MNIST with a background dataset. For training with
the DMP loss function (2.36), we used modi ed s-MNIST with all ten digits (s-MNIST-
GRAY with background, and for the normalized AL DMP loss function (2.60), we used
the dataset with only digits 0, 6, 8 and 9 -MNIST(0,6,8,9)-GRAY with background).

The current version of VIMEDNet cannot deal with scaled images of digits. This means
that while the size of the input image is arbitrary, the size of the subimage containing the
sheet of paper with a digit must be approximately40 40 pixels. This is because the
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network is trained on 80 80 pixel images with the digit subimage size o#40 40 pixels.
We made sure that this was the case in images used in our experiments. Trajectories
generated by the neural network were executed in the same way as in the rst experiment.

The robot-written digits generated by both neural networks trained on DMPs are shown
in Fig. 2.28. Comparing the human-written digits with digits written by a robot using
DMPs computed by the CIMEDNet neural network, we observe that the CIMEDNet net-
work is capable of good handwriting reproduction. If we compare the handwritten digits
(white papers) with robot-written digits (yellow paper), we can see that CIMEDNet is
capable of good trajectory reproduction especially with straight lines as in digits 1, 4,
7 and parts of 2 and 5. Angles and lengths of straight lines are reproduced with good
precision. Results are a little worse for curves, especially if we look at digit 0. Still, the
starting points and general shapes of curves can be reproduced with good precision for
digit 6. The problems with curve reproduction occur due to the synthetic dataset used for
training. Human-like straight lines are easily produced in synthetic dataset generation, but
this is not the case for human-written curves. In synthetic dataset, we used just elliptic
curves for curves generation, but the elliptic curves are often not a good representation for
human-written curves.

On grey sheets of paper, we can see the results of writing trajectories output by VIMED-
Net. VIMEDNet was also able to reproduce the handwritten digits, but the reproduction
quality is signi cantly worse. VIMEDNet generally recognizes the digit, but the precision
of trajectory reproduction is worse by an order of magnitude compared to CIMEDNet.
This is because CIMEDNet received segmented digits and thus had better data to work
with. As shown in Section 2.5.7, VIMEDNet would outperform CIMEDNet if given the
same data.

The robot-written digits generated in the experiment with normalized AL-DMPs are
shown in Fig. 2.29. Normalized AL-DMPs are only able to write smooth trajectories,
so we used only the examples of human-written digits 0, 6, 8 and 9. If we compare the
human-written digits with digits written by a robot using normalized AL-DMPs calculated
by CIMEDNet, we nd that CIMEDNet is able to reproduce the handwritten digits well.

If we compare the robot-written digits generated by CIMEDNet outputting DMPs (in
Fig. 2.28) and the robot-written digits generated by CIMEDNet outputting AL-DMPs
(in Fig. 2.29), we can observe better results for AL-DMPs. The reasons for this are the
better training performance already demonstrated in Section 2.5.6 and also the fact that
the training dataset for normalized AL-DMPs contains only 4 di erent digit forms, which
allows better specialization of the neural network.

When comparing the human-written digits with digits written by a robot using nor-
malized AL-DMPs computed by VIMEDNet, we observe that VIMEDNet was also able
to reproduce the handwritten digits, but the reproduction quality is not as good as when
using the CIMEDNet network. Still, the reproduction of human-written digits 0, 6, 8 and
9 is better than with VIMEDNet trained with DMP framework (in Fig. 2.28).






	Title
	Acknowledgments
	Abstract
	Povzetek
	Contents
	List of Figures
	List of Tables
	Abbreviations
	Symbols
	1 Introduction
	1.1 Review of the Relevant Scientific Field
	1.2 Thesis Purpose, Goals and Hypothesis
	1.3 Thesis Outline

	2 Deep Neural Networks for the Generation of Trajectories/Paths from Images
	2.1 Trajectory/Path Representations
	2.1.1 Dynamic movement primitives
	2.1.2 Arc-length dynamic movement primitives (AL-DMPs
	2.1.3 Normalized arc-length dynamic movement primitives
	2.1.4 Estimation of normalized AL-DMPs
	2.1.5 Execution of normalized AL-DMPs

	2.2 Datasets for Training Deep Image-to-Motion Encoder-Decoder Networks
	2.3 Loss Functions and Calculation of their Gradients
	2.3.1 Loss functions for training neural networks with DMP parameters as output
	2.3.2 Loss functions for training neural networks with normalized AL-DMPs as output

	2.4 Deep Neural Network Architectures
	2.4.1 Fully-connected encoder-decoder architecture
	2.4.2 Convolutional encoder-decoder architectures
	2.4.3 Convolutional encoder-decoder architectures for variable size input images

	2.5 Experimental Evaluation
	2.5.1 Datasets
	2.5.1.1 Annotated MNIST (a-MNIST)
	2.5.1.2 Synthetic MNIST (s-MNIST)
	2.5.1.3 Synthetic MNIST with background

	2.5.2 Neural network training
	2.5.2.1 Number of training parameters and avoidance of overfitting

	2.5.3 Evaluation of results
	2.5.4 Robustness of the proposed neural networks to noise
	2.5.5 Performance of the proposed DMP-based loss functions
	2.5.6 Comparing performance of the proposed DMP-based and normalized AL-DMP-based loss functions
	2.5.7 Using input images of different sizes
	2.5.8 Experiment with real robot images


	3 Robot Skill Learning in Latent Space of a Deep Autoencoder Neural Network
	3.1 DMP Latent Space Representations
	3.1.1 DMP parameter space
	3.1.2 Autoencoder-based latent space
	3.1.3 PCA-based latent space

	3.2 Learning Algorithms
	3.2.1 Reward-weighted policy learning with importance sampling
	3.2.2 Gaussian Process Regression

	3.3 Learning in AE- and PCA-Based Latent Spaces
	3.3.1 Reinforcement learning in latent spaces
	3.3.2 Gaussian Processes Regression in latent spaces

	3.4 Experimental Setup
	3.4.1 Generation of simulated ball throwing trajectories for training
	3.4.2 Generating AE and PCA-based latent spaces
	3.4.3 Dataset for statistical learning

	3.5 Experimental Results
	3.5.1 Reproduction error of AE- and PCA-based latent spaces
	3.5.2 Reinforcement learning experiments
	3.5.2.1 Dynamic simulation
	3.5.2.2 Real robot experiments

	3.5.3 Evaluation of statistical learning in latent spaces
	3.5.3.1 Performance of GPR
	3.5.3.2 Incremental dataset augmentation



	4 Conclusions
	References
	Bibliography
	Biography

