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Abstract 

Of our main interest in this work is the stabilization of assemblies of topological defects 
(TDs) in liquid crystals (LCs). Due to the topological origin of TDs, the physics of defects 
is of interest for all branches of physics, including condensed matter systems, particle 
physics, and cosmology. LCs represent an ideal testbed for the physics of TDs. In the 
thesis, we mainly focus on the impact of chirality and different nanoparticles (NPs) on the 
stability and positioning of assemblies of TDs. The thesis research activities include 
experimental measurements, theoretical modeling, and numerical simulations. In the 
experimental part, we focus on the preparation of mixtures of magnetic NPs and CE8 LC. 
Further, using polarized optical microscopy (POM) and high-resolution calorimetry, the 
stabilization of Blue Phase (BP) and Twist Grain Boundary A (TGBA) phases have been 
studied. In theoretical modeling, we use Landau-de Gennes-Ginzburg's mesoscopic 
approach in terms of nematic tensor and smectic complex order parameters.  

We first consider the impact of chirality and saddle-splay elasticity on the 
stabilization of multiple-twisted structures in nematic LCs. For this purpose, we used the 
Frank-Oseen approach, where the nematic order is described solely by the nematic director 
field. Cylindrical geometry was used in which we were able to determine critical conditions 
for the onset of multiple-twisted structures for different boundary constraints. Such 
structure leads inevitably contain lattices of TDs in three dimensions due to topological 
reasons. Next, we were interested in the mechanical forces on NPs immersed in nematic 
LC structures.  

Finally, we considered LC structures exhibiting qualitatively different lattices of 
line defects. These are realized in blue phases and smectic A (SmA) twist grain boundary 
phases. BPs and TGBA exhibit disclinations (line TDs in nematic orientational order) and 
dislocations (line TDs in translational order), respectively. The core structure of 
disclinations is essentially biaxial and of screw dislocations essentially nematic uniaxial. 
The fundamental mechanism stabilizing these structures is in fact curvature. However, the 
efficiency of stabilizing specific TDs depends on NPs’ geometrical details.  

The above theoretical results were experimentally verified in mixtures of quasi-
spherical magnetic NPs and CE8 liquid crystal. POM and high-resolution calorimetric 
results demonstrated stabilization of TGBA long-range order as well as modest stabilization 
of BPI phase, while suppression of the disordered BPIII phase. These results are similar to 
those found in mixtures of the same LC with gold nanorods, demonstrating that magnetic 
nanoparticles filling the topological defect cores form probably elongated clusters, which 
mimic highly anisotropic nanorods. 
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Povzetek 

Naš glavni interes je stabilizacija sklopov topoloških defektov (TD) v tekočih kristalih 
(TK). Zaradi topološkega ozadja TD, je fizika defektov zanimiva za vsa področja fizike, 
vključno s sistemi kondenzirane materije, fiziko delcev in kozmologijo. TK predstavljajo 
idealno preizkusno mesto za fiziko TD. V doktorskem delu se osredotočamo predvsem na 
vpliv kiralnosti in različnih nanodelcev (ND) na stabilnost in pozicioniranje sklopov TD. 
Disertacija vključuje eksperimentalne meritve, teoretično modeliranje in numerične 
simulacije. V eksperimentalnem delu smo se osredotočili na pripravo mešanic magnetnih 
ND in CE8. Nadalje so z uporabo polarizirane optične mikroskopije (POM) in kalorimetrije 
visoke ločljivostji proučevane stabilizacije TK faz, TGBA in modrih faz (BP). Pri 
teoretičnem modeliranju smo uporabili Landau-de Gennes-Ginzburgov mezoskopski pristop 
v smislu nematskega tenzorja in smektičnih kompleksnih ureditvenih parametrov. 

Najprej smo upoštevali vpliv kiralnosti in elastičnost sedla na stabilizacijo večkrat 
zvitih struktur v nematskih TK. V ta namen smo uporabili Frank-Oseenov pristop, kjer je 
nematski red opisan izključno s poljem nematskega direktorja. Uporabljena je bila 
cilindrična geometrija, v kateri smo lahko določili kritične pogoje za nastanek večkrat zvitih 
struktur (MTS) za različne robne omejitve. Takšen strukturni svinec zaradi topoloških 
razlogov neizogibno vsebuje mreže TD v treh dimenzijah. Uporabili smo cilindrično 
geometrijo in različne robne pogoje, da smo približno posnemali vpliv domenskih mej, ki 
ločujejo regije z različno usmerjenimi več-zvitimi konfiguracijami. Nadalje so nas zanimale 
mehanske sile na ND, ki so dani v nematske TK strukture.  

Nazadnje smo upoštevali TK strukture, ki kažejo kvalitativno različne mreže 
linijskih defektov. Ti se realizirajo v modrih fazah (BPs) in smektični A (SmA) fazi, twist 
grain boundary (TGBA) fazah. BP in TGBA kažejo disklinacije (linija TD v nematskem 
orientacijskem redu) in dislokacije (linije TD v translacijskem redu). Struktura jedra 
disklinacij je nematska dvoosna in vijačnih dislokacij nematska enoosna. Eksperimentalno 
smo pokazali, da lahko iste vrste ND učinkovito stabilizirajo obe mreži TD. Temeljni 
mehanizem, ki stabilizira te strukture, je pravzaprav ukrivljenost. Učinkovitost stabilizacije 
specifičnih TD je odvisna od geometrijskih podrobnosti ND. 

Zgornji teoretični rezultati so bili eksperimentalno preverjeni v mešanicah 
kvazisferičnih magnetnih ND in tekočega kristala CE8. POM in kalorimetrični rezultati z 
visoko ločljivostjo so pokazali stabilizacijo dolgega reda TGBA, pa tudi skromno 
stabilizacijo faze BPI, hkrati pa zaviranje neurejene faze BPIII. Ti rezultati so podobni 
tistim, ki jih najdemo v mešanicah istega TK z zlatimi nanopalčkami slednje dokazuje, da 
magnetni nanodelci, ki zapolnijo jedra topološkega defekta, verjetno tvorijo podolgovate 
grozde, ki posnemajo nanopalčke z anizotropnim razmerjem stranic. 





 xiii 

Contents 

 

List of Figures xv 

List of Tables xix 

Abbreviations xxi 

Symbols xxiii 

1 Introduction 1 

2 Theoretical Background 5 
2.1 Liquid Crystal Structures..................................................................................... 5 

2.1.1 Defectless liquid crystal phases ................................................................. 5 
2.1.2 Liquid crystal phases hosting line defects ................................................. 6 

2.1.2.1 Blue phases ................................................................................ 7 
2.1.2.2 Twist-grain boundary phases ..................................................... 9 

2.2 Phenomenological Model ..................................................................................... 10 
2.2.1 Order parameter ...................................................................................... 10 
2.2.2 Free energy .............................................................................................. 11 

2.3 Topological Defects Stabilization Mechanism ..................................................... 13 
2.3.1 Curvature ................................................................................................ 13 
2.3.2 Nanoparticles ........................................................................................... 14 

3 Experimental Background 17 
3.1 Materials Used .................................................................................................... 17 

3.1.1 Liquid crystal compound ......................................................................... 17 
3.1.2 Magnetic nanoparticles ............................................................................ 18 

3.2 Liquid Crystals and Nanoparticles Mixing .......................................................... 19 
3.3 Experimental Techniques .................................................................................... 19 

3.3.1 Polarized optical microscopy ................................................................... 19 
3.3.2 High-resolution calorimetry ..................................................................... 20 

4 Results and Discussion 25 
4.1 Chirality Induced Frustration ............................................................................. 25 

4.1.1 Representative classes of multiple-twisted structures .............................. 25 
4.1.1.1 Free energies of structures ........................................................ 27 
4.1.1.2 Landau-type analysis ................................................................ 28 
4.1.1.3 Numerical analysis .................................................................... 30 

4.1.1.3.1 RZT structure: Homeotropic anchoring ...................... 30 
4.1.1.3.2 RZT structure: Tangential anchoring ......................... 31 



xiv  Contents 

4.1.1.3.3 Energy comparison of RZT and RT structures .......... 33 
4.2 Elastic Force on Immersed Nanoparticle ............................................................ 39 

4.2.1 Equilibrium equations ............................................................................. 40 
4.2.2 Structure of solutions .............................................................................. 43 
4.2.3 Mechanical actions .................................................................................. 44 
4.2.4 Results .................................................................................................... 45 

4.3 Nanoparticle-Driven Stabilization of Lattices of Line Defects ............................ 50 
4.4 Stabilization of Phases with Magnetic NPs ........................................................ 54 

4.4.1 Stabilization of blue phase by magnetic NPs .......................................... 54 
4.4.1.1 Existence of blue phase in pure CE8 ........................................ 54 
4.4.1.2 Heat capacity results ................................................................ 55 
4.4.1.3 POM results ............................................................................. 58 
4.4.1.4 Phase diagram.......................................................................... 60 
4.4.1.5 Discussion of the BP stabilization by magnetic NPs ............... 62 

4.4.2 Stabilization of TGBA by magnetic NPs ................................................. 63 
4.4.2.1 Existence of TGBA phase in pure CE8 ..................................... 63 
4.4.2.2 Heat capacity results ................................................................ 64 
4.4.2.3 POM results ............................................................................. 66 
4.4.2.4 Phase diagram.......................................................................... 69 
4.4.2.5 Discussion of the TGBA stabilization by magnetic NPs ........... 71 

5 Conclusions 73 

References 75 

Bibliography 87 

Biography 89 
 

 



 xv 

List of Figures 

Figure 2.1: A general classification of liquid crystals is presented here [56], [57]. ...............5 
Figure 2.2: Typical phases of non-chiral LCs on decreasing temperature from the isotropic 
phase (I), Nematic (N), Smectic A (SmA), Smectic C (SmC), and Crystal (Cr) phase [57].
 6 
Figure 2.3: The nematic (a) 𝑚 = 1/2 and (b) 𝑚 = −1/2 disclination [57]. ........................6 
Figure 2.4: Schematic presentation of edge and screw dislocation in translational order [57].
 7 
Figure 2.5: The packing of double-twist cylinders (top panel) and the structure of 
disclinations (bottom panel) are presented (a) BPI, (b) BPII, (c) BPIII [57]. ....................8 
Figure 2.6: (a) A schematic presentation of a double-twist cylinder aligned along the z-
coordinate is shown here. The lines indicate the nematic director field. (b) The double-
twist director field in the (x, y) plane is drawn, where 𝑛 points along the z-direction at the 
symmetry axis. (c) Double-twist cylinders topologically enforce 𝑚 = −1/2  disclinations 
[57]. 9 
Figure 2.7: A schematic presentation of the TGBA structure. The width of smectic blocks 
is denoted by lb, and the distance between neighboring screw dislocations by ld [57]. ....... 10 
Figure 3.1: The chemical structure of chiral liquid crystal CE8 and its phase sequence [99].
 17 
Figure 3.2: DLS image of maghemite (𝛾 − 𝐹𝑒2𝑂3) magnetic nanoparticles (the insert: TEM 
image of magnetic NPs). ................................................................................................... 18 
Figure 3.3: Schematic representation of LC mixture in between the glass cells and spacers 
for POM observations. 20 
Figure 3.4: Schematic representation of home-made high-resolution calorimetry setup at 
IJS. The setup comprises several parts, such as electronic devices (left) connected with a 
computer and a thermal bath unit (right) where the sample goes.  Figure 3.5 presented a 
real view of the thermal bath, inside view, and their connections with a sample. ............ 21 
Figure 3.5: High-resolution calorimetry thermal bath setup. a) A sample cell with the 
attached thermistor, heater, and copper wires are mounted in the sample holder and b) 
then closed with a copper cover (sample holder stand). c) Thermal bath chamber, d) sample 
holder (b) fixed in bath chamber, and e) chamber connected with electronic devices as 
shown in Figure 3.4. 22 
Figure 3.6: Presentation of the LC mixture cell preparation for the heat capacity 
measurements. The handmade silver cells (cup and lid) are prepared to place the LC 
mixture sample in and closed, as shown in the figure. Then the heater, copper wires, and 
thermistor are attached to the sample cell. At the bottom right, the final sample cell with 
attachments is shown. 23 
Figure 4.1: Double-twisted nematic structures. (a) The radially-z-twist deformation. 𝑄1 =
1.0, 𝑄2 = 1.0 twist is realised both along the 𝑒𝜑 and 𝑒𝑧 directions. (b) The radially twisted 
structure. Here, the twist is realized along 𝑒𝑟. 𝑄𝑅𝑇 = 1.1. We present the figures in (x, z) 
plane [144]. 27 



xvi  Introduction 

Figure 4.2: Dependence of equilibrium values of 𝑄1 (left) and 𝑄2 (right) on 𝑘24 for five 
different values of the intrinsic chirality 𝑄 (denoted by numbers in graphs). Homeotropic 
anchoring, w = 1 [144]. 31 
Figure 4.3: Dependence of 𝑄1 (solid lines) and 𝑄2 (dashed lines) on 𝑘24 for 𝑄 = 0.125 
(left figure) and 𝑄 = 1 (right figure) and different types of anchoring, labeled by “h” 
(homeotropic), “𝜑” (azimuthal) and “z” (zenithal). w = 1 [144]. .................................... 32 
Figure 4.4: The dependence of the critical intrinsic chirality 𝑄𝑐 (where 𝑄1 = 0) on 𝑘24 in 
the case of zenithal anchoring for different values of anchoring strength. Results were 
calculated in points labeled with symbols and lines that serve as guides for the eye. From 
left to right: w = 0.2 (circles), 0.5 (diamonds), 1 (open circles), 2 (stars) and 5 (triangles) 
[144]. 33 
Figure 4.5: Dependence of the equilibrium energies (thick lines) and chirality parameters 
(thin lines) of the RZT structure (solid lines) and RT structure (dashed lines) on the 
intrinsic chirality 𝑄. 𝑘24 = 0.5, zenithal anchoring with w = 1 [144]. ............................. 35 
Figure 4.6: Dependence of the equilibrium energies of the RZT and RT structures on the 
intrinsic chirality 𝑄. Solid lines: 𝑘24 = 0.5. Dashed lines: 𝑘24 = 0.25. Zenithal anchoring 
with w = 1. Arrows indicate the sign reversal of 𝑄1 for both values of 𝑘24. For the case 
𝑘24 = 0.25, the chirality 𝑄1 reverses sign in the regime where 𝐹𝑅𝑍𝑇 < 𝐹𝑅𝑇 [144]. ....... 36 
Figure 4.7: Calculated optical patterns for the RZT structure with 𝑄1 = 𝑄2 = 1. The 
transmitted polarization of polarizer is in the x−direction (left figure) and at the angle 45 
with respect to x−direction (right figure). Optical data: R = 1 m, laser light wavelength 
𝜆 = 445 nm, refraction indices: 𝑛0 = 1.544, 𝑛𝑒 = 1.821, corresponding to NLC E7 [144].
 37 
Figure 4.8: The same as for Figure 4.7, but for the RT structure with 𝑄𝑅𝑇 = 1 [144]. ... 37 
Figure 4.9: Biaxial structure of a nematic structure hosting a boojum. ........................... 46 
Figure 4.10: Nematic structure in a hybrid nematic cell. The isotropic NP is placed close 
to the top confining plate, which is set at 𝑧 = 100 nm. ................................................... 47 
Figure 4.11: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for 
the radial NP. 48 
Figure 4.12: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for 
the isotropic NP. 48 
Figure 4.13: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for the 
homogeneous NP. 49 
Figure 4.14: The force in units of ℱ0 exhibited on immersed NPs by the LC order. 
+: homogeneous NP, squares: radial NP, circles, isotropic NP. ........................................ 49 
Figure 4.15: A schematic representation of spherical (a) and anisotropic (b) nanoparticle 
geometries typically used in experiments is shown here [14], [85], [98], [116], [125]–[127], 
[157]. The used surface coatings are presented in Table 4.1. ............................................ 50 
Figure 4.16 Illustrates trapped adaptive spherical NPs within (a) disclination and (b) screw 
dislocation. The adaptive character is enabled by the flexible molecules covering the NPs 
surface [57]. 51 
Figure 4.17: The ac calorimetry measurements of a mixture of CE8 and Au NPs. The heat 
capacity profiles for (a) mixture of CE8 with spherical Au NPs (χ = 0.0005) [158] and (b) 
pure CE8 [99]. 52 
Figure 4.18: The influence of surface-functionalized anisotropic NPs (graphene oxide, MoS2, 
laponite) on the BPs of CE8 is schematically depicted here. In all cases, the BPI structure 
is mainly stabilized over the other competing phases [57]. ............................................... 53 
Figure 4.19: Concentration-temperature phase diagrams in mixtures of CE8 and CdSSe 
(spherical) NPs [57]. 53 



 xvii 

Figure 4.20: Heat capacity of pure CE8 cooling run [116]. The sample was initially heated 
up to the isotropic phase and then cooled along the blue phases down to the cholesteric 
phase with a scanning rate of 250 mK/h. The onset of BPIII was observed at 417.55 K. 55 
Figure 4.21: The temperature dependence of specific heat Cp(T) for CE8 and mixtures of 
pure CE8 (data taken from [99]) with χ = 0.0001, 0.001 & 0.01 magnetic NPs. Data points 
were obtained upon cooling with a scanning rate of 250 mK/h. The top two χ =
0.001 & 0.01 mixtures did not show the I–BP transition due to strong 1st order transition. 
For this, we have visible confirmation from POM. ........................................................... 56 
Figure 4.22: The Cp(T) as a function of temperature obtained by ac calorimetry is shown 
for three mixtures, i.e. χ = 0.0001, 0.001 & 0.01. Both runs, heating (red) and cooling 
(blue), are presented with a scanning rate of 250 mK/h. ................................................. 57 
Figure 4.23: Polarizing optical microscopy textures obtained on cooling for χ = 0.0001 
mixture.  Presence of (a) the formation of blue phase, (b) BPI, (c) N* domains developing 
within BP, and (d) N*. 58 
Figure 4.24: Polarizing optical microscopy textures obtained on cooling for χ = 0.001 
mixture. Presence of (a) the formation of blue phase, (b) BP, (c) N* domains are developing 
within BP, and (d) N*. 59 
Figure 4.25: Polarizing optical microscopy textures obtained on cooling for χ = 0.01 
mixture. Presence of (a) the formation of blue phase, (b) BPI, (c) N* domains developing 
within BP, and (d) N*. 60 
Figure 4.26: The phase diagram 𝜒 − 𝑇 of CE8 and magnetic NPs mixtures. (a) Based on 
optical texture temperatures, the data obtained upon cooling, (b) heat capacity data upon 
heating, and (c) heat capacity data upon cooling. Since I-BP transition peak χ =
 0.001 & 0.01 has not been detected by ac calorimetry, we have a visible confirmation of I-
BP transition by optical microscopy. Considering this, the green lines are drawn to show 
the I-BP transition. 61 
Figure 4.27: Heat capacity of pure CE8 cooling run [99]. The sample was initially heated 
up to the isotropic phase and then cooled along with the blue phases down to the cholesteric 
phase, upon cooling with a rate of 250 mK/h. The arrow is showing some meta-stable TGB 
could exist. 64 
Figure 4.28: The temperature dependence of specific heat Cp(T) for pure CE8 (data taken 
from [99]) and mixtures of pure CE8 and the mixtures χ = 0.0001, 0.001 & 0.01 magnetic 
NPs. Data points were obtained upon cooling with a scanning rate of 250 mK/h. .......... 65 
Figure 4.29: The heat capacity Cp(T) as a function of temperature obtained by ac 
calorimetry is shown for three mixtures, i.e. χ = 0.0001, 0.001 & 0.01. Both runs, heating 
(red) and cooling (blue), are presented with a scanning rate of 250 mK/h. ..................... 66 
Figure 4.30: Polarizing optical microscopy textures obtained on cooling for the χ = 0.0001 
mixture. Presence of the (a) N*, (b) NL ∗, (c) TGBA and (d) SmA phase. ....................... 67 
Figure 4.31: Polarizing optical microscopy textures obtained on cooling for the χ = 0.001 
mixture. Presence of (a) N*, (b) NL ∗, (c) TGBA and (d) SmA phase. ............................. 68 
Figure 4.32: Polarizing optical microscopy textures obtained on cooling for the χ = 0.01 
mixture. Presence of the (a) N*, (b) NL ∗, (c) TGBA and (d) SmA phase. ....................... 69 
Figure 4.33: The phase diagram temperature vs. concentration (𝜒 − 𝑇) obtained for CE8 
and magnetic NPs, upon cooling by POM (data points were collected from the textures 
appearing temperature). The solid circles represent the phase transition temperature 
obtained by POM and the solid lines that connect them serve as a guide to the eye. ..... 70 
 

 
 
 





 xix 

List of Tables 

Table 4.1: Typical NPs used in experimental studies [85], [86], [126], [156], [157] are listed 
in this table. d denotes the sphere diameter, L denotes the approximate large nanosheet 
dimension and D is the thickness of the sheet (all quantities are shown in Figure 4.15)[57]. 
OA; oleyil amine, TOP; trioctyl-phosphine, PVP; polyvinylpyrrolidone, CTAB; 
cetyltrimethylammonium. ................................................................................................. 50 
 

 





 xxi 

Abbreviations 

TDs . . . Topological defects  
LCs . . . Liquid crystals 
CE8 . . . S-(+)-[4-(2’-methylbutyl) phenyl 4’-n-octylbiphenyl-4-carboxylate] 
NPs . . . Nanoparticles 
MTS . . . Multiple-twisted structures 
F . . . Free energy 
K . . . Kelvin 
T . . . Temperature  
I . . . Isotropic 
N . . . Nematic  
N* . . . Chiral nematic 
NL
∗  . . . Chiral line nematic 

BP . . . Blue phase 
TGB . . . Twist grain boundary 
SmA . . . Smectic A 
DCR . . . Defect Core Replacement 
ADCT . . . Adaptive Defect Core Targeting 
TEM . . . Transmission electron microscopy 
DLS . . . Dynamic light scattering 
RT . . . Radially twisted 
RZT . . . Radially-z-twisted 
NLC . . . Nematic liquid crystal 
POM . . . polarized optical microscopy 
RPM . . . Rotation per minute 
nm . . . Nano meter  
μm . . . Micro meter 
µL . . . Micro liter  
OA . . . Olic acid 
L . . . Latent heat 
H . . . Enthalpy  
G . . . Gaussian curvature 
R . . . Radius 
ACC . . . ac calorimetry  
   





 xxiii 

Symbols 

𝑛⃗  . . . nematic director 
𝑠 . . . uniaxial order parameter 
χ . . . NPs concentration 
𝜂 . . . Translational order parameter 
Ψ . . . smectic order parameter  
𝜙 . . . phase factor 
𝜌 . . . spatial variation 
𝑇∗ . . . change in temperature  
𝜉 . . . correlation length 
𝑊 . . . surface potential constant 
𝛼 . . . critical exponent 
𝐶⊥ . . . elastic constant 
𝐶∥ . . . compressibility constant 
𝑞 . . . wave vector 
𝑒  . . . unit vector 
𝑅 . . . radius 
𝑑0 . . . layer thickness 
𝐼(𝑑) . . . Identity matrix   
𝑣  . . . Interface vector 
𝐶𝑝 . . . heat capacity  
𝑄 . . . tensor order parameter  
𝑇𝑟 . . . trace operation  

   
   
   
   
   
   
   
   
   
   
   
 
 





1 

Chapter 1 

1 Introduction 

Soft nanocomposites consisting of liquid-crystalline (LC) [1] matrices hosting nanoparticles 
(NPs) comprise a research topic of high interest [2], [3]. In such systems, both the individual 
and combined properties of the constituents are exploited. These nanocomposites [4] often 
display either greatly enhanced or qualitatively new features with respect to pure LC 
matrices.  

