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Abstract  

Permanent magnets are vital parts of various devices, above all, those which are essential for the 
transition to a green society. However, they are made of materials, including rare-earth elements, 
for which unlimited availability cannot be taken for granted. Therefore, it is desirable to reduce 
the content of these materials but without affecting the technologically relevant properties. 
Whereas the conventional solution to this problem is an appropriate material modification, the 
subject of this thesis is an alternative approach, i.e., a custom design for a particular application to 
use less material without losing performance. The focus is on the permanent magnet as a source 
of magnetic field in an induction-based self-charger for portable devices. It is supposed that the 
required magnetic-flux time dependence is achieved either with an oscillating magnet and a static 
coil or with a static magnet and an oscillating coil.  

The performance indicator is the average induced voltage normalized to the magnet volume, 
theoretically predicted by applying the finite-element method. The innovation is notches in the 
considered magnets, which make the resulting field sufficiently inhomogeneous even in the case 
of a uniform, uniaxial magnetization, and which simultaneously contribute to a smaller volume, 
and hence to reduced material consumption.  

To determine the most appropriate geometrical parameters of the magnets, an optimization 
analysis is conducted. Basically, the considered magnet geometries are characterized by three pa-
rameters, of which two are optimized simultaneously while the third is kept fixed. The obtained 
sets of optimum parameters yield better results than arrangements of standard magnets with 
non-trivial magnetization patterns, proving the advantages and applicability of the proposed 
problem solution.  
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Povzetek 

Trajni magneti so bistveni sestavni deli različnih naprav, tudi tistih, ki so ključne za prehod v ze-
leno družbo. Narejeni so iz materialov, ki vsebuje elemente redkih zemelj, katerih dostopnost ni 
nujno zagotovljena. Zato je zaželjeno zmanjšati njihovo vsebnost, brez vpliva na tehnološko 
pomembne lastnosti. Običajna rešitev tega problema je ustrezna sprememba materiala, vsebina 
te disertacije pa je alternativni pristop s posebnim oblikovanjem magnetov za določeno uporabo 
z namenom porabiti manj materiala za isti učinek. Težišče je na trajnem magnetu kot izviru mag-
netnega polja za samo-polnilec prenosnih naprav na osnovi indukcije.  Privzeto je, da potrebno 
časovno odvisnost magnetnega pretoka dosežemo s tresočim-se magnetom in mirujočo tuljavo ali 
z mirujočim magnetom in tresočo-se tuljavo.         

 Merilo za zmogljivost  je povprečna inducirana napetost, normirana na prostornino magneta, 
izračunana s pomočjo metode končnih elementov. Novost predstavljajo utori v obravnavanih 
magnetih, ki povzročijo dodatno nehomogenost nastalega polja tudi v primeru enakomerne 
namagnetenosti, hkrati pa zmanjšujejo prostornino in s tem porabo materiala.  

Najustreznejši geometrijski parametri so določeni s pomočjo optimizacijske analize. V osnovi 
je geometrija magneta določena s tremi parametri, od katerih v tem postopku hkrati spreminjamo 
dva, medtem ko ima tretji konstantno vrednost. Dobljeni nabor optimalnih parametrov vodi do 
boljših rezultatov kot običajne postavitve z netrivialnimi vzorci namagnetenosti, kar dokazuje 
prednosti in uporabnost predlagane rešitve.  
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Chapter 1 

Introduction 

1.1     Motivation 

Over the past few decades, billions of people have been affected by energy crises and environmen-
tal degradation. These issues have been exacerbated by an increasing population and human ac-
tivities, which have threatened the availability of energy resources [1]. The world’s future well-
being is closely intertwined with the energy requirements of our civilization, which have grown 
exponentially in the last two centuries, as shown in Figure 1.1. Energy is the most valuable com-
modity, and our global society relies heavily on its extraction, distribution, conversion, and con-
sumption on a daily basis [2]. The recent conflict between Russia and Ukraine, as well as even 
more recent events in the Near East, have led to a disruption in energy supplies, particularly elec-
tricity and gas, in many European countries because they rely heavily on the natural resources 
from Russia and Arabia. Another issue is the growing concern over the impact of human-gener-
ated carbon dioxide emissions on the Earth's climate [3][4] since  83% of the global energy de-
mand is currently met through the use of fossil fuels [5].  The consensus among many is that at 
some point in the future, the transition to a sustainable energy system will become necessary.  

 

Figure 1.1:  Primary energy consumption by source worldwide [6] 

Although there is a lot of development in renewable-energy technologies, fossil fuels such as 
coal, natural gas, and oil remain the world’s primary energy sources [7]. Therefore, new tech-
nologies need to be developed to mitigate the effects of CO2 emissions, increase energy pro-
duction and increase the efficiencies of the existing energy systems [8]. In 2021, carbon 
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dioxide emissions, including those from energy use, industrial processes, flaring, and methane 
(measured in carbon dioxide equivalent), increased by 5.7% to reach 39.0 GtCO2. On the other 
hand, the increase in carbon dioxide emissions from flaring and methane, as well as those arising 
from industrial processes, was more moderate, with respective hikes of 2.9% and 4.6% [6][7]. 

Another technological problem of the modern society is a limited availability of the natural 
resources due to various reasons ranging from geological, ecological, economical as well as polit-
ical. Besides the recycling, as an approach to save raw materials, the most logical solution is a 
smart design of novel devices by minimizing their consumption.  

1.2     Energy Consumption in the Portable Electronic Sector 

Portable electronics refers to a diverse range of appliances, such as smartphones, tablets, laptops, 
e-readers, portable gaming devices, and many more. These devices have become indispensable in 
our daily routines, contributing substantially to our energy consumption [1][9]. The International 
Energy Agency (IEA) has released a report stating that the information and communication tech-
nology (ICT) sector, encompassing portable electronic devices, consumed around 1500 TWh of 
global energy in 2019 [8][6]. This accounts for approximately 6% of the world's electricity de-
mand and is predicted to grow further in the upcoming years. Energy efficiency of electrical de-
vices in general can be  achieved by optimizing the design characterized in terms of various pa-
rameters, such as power density, torque, weight, and volume [10].  

1.3     Energy Generation by Renewable Energy 

Renewable energy has become increasingly popular in recent years due to its potential to provide 
a cleaner and more sustainable future by utilizing natural sources such as solar, wind, hydro, ge-
othermal, and biomass [6]. The application of these energy sources can help to reduce green-
house-gas emissions and promote a more eco-friendly approach to energy production [8]. While 
electricity constitutes just a fraction of our energy consumption, Figure  1.2 presents the propor-
tion of electricity generated from renewable technologies, with Slovenia producing 34% of its en-
ergy from renewable sources [11].  Hydroelectric power dominates modern renewable sources 
globally, excluding traditional biomass, but solar and wind energy are expanding at a fast pace. As 
of 2019, renewable technologies accounted for approximately 11% of primary energy worldwide, 
based on their share in the energy mix, which includes electricity, transportation, and heating. 
Renewable energy sources generate around one-quarter of the world's electricity [6][8]. 

 

Figure 1.2:  Per year energy production from renewable sources [6]. 