The key reasons for the intense interest in studying the properties of soft 
nanocomposites are as follows. The diverse LC configurations [5] display a plethora of 
physical phenomena that could be exploited in various applications [6]. Furthermore, LC 
matrices exhibit a unique combination of liquid character, optical anisotropy, and softness. 
The liquid LC character enables a relatively simple preparation of LC-NP mixtures and 
phase separation phenomena can be avoided with careful choice and/or surface treatment 
of the latter. Combining diverse of LC configurations and with different NP dopants (with 
diversity in their chemical structure, NP size and shape variations, surface treatments, 
etc.) increases the complexity of potential emerging phenomena [7]. Optical anisotropy of 
LCs allows one to experimentally probe the main structural and phase transition properties 
using simple (e.g., polarising optical microscopy) experimental setups. Finally, LC softness 
provides the capability of relatively strong responses to even weak perturbations [8].  

The origin of softness is the continuous symmetry breaking [5], [ 8] via which most LC 
phases, the so-called mesophases, are reached. The transition between different mesophases 
could be described by an order parameter field, consisting of two qualitatively different 
contributions: the amplitude field and the symmetry-breaking (also referred to as the phase) 
field. The first component determines the strength of a newly established order, exhibiting 
a single equilibrium value for given conditions. On the contrary, the second component 
describes a symmetry-breaking choice among an infinite degenerate set of possible options. 
Firstly, this degeneracy is reflected in easily excitable Goldstone fluctuations that introduce 
softness to LC phases [8]. The symmetry-breaking field endows LCs with a sensitive 
structural “vision” of conditions in different parts of the LC body. They could even give 
rise to long-range forces between immersed objects, such as NPs. Secondly, owing to 
degeneracy, the symmetry-breaking fields could be in general frustrated, giving rise to 
topological defects (TDs) [9], [10]. 

In most cases, TDs appear in localized regions where the relevant symmetry-breaking 
field is not uniquely defined. This “singularity” typically gives rise to the local melting of 
the amplitude field. The local region, where the amplitude is substantially suppressed, 
defines the “core” of a defect. The correlation length of the amplitude field determines the 
characteristic linear size of a defect’s core. 

Note the symmetry-breaking phase transitions and consequently TDs are ubiquitous in 
nature [11]. The resulting phenomena are intertwined with universal behaviors. Namely, 
the topological origin of TDs, which is “blind” for microscopic details, makes this area of 
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research strongly interdisciplinary [11], of interest for particle physics to condensed matter, 
and even cosmology. To emphasize the potential importance of the physics of TDs we 
remind that “fields” could represent basic entities of nature [12]. In this case, topologically 
protected TDs might represent “fundamental particles”, as first suggested by Skyrmy [13].  

Furthermore, it is well known that appropriately surface-decorated nanoparticles (NPs) 
could be efficiently trapped within cores of defects [14]. The reason behind this is mainly 
the Defect Core Replacement (DCR) mechanism [14]. Namely, if NPs are trapped within 
the cores of defects, their non-singular volume reduces the free energy cost of the defect 
core. Consequently, one can manipulate the stability of defects via NPs, or vice versa, TDs 
could be exploited to control spatial assembling of NPs.  

In general, the presence of TDs is energetically costly, and therefore, structures 
dominated by TDs are relatively rarely realized in bulk equilibrium. In bulk LCs, they 
could be stabilized by the inherent chirality of LC molecules [5]. For strong enough 
chiralities LC phases exhibiting lattices of line TDs in orientational or translational order 
could exist, referred to as disclinations and dislocations, respectively [5]. These are realized 
in Blue Phases (BPs) [15], [16] and smectic Twist-Grain Boundary phases (TGBs) [17], 
[18]. 

In many cases, chirality is very efficient in stabilizing TDs. Chirality is pervasive in 
nature and refers to cases where an object and its mirror image are different [19]–[22]. It 
signals the absence of the inversion symmetry, giving rise to right-handed and left-handed 
appearance. Chirality is present at all branches of physics and often impacts or even 
dominates numerous important natural phenomena. Chiral symmetries play an important 
role in weak interactions of the Standard Model of physics [23]. Functionalities of several 
essential components of biological cells rely on chirality [20]. For instance, we metabolize 
only right-handed glucose. Handedness enables various self-assembling mechanisms [24]–
[28], and the sensitivity of molecular details on handedness is clearly manifested in DNA 
configurations [29]. Chirality could propel micro-swimming [30], [31] motions. Furthermore, 
it could be exploited in various technological and medical applications. In particular, in 
optically transparent media chirality could strongly affect (e.g., rotate) the polarisation of 
light. Chiral materials, in general, respond differently to right- and left-handed polarised 
electromagnetic waves. Using basic chiral constituents, one could design systems that 
sensitively control the response of different display devices and sensors [32]–[36]. One could 
engineer new materials with extraordinary properties (e.g., metamaterials exhibiting 
negative refractive index [37], [38]) or self-assembling structures for different photonic 
applications [39].  Therefore, a deep understanding of chirality and related emergent 
behaviors are of interest to all branches of physics. 

However, several issues related to chirality remain unresolved [40]–[44] even at a 
fundamental level. For instance, the molecular origins of chirality and the relative role of 
chiral symmetry breaking remain an open problem [45]. In particular, mechanisms involved 
in chirality transfer from microscopic to macroscopic levels [46]–[48] are not sufficiently 
understood. A convenient system to gain a deeper understanding of the latter feature are 
chiral nematic liquid crystals (LCs), the simplest representatives of anisotropic soft 
materials [49], [50]. Namely, these systems are easily experimentally available, relatively 
weak external stimuli could trigger structural changes, and a few parameters determine 
chirality. However, macroscopic chirality-driven behavior could be extremely complex if 
appropriate confining geometries are used [51]. Finally, chirality often enables appropriate 
conditions for the spontaneous formation of complex structures of TDs. 

The plan of the thesis is as follows. In Chapter 2, we presented the theoretical basics 
used in our research. LC structures are introduced, where particular attention is paid, to 
configurations hosting line defects in orientational and translational order. 
Phenomenological mesoscopic model, in terms of nematic tensor order parameter and 
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smectic A complex order parameter is presented. This section concludes with curvature 
and, nanoparticles-driven topological defects stabilising mechanisms. In Chapter 3, the 
experimental background is described. Liquid crystal compounds and magnetic NPs used 
in our experiments are presented. We describe experimental techniques used to monitor 
LC configurations and determine. In Chapter 4, the results of our research are presented 
and discussed.  

We first consider on chirality-driven frustrations that enable TDs in LCs. In this case, 
we limit to nematic structures in cylindrical confinements. We study chirality driven multi-
twisted structures, where we use a Laudau-type analytical approach supported by 
numerical simulations, conditions are determined under such structures could be stabilized. 
Three-dimensional packing of such structures, which we stabilize in cylindrical 
confinements, would lead to line topological defects in orientational order. Next, we 
investigated theoretically how topological defects could be exploited to assemble 
appropriate surface decorated NPs. For this purpose, we consider the nematic phase, where 
we allow nematic biaxial states. As a testbed, we use cylindrical confinement where 
boundary conditions enforce the surface TDs. We show that nanoparticles would be 
attracted to the core of the defect only if conditions at its surface are compatible with the 
local nematic structure. Afterwards, we focus on stabilising with an appropriate surface 
decorated NPs on LC phases hosting line defects in orientational and translational order. 
We first consider only the impact of NPs geometry on the stabilization. We show that 
spherical and anisotropic NPs stabilise different defect lattices. Next, we study spherical 
magnetic NPs. We have done extensive experimental investigations for this case because 
this kind of investigation has not yet been performed. In last Chapter 5 summarizes the 
main novelties of my work.  

 





5 

Chapter 2 

2 Theoretical Background 

This chapter presents the basics of liquid crystals and their structures and the theoretical 
framework on which my research work was based. 

2.1 Liquid Crystal Structures  

2.1.1 Defectless liquid crystal phases 

The mechanical and symmetry properties of LC phases are intermediate between those of 
a conventional isotropic liquid and those of a solid crystal. The most common LC types 
are shown in Figure 2.1 and are referred to as thermotropic, lyotropic, and polymeric LCs 
[5], [52]–[56].  

 

Figure 2.1: A general classification of liquid crystals is presented here [56], [57]. 

We restrict our focus on thermotropic LC phases that are reached on varying 
temperatures (T). Furthermore, we consider only LCs consisting of rod-like molecules. A 
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typical sequence of phases in non-chiral LCs on decreasing temperature from the isotropic 
phase is illustrated in Figure 2.2. 

 

Figure 2.2: Typical phases of non-chiral LCs on decreasing temperature from the isotropic 
phase (I), Nematic (N), Smectic A (SmA), Smectic C (SmC), and Crystal (Cr) phase [57].  

2.1.2 Liquid crystal phases hosting line defects 

If LC order is frustrated TDs could be present [9], [58]. We henceforth restrict our focus 
on line defects referred to as i) disclinations and ii) dislocations. There are defects in i) 
orientational and ii) translational order.  

Disclinations in nematic order correspond to points where 𝑛⃗  is not uniquely defined. 
Most common are 𝑚 = 1/2  and 𝑚 = −1/2  disclinations [59], [60], characterized by the 
winding number m. The latter determines the number of reorientations of  𝑛⃗  on encircling 
a line defect counter-clockwise. Half integers are possible due to the ±𝑛⃗  invariance. Their 
typical nematic director structure is as shown in Figure 2.3. Note that in nematic LCs the 
disclination core [61], [62] is in reality strongly biaxial in order to avoid the singularity at 
the center of the defect core. 

 
Figure 2.3: The nematic (a) 𝑚 = 1/2 and (b) 𝑚 = −1/2 disclination [57]. 

The simplest defects in translational order are screw and edge dislocations [5], [62]–[64] 
that are schematically depicted in Figure 2.4. They exhibit discontinuities in the layer 
order (i.e., in the symmetry breaking “phase” field). In the center of these defects, the 
amplitude of the smectic order parameter is melted [57].   
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Figure 2.4: Schematic presentation of edge and screw dislocation in translational order [57].  

In general, structures exhibiting lattices of line defects are not stable due to the 
energetically costly defect cores. A simple and efficient way to stabilize these lattices of 
defects is to introduce chirality into the system, which can stabilize the lattice of defects 
both in nematic and smectic order. We limit our review to BP [15], [16] and TGBA [17], 
[18] structures, in which lattices of 𝑚 = −1/2 disclinations and screw dislocations are 
stable, respectively. Note that TGBA refers to a structure of grain-boundaries separating 
slabs of SmA order.   

In chiral LCs, the nematic (N) phase is replaced by the chiral nematic (N*), also referred 
to as the cholesteric phase [5]. This phase consists of cross-sections exhibiting nematic 
order, which are uniformly twisted along the perpendicular direction. Different BP 
configurations could be introduced between the isotropic (I) and N* phases for a strong 
enough chirality. Furthermore, the TGBA phase could intervene in a narrow temperature 
window separating the defect-less N* and SmA phases. In the following, we summarize the 
main features of BP and TGB configurations.          

2.1.2.1 Blue phases 

Reinitzer discovered liquid crystals in 1888 [65], but the real research interest in BPs 
started much later in 1960s. BPs appear as a highly twisted nematic LC that cools down 
from the isotropic phase. In 1973 [66] Coates and Gray came up with the name “blue 
phases”, to indicate this unusual state, and began to treat the phase as one of the LC 
phases. In Pioneering studies, blue phases exhibited blue colors; that is how BPs got their 
name. However, BPs are not always blue. They may reflect the light of other colors 
depending on the chirality of the LCs [67]. BPs are highly fluid self-assembled three-
dimensional cubic structures [68]. Three distinct thermodynamic BP phases can exist (see 
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Figure 2.5 and Figure 2.6), which commonly appear in a narrow temperature interval 2-3 
K between the I and the N* phase [69].  

 

Figure 2.5: The packing of double-twist cylinders (top panel) and the structure of 
disclinations (bottom panel) are presented (a) BPI, (b) BPII, (c) BPIII [57]. 

BPs consist of double-twist cylinders that tend to be arranged mutually 
perpendicularly. Chiral molecules form locally the so-called “double-twist” structure, which 
is energetically more favorable than a single twist [70]–[72] realized in N*. However, to 
realize a double twist in 3D, a lattice of 𝑚 = −1/2  disclinations needs to be introduced 
due to topological reasons, as illustrated in Figure 2.6. These defects form a cubic lattice, 
where the characteristic lattice linear scale is typically in the range of several hundred nm 
[70].  There are three different kinds of such phases: blue phase I (BPI), blue phase II 
(BPII), and blue phase III (BPIII) (Figure 2.5). BPI and BPII display a relatively high 
degree of translational order. BPI exhibits a cubic body-centered structure, while BPII has 
a simple cubic unit (i.e. the double-twist cylinders are packed in the cubic lattice) [73], 
[74]. On the contrary, a random network of disclination lines [75] characterizes BPIII. 
Consequently, BPIII possesses macroscopically the same symmetry as the I phase [74]. 

In the pioneering work by Meiboom et al. [15], the stability of BPs was explained using 
a simple Oseen-Frank elasticity, by using the so-called Meiboon’s defect model [76]. 
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Figure 2.6: (a) A schematic presentation of a double-twist cylinder aligned along the z-
coordinate is shown here. The lines indicate the nematic director field. (b) The double-
twist director field in the (x, y) plane is drawn, where 𝑛⃗  points along the z-direction at the 
symmetry axis. (c) Double-twist cylinders topologically enforce 𝑚 = −1/2  disclinations 
[57]. 

Due to the narrow stability range, BPs have been for a long time of interest only for 
fundamental studies [57], [77], [78]. However, with time the scientific community realized 
the BPs potential for various applications in emerging technologies [77], such as three-
dimensional lasers, tunable photonic crystals, and fast optical displays [79]–[82]. In the last 
decades, this has initiated extensive research efforts to increase their temperature stability 
range. Several strategies, such as chiral doping, polymer, and nanoparticle stabilization, as 
well as long-time scale preservation in a supercooled state, were successfully exploited for 
the stabilization of BPs in wide temperature ranges [70], [78], [83]–[99].  

2.1.2.2 Twist-grain boundary phases 

Chirality favors twist-like configurations, which are incompatible with the smectic layer-
type configuration. Consequently, for large enough chirality, lattices of screw disclinations 
could appear in order to energetically compromise the conflicting twist elastic deformations 
and smectic layer order. A typical TGBA structure is shown in Figure 2.7. It consists of 
bulk-like smectic order blocks, where the neighboring blocks are twisted for a finite angle. 
This twist is enabled by a lattice of screw dislocations that reside in the so-called grain 
boundaries.  

TGBA was predicted based on the mathematical analogy between smectic LCs and 
superconductors by de Gennes [100]. He claimed that both phases could be described with 
a complex order parameter. He demonstrated a complete analogy between the N–SmA and 
the normal metal-superconducting phase transition. By extending this analogy to 
structures possessing topological defects, Renn and Lubensky [17] proposed the TGBA 
configuration [101] as the LC analog to the Abrikosov flux phase appearing in type–II 
superconductor in the presence of an external magnetic field. Twist penetrates the TGBA 
structure via a lattice of screw dislocations that are roughly analogs of magnetic vortices 
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[102] in the type–II superconducting phase. In the latter case, an external magnetic field 
enforces the Abrikosov flux lattice [103].  

 

Figure 2.7: A schematic presentation of the TGBA structure. The width of smectic blocks 
is denoted by lb, and the distance between neighboring screw dislocations by ld [57].  

Different types of TGB phases are distinguished based on the type of smectic ordering 
within the blocks. Therefore [104]–[106], TGBA, TGBC, or TGBC

* configurations, exhibit 
within blocks SmA, SmC, or SmC* order, respectively [18], [107], [108].  

Furthermore, the TGB phase could melt to a chiral line liquid just as the Abrikosov 
phase melts to a directed line liquid, as predicted by Kamien and Lubensky [109]. They 
predicted the existence of a short-range TGB structure, corresponding to a liquid of screw 
dislocations. This phase is referred to as the chiral line liquid (NL

∗). Note that TGB and NL
∗ 

are not thermodynamically distinct phases, because they share the same phase symmetry. 
However, they differ in the range of translational order [102].  

Experimentally, Goodby et al. discovered the TGB phase in 1989 [18], [107]. The optical 
properties of this phase are similar to the N* phase. Srajer et al. [110] showed that this 
phase's small-angle x-ray structure factor displays a continuous ring, which is consistent 
with the model of Renn and Lubensky [108]. The existence of the lattice of screw 
dislocations was confirmed by the freeze-fracture measurements of Ihn et al. [111]. The 
phase sequence N*–TGBA–SmA was first detected by Lavrentovich et al. [112]. Different 
TGB and NL

∗ structures have been reported in Ref. [104], [105].  

2.2 Phenomenological Model 

In the following, a simple phenomenological description of the LC ordering is presented. 
For this purpose, the Landau-de Gennes-Ginzburg [113] type phenomenological description 
of LC ordering is used.  

2.2.1 Order parameter 

The nematic uniaxial phase is the simplest LC structure and exhibits long-range 
orientational order. The latter is at the mesoscopic level commonly described by the 
traceless and symmetric nematic tensor order parameter [5] 

 𝑄 =∑ 𝑠𝑖𝑒 𝑖⊗ 𝑒 𝑖
3

𝑖=1
. (2.1) 

Here 𝑠𝑖 are eigenvalues (the amplitude fields) and 𝑒 𝑖 are eigenvectors (the symmetry-
breaking fields) of 𝑄. In the case of biaxial states, all the eigenvalues are different. We 
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consider LCs, which is bulk equilibrium display uniaxial order. In this case, 𝑄 is commonly 
expressed as [5] 

 
𝑄 = 𝑠(𝑛⃗ ⊗ 𝑛⃗ − 𝐼(𝑑)/3). (2.2) 

Here 𝑛⃗  is the nematic director (symmetry breaking) field, 𝑠 is the nematic order parameter 
(amplitude) field and 𝐼(𝑑) is the identity matrix. 𝑛⃗  points along with the average local 

orientation of rod-like LC molecules, where the states ±𝑛⃗  are physically equivalent, and 
|𝑛⃗ | = 1. The degree of ordering is described by the uniaxial order parameter (amplitude) 

field s, where 𝑠 ∈ [−
1

2
, 1]. In the bulk equilibrium, the nematic order is spatially 

homogeneous, positive and 𝑛⃗  points along a symmetry-breaking direction. 
On further decreasing T, smectic phases typically occur that additionally possess 

positional quasi-long-range order. In equilibrium, they form a stack of parallel and 
equidistant smectic layers. Depending on the molecular order in layers one distinguishes 
among different smectic phases. The simplest is the SmA phase, where LC molecules tend 
to be aligned parallel to the smectic layer normal. In the bulk SmA equilibrium, the layers 
are stacked along the spatially homogeneous 𝑛⃗ . In the simplest approach, the layer ordering 
is described by the mesoscopic order parameter field Ψ [5], [100] 

 
Ψ = 𝜂𝑒𝑖𝜙, 

(2.3) 

where 𝜂 and 𝜙 represent the translational amplitude and symmetry-breaking field, 
respectively. It approximately describes the mass density spatial variation 𝜌 =
𝜌0(1 + Ψ +Ψ

∗), where 𝜌0 is a constant. In bulk equilibrium 𝜂 is spatially 
homogeneous, 𝜙 = 𝑞0𝑛⃗ . 𝑟  and the periodicity 𝑞0 = 2𝜋/𝑑0 determines the smectic layer 
spacing d0. The orientational ordering is described in terms of the nematic tensor order 
parameter 𝑄. In the uniaxial approximation, where biaxial effects are neglected, the order 
parameter is conventionally expressed [113] by Eq. (2.1). This description considers both 
uniaxial and biaxial states. In the latter case, the nematic LC order is elastically distorted. 
Most of the thesis will consider only uniaxial nematic order, which is Eq. (2.2) in terms of 
amplitude s and the nematic director field 𝑛⃗ . 

The SmA layering is described in terms of the complex order parameter given by Eq. 
(2.3) in terms of the smectic layer amplitude 𝜂 and the smectic phase 𝜙. 

For the layers staked along the wave vector 𝑞 0, the phase is given by 𝜙(𝑟 ) = 𝑞 0 ∙ 𝑟 . The 
translational order-parameter field 𝜂 reveals the degree of translational ordering. The 
relation 𝜂(𝑟 ) = 0 signals absence of local translational ordering. 

2.2.2 Free energy 

A thermotropic LC exhibiting either the I–N–SmA or the I–SmA phase transitions is 
considered below. The free energy F of the confined LC is expressed as 

 𝐹 = ∫(𝑓ℎ
(𝑛)
+ 𝑓ℎ

(𝑠)
+ 𝑓𝑒

(𝑛)
+ 𝑓𝑒

(𝑠)
+ 𝑓𝑐)𝑑

3𝑟 + ∫(𝑓𝑖
(𝑛)
+ 𝑓𝑖

(𝑠)
)𝑑2𝑟, (2.4) 

where the volume integral runs over the LC body and the surface integral over the LC 
confining substrate. In the simplest case of the isotropic elasticity and in the lower-order 
approximation (with respect to the order-parameters expansions), the free energy densities 
are expressed as  

 𝑓ℎ
(𝑛)

=
3

2
𝑎0
(𝑛)(𝑇 − 𝑇∗)𝑇𝑟𝑄

2 −
9

2
𝑏(𝑛)𝑇𝑟𝑄3 +

9

2
𝑐(𝑛)(𝑇𝑟𝑄2)2, (2.5) 
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 𝑓ℎ
(𝑠)
= 𝑎0

(𝑠)(𝑇 − 𝑇𝑁𝐴)|Ψ|
2 + 𝑏(𝑠)|Ψ|4, (2.6) 

 𝑓𝑒
(𝑛)

= 𝐿1𝑄𝑖𝑗,𝑗𝑄𝑖𝑒,𝑒 + 𝐿2𝑄𝑖𝑗,𝑘𝑄𝑖𝑗,𝑘 + 𝐿3𝑄𝑖𝑒,𝑗𝑄𝑗𝑖,𝑒 + 𝑞𝐿𝑐𝜖𝑖𝑗𝑘𝑄𝑖𝑛𝑄𝑗𝑛,𝑘 , (2.7) 

 𝑓𝑒
(𝑠)
= 𝐶∥|(𝑛⃗ ∙ ∇ − 𝑖𝑞0)Ψ|

2 + 𝐶⊥|(𝑛⃗ × ∇)Ψ|
2, (2.8) 

 
𝑓𝑐 = −𝐷∇Ψ ∙  𝑄∇Ψ

∗, 
(2.9) 

 𝑓𝑖
(𝑛)

= 𝑊𝑛
(1)
𝑣 ∙ 𝑄𝑣 +𝑊𝑛

(2)𝑇𝑟(𝑄 − 𝑄𝑖)
2, (2.10) 

 𝑓𝑖
(𝑠)
= −

𝑊𝑠
∗Ψ+𝑊𝑠Ψ

∗

2
. (2.11) 

The homogeneous nematic 𝑓ℎ
(𝑛), smectic 𝑓ℎ

(𝑠), and the coupling 𝑓𝑐 term determine the 

equilibrium value of the nematic (𝑠(𝑟 ) = 𝑆𝑒𝑞) and smectic (𝜂(𝑟 ) = 𝜂𝑒𝑞) order parameters 

in a bulk homogeneous sample. The quantities 𝑎0
(𝑛), 𝑏(𝑛), 𝑐(𝑛), 𝑇∗, 𝑎0

(𝑠), 𝑏(𝑠), 𝐷, and 𝑇𝑁𝐴 are 
positive material constants.  
If the smectic and nematic orders are decoupled (𝐷 = 0) the phase behavior of the system 
is as follows. The quantity 𝑇∗ determines the supercooling temperature of the isotropic 

phase. The I-N transition takes place at 𝑇𝐼𝑁 = 𝑇∗ +
𝑏(𝑛)2

24𝑎0
(𝑛)
𝑐(𝑛)

, 𝑆𝑒𝑞(𝑇 < 𝑇𝐼𝑁) =

𝑆0
3+√9−

8(𝑇−𝑇∗)

𝑇𝐼𝑁−𝑇∗

4
, where 𝑆0 = 𝑆𝑒𝑞(𝑇 = 𝑇𝐼𝑁) =

𝑏(𝑛)

4𝑐(𝑛)
. The SmA phase is reached at 𝑇 = 𝑇𝑁𝐴, 

𝜂𝑒𝑞(𝑇 < 𝑇𝑁𝐴) = 𝜂0√
𝑇𝑁𝐴−𝑇

𝑇𝑁𝐴
, where 𝜂0 = √

𝑇𝑁𝐴𝑎0
(𝑠)

2𝑏(𝑠)
. 

The elastic term 𝑓𝑒  penalizes the departures from the bulk equilibrium ordering. The 
quantities  𝐿1, 𝐿2, 𝐿3, 𝐿𝑐 and  𝐶∥ and 𝐶⊥ stand for the bare nematic and smectic elastic 
constants, respectively. The elastic term 𝐿𝑐 enforces chirality to the system, favoring the 
periodicity 𝑞. The quantity 𝜖𝑖𝑗𝑘 is the Levi-Civita symbol. It equals one for even 

permutations of indices –1 for odd combinations and equals zero in other order. The smectic 

elastic terms 𝑓𝑒
(𝑠)

 favor (i) homogeneous orientational ordering, (ii) parallel alignment of 𝑛⃗  
and the normal 𝑣 𝑠 of a smectic layer, and (iii) the bulk layer distance 𝑑𝑏 = 2𝜋/𝑞𝑜. 
Therefore, in the equilibrium one obtains  𝜙 = 𝜙𝑒𝑞 = 𝑞0𝑟 ∙ 𝑛⃗ . 

The coupling of LC ordering with the confining surface is described by the nematic 

(𝑓𝑖
(𝑛)) and smectic (𝑓𝑖

(𝑠)) interface terms, where 𝑊𝑛
(1)

, 𝑊𝑛
(2)

and 𝑊𝑠 stands for the nematic 

and smectic anchoring terms and 𝑣  is the normal vector of the interface. Note that for 
different surface treatments we have different surface interaction terms. In Eq. (2.10) and 

Eq. (2.11), we write the most common interactions used in the literature. 𝑊𝑛
(1)
> 0 favors 

perpendicular orientation of LC molecules with respect to 𝑣  (the isotropic tangential 

anchoring condition). Relation 𝑊𝑛
(1)
< 0 favours the orientation of the molecules along 𝑣  

(the homeotropic anchoring condition). If 𝑊𝑛
(2)
> 0  is a dominant term, then it enforces 

surface-imposed order equal to Qi. The confining surface tends to increase the degree of 
smectic ordering is 𝑊𝑠 and 𝑊𝑠

∗ are positive. 
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2.3 Topological Defects Stabilization Mechanism 

Here, we present the key mechanisms that generate lattices of line defects. For simplicity, 
we restrict to the nematic uniaxial order. 

The resulting free energy density is expressed as  

 𝑓ℎ
(𝑛)
~𝑎(𝑛)(𝑇 − 𝑇𝑛

∗)𝑠2 − 𝑏(𝑛)𝑠3 + 𝑐(𝑛)𝑠4, (2.12) 

 

𝑓𝑒
(𝑛)
~𝐿|∇𝑠|2 +

𝐾1
2
(∇. 𝑛⃗ )2 + 

𝐾2
2
(𝑛⃗ . ∇ × 𝑛⃗ − 𝑞)2 +

𝐾3
2
|𝑛⃗ × ∇ × 𝑛⃗ |2 

−
𝐾24
2
∇. (𝑛⃗ ∇. 𝑛⃗ + 𝑛⃗ × ∇ × 𝑛⃗ ), 

(2.13) 

 𝑓ℎ
(𝑠)
~𝑎(𝑠)(𝑇 − 𝑇𝑠

∗)𝜂2 + 𝑏(𝑠)𝜂4 + 𝑐(𝑠)𝜂6, (2.14) 

 𝑓𝑒
(𝑠)
~𝐶∥|(𝑖𝑞0𝑛⃗ − ∇)Ψ|

2 + 𝐶⊥|(𝑛⃗ × ∇)Ψ|
2, (2.15) 

where the orientational and translational order are described in terms of order parameters 

given by Eqs. (2.2) and (2.3). In expressing 𝑓𝑒
(𝑛) we use the conventional Frank description 

in terms of the Frank splay 𝐾1, twist 𝐾2, bend 𝐾3 and saddle-splay 𝐾24 elastic constant. It 
roughly holds that these constants are proportional with 𝐿𝑆2, where 𝐿~𝐿1 = 𝐿2 = 𝐿3 [114]. 

2.3.1 Curvature  

We first discuss the conditions favoring BPs that are characterized by lattices of 
disclinations. The main ordered phase that appears as a competitor of BPs is the N* phase. 

The latter is characterized by the twist nematic configuration, for which 𝑓𝑒
(𝑛)~0. On the 

contrary, in BPs, the first four elastic contributions in Eq. (2.13) are on average finite and 
positive. In addition, disclinations require melting (more exactly, the appearance of biaxial 
states) of the uniaxial nematic order in the cores of defects, introducing additional 
condensation penalty costs in BPs. The key BP stabilizing term is thus the saddle-splay 
term for the positive value of 𝐾24. Note that the elastic term weighted by 𝐾24 equals the 
Gaussian curvature G of a hypothetical local surface [5], whose surface normal is 
determined by 𝑛⃗ . Therefore, 𝐾24 > 0 favors “double-cylinders” which are characterised by 
𝐺 > 0, decreasing the overall free energy. However, in between “double-twist cylinders” 
the LC structure exhibits regions where 𝐺 < 0. Nevertheless, the free penalty in these 
regions is relatively small due to the presence of disclinations that, on average, decrease 
the amplitude of nematic local order. The overall energy penalty balance favors the 
presence of disclinations. 

In the case of smectic order, the smectic compressibility term represents the generator 
of dislocations. In order to show that, we assume a spatially constant value of the smectic 
amplitude field 𝜂. Consequently, the minimization of the compressibility terms yields the 
condition  

 
𝑞0𝑛⃗ = ∇ϕ. (2.16) 

Applying the operation ∇ × on Eq. (2.16), one obtains 𝑞0∇ × 𝑛⃗ = ∇ × ∇ϕ ≡ 0, which 
leads in strongly chiral LCs to inequality, because of ∇ × 𝑛⃗ ≠ 0. One could resolve this 
frustration either by melting the smectic order or by introducing dislocations. Note that in 
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superconductors [115] one obtains a similar inequality, where 𝐴  (which is related to the 
magnetic field 𝐵⃗ = ∇ × 𝐴 ) plays the role of 𝑛⃗ , and 𝜙 is the phase of the complex order 
parameter quantifying the condensation of the superconducting Cooper-pairs. 

2.3.2 Nanoparticles 

Introducing NPs or other agents such as polymeric molecules to LC structures hosting 
lattices of defects could efficiently enhance the stability of such structures. The key 
mechanisms enabling the stabilization are referred to as the Defect Core Replacement 
(DCR) [92], [99], [116] and the Adaptive Defect Core Targeting (ADCT) [14] mechanisms.  

The DCR mechanism refers to the partial replacement of the relatively expensive TD 
cores volume with the volume of (partially) trapped NPs. Within the cores of disclinations 
and dislocations, the uniaxial nematic order and smectic order, respectively, are essentially 
melted [61], [64], [117]. This generally introduces relatively high energy costs in the 
respective condensation-free energy contributions. However, if NPs are trapped within the 
cores, the free energy condensation penalty is reduced. In order to illustrate this, the 

condensation penalty ∆𝐹𝑐
(𝑝ℎ𝑎𝑠𝑒)

 for introducing defects into BP or TGB phase is estimated 
by 

 
∆𝐹𝑐

(𝐵𝑃)
~ |𝑓ℎ

(𝑛)
| 𝑉𝑑𝑒𝑓 , (2.17) 

 
∆𝐹𝑐

(𝑇𝐺𝐵)
~ |𝑓ℎ

(𝑠)
| 𝑉𝑑𝑒𝑓 , (2.18) 

where  𝑉𝑑𝑒𝑓 estimates the total volume of defect cores within a system, and the 

condensation free energy contributions are given in Eq. (2.12) & (2.14). If NPs are trapped 
within the cores, they reduce the value of 𝑉𝑑𝑒𝑓. 

Note that the above-described mechanism is effective only when the NPs do not 
significantly distort the surrounding symmetry-broken order parameter field component 
(i.e. the nematic director field 𝑛⃗  or the smectic phase-field 𝜙), which is embodied in the 
universal ADCT mechanism. This mechanism refers to cases, where the same NPs stabilize 
both lattices of disclinations and dislocations [14]. It incorporates the following 
characteristics: i) NPs should slightly distort the symmetry-broken field of the LC structure 
to be attracted to a defect’s core. ii) If NPs are trapped within the cores they should not 
significantly distort the surrounding LC order. iii) In order to have a universal impact on 
both disclinations and dislocations, NPs should have the potential to adapt to the structure 
of different environments. This last condition is met when NPs have an appropriate surface 
treatment [14], [99], [116].  

The ADCT mechanism is effective only when the NP-LC interaction is moderate, i.e., 
neither weak nor strong. To estimate this condition in the nematic phase, the coupling at 
NP-LC interfaces is modeled by the free energy density term [5] (see Eq. (2.10)) 

 
𝑓𝑖 = 𝑤 𝑇𝑟(𝑄 − 𝑄𝑖)

2. 
(2.19) 

Here Tr stands for the trace operation, 𝑤 > 0 stands for the positive surface anchoring-
wetting constant, and 𝑄𝑖 is the nematic order favored by the interface. The appropriate 
regime enabling adaptivity is where the global interface and elastic penalty contributions 
are comparable. To obtain an estimate for such a condition [118], one compares the average 
free energy ∆𝐹 penalties in extreme cases, where either i) elastic or ii) surface interaction 
penalties are minimised. In the first case, the surface interaction contribution is maximal 

and is estimated by 
∆𝐹(𝑖)

𝑉
~
𝑁

𝑉
𝑎𝑁𝑃𝑤~𝑝

𝑎𝑁𝑃

𝑣𝑁𝑃
𝑤. Here N stands for the number of NPs in the 
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sample, 𝑎𝑁𝑃 and 𝑣𝑁𝑃 determine the average surface area and volume of a NP, and 𝑝 =
𝑁𝑣𝑁𝑃

𝑉
  is the volume concentration of NPs. In the second regime, the interface penalties are 

negligible and the free energy penalties are dominated by the elastic deformations, which 
arise in order to accommodate NP-LC interfaces-imposed order. It follows [118] that 
∆𝐹(𝑖𝑖)

𝑉
~

𝐾

𝑙𝑁𝑃
2 , where K is the representative Frank elastic constant and 𝑙𝑁𝑃~(𝑣𝑁𝑃/𝑝)

1/3 is the 

average separation between essentially homogeneously dispersed NPs. The adaptive regime 
is estimated by imposing ∆𝐹(𝑖)~∆𝐹(𝑖𝑖), yielding the condition  

 𝑝
𝑎𝑁𝑃
𝑣𝑁𝑃

𝑙𝑁𝑃
2

𝑑𝑒
~1, (2.20) 

where 𝑑𝑒~𝐾/𝑤 defines the surface extrapolation length. For spherical NPs of radius r it 
follows 

 
𝑝2/3𝑟

𝑑𝑒
~1. (2.21) 

For example, this condition is fulfilled for 𝑤~10−6 J/m2 in case of conventional LCs [5] 
(i.e. 𝐾~10−12 J/m), spherical NPs of radius 𝑟~10 nm and concentration 𝑝~0.001. 

It is noteworthy that lattices of defects could also be stabilized by other mechanisms, 
e.g., by effectively enhancing the chirality strength of the system [68]. This could be 
achieved by using appropriate chiral dopants.
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Chapter 3 

3 Experimental Background 

We have used synthesized magnetic NPs and various experimental methods to characterize 
them in the present work. Transmission electron microscopy (TEM) has been used for the 
particle's shape, size distribution, and surface morphology. Dynamic light scattering (DLS) 
is used to determine the size distribution profile of tiny particles in colloidal suspension. 
Furthermore, the phase behavior of LC+NP mixtures has been probed utilizing ACC, 
POM. To distinguish between various phases in the LCs and successive mixtures with 
magnetic NPs, polarized optical microscopy (POM) and high-resolution calorimetry (ACC) 
were used. 

3.1 Materials Used 

Chiral CE8 liquid crystal compound was used in this thesis. More specifically, the impact 
of NPs on the stabilization of phase behaviors was studied in a mixture of chiral CE8 and 
magnetic NPs with three different concentrations.  

3.1.1 Liquid crystal compound 

A strongly chiral LC compound S-(+)-[4-(2’-methyl butyl) phenyl 4’-n-octylbiphenyl-4-
carboxylate] known as CE8 has been used.  

 

Figure 3.1: The chemical structure of chiral liquid crystal CE8 and its phase sequence [99]. 

It was purchased from Merck and used without further treatment. CE8 compound was 
used for the stabilization of blue phases by using NPs [85], [86], [99], [116]. The present 
ferroelectric chiral LC exhibits the following phase sequence as obtained from the bulk CE8 
calorimetric run [119], as you can see below. 
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3.1.2 Magnetic nanoparticles  

Mixtures of LCs and NPs have been extensively studied, both experimentally and 
theoretically [120]–[124]. Recently, different types of LC and NP mixtures were exploited 
for the tuning of the electro-optical response [120] and phase stabilization [85], [95], [98], 
[116], [125]–[127]. Nowadays, magnetic NPs are of great interest for researchers and they 
have tried to produce new NPs exhibiting extraordinary properties [128]. Knowing that 
NPs mixtures and other conventional materials could exhibit special behaviors not found 
in any individual components [4]. It has been shown experimentally [129], [130] that the 
spontaneous onset of LC ordering could be a way to obtain well-aligned NPs [53]. It is well 
known that LC exhibits a long-range orientational order, and it responds extremely to 
various perturbations as an external field (e.g. electric or magnetic) [128].  

 

Figure 3.2: DLS image of maghemite (𝛾 − 𝐹𝑒2𝑂3) magnetic nanoparticles (the insert: TEM 
image of magnetic NPs).  

The chosen magnetic NPs were maghemite (γ-Fe2O3) nanoparticles with an average 
diameter around 10 nm. The NPs have been synthesized by Dr. Sašo Gyergyek, 
Department for Synthesis of Materials, IJS. Briefly, the NPs were synthesized by co-
precipitation of Fe(II) and Fe(III) cations with ammonia, followed by adsorption of oleic 
acid (OA) [131]. The addition of HNO3 flocculated the hydrophobized NPs. The particles 
were soaked in OA for coating, and the excess acid was removed by washing NPs with 
acetone. Finally, the NPs were dispersed in an equal amount of toluene and chloroform to 
form a colloidal suspension. The average size 𝑑𝑇𝐸𝑀 of the NPs was estimated from TEM 
images of at least 500 NPs (Figure 3.2) and was found to be 𝑑𝑇𝐸𝑀 = 10 𝑛𝑚 ± 2 𝑛𝑚. The 
hydrodynamic diameter 𝑑𝐷𝐿𝑆 = 10.5 nm of the NPs was estimated by DLS (Figure 3.2) 
and was very close to 𝑑𝑇𝐸𝑀 indicating good agreement by dispersion of the NPs in toluene.  



3.2. Liquid Crystals and Nanoparticles Mixing 19 

3.2 Liquid Crystals and Nanoparticles Mixing  

A well-known mixing protocol prepared the CE8 and magnetic NPs mixture described 
elsewhere [99], [132]. The NPs concentrations such as χ = 0.01, 0.001, 0.0001, where χ is 
defined as the mass of magnetic NPs over the total mass   

 
𝜒 =

𝑚𝑁𝑃

𝑚𝑁𝑃 +𝑚𝐿𝐶
 

(3.1) 

Here 𝑚𝑁𝑃 and 𝑚𝐿𝐶 stand for the total masses of NPs and LC molecules in the samples. 
100 mg of CE8 LC was used in each mixture and the NPs concentration was determined 
by the above formula (Eq. (3.1)). NPs were dispersed and stored in high-purity toluene 
and chloroform. The desired amount of LC and NPs solution took in a vial; additionally, 
200 µL of high-purity toluene was added into a vial. Then the vial was placed on the non-
magnetic heater. Since we are using magnetic NPs, we have used glass rod stirring to mix 
the solution. The temperature was set to 350 K and the rotation speed to 250-300 rpm 
while toluene was presented in the vial. The temperature was gradually increased; in the 
meantime, toluene was periodically added to the mixture to enable enough time for mixing 
to get a good mixture. The sample was set to the isotropic phase before the toluene was 
evaporated completely from the vial, i.e. at 430 K, and glass rod rotation speed was reduced 
to 100-150 rpm. Once the toluene evaporated, the mixture was mixed with a glass rod by 
hand for a couple of minutes. After all, the mixture was quenched immediately with cold 
water to keep the mixture into the crystalline phase, and then the crystalline mixture was 
used in further experimental techniques. 