 Renewable energy will be essential for the electronics sector, considering that the sector ac-
counts for 10% of the total energy consumption, as indicated by the chart. Recent estimates 
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suggest that the electricity consumption of a smartphone may exceed current levels, highlighting 
the need for further research on the issue [8][7]. A promising option is to use the human body as 
an energy source. 

1.3.1     Renewable Energy Generation by Human Body 

As home appliances and wearable electronics continue to emerge, people consume more energy 
to carry out their daily activities [12][13]. However, it is possible to generate energy from the 
human body itself through walking, making it a considerable energy source worth exploring [14]. 
Figure 1.3 illustrates the potential of power generation from  typical movements performed by an 
average person of medium build on a daily basis [15][16]. It has been estimated that the energy 
generated from these sources is sufficient  to power computers and other electronics that are es-
sential in modern daily life [17]. 

 

Figure 1.3:  Generated energy by different human-body activities [18].  

The kinetic energy of a walking human is generated by converting stored chemical energy 
through the intermediate step of limbs' movement. This conversion process is remarkably effi-
cient in terms of a high ratio between the resulting mechanical energy and the chemical energy of 
the nutrients [17].     

 A small part, negligible in comparison with the kinetic energy of a human body, can be poten-
tially harnessed for other purposes [19]. However, it needs to be converted into a regular form 
that can be effectively distributed and utilized. Electrical energy is the preferred form due to its 
flexibility in distribution and utilization. There are different methods how to produce electricity 
by converting other types of energy, for example, photo-electric effect, piezo-electric effect, 
thermo-electric effect, and electromagnetic inductions. Electric current can be generated by ex-
posing a certain material to electromagnetic radiation, namely to photons, which supply the re-
quired energy to excite electrons from the valence to conductive states. A piezo-electric effect oc-
curs when a strain in material implies an electrical polarization, namely a finite voltage. A temper-
ature gradient might cause a diffusion of charges, known as the Seebeck effect, which is reflected 
by an electrical voltage. However, the most common is the electromagnetic induction, which gen-
erates an electrical voltage due to a changing magnetic flux. It does not require any materials with 
special properties, except for magnets, which are the subject of the present thesis.  
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1.4     Literature Survey of Self-generating Electromagnetic Har-
vesters 

Self-powered magnetic generators, also referred to as self-charging magnetic harvesters, are de-
vices that generate electrical energy by harnessing mechanical power. The concept of a harvester, 
based on generating electrical energy from human motion through magnetic induction is not new 
[20].  The first magnetic harvester prototype was created at the University of California, Berkeley 
in the 1980s. It utilized a coil  and a magnet to produce a low electric current [21]. Since then, 
numerous research teams worldwide have focused on enhancing the efficiency and effectiveness 
of magnetic harvesters [22]. In recent decades, portable electronic devices have become ubiqui-
tous in our daily lives. However, the traditional power sources used for these devices, such as 
batteries, are approaching their limits. As a result, there is a growing need for an ability to re-
charge portable electronic devices while outdoors, which has re-ignited interest in human energy-
harvesting systems [23]. Besides magnetic-induction-based harvesters, there are also other meth-
ods, for example, piezoelectric or electrostatic, for the conversion of vibrations into electricity 
[24]. Piezoelectric and electrostatic transducers are particularly suitable for use on a human body 
due to their small size and weight, and of these, piezoelectric generators are the simplest type of 
harvesting device [25].  

In  [26], a microgenerator utilizing piezoelectric transductions was proposed. However, due to 
the high impedance of the material causing energy losses, its maximum output power was only 15 
mW. Moreover, piezoelectric materials are prone to brittleness [24]. Several electrostatic microp-
ower generators were discussed in [17][27]. The output power of the microgenerator in [28] was  
6.5 mW at 10 Hz, while the output power of other generators in [22] was 116 μW or less. Addi-
tionally, the electrostatic generator necessitates a pre-charge voltage to operate [28]. The output 
power of both types of generators falls short of meeting the power needs of current portable de-
vices, which usually require up to 1 W [14]. Finding an outlet while commuting or traveling can 
be a hassle, and even if one can be found, it is only useful if there is enough time to recharge the 
device sufficiently  [16] [29]. Solar chargers, hand-crank phone chargers, and thermoelectric gen-
erators are other options for travelers, commuters, and those who lead an outdoor lifestyle [30]. 
However, most of these products are expensive and bulky, and they are just another accessory to 
carry along with the device. An average person requires something smaller, lighter, and more af-
fordable to extend their device's battery life daily [31]. The generation of enough power to charge 
portable electronic devices by means of electromagnetic induction seems an attractive solution 
[32]. The so-called linear generators are particularly promising for human energy-harvesting ap-
plications due to their low cost, high output power, stable output voltage, and simple structure 
[33]. They are based on the principles of magnetic induction, and they run on the power of the 
user’s motion.   

1.5     Self-Generator Electromagnet Harvester (SEMH) or Linear 
Generator 

The linear generator is an electromechanical energy converter, powered by the motion of a prime 
mover along one direction.  Similar to the rotary generator, the linear generator utilizes a mecha-
nism that converts mechanical power into electricity, but with one key difference: the presence of 
an endpoint effect [34]. While a rotary generator's motion is continuous and never reaches an 
endpoint, the moving part in a linear generator moves linearly until it reaches the endpoint, then 
reverses direction. This endpoint effect leads to several issues, such as the occurrence of the cog-
ging force [13].   However, the linear engine is a more desirable option when considering energy-
efficiency concerns. Since it does not include a crankshaft, rod, or other rotary parts that typically 
contribute to friction losses, the linear system is both compact and lightweight, with a high effi-
ciency [35]. As a result, a linear generator is a more advantageous choice for applications requir-
ing the conversion of linear thrust force into electricity when compared to rotary electric genera-
tors. The working principle of a linear generator is schematically illustrated in Figure 1.4, whereas 
Figure 1.5 presents an example of a prototype scheme.   
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Figure 1.4:  Complete line diagram of self-generator electromagnetic harvester. 

 

Figure 1.5:  Schematic representation of self-generator electromagnetic harvester [36]. 

1.5.1     Classification of Linear Generators 

Linear generators convert linear-motion energy into electricity, characterized by the voltage 𝑈 =
√𝑃𝑅 , where P and R are the power and the resistance of the load, respectively.  There are multiple 
classification methods used to categorize them. These methods include factors such as the type of 
motion used, power rating, construction, and application. Additionally, linear generators can be 
classified on the basis of the primary types [37]. A comprehensive overview of the classification 
of linear generators is presented in Figure 1.6. 
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Figure 1.6:  Classification of linear generators [38]. 

     Linear generators are classified into three major types.  
1. Permanent-Magnet Linear Generator (PMLG)  
2. Linear Induction Generator (LIG)  
3. Linear Switched-Reluctance Generator (LSRG)  

1.5.1.1     Permanent-Magnet Linear Generator (PMLG) 

A Permanent-Magnet Linear Generator (PMLG) uses a permanent magnet to produce a magnetic 
field, converting the reciprocating motion of a system into electrical power. The resulting time 
dependence of the magnetic flux induces an electrical current in one or more coils. Similar to a 
permanent-magnet rotary generator, a PMLG typically comprises a coil made of copper windings 
and laminations to reduce the eddy-current losses. Conventionally, the permanent magnets can 
be rings, cylinders, or rectangular bars, depending on the system's configuration. High-energy-
product rare-earth permanent magnets, known for their large remanent flux densities Br and large 
coercivity Hc, defined in Figure 1.7, are normally used in a PMLG.  They are widely used in the 
research and development of various systems that convert the energy stored during linear motion 
into electricity, including wave-energy conversion, Stirling engines, free-piston engines, micro-
energy harvesters, and supercritical CO2 expanders [39]. 