3.3 Experimental Techniques 

In this work, we have used two different experimental techniques, namely optical 
microscopy and ac calorimetry, to identify the phases and check the stability of the 
respective phases.  

3.3.1 Polarized optical microscopy  

Optical microscopy was used to initially characterize LC+NP mixture samples. Later on, 
the time-consuming high-resolution calorimetric method was used. Both measurements 
have been used to check the presence of the desired phases in the system. The homemade 
extremely subtle temperature (± 0.01K) controller attached to the optical microscopy was 
used to identify various LC phases. Nikon ECLIPSE E600 polarized microscope has been 
used for the sample observations under polarizers in transmission mode, and the images 
were taken with the 20X imaging Canon EOS 550D camera. The temperature (i.e. heating 
and cooling cycles) rates under the microscope with an approximate heat rate of 0.02 K 
per 1 min using a heated stage with ±0.10 K temperature stability driven by the Lakeshore 
304 K temperature controller. Non-treated glass cells were used for microscopy 
observations. 
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Figure 3.3: Schematic representation of LC mixture in between the glass cells and spacers 
for POM observations.  

Afterwards, two non-treated glass plates were separated by a 12 μm thick spacer stuck 
together enveloping an LC and NPs mixture in between (Figure 3.3). The mixture was 
first re-melted into the isotopic phase and then the cell was pressed together. After this, 
we proceeded with the POM measurements.   

3.3.2 High-resolution calorimetry  

The temperature dependence of the heat capacity was performed by the high-resolution ac 
calorimetry (ACC). This is a useful technique for studying the critical behavior in the 
vicinity of various phase transitions. The temperature dependence of the heat capacity Cp 
and enthalpy H functions plays an important role in characterizing the phase transitions 
in condensed matter [133]. In the past, several known calorimetric techniques have been 
developed, i.e., differential scanning calorimetry (DSC) [133], traditional adiabatic 
calorimetry [134]–[136], adiabatic scanning calorimetry [128], isothermal titration 
calorimetry, and photothermal calorimetry. Besides, a variety of high-resolution scanning 
techniques were invented. Among them, the special technique is ac calorimetry [133], well 
suited for LCs and other soft and solid materials to obtain the phase transition behavior 
and reveal the universality class, etc. [14], [133], [135], [137]–[139]. 

In the present work, we have used high-resolution ac calorimetry. The ac calorimetry 
is sensitive mostly to the continuous enthalpy changes, while the relaxation mode is to 
both continuous and discontinuous enthalpy changes.  Both the ac and relaxation modes 
can be obtained the heat capacity Cp(T) in the vicinity of the selected phase transition,  as 
well as to determine the type of critical behavior [133], [140]. The comparison of data 
obtained by the modes can be used to detect the latent heat when present. The latent heat 
at a first-order transition is derived from the difference in the total enthalpy obtained by 
the two modes of operation [140]. In this thesis, we performed ac runs to derive the phase 
diagrams and critical behavior of given mixtures.  

All calorimetry measurements were performed at the setup at the Jožef Stefan Institute, 
Ljubljana. A homemade, dual-mode computerized calorimetry operating in both ac and 
relaxation modes over a broad temperature range between 80 to 470 K has been used [119], 
[138]. A detailed description is given below, followed by calorimeter setup, sample 
preparation, and mounting.  

The calorimeter setup consists of a thermal bath, which includes two hermetically sealed 
Cu blocks, the electronic devices: Keithley 2002 digital multimeter for the data acquisition, 
Krohn-Hite 5920 power source and resistor for guiding heating power along with Lake 
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Shore temperature controller for setting and stabilizing the bath temperature within 0.1 
mK and a computer control the setup as given in Figure 3.4.    

 

 

Figure 3.4: Schematic representation of home-made high-resolution calorimetry setup at 
IJS. The setup comprises several parts, such as electronic devices (left) connected with a 
computer and a thermal bath unit (right) where the sample goes.  Figure 3.5 presented a 
real view of the thermal bath, inside view, and their connections with a sample. 

For the calorimetric cell preparation, a high-purity hand-shaped silver cup and a lid 
need to be cleaned with acetone and ethanol by using a sonicator.  Afterwards, the glue 
and indium paste are spread on both cup lid edges. Indium paste ensures that the cup and 
lid adhere well to each other when pressed together, preventing any possible sample 
leakage. It is important since all samples are liquid-like at higher temperatures. Then the 
cup is filled with the prepared LC mixture. After pressing together, the cup and the lid, 
additional components such as heater (down), thermistor and copper leads (top) are 
attached to the sample cell. One side, a 120 Ω strain-gauge, serving as a heater, and 40 μm 
thick supporting copper wires are attached by a special glue GE varnish. 

The heater is connected to the Krohn-hite function generator and supplies the ac or 
linear power to the sample/cell. On the other side of the cell, a 500 kΩ small-glass-bead 
thermistor is attached by the Torr seal for precisely probing the temperature of the sample 
as in Figure 3.6. The thermistor is connected to the Keithley digital multimeter, which 
measures its resistivity. Another heater attached to the bath shield is connected to the 
Lakeshore temperature controller and serves to stabilize the bath temperature. Two 
additional thermometers are connected to the Lakeshore temperature controller. The 
computer controls the whole measurement procedure, triggers the measurement, and stores 
all the data collected during the experiment. The sample cell is coupled to the surrounding 
bath mainly through the air and connecting wires. The whole chamber is insulated from 
the outside environment by three thermal shields. The temperature of the internal chamber 
is stabilized to within ±0.1 mK by the Lakeshore 304 temperature stabilizer. The thermal 
resistance of the connection between the sample and the bath yields typically between 200-
250 Ω.  
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Figure 3.5: High-resolution calorimetry thermal bath setup. a) A sample cell with the 
attached thermistor, heater, and copper wires are mounted in the sample holder and b) 
then closed with a copper cover (sample holder stand). c) Thermal bath chamber, d) sample 
holder (b) fixed in bath chamber, and e) chamber connected with electronic devices as 
shown in Figure 3.4. 
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Figure 3.6: Presentation of the LC mixture cell preparation for the heat capacity 
measurements. The handmade silver cells (cup and lid) are prepared to place the LC 
mixture sample in and closed, as shown in the figure. Then the heater, copper wires, and 
thermistor are attached to the sample cell. At the bottom right, the final sample cell with 
attachments is shown.  
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Chapter 4 

4 Results and Discussion 

In this chapter, we present the obtained theoretical and experimental results.  We first 
study the theoretically chirality-driven multiple twisted nematic structures in a cylindrical 
environment, such structures would in 3D lead to lattices of disclinations. We determine 
conditions where such nematic structures could be stable. Then we analyses theoretically 
how stabilized topological defects could be exploited to trap appropriately surface 
decorated NPs. Afterwards, we summarize and reinterpret the existing NP-driven 
stabilization of lattices defects in BPs and TGBA. In this case, we focus on the impact of 
geometry of NPs. Finally, we present our detailed experimental study of the impact of 
spherical magnetic NPs on BPs and TGBA, where we emphasize the role of the NPs 
magnetic field.   

4.1 Chirality Induced Frustration  

Of our interest are spontaneously twisted NLC structures in cylindrical confinement. In a 
3D system, such structures of staked cylinders inevitably lead to the formation off line 
defects. However, within individual cylinders defects are not formed. For this purpose, it 
is sufficient to describe patterns using the Frank-Oseen continuum approach [141] in terms 
of the nematic director field 𝑛⃗  in the presence of chirality. We use the expression (see Eq. 
(2.7)) 

 

𝑓𝑒 =
𝐾1
2
(∇. 𝑛⃗ )2 +

𝐾2
2
(𝑛⃗ . ∇ × 𝑛⃗ + 𝑞)2 +

𝐾3
2
|𝑛⃗ × ∇ × 𝑛⃗ |2 

−
𝐾24
2
∇. (𝑛⃗ ∇. 𝑛⃗ + 𝑛⃗ × ∇ × 𝑛⃗ ). 

(4.1) 

We model the surface interaction term using a simple Rapini-Papoular [141] description 
(see Eq. (2.10)): 

 𝑓𝑠 =
𝑊

2
(1 − (𝑛⃗ . 𝑒 )2). (4.2) 

Here, 𝑊 stands for the surface anchoring strength and the unit vector 𝑒  determines the 
local easy axis. Namely, 𝑓𝑠 is minimized if  𝑛⃗  is locally aligned along 𝑒  for 𝑊 > 0 and 
perpendicular to 𝑒  for 𝑊 < 0, respectively.  

4.1.1 Representative classes of multiple-twisted structures  

In the study, we focus on spontaneously twisted nematic structures realized within an 
infinite cylinder of radius R. For this reason; we use cylindrical coordinates {𝑟, 𝜑, 𝑧}, 
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determined by the unit vector triad {𝑒 𝑟, 𝑒 𝜑, 𝑒 𝑧}. We consider two different ansatzes which 

approximate two qualitatively different families of solutions that are expected to be stable 
for geometries and boundary conditions of our interest [142], [143]. 
The first class is parametrized as [143] 

 
𝑛⃗ (𝑅𝑍𝑇) = 𝑐𝑜𝑠𝜑 𝑠𝑖𝑛Ω 𝑒 𝑟+𝑠𝑖𝑛𝜑 𝑠𝑖𝑛Ω 𝑒 𝜑 + 𝑐𝑜𝑠Ω 𝑒 𝑧, (4.3) 

 
𝜑 = 𝑞1

(𝑅𝑍𝑇)
𝑧 − 𝜑,Ω =

𝜋

2
− 𝑞2

(𝑅𝑍𝑇)
𝑟 𝑠𝑖𝑛𝜑, 

(4.4) 

where the wave vectors 𝑞1
(𝑅𝑍𝑇)

 and 𝑞2
(𝑅𝑍𝑇)

 are variational parameters. A typical 

representative structure is shown in Figure 4.1a. 

In the Cartesian coordinates {x, y, z} the ansatz reads 

 
𝑛⃗ (𝑅𝑍𝑇) = cos (𝑞1

(𝑅𝑍𝑇)
𝑧) 𝑠𝑖𝑛Ω 𝑒 𝑥+sin (𝑞1

(𝑅𝑍𝑇)
𝑧) 𝑠𝑖𝑛Ω 𝑒 𝑦 + 𝑐𝑜𝑠Ω 𝑒 𝑧. (4.5) 

Cases 𝑞1
(𝑅𝑍𝑇)

≠ 0 and 𝑞2
(𝑅𝑍𝑇)

≠ 0 determine double-twisted solutions. In these patterns, 

referred to as radially−z−twisted (RZT) structures [143], twist deformation is realized both 
along the 𝑒 𝑟 and 𝑒 𝑧 directions. Furthermore, this ansatz encompasses also single-twisted 

structures. For example, for 𝑞2
(𝑅𝑍𝑇)

= 0 a structure twisting around the y axis is expressed 
as 

 
𝑛⃗ (𝑅𝑍𝑇) = cos (𝑞1

(𝑅𝑍𝑇)
𝑧 − 𝜑)  𝑒 𝑟+sin (𝑞1

(𝑅𝑍𝑇)
𝑧 − 𝜑) 𝑒 𝜑, (4.6) 

which corresponds to a classical cholesteric solution with periodicity 𝑞1
(𝑅𝑍𝑇)

. 

This solution corresponds to a classical cholesteric solution, where the twist is realized 
along the z-axis. 

The second family of solution of our interest corresponds to the radially-twisted (RT) 
structures [143], where the twist is realized only along 𝑒 𝑟, see Figure 4.1b. For this purpose, 
we use the ansatz  

 
𝑛⃗ (𝑅𝑇) = 𝑠𝑖𝑛Ω 𝑒 𝜑 + 𝑐𝑜𝑠Ω 𝑒 𝑧. (4.7) 

Here, Ω = Ω(𝑟) and to avoid a singularity at the cylinder axis, we impose the condition 
Ω(0) = 0. Previous numerical studies [143] have revealed that the dependence of Ω(𝑟) is 
roughly linear in r, even for large twists of 𝑛⃗ . Consequently, we use the approximation 

 Ω = 𝑞(𝑅𝑇)𝑟. (4.8) 

A typical spatial profile of these functions is presented in Figure 4.1.  
We now impose the approximation of equal elastic constants 𝐾 ≡ 𝐾1 = 𝐾2 = 𝐾3, but 

allow 𝐾24 ≠ 𝐾. At the cylinder’s lateral wall, 𝑟 = 𝑅, we impose for the positive anchoring 
strength  W>0 either a) homeotropic anchoring (𝑒 = 𝑒 𝑟), b) planar tangential anchoring 
along 𝑒 𝑧 (i.e., (𝑒 = 𝑒 𝑧), or c) planar tangential anchoring along 𝑒 𝜑(𝑒 = 𝑒 𝜑). We henceforth 

refer to these cases as a) homeotropic, b) zenithal polar planar), and c) azimuthal planar 
anchoring, respectively. For 𝑊 < 0, these cases correspond to isotropic tangential 
anchoring in planes characterized by surface normal along 𝑒 . Note that in our study, the 
latter case is sensible only for the condition (a). 
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For later convenience, we introduce the following dimensionless quantities: 𝑄 =

𝑞𝑅, 𝑄1 = 𝑞1
(𝑅𝑍𝑇)

𝑅, 𝑄2 = 𝑞2
(𝑅𝑍𝑇)

𝑅, 𝑄𝑅𝑇 = 𝑞
(𝑅𝑇)𝑅,𝐾24 =

𝑘24

𝐾
, 𝑤 =

𝑅𝑊

𝐾
 and the dimensionless 

free energy is scaled in units of 𝐹0 = 𝜋𝐾𝐻. We note that W, and thus w, can differ for each 
of the three types of anchoring.  Therefore 𝐹 → 𝐹/𝐹0, where H is the height of the cylinder. 
For numerical convenience, we suppose that H is either large in comparison with the period 

𝑝 = 2𝜋/𝑞1
(𝑅𝑍𝑇)

, or an integer number of p.  

 

Figure 4.1: Double-twisted nematic structures. (a) The radially-z-twist deformation. 𝑄1 =
1.0,  𝑄2 = 1.0 twist is realised both along the 𝑒 𝜑 and 𝑒 𝑧 directions. (b) The radially twisted 

structure. Here, the twist is realized along 𝑒 𝑟. 𝑄𝑅𝑇 = 1.1. We present the figures in (x, z) 
plane [144]. 

4.1.1.1 Free energies of structures 

Using the ansatzes Eqs. (4.3) & (4.4) and Eqs. (4.7) & (4.8) and the scaling described 
above, we calculate free energies 𝐹 of the structures (see Eqs. (4.3) & (4.4)). For later 

convenience, the energies are decomposed as 𝐹(𝑅𝑍𝑇) = 𝐹𝑒
(𝑅𝑍𝑇)

+ 𝐹𝑠
(𝑅𝑍𝑇)

 and 𝐹(𝑅𝑇) = 𝐹𝑒
(𝑅𝑇)

+

𝐹𝑠
(𝑅𝑇)

 for the first (RZT) and second class (RT) of solutions, respectively. 
We consider first the family of solutions labeled by 𝑛⃗ (𝑅𝑍𝑇) (see Eqs. (4.3) & (4.4)). The 

elastic contribution reads 

 𝐹𝑒
(𝑅𝑍𝑇)

=
(𝑄 − 𝑄2)

2

2
+
𝑄1
2𝑄2

2

8
+
𝑄1
2
(
𝑄1
2
+ (1 − 𝑘24)𝑄2 − 𝑄)(1 +

𝐽1(2𝑄2)

𝑄2
). (4.9) 

Now let 𝐹𝑠
(𝑅𝑍𝑇)

 stand for the interface contribution, which  is different for a) 

homeotropic (𝐹𝑠
(𝑅𝑍𝑇)

= 𝐹𝑠,ℎ
(𝑅𝑍𝑇)

), b) zenithal (𝐹𝑠
(𝑅𝑍𝑇)

= 𝐹𝑠,𝑧
(𝑅𝑍𝑇)

), and c) azimuthal 𝐹𝑠
(𝑅𝑍𝑇)

=

𝐹𝑠,𝜑
(𝑅𝑍𝑇)

 anchoring: 

 𝐹𝑠,ℎ
(𝑅𝑍𝑇)

=
3𝑤

4
−
𝑤

4

𝐽1(2𝑄2)

𝑄2
, (4.10) 

 𝐹𝑠,𝑧
(𝑅𝑍𝑇)

=
𝑤

2
−
𝑤

2
𝐽0(2𝑄2), (4.11) 

 𝐹𝑠,𝜑
(𝑅𝑇)

=
3𝑤

4
+ 𝑤 (

𝐽1(2𝑄2)

4𝑄2
−
𝐽0(2𝑄2)

2
). (4.12) 

Here J0 and J1 stand for the Bessel functions of order 0 and 1, respectively.  
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The second class of solutions is determined by the elastic term 

 𝐹𝑒
(𝑅𝑇)

= 
1

2
(𝑄 + 𝑄𝑅𝑇)

2 + (1 − 𝑘24 +
𝑄

𝑄𝑅𝑇
) 𝑠𝑖𝑛2𝑄𝑅𝑇 +∫

𝑠𝑖𝑛2(𝑄𝑅𝑇𝑥)

𝑥

1

0

𝑑𝑥, (4.13) 

and surface contributions 

 𝐹𝑠,𝐻
(𝑅𝑇)

= 𝑤, (4.14) 

 𝐹𝑠,𝑧
(𝑅𝑇)

= 𝑤 𝑠𝑖𝑛2𝑄𝑅𝑇 , (4.15) 

 𝐹𝑠,𝜑
(𝑅𝑇)

= 𝑤 𝑐𝑜𝑠2𝑄𝑅𝑇 . (4.16) 

We obtain solutions by varying the variational parameters 𝑄1, 𝑄2 and 𝑄𝑅𝑇 for given 
material properties (determined by 𝑄, 𝑘24, 𝑤) and boundary conditions.  

Of interest is the determination of regimes where radially− 𝑧−twisted (RZT) or radially-
twisted (RT) structures are stable. We first perform an analytic analysis of structures 
where we expand the free energies in the limit of relatively small dimensionless wave 
numbers 𝑄1, 𝑄2 and 𝑄𝑅𝑇 . Then we shall perform a more detailed stability analysis 
numerically. 

4.1.1.2 Landau-type analysis 

We first consider RZT (class 1) structures using the ansatz Eqs. (4.3) & (4.4). By 
minimizing the total free energy 𝐹(𝑅𝑍𝑇) with respect to 𝑄1 it follows that 

 
𝑄1 =

𝑄 + (𝑘24 − 1)𝑄2

1 +
𝑄2
2

2 (1 +
𝐽1(2𝑄2)
𝑄2

)

. 
(4.17) 

This relation is independent of the boundary condition because 𝐹𝑠
(𝑅𝑍𝑇)

 (see Eqs. (4.10), 
(4.11) & (4.12)) is independent of 𝑄1.  

Hereinafter, we limit to regimes of relatively low periodicities 𝑄2 (i.e. 𝑄2 ≪ 1), for which 
Eq. (4.17) yields 

 𝑄1~𝑄 + (𝑘24 − 1)𝑄2 −
𝑄2
2𝑄

4
. (4.18) 

Taking this into account, we expand 𝐹(𝑅𝑍𝑇) up to the fourth power in 𝑄2. It follows that  

 

𝐹ℎ
(𝑅𝑍𝑇) =

𝑤

2
+
(𝑄 − 𝑄2)

2

2
− 𝑘24𝑄𝑄2 +

8𝑘24 − 4𝑘24
2 + 2𝑄2 +𝑤

8
𝑄2
2 

+
𝑄(𝑘24 − 1)

2
𝑄2
3 +

24 − 48𝑘24 + 24𝑘24
2 − 5𝑄2 − 2𝑤

96
𝑄2
4, 

(4.19) 

 

𝐹𝑧
(𝑅𝑍𝑇) =

(𝑄 − 𝑄2)
2

2
− 𝑘24𝑄𝑄2 +

4𝑘24 − 2𝑘24
2 + 𝑄2 + 2𝑤

4
𝑄2
2 

+
𝑄(𝑘24 − 1)

2
𝑄2
3 +

24 − 48𝑘24 + 24𝑘24
2 − 5𝑄2 − 12𝑤

96
𝑄2
4, 

(4.20) 
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𝐹𝜑
(𝑅𝑍𝑇) =

𝑤

2
+
(𝑄 − 𝑄2)

2

2
− 𝑘24𝑄𝑄2 +

8𝑘24 − 4𝑘24
2 + 3𝑤

8
𝑄2
2 

+
𝑄(𝑘24 − 1)

2
𝑄2
3 +

24 − 48𝑘24 + 24𝑘24
2 − 10𝑤

96
𝑄2
4. 