 

Figure 1.7:  Overall model of Permanent-Magnet Linear Generator (PMLG) [40]  



7 

 

 
 

 A large body of research is being conducted on PMLGs because of the following advantages.  
1. High efficiency levels of 90% or more [38] 
2. Small air gap in comparison to LIG and LSRG 
3. Exhibits high power density 
4. Requires low maintenance 
5. Operates with low noise levels 
6. Does not rely on external magnetization for the translator 
7. Possesses a compact size [41][37]  

 Some of the disadvantages of PMLGs are,  
1. Limited power output 
2. Higher manufacturing costs in comparison to other generator types 
3. Magnet demagnetization due to thermal effects [41] 
4. Cogging force present in iron-core machines [41]  
5. Limited availability and high cost of high-energy-density (rare-earth) magnets [42] 
6. Stray magnetic fields, particularly in single-sided configurations 
7. Sensitive to temperature changes, which may negatively impact efficiency and output. 

1.6     Phases of Linear Generator 

Linear generators can operate in various phase-configuration. modes:   
• Single-phase linear generator 
• Double-Phase linear generator 
• Three-Phase linear generator 
• Multi-Phase linear generator 

   Although the most common are the single and three phases, we briefly discuss all four 
possibilities.  

1.6.1     Single-Phase Linear Generator  

It contains one set of windings, resulting in a single-phase output voltage. Single-phase linear 
generators are easy to construct and maintain, and they produce a sinusoidal waveform output 
with lower harmonics than their 3-phase counterparts (for short stators) [43]. They are suitable 
for small power applications in the 1–5 kW range, like a TV set or a refrigerator, whereas for 
higher power applications, for example, a washing machine, dish washer or professional heavy-
duty machinery, the generator size becomes problematic, and three-phase generators are 
preferred.  

 

Figure 1.8:  Single-phase permanent-magnet linear generator. The magnets in red and blue are 
magnetized in the opposite directions, surrounded by a single coil in grey.[44] 
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1.6.2     Three-Phase Linear Generator  

This generator is similar to the single-phase linear generators, but it has three sets of coils in the 
stator instead of one or two. The three-phase windings (A, C, B) in the stator produce a three-
phase output voltage, with each phase being 120 degrees out of phase with the other two. The 
design of the three-phase windings is shown in Figure 1.9. However, constructing three-phase 
windings can be challenging in smaller, lower-power machines compared to single-phase linear 
generators. The control of the three-phase linear generator is more complicated too, and in 
practice, the time dependence of the output voltage is not a perfect harmonic function (sine or 
cosine), which is, in principle (when the load consists of the so-called active components like 
capacitors or coils), reflected in a lower efficiency [45].  
 

 

Figure 1.9:  Three-phase Permanent-magnet linear generator. The magnets in red and blue are 
magnetized in the opposite directions, surrounded by an ABC sequence of coils in grey.[44] 

1.6.3     Multi-Phase Linear Generator 

It operates in a similar way to the three-phase linear generator, but it has more than three sets of 
coils, resulting in a higher power output and in greater efficiency. The number of phases in a multi-
phase linear generator can vary, with the standard options being four, six, eight, and twelve phases 
[46]. 

The generator stator consists of multiple sets of coils arranged in a specific pattern, while the 
translator is equipped with magnets in a non-parallel arrangement (Figure 1.10). As the translator 
moves back and forth, the magnets pass over the various sets of coils, inducing multiple 
alternating currents (ACs) at each stage of coils position [29]. The resulting ACs are out of phase 
with each other, creating a multi-phase power output. These ACs are then rectified and combined 
to produce a direct current (DC) that can be used for electrical power devices. 
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Figure 1.10:  Multiphase phase Permanent-magnet linear generator [47]. The magnets, attached 
to the shaft, are in an anti-parallel arrangement, whereas particular coil stacks are shifted by 1/3 

of the inter-magnet distance along the shaft direction relative to each other.  

 

Figure 1.11: The time dependence of the induced voltage in three different coil sets with the 
phase shifts of 1200 [48]. 

However, multi-phase linear generators are more complex, and they require more precise 
engineering to ensure the proper synchronization of multiple coils. Their primary advantage is 
the ability to provide a smoother and more constant power output, composed of three sine 
(cosine) signals shifted by 120o relative to each other, which is desired in applications that require 
a consistent power supply (Figure 1.11). 

1.7     Linear-Generator Configuration  

There are three types of linear-generator configurations regarding the distinction between the 
static and moving parts: 
1. Oscillating magnet and static coil,  
2. Static magnet and oscillating coil 
3. Oscillating Iron-core.  

1.7.1     Oscillating-Magnet LG  

The stationary part is the copper windings, and the moving element is made of one or more 
permanent magnets, magnetized non-parallel to each other.  The magnets moving along the coils 
produce a time-dependent magnetic flux, which results in an induced voltage and current [49]. It 
is the most used linear generator, very similar to a standard rotary permanent-magnet 
synchronous machine. Its advantages are: 
1. The mass that moves is lightweight. 
2.  The construction is uncomplicated. 
3.  The air-gap size can be adjusted to match the production and assembly capabilities of the 
system. 

On the other hand, there are certain drawbacks to using a moving-magnet LG, 
1. Magnetic fields leak outside the system 
2. There is a risk of demagnetization due to thermal and vibrational factors 
3. Inadequate control over the magnetic field. 

A moving-magnet PMLG is illustrated in Figure 1.12, featuring a static coil surrounding an 
oscillating magnet attached to a pair of springs. 
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Figure 1.12:  Oscillating-magnet linear generator consisting of a static coil surrounding an 
oscillating magnet attached to a pair of springs.  

1.7.2     Static-Magnet LG  

The static-magnet linear generator features a stationary component consisting of a single or 
several magnets and a movable part made up of windings and is presented in Figure 1.13. 

The advantages of a moving-coil LG are:  
1. Eccentricity-induced radial forces are reduced [50]. 
2. Demagnetization of the magnets due to the impact force is minimized, since the magnet remains 
stationary. 
3. Field control can be achieved easily. 

The disadvantages of the moving-coil linear generator (LG) are: 
1. It has a large air gap. 
2. Energizing the moving field can be challenging. 
3. The construction of large machines can be complicated. 

The limited benefits of the moving-coil LG are overshadowed by its drawbacks, making it of 
relatively little practical importance in the design of linear generators. 

 

Figure 1.13:  Static-magnet linear generator consisting of an oscillating coil surrounded by a 
single or several static magnets.  
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1.7.3     Oscillating Iron-Core LG 

An alternative to both the oscillating magnet and the moving-coil LG is a setup in which the magnet 
and the coil are static, whereas the required time dependence of the flux is achieved with an os-
cillating iron core, presented in Figure 1.14 [51].  Such a system is more robust than the solutions 
with oscillating magnets or oscillating coils since the core does not have any other roles except for 
changing the local permeability.   

 

Figure 1.14:  Oscillating Iron-Core linear generator [52].  

1.8     Magnet Orientation  

A certain inhomogeneity of the magnet field inside the generator is required to provide a 
sufficiently pronounced time dependence of the flux. In this manner, three different magnet 
arrangements are applied in any of the above-described linear-generator set-ups:  

• Normal Magnet  
• Radial arrangement,  
• Axial arrangement,  
• Halbach arrangement, 

presented in Figure 1.15.  The axial arrangement is the most common since there is evidence for 
its  superiority in terms of a higher power density and efficiency [53][18]. However, for low-speed 
applications, the cogging forces are higher in axial field machines and this may not be the best 
option. The advantages of the Halbach magnet arrangement have been studied specifically for 
wave-energy conversion systems. The common drawback of all three types is that the magnets 
cannot be magnetized in a single step; therefore, an assembly of differently oriented magnetic 
parts is required.  

Figure 1.15:  There are four type of arrangements for linear generators [54]. 
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1.8.1     Shape of Linear Generators 

The permanent-magnet linear generator can have three different shapes: single-sided, double-
sided, or tubular. A single-sided linear generator is similar to a rotary generator that has been 
unrolled onto a flat plane [55]. In contrast, a double-sided linear generator features stator coils on 
both sides of the   translator. The tubular linear generator consists of the static and moving parts 
surrounding each other. This shape is the most efficient due to its high-power density per unit 
volume. However, the complex construction [28] processes and high costs associated with the 
tubular topology are among its disadvantages [56]. Figure 1.16 depicts the single-sided and dou-
ble-sided linear generators. 

 

(a) 

 

(b) 

Figure 1.16:  Single-sided (a) and double-sided (b) linear generators [54]. 

1.9     End Effect in Linear Generators  

The concept of the end effect is specific to linear machines, as opposed to rotary machines which 
do not have distinct entry and exit points due to their circular motion. The end effect can cause 
changes in the air gap’s magnetic field and is illustrated in Figure 1.17. An analytical model has 
been developed to examine the effects of the end effect on the magnetic field and force, with dif-
ferences noted between long-stator and short-stator linear generators [57]. It has been found that 
the end effects are generally lower in long primary stators compared to short ones and that higher 
velocities of the mover can lead to smaller end effects in long stators. Various techniques have 
been applied to reduce the end effects in linear induction motors, including the use of chamfered 
edges on the end, field-oriented and vector control schemes, and auxiliary poles. In a PMLG sys-
tem, the end effects can reduce the power contribution from the magnets at the end of the trans-
lator due to a high flux leakage, but this can be mitigated by using a longer stator and a shorter 
translator, modifying the stator-teeth width and shape to reduce the cogging force, or using a 
skewed PM and reducing the magnet’s length, as described in studies [21][58][59]. 
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Figure 1.17:  End effect of a linear generator [60].  

1.10     Cogging Force  

The cogging-force results from the attraction between the magnets and the stator laminations in 
a permanent-magnet machine. This force can lead to unwanted effects such as noise, vibrations, 
and eccentricity. In linear generators, minimizing the cogging force is important. Various methods 
have been investigated to achieve this goal. For instance, magnet shapes such as conical and 
sloped have been examined to decrease the cogging force in PM linear generators, as depicted in 
Figure 1.18. Another approach involves modifying the stator-teeth width and shape, which has 
been demonstrated in [41][59][61]. Moreover, a technique that involves reducing the magnet 
length and utilizing a skewed PM is presented in [62] . 

 

Figure 1.18:  Conical Shaped Magnets (a) – Half slope PM (b) – Full slope PM (c) – Conical PM 
[63].  

1.11     Applications of Linear Generators  

Research is currently being conducted on a broad range of renewable-energy various applications 
from the large-scale power stations exploiting the ocean tidal motion by converting the wave en-
ergy (WEC) to the systems for harvesting micro energy consumed by implantable electronic med-
ical devices [64]. On the intermediate level there are systems for a regular or an emergency charg-
ing of portable electronic devices, which are related to the investigations in the framework of the 
present thesis. 
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1.12     Organization of the Dissertation 

The thesis is focused on the permanent-magnet design for linear generators as emergency power 
sources. The oscillating-magnet and the static-magnet linear generators with cylindrical-shaped 
magnets magnetized along the principle axis are considered.  The proposed and tested novelty are 
notches of different shapes and dimensions engraved in the outer (oscillating magnet) in the inner 
(static magnet) sides.   The following chapters are organized as: 

Chapter 2:  Theory  

This chapter introduces the fundamental concepts and theoretical backgrounds of magnetism.  
Various rare-earth-based magnetic materials and their properties are introduced.   

Chapter 3:  Aims and Hypothesis  

This chapter describes the problem, presents the project’s aims and the research hypotheses of 
the dissertation. 

 Chapter 4:  Finite-Element Methods and Methodology 

This chapter introduces the finite-element-modeling method for solving Poisson’s equation, 
which describes the magnetic field around a permanent magnet.  

 Chapter 5:  Results and Discussion 

This chapter presents the results of modeling for two types of the magnet-coil arrangements. The 
proposed solutions are optimized in terms of geometrical parameters. The calculated normalized 
voltages are compared with the most common standard solutions.   

 Chapter 6:  Conclusions 

This chapter draws the conclusion and presents the future scope of this research. Design improve-
ments to the self-generator system or magnetic harvester are proposed.   
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Chapter 2 

Theory 

The process of converting mechanical energy into electricity can range from simple popular-sci-
ence demonstrations with magnets and coils to highly complex installations, including national 
electricity grids [65]. Such systems can be modeled either in terms of basic or very complex mod-
els. The objective of this chapter is not to present a comprehensive description of electrical devices 
but rather to review the fundamental principles of magnetism with an emphasis on electrome-
chanical energy conversion [66], [67]. The purpose is to introduce the numerical model utilized 
in the thesis.  

2.1     The Origin of Magnetism 

Magnetic field is produced by moving electric charges, in a matter mainly electrons, or it originates 
from an intrinsic property of elementary particles (electrons) named spin. The spin is quantized 
in a similar way as the positive and negative elementary charge, namely as up and down. Since the 
electrons in atoms tend to pair, the up and down contributions in fully-occupied atomic shells 
cancel out and consequently they do not contribute to magnetism. Only partially occupied atomic 
shells might exhibit a finite spin, and consequently magnetic moment, which is the source of 
magnetic behavior in certain materials.  