(4.21) 

Here 𝐹ℎ
(𝑅𝑍𝑇)

, 𝐹𝑧
(𝑅𝑍𝑇)

, and 𝐹𝜑
(𝑅𝑍𝑇)

 denote 𝐹(𝑅𝑍𝑇) for homeotropic, zenithal, and azimuthal 

anchoring, respectively. We obtained a Landau-type form of 𝐹(𝑅𝑍𝑇) = 𝐹0
(𝑅𝑍𝑇)

+ 𝛼1𝑄2 +

𝛼2𝑄2
2 + 𝛼3𝑄2

3 + 𝛼4𝑄2
4 where 𝑄2 and {𝛼1, 𝛼2, 𝛼3, 𝛼4} play the role of order parameter and 

Landau expansion coefficients, respectively.    
For nonchiral LCs (𝑄=0), one obtains 

 𝐹ℎ
(𝑅𝑍𝑇)

=
𝑤

2
+
8𝑘24 − 4𝑘24

2 +𝑤 + 4

8
𝑄2
2 +

24 − 48𝑘24 + 24𝑘24
2 − 2𝑤

96
𝑄2
4, (4.22) 

 𝐹𝑧
(𝑅𝑍𝑇)

=
4𝑘24 − 2𝑘24

2 + 2𝑤 + 4

4
𝑄2
2 +

24 − 48𝑘24 + 24𝑘24
2 − 12𝑤

96
𝑄2
4, (4.23) 

 𝐹𝜑
(𝑅𝑍𝑇)

=
𝑤

2
+
8𝑘24 − 4𝑘24

2 + 3𝑤 + 4

8
𝑄2
2 + 

24 − 48𝑘24 + 24𝑘24
2 − 10𝑤

96
𝑄2
4. (4.24) 

The spatially homogeneous order becomes unstable with respect to the RZT class of 
solutions where the coefficients 𝛼2 that weight the 𝑄2

2 contribution in Eqs. (4.22), (4.23) 
& (4.24) change sign. From the condition 𝛼2 = 0 one could deduce a critical value 𝑘24 
above which the RZT structures become stable: 

 𝑘24
(ℎ)

= 1 + √1 +
𝑤

4
, (4.25) 

 𝑘24
(𝑧)
= 1 + √1 + 𝑤, (4.26) 

 𝑘24
(𝜑)

= 1 + √1 +
3𝑤

4
. (4.27) 

Here 𝑘24
(ℎ)
, 𝑘24
(𝑧)
, and 𝑘24

(𝜑)
 determine the critical values of 𝑘24 for homeotropic, zenithal, 

and azimuthal anchoring, respectively. Note that in the approximation of equal elastic 

constants the Ericksen’s critical value of 𝐾24 is given by 𝑘24
(𝑒)
= 2. Therefore, in the absence 

of chirality  𝐾24 could trigger double-twisted structures only for 𝑤 < 0, which in our 
modeling is physically meaningful for the case given by Eq. (4.25).  

Next, we focus on the RT structures using the ansatz of Eq.(4.7) & (4.8). In the limit 
𝑄𝑅𝑇 ≪ 1 it follows 

 
𝐹𝑒
(𝑅𝑇)

~
𝑄2

2
+ 2𝑄𝑄𝑅𝑇 + (2 − 𝑘24)𝑄𝑅𝑇

2 −
𝑄𝑄𝑅𝑇

3

3
+
(𝑘24 −

5
4)

3
𝑄𝑅𝑇
4 . 

(4.28) 

It is easy to estimate the equilibrium value of the chirality wave number 𝑄𝑅𝑇 of the RT 
structure if both 𝑄 and 𝑄𝑅𝑇 are small. We expand Eq. (4.13) and Eqs. (4.14), (4.15) & 
(4.16) and free energy minimization yields 

 𝑄𝑅𝑇 = −𝑄/(2 + 𝛾 − 𝑘24), (4.29) 
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with 𝛾 = 0 for homeotropic anchoring, and 𝛾 ± 𝑤 for tangential anchorings (positive sign 
for zenithal anchoring and negative sign for azimuthal anchoring). Note the Eq. (4.29) is 
valid only in the limit |𝑄𝑅𝑇| < 1.  
Thus, for nonchiral LCs it follows 

 𝐹ℎ
(𝑅𝑇)

~𝑤 + (2 − 𝑘24)𝑄𝑅𝑇
2 +

(𝑘24 −
5
4
)

3
𝑄𝑅𝑇
4 , (4.30) 

 𝐹𝑧
(𝑅𝑇)

~(2 − 𝑘24 +𝑤)𝑄𝑅𝑇
2 +

(𝑘24 −
5
4
− 𝑤)

3
𝑄𝑅𝑇
4 , (4.31) 

 
𝐹𝜑
(𝑅𝑇)

~𝑤 + (2 − 𝑘24 −𝑊)𝑄𝑅𝑇
2 +

(𝑘24 −
5
4
+ 𝑤)

3
𝑄𝑅𝑇
4 . 

(4.32) 

In this case, the critical conditions read 

 𝑘24
(ℎ)

= 2, (4.33) 

 𝑘24
(𝑧)
= 2 + 𝑤, (4.34) 

 𝑘24
(𝜑)

= 2 − 𝑤. (4.35) 

Therefore, in achiral LCs, the saddle-splay elasticity may trigger the RT structure below  

𝑘24
(𝑒)
= 2 only for the case of azimuthal anchoring. 

4.1.1.3 Numerical analysis 

We next explore the (meta) stability of double-twist structures in chiral LCs. Of particular 
interest is the determination of regimes in which the reversal of macroscopic chirality could 
be realized by varying a relevant parameter.  

4.1.1.3.1 RZT structure: Homeotropic anchoring 

We focus first on RZT (class 1) structures and homeotropic anchoring. Of interest is the 
exploration of the impact of the saddle−splay constant k24 and intrinsic chirality 𝑄 for 
relatively weak anchoring, for which we set to w = 1. In Figure 4.2 we plot 𝑄1 and 𝑄2 
equilibrium values on varying 𝑄 between 0 and 1. For the case 𝑄 = 0 (achiral nematic) the 

RZT structures could be triggered only in the regime  𝑘24 > 𝑘24
(𝑒)
≡ 2. However, for chiral 

LCs, 𝑘24 efficiently promotes the stability of RZT structures well below 𝑘24
(𝑒)

.  Furthermore, 

for 𝑘24 = 0, it holds that 𝑄2 = 0 and 𝑄1 = 𝑄. This solution corresponds to the classic 
cholesteric structure. Graphs in Figure 4.2 also reveal that a value of 𝑘24 can be extracted 
experimentally. 

We investigate how the saddle−splay constant k24 and intrinsic chirality 𝑄 influence the 
double chirality of the system. We first consider a weak homeotropic anchoring and we fix 
the anchoring strength to w = 1. In Figure 4.2, we compare the graphs 𝑄1(𝑘24) (left figure) 
and 𝑄2(𝑘24) (right figure) in equilibrium for five different values of 𝑄 from 0 to 1. Although 
the value 𝑘24 has an upper limit 2 according to the present theory, we have extended its 
interval to the value 3 for more general consideration. The case 𝑄 = 0 (nonchiral nematic) 
is exceptional: the unphysical value 𝑘24 > 2 would be needed for the RZT structure to be 
stable, while even very small values of 𝑘24 are sufficient to support RZT double twist for 
nonzero 𝑄. On the other hand, when 𝑘24 = 0, it holds 𝑄2 = 0 and 𝑄1 = 𝑄, i.e., there is a 
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single twist around the z-axis.  Graphs in Figure 4.2 also indicate the possibility to estimate 
the value of 𝑘24, although it is also masked with the value of the anchoring strength.  

 

Figure 4.2: Dependence of equilibrium values of 𝑄1 (left) and 𝑄2 (right) on 𝑘24 for five 
different values of the intrinsic chirality 𝑄 (denoted by numbers in graphs). Homeotropic 
anchoring, w = 1 [144].  

4.1.1.3.2 RZT structure: Tangential anchoring 

For tangential anchorings, the configurational variability of RZT structures is much more 
complex. This is illustrated in Figure 4.3, where we plot the dependencies of 𝑄1(𝑘24) and 
𝑄2(𝑘24) on all studied anchoring, conditions for two significantly different values of 𝑄, viz., 
𝑄 = 0.125  and 𝑄 = 1. The behavior is roughly similar for homeotropic and azimuthal 
anchoring, whereas for zenithal anchoring qualitatively different features emerge. In 

particular, 𝑄1 could even change sign at a critical value of k24, which we denote by 𝑘24
(𝑐)

. 
Similarly, for a given value of k24, this crossover could be achieved by varying 𝑄, and we 
label the corresponding critical value by  𝑄𝑐 . 

The behavior of the system in the case of planar anchoring (w = 1) on varying 𝑘24 and 
𝑄 is even more spectacular than for homeotropic anchoring. The graphs 𝑄1(𝑘24) and 
𝑄2(𝑘24) for all types of anchoring and two significantly different values of 𝑄 are compared: 
𝑄 = 0.125 and 1. We notice that while the graphs for homeotropic and azimuthal anchoring 
are similar, the situation is significantly different for zenithal anchoring. The parameter 𝑄1 
even changes sign at the definite value of 𝑘24 in the latter case.  
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Figure 4.3: Dependence of 𝑄1 (solid lines) and 𝑄2 (dashed lines) on 𝑘24 for 𝑄 = 0.125 (left 
figure) and 𝑄 = 1 (right figure) and different types of anchoring, labeled by “h” 
(homeotropic), “𝜑” (azimuthal) and “z” (zenithal). w = 1 [144]. 

Note that a value of 𝑘24
(𝑐)

 depends relatively strongly on 𝑄. Because the uniaxial twist 
with 𝑄1 = 0 can be observed easily by polarized optical microscopy, this phenomenon may 
be exploited to measure the splay−bend elastic constant. This is illustrated in Figure 4.4, 
where we plot the 𝑄𝑐(𝑘24) dependence for different anchoring strengths. Experimentally, 
one could vary 𝑄 by adding a chiral dopant to LC. The reversal of the sign of 𝑄1 exists in 

the interval 0 < 𝑘24 < 1  well below 𝑘24
(𝑒)

. In the strong anchoring limit W  the graph 
𝑄𝑐(𝑘24) approaches the straight line. 

We also note that in the case of zenithal anchoring, the value of 𝑘24, where 𝑄1 changes 
sign, is very different for the two cases of 𝑄. Since the uniaxial twist with 𝑄1 = 0 can be 
easily noticed with the optical polarizing microscopy, and this may serve as a way of 
measurement of splay−band elastic constant. Regarding the possible measurement of 𝑘24, 
Figure 4.4 shows the dependence of the “critical” value of intrinsic chirality 𝑄𝑐 on 𝑘24, 
where 𝑄1 = 0. The suggested experiment is the following: chiral molecules are added to 
NLC to increase intrinsic chirality until 𝑄1 = 0. Then, according to Figure 4.3, the 
corresponding 𝑘24 can be obtained. The reversal of the sign of 𝑄1 exists only in the interval 
of the saddle-splay constant 0 < 𝑘24 < 1. We have considered five different of w: from w 
= 0.2 to 5. In the case w > 1, the graphs are similar. In the strong anchoring limit w → , 
the graph 𝑄𝑐(𝑘24) approaches the straight line. For w < 1, the graphs are qualitatively 
different, and the interval of 𝑘24 is smaller. Another significant difference is about the 
corresponding value of 𝑄2: while 𝑄2 remains finite at the right limit of interval of 𝑘24 in 
the case w > 1 (i.e., 𝑄2 > 0 at 𝑘24 = 1), 𝑄2 goes to zero at the right limit (𝑘24 < 1) in the 
case w < 1).  
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Figure 4.4: The dependence of the critical intrinsic chirality 𝑄𝑐 (where 𝑄1 = 0) on 𝑘24 in 
the case of zenithal anchoring for different values of anchoring strength. Results were 
calculated in points labeled with symbols and lines that serve as guides for the eye. From 
left to right: w = 0.2 (circles), 0.5 (diamonds), 1 (open circles), 2 (stars) and 5 (triangles) 
[144]. 

4.1.1.3.3 Energy comparison of RZT and RT structures  

The equilibrium energies of both types of structures (RZT and RT) were compared for 
different sets of parameters. In general, homeotropic anchoring favors RZT configurations. 
This is obvious since the nematic director of the RT structure is always parallel to the 
boundary plane at the cylinder boundary. On the other hand, for both types of tangential 
anchoring stability regimes of different structures depending on a specific set of parameters 
𝑘24, 𝑄 and w. Due to broad parameter space, we limit our analysis to a few cases relevant 
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to our study. For example, Figure 4.4 reveals the parameters for which 𝑄1 = 0 (chirality 
reversal) is realised for the RZT configuration for zenithal anchoring.  It is essential to 
compare its free energy with the competitive RT structure. Some representative examples 
are depicted in Figure 4.5 and Figure 4.6. In Figure 4.5, we plot the equilibrium energies 
of the competing structures on varying 𝑄 for 𝑘24 = 0.5 and weak (w = 1) zenithal anchoring 
for the case exhibiting chirality reversal. In this case, the RZT structure with 𝑄1 < 0 is 
metastable with respect to RT. However, Figure 4.5 illustrates the existence of a regime 
for which the configuration with 𝑄1 < 0  is stable for 𝑘24 = 0.25. Thus, chirality reversal 
may be found experimentally in this case. The arrows in Figure 4.5 indicate approximately 
the energy of the RZT structure at the reversal of the sign of 𝑄1, together with the 
calculated chirality parameters. For lower values of 𝑄, it holds that 𝑄1 < 0, and vice versa. 
Although the energies for the cases 𝑘24 = 0.25 and 0.5 are not very different, the critical 
value of 𝑄 (𝑄𝑐 = 𝑄, where 𝑄1 changes sign) differs significantly: 𝑄𝑐 = 0.554 for the case 
𝑘24 = 0.5, whereas 𝑄𝑐 = 1.097 for the case 𝑘24 = 0.25. 

It is easy to estimate the equilibrium value of the chirality 𝑄𝑅𝑇 of the RT structure if 
both 𝑄 and 𝑄𝑅𝑇 are supposed to be small. In this case sin(𝑄𝑅𝑇) ≈ 𝑄𝑅𝑇 in Eqs. (4.22), (4.23), 
(4.24), (4.25), (4.26) & (4.27), and upon consequent minimization of the energy, we obtain: 
𝑄𝑅𝑇 = −𝑄/(2 + ∆ − 𝑘24), with ∆= 0 for homeotropic anchoring, and ∆= ± w for planar 
anchoring (positive sign for zenithal anchoring and negative sign for azimuthal anchoring). 
Of course, the denominator (2 + ∆ − 𝑘24) must not be near zero value for this estimation 
to hold. The easiest case for physical interpretation of this estimation is, when 𝑘24 = 0 and 

w = 0: it then holds 𝑄𝑅𝑇 = −
𝑄

2
. The negative sign is correct and it indicates an appropriate 

twist of nematic direction around the radial axis in dependence of the sign of 𝑄. The 
absolute value of 𝑄𝑅𝑇 is half the value of 𝑄 because of the double twist. 

The equilibrium energies of both types of structures (RZT and RT) were compared for 
different sets of parameters. Still, we have not made a systematic comparison to obtain a 
corresponding stability phase diagram since there are too many free parameters to vary. 
We have noticed, for instance, that the homeotropic anchoring tends to favor the RZT 
structure. This is obvious since the nematic director of the RT structure is always parallel 
to the boundary plane at the cylinder boundary. On the other hand, for both types of 
planar anchoring, there is a competition of the energy of both structures, and one or the 
other structure is stable depending on a specific set of parameters 𝑘24, 𝑄 and w. 

Since Figure 4.4 indicates sets of parameters where 𝑄1 = 0 (chirality reversal), it is 
essential to compare the corresponding energies with the RT structure. We have only 
picked up some typical sets of parameters without systematic variation. We have found 
that in some relatively narrow intervals of parameters, there indeed exists the energetically 
favorable structure (also with respect to RT), where we can observe the change of the sign 
of 𝑄1. For other values of the parameters, the lower energy of the RT structure obscures 
this chirality reversal. This is depicted in Figure 4.4 and Figure 4.5.  
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Figure 4.5: Dependence of the equilibrium energies (thick lines) and chirality parameters 
(thin lines) of the RZT structure (solid lines) and RT structure (dashed lines) on the 
intrinsic chirality 𝑄. 𝑘24 = 0.5, zenithal anchoring with w = 1 [144]. 

In Figure 4.4 we present equilibrium energies and chirality parameters for both 
structures when intrinsic chirality 𝑄 varies from 0 to 2, with 𝑘24 = 0.5 and w = 1 for 
zenithal anchoring. The chirality 𝑄1 reverses sign. But the comparison of energies shows 
that the RZT structure with 𝑄1 < 0 is not stable with respect to RT. However, as it is 
seen in Figure 4.5, where only the energies are compared, a range of the values of the 
parameter 𝑄 exists where 𝑄1 < 0 is stable, if we change the value of 𝑘24 to 0.25. Thus, the 
chirality reversal could be found experimentally in this case. The arrows in Figure 4.5 
indicate approximately the energy of the RZT structure at the reversal of the sign of 𝑄1, 
together with the calculated chirality parameters. For lower values of 𝑄 it holds 𝑄1 < 0, 
and vice versa. Although the energies in the cases 𝑘24 = 0.25 and 0.5 are not very different, 
the critical value of 𝑄 (𝑄𝑐 = 𝑄, where 𝑄1 changes sign) differs significantly: 𝑄𝑐 = 0.554 in 
the case 𝑘24 = 0.5, while 𝑄𝑐 = 1.097 in the case 𝑘24 = 0.25.   
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Figure 4.6: Dependence of the equilibrium energies of the RZT and RT structures on the 
intrinsic chirality 𝑄. Solid lines: 𝑘24 = 0.5. Dashed lines: 𝑘24 = 0.25. Zenithal anchoring 
with w = 1. Arrows indicate the sign reversal of 𝑄1 for both values of 𝑘24. For the case 
𝑘24 = 0.25, the chirality 𝑄1 reverses sign in the regime where 𝐹𝑅𝑍𝑇 < 𝐹𝑅𝑇 [144]. 

Finally, in Figure 4.7 and Figure 4.8 we show calculated optical polarizing microscopy 
patterns for the competing RZT and RT structures for two different polarization directions 
of polarizer and analyzer, where we set 𝑄1 = 𝑄2 = 𝑄𝑅𝑇 = 1. Simulations details are 
described in [143], [145]. The polarizations of polarizer and analyzer are mutually 
perpendicular. The angle between the polarizer and x−axis (horizontal axis) is 0 or 45. 
One sees that the textures are significantly different and that one could easily distinguish 
these structures by using polarizing optical microscopy. 

We may conclude for the case of zenithal anchoring that we can have a rich variability 
of qualitatively different structures, depending on a specific set of material parameters (and 
geometry, i.e., the radius of the cylinder): RZT with negative 𝑄1, RZT with positive 𝑄1, 
YZ (𝑄1 = 0; twist only in the y-direction), and RT structure. Here, we consider only the 
case of RTZ with positive 𝑄2. On the other hand, in the case of homeotropic or azimuthal 
anchoring, we can have RZT states with finite values of chirality 𝑄1 and very small values 
of chirality 𝑄2, i.e., practically ZT structure (twist only in 𝑧-direction, i.e., the usual helical 
structure along the cylindrical axis). Figure 4.6 also indicates the importance of the 𝑘24 
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parameter: a relatively small change from 0.25 to 0.5 significantly alters the stability of 
compared structures. We may note that the actual multi-parametric phase diagram of the 
stability of different structures, including the variation of parameters 𝑤, 𝑘24, 𝑄 and the 
anchoring easy axis, is expected to show a complicated pattern. 

 

Figure 4.7: Calculated optical patterns for the RZT structure with 𝑄1 = 𝑄2 = 1. The 
transmitted polarization of polarizer is in the x−direction (left figure) and at the angle 45 
with respect to x−direction (right figure). Optical data: R = 1 m, laser light wavelength 
𝜆 = 445 nm, refraction indices: 𝑛0 = 1.544, 𝑛𝑒 = 1.821, corresponding to NLC E7 [144]. 

 

Figure 4.8: The same as for Figure 4.7, but for the RT structure with 𝑄𝑅𝑇 = 1 [144]. 

Finally, in Figure 4.6 and Figure 4.7 we compare optical polarizing microscopy patterns 
for both structures and two different polarization directions of polarizer and analyzer. We 
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choose the representative values of chirality parameters: 𝑄1 = 𝑄2 = 𝑄𝑅𝑇 = 1.  The 
polarizations of polarizer and analyzer are at the angle of 90, as usual. The angle between 
the polarizer and x−axis (horizontal axis) is 0 or 45. The details of numerical simulation 
of optical patterns are given in Refs. [146], [147]. An optical polarizing microscopy is an 
appropriate tool for distinguishing between the considered structures.  