2.2     Magnetic Terminology / Magnetization and Magnetic Inten-
sity 

On the basis of the assumption that some atoms carry magnetic moments ( )m , the magnetization 

( )M   can be defined as a sum: 

                                                            
m

M
V

=                                                                           (2.1) 

 where V is the volume of the sample.  The magnetization is both: a response to and a source 
of a magnetic field. In the SI system, magnetization is measured in ampere/meter [A/m] [68]. The 

magnetic field is usually characterized the magnetic-flux density  ( )B    measured in Tesla  T (1 

T=1 kg/As2)  This can be alternatively created by an electric current ( )I  running through a coil 

with n turns per unit length: 

                                                             
0 0B nI=                                                                           (2.2) 

assuming a negligible diameter of the coil with respect to its length.  
If a substance with a non-zero magnetization M is put into the region of B . The overall mag-

netic flux density  B is changed: 
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0

m

m

B B B

B M

→ +

→
                                                                      (2.3) 

                                                            
0B B M→ +                                                                    (2.4)                                                                                                                               

 where 7

0 4 10 /pi Vs Am −=  represents the permittivity of the vacuum. For convenience, it 

is beneficial to introduce another vector field  𝐻⃑⃑ , referred to as the magnetic intensity, defined as: 

                                                      
0

B
H M


= −                                                                              (2.5) 

so that 𝐵⃑  reads as: 

                                                     ( )0B H M= +                                                                         (2.6) 

It means that the magnetic field inside a material arises in two parts. The first part, represented 
by H , is caused by external factors such as permanent magnets or a current flowing through a 
solenoid. The second part, represented by M , is due to the specific properties of the material it-
self.   

In fact, the magnetization M  represents the response to the H : 

                                                              M H=                                                                           (2.7) 

 where the dimensionless 𝜒 is the magnetic susceptibility. It quantifies the degree to which a 
magnetic material reacts to an external field. Materials exhibiting para-magnetism have a small 
positive value of 𝜒, while materials displaying diamagnetism have a small negative value of 𝜒. In 
the case of diamagnetic materials, the directions of 𝑀⃑⃑  and 𝐻⃑⃑  are opposite. The equation (2.7) can 
be rewritten as: 

                                                         

( )0

0

1

r

B H

H

H

 

 



= +

=

=

                                                                   (2.8) 

The magnetic permeability, denoted as 1r = + , is a dimensionless quantity that can be in-

terpreted as the magnetic counterpart of the dielectric constant in electrostatics. 

                                                    ( )0 0 1r    = = +                                                                 (2.9) 

As shown in Eq. (2.8), magnetic permeability 
B

H

 

= 
 

 determines the degree of magnetic 

flux density induced by an external magnetic field. 
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2.3     Classification of Magnetic Materials/Magnetic Properties of Ma-

terials 

Different materials can be categorized according to their response to external magnetic fields. 
 

2.3.1     Diamagnetism 

Magnetic moments in diamagnetic substances tend to align opposite to the direction of the exter-
nal field. As a result, the field force lines are expelled from a diamagnetic sample, as shown in 
Figure 2.1. Although diamagnetism is present in all materials, its effect is usually too weak to be 
observed due to other effects like para-magnetism or ferromagnetism [69]. 

 

Figure 2.1:  Behavior of magnetic field lines for a diamagnetic sample [69]. 

 Perfect diamagnetic materials are superconductors. Below their transition temperature 
(which is usually very low), they exhibit zero electrical resistance and discrete values of magnetic 

susceptibility ( )1 = −  and permeability ( )0r = [70]. As a result, a magnet repels a supercon-

ductor, and vice versa, in a phenomenon called the Meissner effect, named after its discoverer. 

2.3.2     Paramagnetism 

Paramagnetic substances respond to an external magnetic field by aligning the magnetic moments 
in its direction. This is quantitatively described by a positive susceptibility and the permeability 
(𝜇𝑟 > 1). Therefore, the density of the magnetic field force lines is higher within a paramagnetic 
sample [70][69], as demonstrated in Figure 2.2.  

 

Figure 2.2:  Behavior of magnetic field lines in a paramagnetic sample [69]. 

 The magnetic susceptibility 𝜒 and permeability 𝜇𝑟 of a paramagnetic material depend on the tem-
perature as well as on the strength of the field, making the magnetic response nonlinear.  

According to the Curie–Weiss Law, the susceptibility of materials that are paramagnetic varies 
inversely with temperature: 

                                                          
C

T



=

−
                                                                            (2.10) 

Here, ( ) is a temperature constant, and ( )C  is the Curie constant.     
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2.3.3     Ferromagnetism   

Ferromagnetic materials exhibit non-zero magnetization even in the absence of an external mag-
netic field, which is due to a spontaneous parallel ordering of magnetic moments. The ordering is 
a result of the exchange interaction between magnetic moments as an effect of Coulomb repulsion 
and the Pauli exclusion principle for electrons described in the frame of quantum mechanics. The 
spontaneous ordering is present only below the Curie temperature. Upon heating a ferromagnetic 
phase undergoes a transition to the paramagnetic state. In a real sample, not exposed to a strong-
enough field, the regions of magnetic moments pointing in the same direction are localized in so-
called magnetic domains [70].     

 

Figure 2.3:  Behavior of magnetic field lines for a ferromagnet [71].  

     The dynamics of domains in an applied field influences the ferromagnetic behavior re-
flected in the hysteresis loop.   

2.3.4     Hysteresis Loop 

Magnetization curves, M vs H , are different for different types of magnetic materials. Whereas 
the response of   diamagnetic and paramagnetic materials is linear for a wide range of H , non-

linear patterns are observed for  ferromagnetic materials where M and   vary with H , as illus-
trated in Figure 2.4.    

 

Figure 2.4:  Ferromagnetic hysteresis loops have the following characteristics (a) (M vs. H) and 
(B vs. H). (b) The width of the hysteresis loop determines the so-called magnetic hardness of the 

material  [70]. 
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 The origin point "o" represents the demagnetized condition of the material, which does not 
exhibit any net magnetization M . At this point, the orientation of the material’s domains is ran-
dom. The magnetic moments start to align parallel to the applied external, which is reflected by a 
growing magnetization [72][70]. The saturation is achieved at the point "a", characterized by the 
highest value of M  when the domains are maximally aligned. For materials with uniaxial mag-

neto-crystalline anisotropy, the H required to obtain the saturation 
sM  is lower along the so-

called easy axis than in the perpendicular directions. During the magnetization process the mag-
netic domains tend to rotate in the direction of the external field. In a uniaxial magnet, the majority 
of the domains are oriented along the easy direction even in the absence of the applied field at 

point "b" in the second quadrant. The remanence ( )rM T  is the magnetization at zero external 

magnetic field. The alignment of domains inside the grains of the complex phase and the compact 
packing or densification of these grains significantly impact on the remanence 

rM  [73][74]. 

Switching the external field to the opposite direction makes particular magnetic moments and 
domains rotate. At a certain value, denoted as the coercivity of the demagnetizing field, the mag-
netic-flux density B  or the magnetization M vanish.  
     There are different types of coercivity.  

• Normal coercivity, 
cH , is the magnetic field required to reduce the magnetic flux density 

to zero. 
• Intrinsic coercivity, 

ciH , is the magnetic field required to reduce the magnetization to zero. 

2.4   Intrinsic and Extrinsic Properties of Magnetic Materials    

The intrinsic magnetic properties are independent of the microstructure and processing ap-
proaches. These properties are related to the chemical composition and crystal structure, or even 
more precisely to the particular magnetic moments (spin and orbital) and other quantum-me-
chanical parameters like the crystal-field interactions, exchange and spin-orbit coupling 

[75][68][69]. They include the saturation magnetization ( )sM , which corresponds to the state 

with all magnetic moments maximally-oriented along the direction of the external magnetic field, 
the Curie temperature TC, which determines the transition between the ferromagnetic (for the 
temperatures below TC) and the paramagnetic state (for the temperatures above TC), the and mag-
neto-crystalline anisotropy. The latter is associated with the magneto-crystalline-anisotropy en-
ergy, which is minimum when the magnetization is along the easy axis (relative to the unit-cell 
crystallo-graphic directions), and maximum when the magnetization is along the hard direction 
(or most of-ten within the hard plane, perpendicular to the easy axis).                                                                                                                

The extrinsic properties depend on the intrinsic properties, on the microstructure, and on 
the processing details. The most relevant for magnets are remanent magnetization 

rM  , and co-

ercivity 
cH  , defined in the previous section, of which the former depend on the magnetic mo-

ments, whereas the latter directly arises from the magneto crystalline anisotropy.    

2.5     Permanent Magnet 

Among the materials described in the previous section, the hard-ferromagnetic materials can be 
applied as magnets. The term "permanent magnet" refers to the fact that it creates a magnetic field 
due to its inherent properties unlike, for example, an electromagnet, which operates only plugged 
to a source of electric current running through the coil [76]. The progress of permanent magnets 
over the past century can be evaluated by examining the increase in the maximum achievable 

value of ( )
max

BH , which is a measure of the highest amount of energy that can be stored in the 

magnet. This value is determined by the maximum product of the magnetic field B  and the mag-
netic intensity H . It presents the largest area that can be enclosed within the second quadrant of 
a B H−  hysteresis loop. 
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Figure 2.5:  Evolution of the maximum achievable ( )
max

BH over the course of the 20th century, 

with each curve showing a different family of materials [77]. 

In the early 1900s, cobalt steel was commonly used for permanent magnets until it was re-
placed by the alnico class of materials, which consisted of alloys made from aluminum, nickel, and 

cobalt. The alnico class of materials exhibited the highest values of ( )
max

BH  at that time. In the 

1960s the first rare-earth-transition-metal (R-TM), based on the Sm-Co alloy, permanent magnets 
appeared [78]. In this type of material, the rare-earth elements provide magneto crystalline ani-

sotropy, required to resist demagnetizing fields, which is essential for large ( )maxBH , whereas 

the TM sublattice contributes to a high magnetization. 
The discovery of the Sm-Co material was important for the field of permanent magnets. How-

ever, issues arose regarding the availability of the necessary materials. Samarium, in particular, is 
one of the least abundant rare-earth elements, and the cobalt supplies were impacted by the civil 
war that occurred in the Democratic Republic of Congo in 1978 [79]. This region contains the ma-
jority of the cobalt resources in the world. The scarcity of materials accelerated the search for new 
permanent-magnet materials, leading to the discovery of a new family of materials, the R2Fe14B 
compounds, which was announced in 1983 at the 29th Magnetism and Magnetic Materials Con-
ference in Pittsburgh [80][81]. Nd-Fe-B magnets are extensively utilized in the EU automotive in-
dustry, exhibiting uniform consumption in traditional as well as electric vehicles and wind power, 
owing to their competency in producing a continuous magnetic field without external power 
[79][80]. However, rare-earth elements are notorious for their scarcity due to economic uncer-
tainties, geopolitical, and environmental risks. These elements are subjective to high-price vola-
tility since mining becomes more expensive due to running out of resources in old mines and dif-
ficulties with opening new mines a lower concentration of the ore. The supply of these elements 
come and associated semi-finished products come from a short list of countries, including China 
as the main supplier. Finally, the related mining industry is related to the environment, nature, 
biodi-versity and health risks.   

2.6     Maxwell’s Equations 

Maxwell's equations are widely recognized as the foundation for our understanding of classical 
electrodynamics, a theory which describes the electric and magnetic fields originating from 
charges and currents [82][73].   In their differential form they can be presented as: 
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B

E
t

−
 =


                                                                          (2.13) 

                                                          
D

H J
t


 = +


                                                                            (2.14) 

                                                                .D  =                                                                                     (2.15) 

                                                              . 0B =                                                                                         (2.16)  

     By considering the relations: 

                                          D E= ,  B H= ,
0 0

1
c

 
=                                                                          (2.17) 

     the equations (2.15) and (2.14) can be transformed into: 

                                                                 
0

.E



 =                                                                                  (2.18) 

                                                     0 2

E
B J

c t



 = +


                                                                      (2.19) 

 Maxwell's equations present a relationship between the electric-current densities J , the elec-
tric-charge densities  , and the vector fields, including the electric displacement field 𝐷⃑⃑ , the elec-

tric field 𝐸⃑ , the magnetic-flux density  𝐵⃑ , and the magnetic-field strength 𝐻⃑⃑ .  
 The first equation (2.13) is known as Faraday's law, followed by Ampère's law (2.14) and 

Gauss’s law (2.18) for electric fields, whereas the fourth equation does not have any special name. 
These equations were consolidated in 1865 by Maxwell [82][83] to define electromagnetism in a 
compact mathematical form. Maxwell aimed to clarify several experiments performed by Faraday, 
which had been published decades earlier. Maxwell's equations can be expressed in their integral 
form through the utilization of the Gauss’s   and Stokes's theorems: 

                                                            
0

. encqdA
E

dS 
=                                                                                     (2.20) 

                                                                . 0
dA

B
dS

=                                                                               (2.21) 

                                                           .
d

E ds
dt


= −                                                                                (2.22) 

                                                   
0 0. E

enc

d
B ds I

dt


 

 
= + 

 
                                                               (2.23) 

 where 
d

dt


−  is a time derivative of the magnetic flux 

1

N

i

BdS
=

=  through the area S en-

closed by a loop and encq  is the total charge contained in that closed surface, 
encI  is the electric 

current flowing through the loop. The equations (2.16) and (2.21) imply that there are no singular 
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magnetic sources, namely monopoles, which means that all magnets have north and south poles 
that cannot be isolated. 
     To solve a problem described by Maxwell’s equations it is usually convenient to introduce the 

scalar    and the vector A   potentials, so that: 

                                                                 
A

E
t


−

= −


,                                                                      (2.24) 

     and                                                       B A=                                                                                        (2.25) 

     Assuming a static case 0
D

t


=


  in the absence of currents  0J =  equation (2.19) reads as: 

                                                       0B =                                                                                              (2.26)                                                              

     The relation (2.6) gives:                                                   

                                                           H M = −  ,                                                                               (2.27) 

      whereas 
1

H B


=   (2.25) yield a Poisson equation for A  A by assuming the gauge . 0A =  :   

                                                  2 A M   = −   ,                                                                              (2.28)    

                                                  2

0 MA J = −                                                                                           (2.29) 

     where 
MJ M= −  is the effective magnetic current density and where a homogenous media 

is assumed.  

2.6.1     Scalar Potential 

It is more convenient to deal with Poisson’s equation for a scalar field. By considering a homoge-

nous media 
1

H B


=  and (2.25) the scalar magnetic potential 
M

  is introduced as: 

                                                      
M

H = −                                                                               (2.30) 

     A combination of (2.6) and ( )( )0B H M= +  yields: 

                                                  ( )0. . 0B H M =  + =                                                                      (2.31) 

     and by applying (the equation with “adopt the numbering”):  

                                                           2

M M
  = −  ,                                                                               (2.32) 

     with the effective magnetic-charge density, 

                                                    .
M

M = −  ,                                                                                   (2.33) 

     where we consider the homogeneity of the material in terms of a constant  . Poisson’s equa-
tion (2.32), which represents the fundamentals of so-called magnetostatics, is the central 
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expression in the present thesis, the solutions of which describe the magnetic fields pro-
duced by the investigated magnets.  