It is also instructive to use the Kilian twist tensor 𝐾𝐾𝐼𝐿 according to Ref. [148] in order 
to obtain additional insight into the local character of twist elastic deformation: 

𝐾𝐾𝐼𝐿 =

[
 
 
 
 
 
 𝑛𝑦

𝜕𝑛𝑧
𝜕𝑥

− 𝑛𝑧
𝜕𝑛𝑦

𝜕𝑥
𝑛𝑦
𝜕𝑛𝑧
𝜕𝑦

− 𝑛𝑧
𝜕𝑛𝑦

𝜕𝑦
𝑛𝑦
𝜕𝑛𝑧
𝜕𝑧

− 𝑛𝑧
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𝜕𝑥

𝑛𝑧
𝜕𝑛𝑥
𝜕𝑦

− 𝑛𝑥
𝜕𝑛𝑧
𝜕𝑦

𝑛𝑧
𝜕𝑛𝑥
𝜕𝑧

− 𝑛𝑥
𝜕𝑛𝑧
𝜕𝑧

𝑛𝑥
𝜕𝑛𝑦

𝜕𝑥
− 𝑛𝑦

𝜕𝑛𝑥
𝜕𝑥

𝑛𝑥
𝜕𝑛𝑦

𝜕𝑦
− 𝑛𝑦

𝜕𝑛𝑥
𝜕𝑦

𝑛𝑥
𝜕𝑛𝑦

𝜕𝑧
− 𝑛𝑦

𝜕𝑛𝑥
𝜕𝑧 ]
 
 
 
 
 
 

. 

This tensor is expressed with Cartesian components of nematic director and with their 
spatial derivatives. In general, the tensor has no specific symmetry. It has at most two 
nonzero eigenvalues representing the local “effective chiralities” in two different directions. 
These two directions (if they exist) are given by the corresponding eigenvectors which are 
always perpendicular to the local nematic director. Conversion of the nematic director into 
the Cartesian form and the calculation of the tensor K results of the following two 

eigenvalues: 𝜆1 = 𝑞1
(𝑅𝑍𝑇)

cos2(𝑞2
(𝑅𝑍𝑇)

 𝑟 sin𝜑) and 𝜆2 = 𝑞2
(𝑅𝑍𝑇)

. The corresponding 
eigenvectors are perpendicular to the nematic director, but they are generally not 

perpendicular. While the second effective chirality is 𝑞1
(𝑅𝑍𝑇)

 everywhere, 𝜆1is 
inhomogeneous. Since the absolute value of sin 𝜑 varies from 0 to 1 within the cylinder, 

the maximum value of 𝜆1is simply 𝑞1
(𝑅𝑍𝑇)

 for positive 𝑞1
(𝑅𝑍𝑇)

. However, the minimum value 

of 𝜆1 depends on the dimensionless chirality parameter 𝑄2. If 𝑄2 is smaller than /2, so it 

is the product 𝑞2
(𝑅𝑍𝑇)

 r within the cylinder since r < R. In this case, the minimum value of 

𝜆1 is larger than zero, and this value is cos2𝑄2. However, if 𝑄2 >
𝜋

2
 holds, the minimum 

value of 𝜆1 is zero.  
The expression for the eigenvector corresponding to 𝜆1 is complicated, but in the case 

r = 0 it simplifies to the vector in the direction of z−axis, as expected. The expression for 

the second normalized eigenvector is simple: 𝑒 2 = (−sin (𝑞1
(𝑅𝑍𝑇)

𝑧) , cos (𝑞1
(𝑅𝑍𝑇)

𝑧) , 0). It is 

easily seen that it is perpendicular to the nematic director. 

We may relate the chiralities 𝑞1
(𝑅𝑍𝑇)

 and 𝑞1
(𝑅𝑍𝑇)

 (or their dimensionless forms 𝑄1 and 

𝑄2) and correspondingly the Kilian tensor to the saddle−splay elastic energy term in the 
dimensionless form: 

 𝐹24
(𝑅𝑍𝑇)

= −
𝑘24
2
𝑄1𝑄2 (1 +

𝐽1(2𝑄2)

𝑄2
). (4.36) 

In the limit of small 𝑄2 this expression is simplified to 𝐹24 ≈ −𝑘24𝑄1𝑄2, while for very 
large 𝑄2, we have 𝐹24 ≈ −𝑘24𝑄1𝑄2/2. Therefore, the saddle−splay elastic term would tend 
to increase the positive values of both 𝑄1 and 𝑄2 without limits (despite local maxima and 
minima of the Bessel function) if no other energy terms were present. Consequently, the 
saddle−splay elastic term tends to increase the averaged eigenvalue 𝜆1 over the cylinder 
and the homogeneous eigenvalue 𝜆2 of the Killian tensor.  

In the case of RT structure, the two eigenvalues of K are 𝜆1 = −𝑞𝑅𝑇 and 𝜆2 =
−sin(2𝑞𝑅𝑇 𝑟)/(2𝑟). Thus, for small radius r, 𝜆2 ≈ 𝜆1 holds, as expected. The corresponding 
eigenvectors are 𝑒 1 = 𝑒 𝑟 and 𝑒 2 = (sin 𝜑 cos(𝑞𝑅𝑇𝑟),− cos𝜑 cos(𝑞𝑅𝑇 𝑟), sin (𝑞𝑅𝑇  𝑟)). Both 
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vectors are perpendicular to the nematic director and each other. It is interesting to note, 
that in contrast to the ZRT structure, the saddle−splay elastic term in the RT structure 
tends to favor the finite value of chirality parameter, 𝑄𝑅𝑇 = 𝜋/2, since this term equals to  

 𝐹24
(𝑅𝑇)

= −𝑘24 sin
2𝑄𝑅𝑇 . (4.37) 

4.2 Elastic Force on Immersed Nanoparticle 

Results above indicate under what conditions multiple-twisted structures are formed in 
cylindrical geometry. However, if one relaxes the cylindrical confinement, such structures 
inevitably lead to lattices of disclinations due to topological reasons [15], [74]. Recent 
studies also demonstrate [14], [149]–[153] that topological defects represent efficient traps 
for appropriate NPs.  

Hereinafter, we make a simple analysis that illustrates how NP surface decoration 
impacts the positioning of the NP in an inhomogeneous nematic structure.   

As cylindrical NPs, we consider a system of cylindrical polar coordinates {𝑒 𝑟, 𝑒 𝜑, 𝑒 𝑧} 

where 𝑒𝑟 is a radial unit vector, orthogonal to 𝑒 𝑧 emanating from the symmetry axis, while 
𝑒 𝜑 = 𝑒 𝑧 × 𝑒 𝑟 completes the positive orthogonal tried. Symmetry suggests to take order 

tensor 𝑄 in this class can be expressed as 

 

𝑄(𝑟, 𝑧) = −2𝑞0𝑒 𝜑⊗𝑒 𝜑 + (𝑞0 + 𝛿)𝑒 𝑟⊗𝑒 𝑟 + (𝑞0 − 𝛿)𝑒 𝑧⊗ 𝑒 𝑧 

+𝑞𝑚(𝑒 𝑟⊗𝑒 𝑧 + 𝑒 𝑧⊗𝑒 𝑟), 
(4.38) 

where 𝑞0, 𝑞𝑚, and 𝛿 depends only on 𝑟 and 𝑧. In this representation, 𝑞𝑚 measures departure 
of the eigenframe of 𝑄 from the local coordinate basis {𝑒 𝑟, 𝑒 𝜑, 𝑒 𝑧} while 𝛿 measures phase 

biaxiality when 𝑞𝑚 = 0. The eigenvalues of 𝑄 are easily computed from Eq. (4.38) and are 
given by  

 𝜆0 = −2𝑞0, 𝜆± = 𝑞0 ±√𝑞𝑚
2 + 𝛿2. (4.39) 

Three basic loci formed by uniaxial states are then singled out in the (𝑞0, 𝛿, 𝑞𝑚) space 
from Eq. (4.39): the 𝑞0 axis configuration characterized by  

 
𝛿 = 𝑞𝑚 = 0, 

(4.40) 

describes uniaxial states along 𝑒 𝜑, with positive scalar order parameter if and only if 𝑞0 <

0; The condition  

 
9𝑞0

2 = 𝑞𝑚
2 + 𝛿2 

(4.41) 

describes uniaxial states with 𝜆0 = 𝜆+, when 𝑞0 negative, and with  𝜆0 = 𝜆−, when 𝑞0 is 
positive. In the former case, the scalar order parameter is negative, while it is positive in 
the latter. At the cone’s vertex, three eigenvalues coalesce, and an isotropic state occurs.  
We finally note that since the eigenvalues of the order tensor 𝑄 are bounded in the 

range [−
1

3
,
2

3
], just a bounded portion of the (𝑞0, 𝛿, 𝑞𝑚)-space is admissible.  

For simplicity, we confine ourselves to the one-constant approximation, and so we 

consider an elastic free-energy density 𝑓𝑒 =
𝐿

2
|∇𝑄|2 where 𝐿 > 0 is the elastic constant (see 

Eq. (4.39)). To account for the existence of stable ordered states, the internal potential 
(see Eq. (4.25)) 
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 𝑓ℎ(𝑄) =
𝑎(𝑇 − 𝑇∗)

2
𝑡𝑟𝑄2 −

𝐵

3
𝑡𝑟𝑄3 +

𝐶

4
(𝑡𝑟𝑄2)2 (4.42) 

should be added. Besides these bulk terms, we suppose that the NPs surface (𝜕ℬ) favors, 
rather than imposes, a surface alignment described by the order tensor 𝑄𝑠. We then 
introduce the following surface free-energy density (see Eq. (2.10)) 

 𝑓𝑠(𝑄, 𝑄𝑠) =
𝑤

2
|𝑄 − 𝑄𝑠|

2, (4.43) 

where 𝑤 > 0. Three different cases are considered, we suppose that the preferential 
alignment  𝑄𝑠 is radial and uniaxial and so we assume  

  𝑄𝑠 = 𝑠𝑏 (𝑒 𝑟⊗𝑒 𝑟 −
1

3
𝐼(𝑑)), (4.44) 

where 𝑠𝑏 is the equilibrium bulk value of the scalar order parameter 𝑠.  
Strong tangential anchoring in the second case we impose  

  𝑄𝑠 = 𝑠𝑏 (𝑒 𝑧⊗𝑒 𝑧 −
1

3
𝐼(𝑑)). (4.45) 

The nematic blob also possesses a free surface 𝜕ℬ∞ that, for the sake of consistency, we 
take as a surface of revolution about the symmetry axis 𝑒 𝑧. We will not determine its shape, 
but we shall replace it with a circular cylinder of radius 𝑅∞, so large that the order tensor 
has already relaxed to its asymptotic profile on it. Since no confinement is placed 
on 𝜕ℬ∞, 𝑤|𝜕ℬ∞ = 0. Thus, we need to minimize the free energy functional  

 
𝐹[𝑄] = ∫[𝑓𝑒(𝑄) + 𝑓ℎ(𝑄)]𝑑𝑉

ℬ

+ ∫𝑓𝑠(𝑄, 𝑄𝑠)𝑑𝐴

 𝜕ℬ

. 
(4.46) 

on the set of symmetric, traceless tensors 𝑄 represented by Eq. (4.38). 

4.2.1 Equilibrium equations 

Follow a standard procedure, we find the equilibrium configurations by setting the first 
variation 𝛿𝐹 of 𝐹 equal to zero. For a given position of the NP, we need to minimize the 
total free energy 𝐹 of the system. To this aim, we introduce polar cylindric coordinates 
into Eq. (4.46) and we map 𝑄 into a perturbed tensor 𝑄𝜀 by mapping 𝑞0, 𝛿 and 𝑞𝑚 in Eq. 
(4.38) into  

 
𝑞0
𝜀 = 𝑞0 + 𝜀𝑢, (4.47) 

 
𝛿0
𝜀 = 𝛿0 + 𝜀ℎ, (4.48) 

 
𝑞𝑚
𝜀 = 𝑞𝑚 + 𝜀𝑣, (4.49) 

where 𝑢, ℎ and 𝑣 are three regular, arbitrary functions of 𝑟 and 𝑧. We then expand 𝐹[𝑄𝜀] 
as a power series of 𝜀 and focus on the first-order terms which only contribute to the first 
variation of 𝐹 defined as  
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 𝛿𝐹(𝑄)[𝑢, ℎ, 𝑣] =
𝑑𝐹[𝑄𝜀]

𝑑𝜀 
|
𝜀=0

. (4.50) 

In terms of our parametrization, we obtain the following relations: 

 
𝑡𝑟𝑄2 = 2(𝑞𝑚

2 + 𝛿2 + 3𝑞0
2), 

(4.51) 

 
𝑡𝑟𝑄3 = 6𝑞0(𝛿

2 + 𝑞𝑚
2 − 𝑞0

2). 
(4.52) 

and 

 |∇𝑄|2 = 2 {[3|∇𝑞0|
2 + |∇𝛿|2 + |∇𝑞𝑚|

2] +
1

𝑟2
[𝑞𝑚
2 + (3𝑞0 + 𝛿)

2]}. (4.53) 

The first variation 𝛿𝐹 of 𝐹 yields 

 

1

2𝜋
𝛿𝐹[𝑢, ℎ, 𝑣] = ∫𝑟 {2𝐿 [

1

𝑟2
(3(3𝑞0 + 𝛿)𝑢 + (3𝑞0 + 𝛿)ℎ + 𝑞𝑚𝑣)

−(3𝑢∆𝑞0 + ℎ∆𝛿 + 𝑣∆𝑞𝑚)
]}

ℬ

𝑑𝑟𝑑𝑧 

+ ∫𝑟 {

2𝐴[3𝑞0𝑢 + 𝛿ℎ + 𝑞𝑚𝑣] −

2𝐵[2(𝛿ℎ + 𝑞𝑚𝑣 − 𝑞0𝑢) + 𝑢(𝑞𝑚
2 + 𝛿2 − 𝑞0

2)]

+4𝐶(𝑞𝑚
2 + 𝛿2 + 3𝑞0

2)[3𝑞0𝑢 + 𝛿ℎ + 𝑞𝑚𝑣 ]

}

ℬ

𝑑𝑟𝑑𝑧 

+ ∫2𝐿𝑟[3𝑢𝑞0,𝑧 + ℎ𝛿,𝑧 + 𝑣∇𝑞𝑚,𝑧]𝑑𝑟

 𝜕ℬ

 

+𝑤 ∫𝑟 {
[4𝑞0𝑢 + (𝑞0 + 𝛿)(𝑢 + ℎ) + (𝑞0 − 𝛿)(𝑢 − ℎ) + 2𝑞𝑚𝑣]

−𝑠𝑏(𝑢 + ℎ)
}

 𝜕ℬ

𝑑𝑟 

+2𝜋 ∫ 2𝐿[3𝑢∇𝑞0 + ℎ∇𝛿 + 𝑣∇𝑞𝑚] ∙ 𝑣𝑑𝐴

 𝜕ℬ∞

, 

(4.54) 

where 𝑣 is the outer normal of the free surface 𝜕ℬ∞ and where we noted that prescribing 
the tensor on 𝜕ℬ makes the functions 𝑢, ℎ, and 𝑣 vanish there. The factor 1/2𝜋 in front of 
𝛿𝐹 is due to the integration in the polar angle 𝜑. Finally, ∆ is the Laplace operator that 
acts on a scalar function 𝑓 = 𝑓(𝑟, 𝑧) as 

 ∆𝑓 =
𝜕2𝑓

𝜕𝑟2
+
1

𝑟

𝜕𝑓

𝜕𝑟
+
𝜕2𝑓

𝜕𝑧2
. (4.55) 

The integral on 𝜕ℬ∞ in Eq. (4.54) prescribes that the free surface of the nematic blob 
squeezed between the plates satisfies ∇𝑄 ∙ 𝑣 = 0. However, we replace 𝜕ℬ∞ with a circular 
cylinder of radius 𝑅∞ ≫ 𝑑, and we impose the free-boundary condition from it, that is:  

 
𝑞0,𝑟(𝑅∞, 𝑧) = 𝛿,𝑟(𝑅∞, 𝑧) = 𝑞𝑚,𝑟(𝑅∞, 𝑧) = 0, (4.56) 

where we noted that 𝑣 = 𝑒 𝑟 on 𝑟 = 𝑅∞ and that the regular fields 𝑢, ℎ and 𝑣 can be chosen 
arbitrarily. Since these latter requirements also hold in bulk, we arrive at the following 
equilibrium equations valid in ℬ  
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𝐿 [∆𝑞0 −
1

𝑟2
(3𝑞0 + 𝛿)] − 𝐴𝑞0 +

𝐵

3
(𝛿2 + 𝑞𝑚

2 − 3𝑞0
2) 

−2𝐶𝑞0(3𝑞0
2 + 𝛿2 + 𝑞𝑚

2 ) = 0, 
(4.57) 

 𝐿 [∆𝛿 −
1

𝑟2
(3𝑞0 + 𝛿)] − 𝐴𝛿 + 2𝐵𝛿𝑞0 − 2𝛿𝐶(𝛿

2 + 𝑞𝑚
2 + 3𝑞0

2) = 0, (4.58) 

 𝐿 [∆𝑞𝑚 −
𝑞𝑚
𝑟2
] − 2𝐴𝑞𝑚 + 2𝐵𝑞0𝑞𝑚 − 2𝐶(𝛿

2 + 𝑞𝑚
2 + 3𝑞0

2)𝑞𝑚 = 0. (4.59) 

The following boundary conditions are imposed on boundaries 𝜕ℬ:  

 
𝐿𝑞0,𝑧 +𝑤𝑞0 =

𝑠𝑏
6
𝑤, 

(4.60) 

 
𝐿𝛿,𝑧 +𝑤𝛿0 =

𝑠𝑏
2
𝑤, 

(4.61) 

 
𝐿𝑞𝑚,𝑧 +𝑤𝑞𝑚 = 0. 

(4.62) 

Before solving numerically, the set of Eqs. (4.57),(4.58), (4.59) and (4.60), (4.61), (4.62), 
we recast them into a non-dimensional form, using the same units as in Ref. [154].  

For later convenience, we also introduce the quantities  

 𝑡(𝜏) = √1 − 𝜏 + 1. (4.63) 

and the biaxial coherence length 

 𝜉𝑏 = [
4𝐿𝐶

𝐵2𝑡(𝜏)
]
1/2

, (4.64) 

with 𝑡(𝜏) given by Eq. (4.63). We note explicitly that 𝜉𝑏 depends on temperature through 𝜏. 
If we introduce  

𝑄̅ =
1

𝑠∗
𝑄,   𝑟̅ =

𝑟

𝑏
,    𝑧̅ =

𝑧

𝑑
 

and replace 𝐿 with 𝜉𝑏, by direct manipulations, we can give Eq. (4.57), (4.58), (4.59) the 
following form  

 

(
𝜉𝑏
𝑑
)
2

𝑡(𝜏) [∆𝑞0 −
1

𝑟2
(3𝑞0 + 𝛿)] −

𝜏

6
𝑞0 +

1

3
(𝛿2 + 𝑞𝑚

2 − 3𝑞0
2) 

−
𝑞0
2
(3𝑞0

2 + 𝛿2 + 𝑞𝑚
2 ) = 0, 

(4.65) 

 (
𝜉𝑏
𝑑
)
2

𝑡(𝜏) [∆𝛿 −
1

𝑟2
(3𝑞0 + 𝛿)] −

𝜏

6
𝛿 + 2𝛿𝑞0 −

𝛿

2
(𝛿2 + 𝑞𝑚

2 + 3𝑞0
2) = 0, (4.66) 
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 (
𝜉𝑏
𝑑
)
2

𝑡(𝜏) [∆𝑞𝑚 −
𝑞𝑚
𝑟2
] −

𝜏

6
𝑞𝑚 + 2𝑞0𝑞𝑚 −

1

2
(𝛿2 + 𝑞𝑚

2 + 3𝑞0
2)𝑞𝑚 = 0, (4.67) 

where we omitted bars to simplify notation. Similarly, the boundary conditions (Eq. (4.60), 
(4.61), (4.62)) are expressed as  

 (
𝜉𝑤
𝑑
)𝑞0,𝑧 + 𝑞0 =

1

6
𝑡(𝜏), (4.68) 

 (
𝜉𝑤
𝑑
)𝑞𝛿,𝑧 + 𝛿 =

1

2
𝑡(𝜏), (4.69) 

 (
𝜉𝑤
𝑑
)𝑞𝑚,𝑧 + 𝑞𝑚 = 0, (4.70) 

where the surface extrapolation length  

𝜉𝑤 =
𝐿

𝑤
 

has been introduced. 
We close this section by discussing the requirements to be imposed on the symmetry 

axis. Inspection of the equilibrium (Eq. (4.65), (4.66), (4.67)) reveals that  

 
𝑞𝑚(0, 𝑧) = 0 𝑎𝑛𝑑 3𝑞0(0, 𝑧) = −𝛿(0, 𝑧) (4.71) 

should be imposed on the symmetry axis 𝑟 = 0 where the factor 1/𝑟2 is not defined. It is 
easy to check that the conditions (Eq. (4.71)) require a uniaxial alignment at 𝑟 = 0, namely  

 𝑄(0, 𝑧) = 6𝑞0(0, 𝑧)(𝑒 𝑧⊗𝑒 𝑧 −
1

3
𝐼(𝑑)). (4.72) 

Using dimensionless variables, imposing uniaxial state along 𝑒 𝑧 amounts at taking  

 𝑞𝑚 = 0, 𝑞0 =
1

6
𝑡(𝜏), 𝑎𝑛𝑑 𝛿 =

1

2
𝑡(𝜏). (4.73) 

If the order is free to vary, then we have to impose  

 
𝑞0,𝑟(0, 𝑧) = 𝛿,𝑟(0, 𝑧) = 𝑞𝑚,𝑟(0, 𝑧) = 0 (4.74) 

to guarantee that 𝑄 remains smooth along the symmetry axis. If one is also willing to 
prescribe the degree of order on 𝑟 = 0, then  

 
𝑞0,𝑧(0, 𝑧) = 𝛿,𝑧(0, 𝑧) = 𝑞𝑚,𝑧(0, 𝑧) = 0 (4.75) 

should be imposed.  