2.7     Electromechanical Energy Conversion 

The working principle of linear electric generators, introduced in 1.6 and 1.7, is mathemati-
cally described by equations (2.13) and (2.22) that can be summarized as the Faraday’s law: 
 

                                                        
d

U
dt


= −                                                                                            (2.35) 

where U is the induced voltage, and    is the magnetic flux, defined as the integral of normal 
component of the magnetic-flux density B and they are S (the coil cross-section multiplied by the 
number of turns).  The negative sign describes the so-called Lenz’s law, which states that the in-
duced voltage produces an electric current generating a magnetic field in the opposite direction 
to the field inducing the voltage. According to the Faraday’s law above, the induced voltage is finite 
when at least one of the quantities B and S exhibits a time dependence. Since a permanent magnet 
is static source of the field, the required time dependence is achieved in the case of a relative mo-
tion between the magnet and the coil assuming a certain non-homogeneity of the magnetic-flux 
density. Therefore, in principle a non-uniformly magnetized magnet is required. However, a 
similar effect can be achieved by confining a uniform magnetization within an oddly-shaped 
area, namely by applying a specially-shaped magnet. Since the flux density B and the coil 
cross-section S appear interchangeably in the definition of the magnetic flux, there is no in-
trinsic reason for a different performance of the oscillating-magnet and the oscillating-coil lin-
ear generators by assuming that the magnets in both cases produce similar fields.  
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Chapter 3 

Aims and Hypothesis 

3.1     Problem Description 

The growing application of portable electronics and demands for a transition to renewable energy 
sources call for innovations in the field of power management to enhance the autonomy of devices 
like mobile phones. In this manner, an electromagnetic harvester, which converts mechanical en-
ergy of the carrier into electricity for charging a battery, is a very promising option. However, the 
essential part of such generator is a permanent magnet. Sufficiently strong contemporary mag-
nets, based on the Nd-Fe-B alloy, are made of materials containing the so-called critical rare-earth 
elements (REEs), particularly neodymium (Nd) and dysprosium (Dy). As it is explained in the sec-
tion 2.5 their  availability and price depend on several factors; hence it is of strategic importance 
to reduce the consumption. One of the main aims of modern materials science is to reduce the 
consumption of REEs in magnets. Most of the corresponding research is devoted to optimizing the 
microstructure, particularly through the so-called grain-boundary engineering or recycling. But 
there must be other solutions to the problem, most simply by using less material to achieve the 
same results.    

The focus of thesis is design of either an oscillating or static permanent magnet in a linear 
generator, which represents the most suitable set-up that can be embedded, for example, in a mo-
bile phone. The magnet is not just the most critical part due to the REE content, but also the heav-
iest and it is not trivial to achieve the Halbach or radial orientations, required to effective energy 
conversion. The key problem is how to overcome the weaknesses of the concept by an innovative 
design.  

3.2     Dissertation Goals 

• To demonstrate theoretically, in the case of a magnetic-induction-based harvester as a test 
example, that a customized design of magnet can contribute to a reduced material con-
sumption without diminished performance.  

• To find the geometry of a uniformly magnetized permanent magnet that provides a com-
paratively non-homogenous magnetic field as a conventional, uniformly shaped magnet 
with a non-trivial magnetization pattern. 

• To optimize the proposed geometry of the permanent magnet for the linear-generator ap-
plication in terms of a sufficiently-high induced voltage normalized to the volume (~4 
V/cm3 ) with the lowest possible consumption of the materials. 

• To optimize the magnets for two variants of the linear generator, where the required time 
dependence of the magnetic flux can be achieved either with an oscillating magnet in a 
static coil, or with a static magnet surrounding an oscillating coil. 
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3.3     Hypothesis  

3.3.1     Hypothesis 1 

Permanent magnets are integral to many of today's devices and essential for adopting green tech-
nologies. They are, for example, crucial parts of electric generators presenting the magnetic field 
source. According to Faraday's law of magnetic induction, the resulting voltage is proportional to 
the time derivative of the magnetic flux. In addition to a strong permanent magnet and a suffi-
ciently large cross-section of the pick-up coil, the acceptable performance of a practical device 
requires a certain degree of inhomogeneity in the magnetic field. Conventional solutions are based 
on Halbach arrays or similar non-uniformly magnetized magnet configurations. A non-uniform 
magnetization confined in a proper-shaped area (for example, with a rectangular or circular cross-
section) can in principle result in the same surrounding magnetic field as a uniform magnetization 
confined in an oddly-shaped area. The hypothesis is that comparable results can be achieved using 
a uniformly magnetized, specially-designed single magnet, thereby simplifying production and re-
ducing material costs. 

3.3.2     Hypothesis 2   

This solution embodies notches in the magnet design to reduce the weight and to achieve the de-
sired inhomogeneity of the resulting magnetic fields. The hypothesis is that the resulting design 
is simple enough, so that the respective samples can be produced by means of contemporary tech-
niques like additive manufacturing and by magnetizing the samples in a uniaxial direction. 

3.3.3     Hypothesis 3   

The theoretically predicted performance of the two considered variants, the oscillating magnet or 
the oscillating coil, might be comparable in terms of the criterion, defined as the average induced 
voltage divided by the magnet volume, since both types of magnets are described by similar ge-
ometry elements, it is expected that they produce fields of similar strengths and since the mag-
netic-flux time dependence is either due to the changing field or the changing area.  In spite of a 
reduced consumption of raw material, the required performance can be retained by optimizing 
the magnet’s design.   

3.3.4     Hypothesis 4   

According to the respective laws of electromagnetism, introduced in Chapter 2, the outcome of 
magnetic induction in the case of a varying area (oscillating coil) is equivalent to the case of a 
varying field (oscillating magnet). Therefore, the performance based on the computational analy-
sis might indicate that both self-generating electromagnetic harvesters exhibit similar optimum 
yield voltages.  However, in practice, one of the two solutions might be better for other technical 
reasons. 

 

 

 

 

 



27 

 

 
 

 

Chapter 4  

FEM and Methodology 

4.1     A Brief History of the Finite-Element Method  

Partial differential equations (PDEs) and some other computational problems can be solved nu-
merically in the frame of the finite-element method (FEM) [84][85][86]. It is one of the most pop-
ular and adaptable approaches to solving complex problems in various scientific fields, including 
engineering, physics, and applied mathematics [87][88]. 

4.1.1 Origins (1940s-1950s): Engineers and mathematicians like Courant, Friedrichs, and 
Von-Neumann formulated the finite-difference method for solving PDEs by discretizing 
the continuous domain into a finite number of points and by taking derivatives as an ap-
proximate difference [89]. 

4.1.2 Early Formulations (1950s-1960s):  Researchers like Horvath and Clough introduced 
the matrix-stiffness method, a forerunner of the FEM, by discretizing the domain into 
smaller elements and assembling stiffness matrices representing the properties of par-
ticular elements [86][90].  