4.2.2 Structure of solutions 

Here we study the structure of the equilibrium texture emerging from the solutions of Eq. 
(4.65), (4.66), (4.67) subject to the boundary conditions (Eq. (4.68), (4.69), (4.70)) and 
(Eq. (4.56)). We found it expedient to plot the degree of biaxiality 𝛽2 defined by [155] 



44 Chapter 4. Results and Discussion  

 𝛽2 = 1 − 6
(𝑡𝑟𝑄3)2

(𝑡𝑟𝑄2)3
. (4.76) 

In the cell, 𝛽2 ranges in the interval [0, 1], it vanishes in all uniaxial states while states 
with 𝛽2 = 1 are said to exhibit maximal biaxiality. Since 𝑡𝑟𝑄3 = 3det𝑄 for all symmetric, 
traceless tensors, the states with maximal biaxiality are precisely those where one 
eigenvalue of the order tensor 𝑄 vanishes. However, 𝛽2 fails to be defined in the isotropic 
state where both 𝑡𝑟𝑄2 and 𝑡𝑟𝑄3 vanish. In the (𝑞0, 𝛿, 𝑞𝑚)-space, the loci of maximal 
biaxiality are the plane 𝑞0 = 0 and the conical surface 

 
𝑞0
2 = 𝛿2 + 𝑞𝑚

2 . 
(4.77) 

which is coaxial with the uniaxial cone (Eq. (4.41)).  
A second feature of the equilibrium solution we chose to study is the angle 𝜑 that 𝑒 𝑧 

forms with the direction 𝑛⃗  associated with the largest eigenvalues of 𝑄. We note that from 
our computations it follows that 𝑛⃗  always lies in the {𝑒 𝑟, 𝑒 𝑧} plane.  

4.2.3 Mechanical actions 

In this section, we compute the mechanical actions that the liquid crystals transmit to the 
plate 𝜕ℬ. The transmitted force has a non-vanishing component ℱ along 𝑒 𝑧 only, while the 
transmitted torque vanishes identically. 

By definition,  

 
ℱ = ∫𝑒 𝑧 ∙ 𝑇

(𝐸)𝑣 𝑑𝐴

 𝜕ℬ

 
(4.78) 

where 𝑣  is the outer unit normal of 𝜕ℬ.  The tensor 𝑇(𝐸) is the Ericksen stress tensor that 
can be expressed in terms of the bulk free energy density 𝑤(𝑄) = 𝑓𝑒𝑙(𝑄) + 𝑓𝑏(𝑄) as 

 𝑇(𝐸) = 𝑊𝐼(𝑑) − ∇𝑄⊙
𝜕𝑊

𝜕∇𝑄
, (4.79) 

where  

 
(𝔸⊙𝔹)𝑖𝑗 =∑𝐴ℎ𝑘𝑖𝐵ℎ𝑘𝑗

ℎ,𝑘

 
(4.80) 

for any pair of third-rank tensor 𝔸 and 𝔹. It follows   

 

𝑒 𝑧 ∙ 𝑇
(𝐸)𝑒 𝑧 = 𝐿 {

3(𝑞0,𝑟
2 − 𝑞0,𝑧

2 ) + (𝛿,𝑟
2 − 𝛿,𝑧

2) + (𝑞𝑚,𝑟
2 − 𝑞𝑚,𝑧

2 ) +

1

𝑟2
[𝑞𝑚
2 + (3𝑞0 + 𝛿)

2]
} 

+𝐴(3𝑞0 + 𝛿
2 + 𝑞𝑚

2 ) + 2𝐵𝑞0(𝑞0
2 − 𝛿2 − 𝑞𝑚

2 ) + 𝐶(3𝑞0
2 + 𝛿2 + 𝑞𝑚

2 )2. 

(4.81) 

We note that the singular factor 1/𝑟2 is harmless since once integrated it is tamed by 
both the Jacobian 𝑟 and the fact that 𝑞𝑚 = 0 and 3𝑞0 + 𝛿 = 0 at 𝑟 = 0. By using the same 
non-dimensional form employed in Section 4.2, we can also write a non-dimensional traction  
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𝑒 𝑧 ∙ 𝑇
(𝐸)𝑒 𝑧 =

𝐵4

(4𝐶)3
− 

{
 
 

 
 

(
𝜉𝑏
𝑑
)
2

𝛼(𝜃) [
3(𝑞0,𝑟

2 − 𝑞0,𝑧
2 ) + (𝛿,𝑟

2 − 𝛿,𝑧
2) +

(𝑞𝑚,𝑟
2 − 𝑞𝑚,𝑧

2 ) +
1

𝑟2
(𝑞𝑚
2 + (3𝑞0 + 𝛿)

2)
]

+
𝜃

6
(3𝑞0

2 + 𝛿2 + 𝑞𝑚
2 ) + 2𝑞0(𝑞0

2 − 𝛿2 − 𝑞𝑚
2 ) +

1

4
(3𝑞0

2 + 𝛿2 + 𝑞𝑚
2 )2

}
 
 

 
 

 

=
𝐵4

(4𝐶)3
𝜏(𝐸) 

 

(4.82) 

where we dropped bars to avoid clutter. When the expression (Eq. (4.82)) for the force is 
inserted into (Eq. (4.78)), we finally obtain 

 ℱ =
2𝜋𝑑2𝐵4

(4𝐶)3
∫ 𝑟𝜏(𝐸)𝑑𝑟,
𝑅∞

0

 (4.83) 

where lengths have been rescaled to 𝑑.  

4.2.4 Results 

Using the derivation described above, we studied the force experienced by a nanoparticle 
immersed within a nematic LC phase. For this purpose, we consider the LC confined within 
a cylindrical cell, where the bounding plates impose hybrid boundary conditions. We set 
that the system exhibits cylindrical symmetry (about the cylindrical axis set at 𝑟 = 0), 
which is assumed in our derivation. The bottom plate, set at 𝑧 = 0, imposes the 
homeotropic anchoring (i.e., alignment along the 𝑧-axis). The top plate (at 𝑧 = ℎ) enforces 
radial planar anchoring (i.e., alignment along the 𝑟-direction). At the lateral walls, we 
impose periodic boundary conditions. Such boundary conditions impose a boojum 
topological defect at the top plate. Its core structure is described by a finger-like structure, 
which is depicted in Figure 4.9. The finger is characterized by a sheet exhibiting maximal 
biaxiality. It encloses essentially (i.e., weakly biaxial) negatively uniaxial nematic phase, 
where the center of the finger is strictly negatively uniaxial). The outer region of 
the finger is essentially positively uniaxial. Due to topological reasons, the nematic order 
is melted at the tip of the finger. The resulting nematic structure exhibits three 
qualitatively different regions: i) the radial region closes to the upper plate, which favors a 
radially streaming nematic structure; ii) the melted region surrounding the fingertip, where 
the LC order is essentially isotropic within the separation distance given by the nematic 
correlation length; iii) the homogeneous region, which is pronounced close to the bottom 
plate, where nematic director field is on average aligned along the 𝑧-axis.  
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Figure 4.9: Biaxial structure of a nematic structure hosting a boojum. 

Hereinafter, we demonstrate that if a nanoparticle is immersed within the LC medium, 
it is attracted to a region that can best accommodate its locally enforced nematic order. 
For this purpose, we consider three qualitatively different NP surface treatments imposing 
to neighboring LC molecules i) radial, ii) isotropic, iii) homogeneous order. We henceforth 
refer to these nanoparticles as radial NP, isotropic NP, and homogeneous NP. 

In all cases, we chose a cylindrical shape of the NP, where its radius and height are 
equal to the nematic biaxial correlation length. In i), we set it locally strongly enforces 
radially streaming nematic structure (i.e., uniaxial nematic order along the 𝑟-coordinate). 
In ii), we assume that it locally melts the LC order. In iii), we set that it tends to align LC 
along its symmetry axis. Such “idealized” boundary conditions could be in practice roughly 
realized by appropriate surface treatment on NPs.  

In simulations, we place the NP at the cylinder axis. We place it at different values of 
𝑧 and calculate the resulting nematic structure in the simulation cell. From it, we can 
calculate the force that the LC environment imposes on the fixed immersed NPs as a 
function of its position.    
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Figure 4.10: Nematic structure in a hybrid nematic cell. The isotropic NP is placed close 
to the top confining plate, which is set at 𝑧 = 100 nm.  

In Figure 4.10, we plot the scaled degree of scaled nematic order 𝑢 for a case where 
the isotropic NP is placed just below the top plate. Here we define 𝑢 as 

𝑢 =
𝑇𝑟𝑄2

𝑇𝑟𝑄𝑏
2, 

where 𝑄𝑏 determines bulk nematic equilibrium order. The cell width equals ℎ = 100 nm. 
In the volume occupied by the NP, we set 𝑢 = 0 and calculate the resulting nematic 
structure. In i) Figure 4.11, ii) Figure 4.12, and iii) Figure 4.13 we plot 𝑢 = (𝑟, 𝑧) color 
textures on varying the position of NPs for the i) radial NP, ii) isotropic NP, and 
iii) homogeneous NP. For these cases, we calculated the force on NPs which is shown in 
Figure 4.14. One sees that i) the radial NP is attracted to the radial region, ii) isotropic NP 
to the melted region, and iii) homogeneous NP to the homogeneous region as predicted. 
Therefore, NPs tend to assemble in regions that best accommodate the nematic structure 
that the NPs locally impose. 
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Figure 4.11: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for 
the radial NP. 

 

Figure 4.12: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for 
the isotropic NP. 
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Figure 4.13: The 𝑢 = 𝑢(𝑟, 𝑧) color textures on varying the position of NPs for the 
homogeneous NP.  

 

Figure 4.14: The force in units of ℱ0 exhibited on immersed NPs by the LC order. 
+: homogeneous NP, squares: radial NP, circles, isotropic NP.  
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4.3 Nanoparticle-Driven Stabilization of Lattices of Line 
Defects 

Hereinafter, we present experimental evidence [14], [85], [86], [92], [98], [99], [116], [118], 
[126], [156] demonstrating the efficiency of the DCR and ADCT mechanisms in stabilizing 
lattices of line defects in different NP-LC mixtures of chiral LCs. These studies used NPs 
of different mass concentrations (NPs mass can be calculated by Eq. (3.1)) having a 
different characteristic linear size, shape, and surface functionalization. The mass 
concentration is related to the volume concentration in the diluted regime (𝑝 << 1) by 

𝜒 ≈ 𝑝
𝜌𝑁𝑃

𝜌𝐿𝐶
 (see Eq. (3.1)). Here 𝜌𝑁𝑃 and 𝜌𝐿𝐶 stand for mass densities of NPs and LCs, 

respectively. In these studies, the surface-treated particles were either spherical (CdSe, 
CdSSe and Au NPs [14], [99], [116], [118], [126] or strongly anisotropic (graphene oxide, 
laponite and MoS2 nanosheets) [57], [58], [80], [85], [86], [157]. Their main geometrical 
characteristics are schematically depicted in Figure 4.15 and summarized in Table 4.1.  In 
these studies, a different surface functionalization was used to prevent aggregation of NPs 
and to improve their adaptivity to defect cores, which is illustrated in Figure 4.16.   

Table 4.1: Typical NPs used in experimental studies [85], [86], [126], [156], [157] are listed 
in this table. d denotes the sphere diameter, L denotes the approximate large nanosheet 
dimension and D is the thickness of the sheet (all quantities are shown in Figure 4.15)[57]. 
OA; oleyil amine, TOP; trioctyl-phosphine, PVP; polyvinylpyrrolidone, CTAB; 
cetyltrimethylammonium. 

Shape Coating Core  Dimension (nm) 

Spherical  OA, TOP CdSSe 3.5 (d) 
Spherical  OA, TOP, PVP CdSe 3.5 (d) 
Spherical  OA Au 10 (d) 
Nanosheet  OA Graphene-oxide 50 (L), 3-5 (D) 
Nanosheet  CTAB Laponite  25 (L), 2 (D)  
Nanosheet  OA MoS2 10 (L), 1 (D) 

 

Figure 4.15: A schematic representation of spherical (a) and anisotropic (b) nanoparticle 
geometries typically used in experiments is shown here [14], [85], [98], [116], [125]–[127], 
[157]. The used surface coatings are presented in Table 4.1. 
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Figure 4.16 Illustrates trapped adaptive spherical NPs within (a) disclination and (b) screw 
dislocation. The adaptive character is enabled by the flexible molecules covering the NPs 
surface [57].  

In Figure 4.17, the specific heat 𝑐𝑝 temperature response of chiral CE8 LC is plotted in 

a common scale with one concentration χ of spherical Au NPs [106], [108]. The bulk LC 
exhibits the phase sequence I–BPIII–BPII–BPI–N*-SmA on decreasing. Note, that CE8 
does not possess a stable TGBA phase and recent studies indicate that it could be close to 
the N*–TGBA–SmA triple point [127]. One sees that when dispersing Au NPs in CE8, the 
temperature range of the BPIII phase increases with respect to the competing phases. Next, 
finite concentrations χ nucleate and stabilize TGBA and NL

∗  phase. 
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Figure 4.17: The ac calorimetry measurements of a mixture of CE8 and Au NPs. The heat 
capacity profiles for (a) mixture of CE8 with spherical Au NPs (χ = 0.0005) [158] and (b) 
pure CE8 [99]. 

In Figure 4.18, the impact of various types of anisotropic nanoparticles (nanosheets) 
such as graphene oxide, MoS2, and laponite on the blue phase range of CE8 is shown upon 
cooling [85], [86], [157]. While for spherical NPs, mostly the macroscopically amorphous 
BPIII is stabilized [52, 54], for nanosheets with large surfaces, the more ordered BPI 
structure prevails [78], [85], [86], [91], [157]. 
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Figure 4.18: The influence of surface-functionalized anisotropic NPs (graphene oxide, MoS2, 
laponite) on the BPs of CE8 is schematically depicted here. In all cases, the BPI structure 
is mainly stabilized over the other competing phases [57].  

 

Figure 4.19: Concentration-temperature phase diagrams in mixtures of CE8 and CdSSe 
(spherical) NPs [57].  

We next focus on the impact NPs on TGBA stability [126], [156]. In Figure 4.19, we 
plot the temperature window ∆𝑇𝑇𝐺𝐵

𝑁𝑃  of the TGBA and NL
∗  stability on increasing χ for 

CdSSe NPs. One sees that ∆𝑇𝑇𝐺𝐵
𝑁𝑃  monotonously increases. Previous results by Trček [159] 

and Lavrič [158] on larger spherical Au NPs show that the latter stabilize both lattices of 
disclinations (BPs) and dislocations (TGBA andNL

∗), similar to what was observed in the 
case of smaller CdSe quantum dots [14]. Note that the cores of disclinations and dislocations 
are significantly different, as shown in Figure 4.16.     
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4.4 Stabilization of Phases with Magnetic NPs 

In this section, we present the experimental results and the discussion related to the 
existence and stabilization of TGBA and blue phase in chiral compound CE8 by adding 
magnetic NPs.  

4.4.1 Stabilization of blue phase by magnetic NPs 

Recent studies by Karatairi et al. [116], Rožič et al. [99], Lavrič et al. [85], [86], [157] and 
Cordoyiannis et al. [160] reported that different types of NPs in were used mixtures with 
CE8. To study the impact of NPs core composition, magnetic NPs mixtures were prepared 
at different concentrations.  

4.4.1.1 Existence of blue phase in pure CE8  

It is well known, that pure CE8 exhibits all three blue phases in a total range of 2-3K [116] 
upon reducing temperature (Figure 4.20). The cholesteric BPs appear in a narrow 
temperature range between the isotropic and the cholesteric phase of highly chiral 
thermotropic LCs [66], [161]–[163] and, barely, in a lyotropic system [164], [165]. Upon 
cooling, BPIII, BPII, BPI appear, BPIII is macroscopically amorphous with a local cubic 
lattice in the director field, a 3D cubic periodicity characterizes BPII in the director field 
and BPI exhibits a body-centered cubic symmetry of the director field [71], [72], [132], 
[166], [167]. The existence of the BP range as a function of increased chirality was 
demonstrated in phase diagrams of racemic-chiral mixture [168]. Their thermodynamic 
stability was confirmed by identifying the distinct thermal signatures of I–BPIII, BPIII–
BPII, BPII–BPI, and BPI–N* transitions for cholesteryl non-anoate [169]. Their critical 
behavior as a function of chirality was also explored [71], [170] and finally an elaborate 
temperature-chirality phase diagram was experimentally derived [171], demonstrating the 
existence of a critical point for the I-BPIII transition at strong chiralities and a triple point 
where all three BPs coexist [125]. In the late 90s, the BP phase diagrams were revisited 
and the critical behavior as a function of chirality was well-understood [171]–[173]. So far, 
several reports exist in the literature proposing different strategies to widen the 
temperature range of BPs. Stabilization in the range of a few K up to a few tens of K has 
been achieved for various systems such as polymer composites [92], [174]–[178], 
nanoparticles [85], [95], [98], [116], [125].  
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Figure 4.20: Heat capacity of pure CE8 cooling run [116]. The sample was initially heated 
up to the isotropic phase and then cooled along the blue phases down to the cholesteric 
phase with a scanning rate of 250 mK/h. The onset of BPIII was observed at 417.55 K.   

4.4.1.2 Heat capacity results  

The temperature profiles of specific heat capacity Cp(T) results obtained by ac calorimetry 
with three concentrations, i.e. χ = 0.0001, 0.001 & 0.01 are shown in Figure 4.21. The heat 
capacity data were obtained upon both cooling and heating from the I–N* phase with a 
scanning rate of 250 mK/h. The Cp(T) profile of pure CE8 [99] is shown at the bottom 
layer at the same temperature range compared with other NPs mixtures. The Cp(T) 
demonstrates well that all concentrations of magnetic NPs have a visible impact on the 
phase transition behavior of pure CE8. The heat runs to confirm the phase sequence and 
the range of phases mentioned above are thermodynamically may/may not stable, upon 
both heating and cooling (Figure 4.22). The pretransition peak/wing of the specific heat, 
another shoulder-like feature, indicates two possible scenarios [159]. i) This indicates 
another BPs region of an approximately 1 K wide temperature range or ii) it could be a 
mean non-constant conversion rate between the two phases temperature range anyway, 
POM will reveal this. As in Figure 4.21, the top two concentrations, χ = 0.001 & 0.01, did 
not show visible confirmation of I-BP transition. In the heat capacity runs upon both 
heating and cooling, sometimes the isotropic to blue phases transitions are not visible 
because of 1st order transition character in CE8. In contrast to other highly chiral 
compounds like CE2 and CE4, I-BPIII transition becomes supercritical [171], [173].  
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Figure 4.21: The temperature dependence of specific heat Cp(T) for CE8 and mixtures of 
pure CE8 (data taken from [99]) with χ = 0.0001, 0.001 & 0.01 magnetic NPs. Data points 
were obtained upon cooling with a scanning rate of 250 mK/h. The top two χ =
0.001 & 0.01 mixtures did not show the I–BP transition due to strong 1st order transition. 
For this, we have visible confirmation from POM.  
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Figure 4.22: The Cp(T) as a function of temperature obtained by ac calorimetry is shown 
for three mixtures, i.e. χ = 0.0001, 0.001 & 0.01. Both runs, heating (red) and cooling 
(blue), are presented with a scanning rate of 250 mK/h. 

In detail, a mild widening of BP temperature range is observed, from 5.0 K for pure 
CE8 to 5.9 K for χ = 0.0001, 7.0 K for χ = 0.001, and 6.9 K for χ = 0.01. For all three 
concentrations, the total BP range increases and the transition temperature between I-BP 
is shifted to higher. The I-BP transition signature (TI-BP) is observed here (∆TI-BP =0.9 K, 
2.0 K, 1.9 K) shifted with respect to pure CE8, respectively. The phase transition peaks 
from BPIII- BPII and BPII-BPI in pure CE8 vanished in the presence of magnetic NPs. 
Only χ = 0.001 mixture exhibited a small trace of BPI-BPII transition.  Both cooling and 
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heating runs are presented in Figure 4.21 and Figure 4.22 and confirmed between a small 
hysteresis of 0.5 K is observed and these are related to the 1st order transition. In order to 
identify the particular BPs, the POM measurements were performed. 

4.4.1.3 POM results  

The optical textures have been examined for the additional confirmation of phase sequence 
derived by high-resolution calorimetry. All the images were sensibly taken under optical 
microscopy upon cooling at different concentrations (i.e. χ = 0.0001, 0.001 & 0.01) with a 
mixture of pure CE8. Non-treated cell preparation is given in Section 3.3.1. The 
temperature is slowly changed, used an average scanning rate of 0.02K per 1 min cooling 
to determine whether BPs are present in the given sample.  

 

Figure 4.23: Polarizing optical microscopy textures obtained on cooling for χ = 0.0001 
mixture.  Presence of (a) the formation of blue phase, (b) BPI, (c) N* domains developing 
within BP, and (d) N*. 

The images are captured at multi-temperature ranges in the transmission mode under 
polarizers for all the mixtures (χ = 0.0001, 0.001 & 0.01). Figure 4.23a shows the foggy 
blue phase known as BPIII and clear evidence of BPs, where the large-size platelets 
attributed to BPI appearing on cooling. Also, got see the transformation from the BPIII–
BPI–N* phase, upon cooling on BPI slowly developing N* domains within. The evolution 
of BP textures at different temperatures in panels (a) foggy BP, (b) stable BPI, (c) the 
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appearance of N* domains, and (d) stable N*. All the textures mentioned above remain 
stable when leaving the sample for longer time scales at a fixed temperature. 

The POM texture confirms that the remaining BPs, by mixing of χ=0.001 magnetic 
NPs with chiral CE8 LC, is reasonably stabilized and temperature wide with increasing χ 
as shown in Figure 4.24.  

 

Figure 4.24: Polarizing optical microscopy textures obtained on cooling for χ = 0.001 
mixture. Presence of (a) the formation of blue phase, (b) BP, (c) N* domains are developing 
within BP, and (d) N*. 

The POM images for chiral CE8 and magnetic NPs with χ = 0.01 are presented in 
Figure 4.25. By increasing the χ concentration, BP was stabilized at the same time χ 
consternation became high and NPs over-exploited.   
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Figure 4.25: Polarizing optical microscopy textures obtained on cooling for χ = 0.01 
mixture. Presence of (a) the formation of blue phase, (b) BPI, (c) N* domains developing 
within BP, and (d) N*. 

4.4.1.4 Phase diagram  

The temperature-concentration (𝜒 − 𝑇) phase diagram of the CE8 and magnetic NPs 
mixtures (i.e. χ = 0.0001, 0.001 & 0.01) is presented in Figure 4.26. POM textures derive 
the phase sequence and ac calorimetry has been examined upon both cooling (only POM) 
and heating cycles. Both optical microscopy and ac calorimetry results well agree with each 
other. The five insets in Figure 4.33 shows the characteristic textures of the BPI, N*, NL

∗ , 
TGBA and SmA phases at given mixtures.  
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Figure 4.26: The phase diagram 𝜒 − 𝑇 of CE8 and magnetic NPs mixtures. (a) Based on 
optical texture temperatures, the data obtained upon cooling, (b) heat capacity data upon 
heating, and (c) heat capacity data upon cooling. Since I-BP transition peak χ =
 0.001 & 0.01 has not been detected by ac calorimetry, we have a visible confirmation of I-
BP transition by optical microscopy. Considering this, the green lines are drawn to show 
the I-BP transition. 

As mentioned in the previous section, the heat capacity results failed to show the 
transition peak between I–BP phases, as shown in Figure 4.26b and Figure 4.26c. To 
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overcome this, we have visible confirmation from POM data presented in the top layer. 
There you could observe the existence of the BPIII phase at a lower concentration, and it 
is vanishing while increasing the NPs concentration. It is a clear indication by the phase 
diagrams, BPIII structure is slowly disappeared and BPI becomes stable and wider while 
increasing the NPs concertation as you can see in Figure 4.33. The solid circles represent 
the phase transition temperatures obtained by both POM and ACC methods. The dotted 
lines (Figure 4.26b and Figure 4.26c) indicated the imaginary I–BP transition lines inspired 
by POM data collection. 

4.4.1.5 Discussion of the BP stabilization by magnetic NPs 

Both POM and calorimetric results show a wider BPI range higher BPI–N* phase transition 
temperatures. From the I–BPI transition, the heat capacity anomaly of the I–BP transition 
remains sharp and analogous to the pure CE8 even for all the concentrations reported. The 
transition temperatures between I–BPI remain rather close to the pure CE8 for low 
concentration mixtures (i.e. χ =  0.0001). It is a good sign that even a smaller 
concentration of magnetic NPs is enough to suppress the BPII range acting in similar as 
in [86], [99], [116], [157], [158]. It is well known that only the pure CE8 could exhibit the 
BPIII–BPII transition (Figure 4.20). However, at all three concentrations, a small range of 
BPI is still present.  

The heat capacity and optical microscopy results were combined to construct the phase 
diagram for mixtures of pure CE8 and magnetic NPs. The phase diagram 𝜒 − 𝑇 of given 
mixtures with magnetic NPs is presented upon cooling in Figure 4.26. It is clearly 
demonstrated that both BPIII and BPII are suppressed at even very small concentrations 
(χ = 0.0001, 0.001 & 0.01) of magnetic NPs. The phase diagram 𝜒 − 𝑇 of mixtures with 
magnetic NPs is rather similar to those of Au nanorods [158], [159] demonstrating an 
extended stabilization of BPI and rather fast suppression of BPIII phases with increasing 
χ. It appears that used magnetic NPs efficiently stabilize only the BPI structure by 
magnetic NPs assembling at the cores of defects, like in the cases of Au nanorods and 
platelet NPs [158].  

As mentioned earlier, similar findings were observed in anisotropic Au nanorods. In 
both cases (magnetic NPs and Au nanorods), only BPI was stabilized while BPII and BPIII 
were suppressed. As in the case of NPs platelets induce the nematic order and destroy 
isotropic symmetry due to their anisotropic nature. This means that the magnetic NPs 
stabilize BPI with lower symmetry close to the long-range nematic order. Thus, the chain 
formation could be made by magnetic NPs. The formation acts as rods, indicating the 
possible formation of anisotropic cluster formation of magnetic NPs in defect cores 
mimicking the Au nanorods.  

Concerning the I–BP transition temperature, as revealed by previous studies that I–BP 
transition is slightly shifted towards lower temperature or stays the same for small spherical 
NPs. In the case of large spherical NPs, I–BP transition temperature is increased. In the 
case of magnetic NPs, which are similar to spherical Au NPs and Au nanorods, the TI-BP 
transition temperature increases. The TI-BP transition shift is related to the interplay of 
several mechanisms. First, it appears that in general the same DCR mechanism is present 
in the mixture and that imposes the TI-BP increase. However, this is less efficient when a 
sample is approaching the TI-BP, where the correlation length attains its maximum value 
and the volume occupied by defects is larger. Second, the elastic distortion induced by the 
NPs imposes the opposite tendency, i.e., decreases TI-BP. Another elastic mechanism is a 
reduction of fluctuation of disclination lines due to the assembling of heavy NPs such as 
spherical Au and large anisotropic NPs within the defect cores or their vicinity. 
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4.4.2 Stabilization of TGBA by magnetic NPs 

Recent studies by Trček et al. [126], [127], [156] reported the stabilization of the TGBA 
phase in a mixture of chiral LC and surface functionalized NPs. Effectively, they stabilize 
the one-dimensional lattice of screw dislocations, thus establishing the TGBA order between 
the cholesteric and SmA phases. Here we present the experimental results and the 
discussion related to the stabilization of the TGBA phase in chiral CE8 LC compound by 
adding magnetic NPs at different concentrations.  

4.4.2.1 Existence of TGBA phase in pure CE8 

Many reports followed and the TGB phases are generally observed in chiral LCs, LCs 
mixtures, and in mixtures of LCs with chiral dopants [132], [179]. Based on the calorimetry 
results that have been reported in Ref. [99], [116], the TGBA phase does not exhibit in pure 
CE8 compound and it goes directly from the SmA to N* phases [99], [116], [126], [127] as 
you can see in Figure 4.27. There could be a possibility, explained by Wilson et al. [180], 
the TGBA phase in CE8 could exist in a narrow range temperature. In order to confirm 
this statement, additional experiments such as optical microscopy and heat capacity have 
been studied. The obtained results shown below suggest that at best some non-equilibrium 
TGBA domains could be seen in a narrow temperature range along with N* and SmA 
domains. This demonstrated that the pure CE8 could be closer to triple point such as N*–
TGBA–SmA and experimentally it was first observed by Renn and Lubensky [115] also, the 
sequence cholesteric–TGBA–SmA was first observed by Lavrentovich et al. [112]. A recent 
study by means of POM suggests that the TGBA phase exists in a metastable state with 
strong fluctuations for pure CE8. However, it could become stable for particular anchoring 
conditions [127]. Recently, the TGBA phase has been induced by CdSe and CdSSe quantum 
dots dispersed in chiral LC hosts by Trček et al. [126], [127].  
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Figure 4.27: Heat capacity of pure CE8 cooling run [99]. The sample was initially heated 
up to the isotropic phase and then cooled along with the blue phases down to the cholesteric 
phase, upon cooling with a rate of 250 mK/h. The arrow is showing some meta-stable TGB 
could exist.  

4.4.2.2 Heat capacity results  

The heat capacity Cp(T) results for pure CE8 and three mixtures χ = 0.0001, 0.001 & 0.01 
near the N*–SmA phase transitions are shown in Figure 4.28. The heat capacity data were 
obtained upon both cooling and heating from the N*–SmA phase with the scanning rate of 
250 mK/h. The Cp(T) profile of pure CE8 is shown at the bottom layer at the same 
temperature range compared with NPs mixtures. It should be noted that there was no 
orientation was imposed on the sample cell walls during calorimetric measurements.   

The pure CE8 data was used from the previous experiments [99], as mentioned that 
CE8 undergoes a 1st order phase transition from N*–SmA with a smaller shoulder at a low-
temperature wing. As it is clearly visible in Figure 4.28, the temperature profiles of Cp(T) 
demonstrate well that all the concentrations of magnetic NPs have a good impact on the 
phase transition behavior of TGBA. By increasing the NPs concentration, the transition 
peak shifts towards higher temperatures and at the same time becomes broader. Then the 
presence of magnetic NPs progressively seamer the transition between N*–SmA phases and 
a visible shoulder was created at a low-temperature wing of Cp(T) data, representing the 
presence of the TGBA and a small trace of NL

∗ phase. Based on the calorimetric data, the 
Cp(T) peak of the χ = 0.0001 mixture shows a small widening; however, the aforementioned 
low-temperature anomaly is clearly visible for the χ = 0.001 mixture. Lastly, it becomes 
very pronounced for the χ = 0.01 mixture, where the TGBA phase is stabilized in a 
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temperature range of ~3.0 K. Similar kinds of results were reported by Dr. Maja Trček's 
thesis [159].  

 

Figure 4.28: The temperature dependence of specific heat Cp(T) for pure CE8 (data taken 
from [99]) and mixtures of pure CE8 and the mixtures χ = 0.0001, 0.001 & 0.01 magnetic 
NPs. Data points were obtained upon cooling with a scanning rate of 250 mK/h. 
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Figure 4.29: The heat capacity Cp(T) as a function of temperature obtained by ac 
calorimetry is shown for three mixtures, i.e. χ = 0.0001, 0.001 & 0.01. Both runs, heating 
(red) and cooling (blue), are presented with a scanning rate of 250 mK/h. 

4.4.2.3 POM results  

The presence of the TGBA phase was observed with the help of the optical textures. The 
mixture of magnetic NPs in chiral CE8 LC was trapped in non-treated cells. The optical 
textures have been examined upon the cooling cycle. All the images were sensibly taken 
under the POM at different concentrations with a mixture of pure CE8 as shown in Figure 
4.30, Figure 4.31, and Figure 4.32. The temperature is slowly changed, using an average 
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scanning 0.02 K per 1 min cooling rate to find out the non-existing TGBA and NL
∗ phases 

in the given sample. The images are captured at various temperatures in the transmission 
mode under polarizers for all the mixtures (χ = 0.0001, 0.001 & 0.01). So far, there is no 
stable TGBA phase observed in non-treated cells, but only a colorful texture in between 
the SmA focal conics and the oily streaks of N* phase. These types of textures were 
previously observed in the case of NPs stabilized TGBA phase [127], [156]. The colorful 
intermediate textures corresponding to the TGBA and NL

∗ phases are stable with time if 
the temperature is kept at a constant value. In agreement with calorimetric results, the 
POM textures confirm the stable TGBA phase while increasing the concentration. The 
optical textures of χ = 0.0001 confirm the existence of N*, NL

∗ and TGBA textures upon 
cooling, as can be seen in Figure 4.30. The following POM textures can be explained by 
the continuous twisting of SmA slabs along the TGBA helix, which appear rather 
metastable. These textures could not be stabilized by changing the temperature.   

 

Figure 4.30: Polarizing optical microscopy textures obtained on cooling for the χ = 0.0001 
mixture. Presence of the (a) N*, (b) NL

∗ , (c) TGBA and (d) SmA phase. 
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Figure 4.31: Polarizing optical microscopy textures obtained on cooling for the χ = 0.001 
mixture. Presence of (a) N*, (b) NL

∗ , (c) TGBA and (d) SmA phase. 
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Figure 4.32: Polarizing optical microscopy textures obtained on cooling for the χ = 0.01 
mixture. Presence of the (a) N*, (b) NL

∗ , (c) TGBA and (d) SmA phase. 

4.4.2.4 Phase diagram  

Based on both calorimetric and optical microscopy results, the phase diagram (𝜒 − 𝑇) of 
the CE8 and magnetic NPs mixtures on cooling is presented in Figure 4.26 and Figure 
4.33. The phase sequences are a derived collection of temperature points from optical 
textures and peak points from Cp(T) data by ac calorimetry have been examined upon 
both cooling (only optical textures) and heating cycles. In the plot, the colored lines 
indicate the overall temperature range of the TGBA and NL

∗ phases. In the case of lowering 
the concentration of NPs, the distinguished of both TGBA and NL

∗ phases are not 
straightforward. One could clearly notice the significant rise of the stability range of the 
TGBA phase; otherwise, it could be metastable in the case of pure CE8 [127], [159]. As 
mentioned by Trček et al. [159], more than twice was observed in the case of CE8+CdSSe 
χ = 0.05 mixture temperature range 3.4 K. Later, and the same result was obtained for 2.5 
times smaller concentration of CE8+Au NPs χ = 0.02 mixture. In our case, we obtained 
similar results even smaller concentrations of NPs in CE8+Mg NPs χ = 0.001 & 0.01 
mixtures.  
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Figure 4.33: The phase diagram temperature vs. concentration (𝜒 − 𝑇) obtained for CE8 
and magnetic NPs, upon cooling by POM (data points were collected from the textures 
appearing temperature). The solid circles represent the phase transition temperature 
obtained by POM and the solid lines that connect them serve as a guide to the eye. 
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4.4.2.5 Discussion of the TGBA stabilization by magnetic NPs 

The results obtained by ac calorimetry and optical microscopy demonstrate that the 
dispersion of magnetic NPs can moderately stabilize the short-range TGBA order between 
N*–SmA phases of CE8. It is clearly seen that the presence of magnetic NPs gradually 
smears the N*–SmA transition and the visible shoulders are created while increasing the χ 
at low-temperature wing, which represents TGBA existence. For additional confirmation of 
the TGBA presence, optical textures were taken with given three mixtures at specific 
temperature ranges. The higher concentrated mixtures χ = 0.01 and χ = 0.001 confirm the 
existence of an intermediate texture between the SmA and the oily streaks characteristic 
of the N* phase [156]. Those intermediate textures were previously observed in the cases of 
Au nanorods [159] and Au NPs [156] stabilized TGBA phase. The following textures 
corresponding to the NL

∗ and TGBA phases are stable if the temperature is kept at a 
constant value. In agreement with calorimetric measurements, the POM textures confirm 
the stable TGBA phase. Figure 4.31 and Figure 4.32 show the textures of the N*, NL

∗ , TGBA 
and SmA phases.  

The magnetic NPs have a similar diameter to Au nanorods [159] and Au NPs [156] that 
have also successfully stabilized the TGBA phase. The heat capacity results are very similar 
to those Au nanorods, i.e., anisotropic NPs.  We conclude that the stabilization of both 
BP and TGBA, as explained in the previous section: BP demonstrates that magnetic NPs 
form anisotropic clusters in defect cores, similar to Au nanorods. This indicates the possible 
formation of anisotropic cluster formation of magnetic NPs in defect cores mimicking the 
Au nanorods.  

It is interesting to note that the sequence of SmA–TGBA–NL
∗–N* heat capacity 

anomalies is similar to the sequence of N*–BPI–PBIII–I heat capacity anomalies [159]. 
Especially, it is interesting to note that both BPIII-BPI and NL

∗–N*  phase transitions can 
exhibit very similar broad supercritical heat capacity anomalies in BP samples with 
sufficiently high chirality [98], [173], [181]. Both BPIII and NL

∗ phases having short-range 
order usually react in the same way upon the addition of the magnetic NPs. However, the 
only difference between the TGB and BPs sequences is that there is a direct BPI-I 
transition, while there is no direct TGBA–N* transition as all published specific heat data 
always show the intermediate NL

∗ phase [159]. 
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5 Conclusions 

Of interest were conditions enabling the stability of line defects in nematic liquid crystals 
and the trapping of NPs into LC disclinations (line defects in orientational order) and LC 
dislocations (line defects in translational order). Our study consisted of sample preparation, 
experimental measurements by using polarizing optical microscopy (POM) and high-
resolution calorimetry (ACC), theoretical analysis, and numerical simulations.  

In the 1st part of the thesis, we theoretically and numerically analyzed the conditions 
enabling stability of disclinations in NLCs. For this purpose, we focused on nematic 
structures exhibiting multiple-twisted nematic distortions in cylindrical geometry. The 
latter enabled us to analyze several structural details of our interest analytically. Note, 
that the double-twist configurations for which we determined stability conditions in 
cylindrical geometry do not exhibit line defects.  However, in 3D geometry, such structures 
necessary lead to the lattice of a disclination. Therefore, our study gives insight into which 
material conditions and structures could be realized in bulk 3D cartesian geometry. We 
analyzed in detail the stability of two qualitatively different classes of multiple-twisted 
structures. Of particular interest was the impact of the saddle-splay elastic constant K24 

which promotes fluctuations in nematic order that stabilize multiple-twisted nematic 
configurations. In analytic analysis, we carried out a Landau-type expansion in terms of 
dimensionless periodicities Qi characterizing the twisted configurations. In a chiral 
structure, we could easily identify the (meta) stability range of such structures because the 
leading term in Landau expansion is quadratic in Qi. Consequently, structures of interest 
could be condensated if the quadratic term coefficient is negative. For the chiral case, we 
analyzed (meta) the stability of structures numerically. Furthermore, our stability analysis 
suggested a convenient method to determine the value of K24. This constant has been so 
far relatively scarcely measured. Namely, it has been believed that its impact on the 
stability of the bulk nematic structure is negligible because mathematically its contribution 
could be converted from bulk to 2D surface confining the nematic order. However, later it 
was shown [15], [74] that additional surfaces are formed in the presence of topological 
defects and the presence of K24 energy contribution could stabilize such structures. In our 
study, we showed that K24 has a strong impact on the critical condition where twist 
reversal is realized. The latter could be relatively easily observed experimentally using 
optical polarizing microscopy. Furthermore, one could trigger the twist reversal terms 
formation by dropping LC with a chiral dopant.  

In the 2nd part of our study, we analyzed the stability regime of lattices of line defects 
in BPs and TGBA configuration. These structures could be stable in chiral nematic (BPs) 
and chiral SmA phases. Of our interest was the stabilization of tee structures by using 
appropriate NPs with the so-called Defect-Core Replacement (DCR) mechanism. We first 
carried out a simple numerical analysis to demonstrate the importance of the surface 
treatment of NPs on coupling with LC order. We showed that NPs are attracted to cores 
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of topological defect structures if the resulting surface conditions at the NP-LC interface 
match relatively well with the local LC structures. These simulations indicate that 
appropriate surface treatment of NPs could enable their controlled targeting to desired 
regions within the LC body.  

In the last part of the thesis, we focus on the stability enhancement of BPs and TGBA 
configurations by trapping different NPs. Experimental analysis of existing results reveals 
that the geometry of NPs has a strong impact on stabilizing specific defect lattices. Namely, 
spherical particles are, in general, efficiently stabilizing BPIII configurations. Furthermore, 
platelets are more efficient in stabilizing BPI and TGBA structures. In these studies, NPs 
were not the source of electro-magnetic (EM) fields. Our study carried pioneer studies on 
the impact of spherical ferromagnetic NPs on the structural stability of BPs and TGBA 
configurations. Our results suggest that the resulting magnetic field promotes a similar 
stability effect as EM-neutral NPs exhibiting cylindrical symmetry. In particular, we 
showed that magnetic spherical NPs are an efficient stabilizer of the BPI structure. Note 
that in the absence of magnetic properties spherical NPs support BPIII structures.  

The fundamental understanding of the behavior of LC + magnetic NPs results in some 
cases can be useful for several applications in micro-sized reconfigurable devices, electro-
optic applications, sensitive detectors, etc. Furthermore, they are of interest from a 
fundamental perspective. For example, the basic unit of BPs consists of a double-twist 
cylinder. Its central region exhibits the nonsingular m = 1 escaped line defect. In order to 
compensate for this 2D charge in a plane perpendicular to this plane, two singulars m =
−1/2 disclinations are formed in the close neighborhood. Therefore, the BPs unit consists 
of a stable configuration consisting of three-line defects, which are topologically equivalent 
to a homogeneous nematic structure. This unit represents an LC analog of hadrons which 
consists of three quarks, where the total electrical charge equals zero. This analogy was 
first suggested by Skyrme [13]. In this study, such units (referred to as the Skyrmions) 
were stabilized by hand by including additional “artificial” terms into the model. However, 
the stability of BP structures in LCs, confirmed by experiments and simulations, suggests 
that geometrical concepts are crucial. Our preliminary analysis suggests that the basic 
understanding of Gaussian curvature of hypothetical planes, which are locally defined by 
the surface normal pointing along 𝑛⃗  could provide the stabilizing mechanism, which is the 
topic of our following research project. 
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