4.1.3 Applications Expansion (1970s-1980s): Through improvements in formulation and 
applications, such as in structural analysis, heat transfer, fluid dynamics, and electrody-
namics, the finite-element method was widely accepted and used to address a variety of 
engineering issues [91]. 

4.1.4 Advances in Computational Techniques (1990s-2000s): The FEM gained popularity 
due to the emergence of parallel-computing and multigrid methods. It was used in new 
fields like biomedical or environmental engineering [92]. 

4.1.5 Recent Developments (2010s-Present): Methods such as the iso-geometric analysis 
and reduced-order modeling represent further contributions to the theory of FEM in re-
cent years. Hybrid techniques that combine finite elements with other numerical meth-
ods have also been developed [93][90] [94]. 

4.2   Relation to Analytical Solutions 

The FEM is a powerful numerical technique for approximate solutions to complex problems in 
many branches of science and engineering. For several reasons, it is crucial to comprehend the 
FEM.  First, this method makes an accurate and effective analysis of structures, fluids, and other 
physical phenomena [95].  Engineers and scientists can use it to simulate and predict a system’s 
behavior under various circumstances, resulting in better designs and optimizations. Second, the 
FEM offers a flexible and widely applicable methodology that can be used in various disciplines, 
including physics, computer graphics, materials science, mechanical, aerospace, and biomedical 
engineering. The third benefit of the FEM is that it fosters analytical and problem-solving abilities. 
It necessitates an understanding of mathematical ideas fundamental to many branches of science 
and engineering, such as calculus, linear algebra, and numerical methods.  

 The FEM also makes it easier for various scientific and industrial fields to collaborate, foster-
ing interdisciplinary research and creative solutions. The FEM is essential for engineers, scientists, 
and researchers for the analysis of complex problems, to optimize designs, to cultivate interdisci-
plinary collaborations, and to develop critical thinking abilities. It is important for modern engi-
neering and science practices [90] 
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4.3     Types of Discrete Numerical Methods for Solving PDEs 

To approximatively solve partial differential equations (PDEs), numerical approaches such as the: 
• Finite-Element Methods (FEM) 
• Finite-Difference Methods (FDM) 
• Finite-Volume Methods (FVM)  

are used in a variety of scientific and engineering disciplines. They all have in common the ability 
to deal with a discretized space in different forms.  

 4.3.1     Finite-Element Method applies the problem domain divided into smaller finite elements, 
often triangles or quadrilaterals in 2D and tetrahedra or hexahedra in 3D. A linear func-
tion of the coordinates is assigned to each element. The set of these functions represents 
the basis, which is used to expand the approximate solution to the problem. The expan-
sion coefficients are determined by solving an algebraic equation system derived from 
the variational principle. The FEM is well suited to solving problems associated with com-
plicated geometries and irregular boundaries, and it is frequently utilized in structural 
analysis, heat transport, fluid mechanics, and electromagnetics. 

4.3.2     Finite-Difference Method applies finite differences to approximate the derivatives of a 
continuous function mapped onto a discrete grid of points. Then, a system of algebraic 
equations is built and solved to yield the solution. The FDM is usually easier to implement 
than the FEM, but is limited to regular geometries.  

4.3.3     Finite-Volume Method is based on discretizing the domain volume into finite parts-con-
trol volumes. The corresponding PDE is solved exactly for each control volume, whereas 
various approximate schemes are used to merge different contributions. The problems 
involving flow and transport phenomena, such as fluid dynamics, combustion, and po-
rous-media flow, are well suited to the FVM. 

 

         (a) Finite-Difference Method          (b) Finite-Element Method          (c)  Finite-Volume Method 

Figure 4.1:  The finite-difference and finite-element methods[https://im-
age1.slideserve.com/slide7-l.jpg] [94] 

4.4     Problem  

The most effective technique to design and evaluate the performance of electromagnetic devices 
and components is a computer-aided numerical analysis of electromagnetic fields, since analytical 
methods have limitations, whereas experiments are time-consuming and expensive [96]. The cor-
responding computations entail finding values of one or more unknown functions, such as mag-
netic-field strength, magnetic-flux density, magnetic scalar potential, and magnetic vector poten-
tial. The problem is defined in terms of Maxwell's equations, which are differential equations with 
boundary conditions that mathematically describe electromagnetic processes. For relatively fun-
damental issues, analytical approaches such as conformable representation, variable separation, 
and Green’s function methods can solve problems exactly. On the other hand, complex issues, in-
cluding heterogeneous materials, loads, and non-trivial boundary conditions, require the applica-
tion of either analytically solvable, simplified models or numerical methods. The latter are often 
superior to analytical methods. Numerical methods usually approximate solutions that accurately 
represent the real problem [97]. 
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4.5     Basic Concept of the FEM 

The FEM is a common method for solving electromagnetic problems expressed in terms of differ-
ential equations with known boundary conditions [92][90][98]. The continuous field is expressed 
as a linear combination of contributions from finite elements covering the given domain [99]. The 
solution for each element is represented by using straightforward interpolation functions. Due to 
the fact that the FEM formulates all the elements before introducing the boundary condition, it is 
not necessary to test out the solutions for each element that satisfies the boundary conditions 
[17]. Because of this, the method can be simplified by using the same interpolation function for all 
the elements in the domain.  The formulation of the variational principle implicitly satisfies the 
boundary conditions of the second kind (Neumann condition) and the third kind (Dirichlet condi-
tion) [88][100], making the FEM even more applicable. 

4.5.1     Basic Steps of the FEM 

 The key is to create and solve a system of algebraic equations [101][102] following the funda-
mental steps of the FEM: 

4.5.1.1     Construction of the functional: which needs to be minimized by applying (usually) the 
Ritz’s variational technique and Galerkin’s method in order to solve the PDE. 

4.5.1.2     Discretization or subdivision of the solution domain: It is common practice to divide 
a solution domain into smaller elements based on its geometrical and physical proper-
ties. One-dimensional domains may employ linear segments, whereas two-dimensional 
domains may employ triangular or quadrilateral components. Tetrahedra, triangular 
prisms, and rectangular bricks are examples of fundamental components that can be 
employed in three-dimensional domains [103].  

4.5.1.3     Selection of the interpolation function: The values of certain fields within a particular 
element are roughly estimated using interpolation algorithms. The required level of 
precision and the time commitment determine the choice of the interpolation function, 
usually in terms of the polynomial order. In general, the precision and formulation com-
plexity grow with the polynomial order. It is typically enough to utilize the first- or the 
second-order polynomials [104].  

4.5.1.4     Solution of the system of equations: The proper boundary conditions (Dirichlet, Neu-
mann or combined) are set, and the algebraic system of equations is solved using tech-
niques like Gaussian elimination or the Newton-Raphson method. A clear and under-
standable presentation of the results using graphs, plots, or images with color-coded 
areas is essential once the solution has been found. This makes the evaluation and vali-
dation of the results easy for developers [105].   

4.6     PDEs Describing the Magnetostatics Problem 

The main computational problem here is to calculate the magnetic field around a magnet with a 
cylindrical symmetry by solving Poisson’s equation for the case of the scalar potential. (2.32)  
[106] [107].  Due to the geometry of the considered magnets, it is convenient to apply the cylin-
drical coordinates in two dimensions. Since the derivatives with respect to the azimuthal angle 
vanish, the relevant operators read as:  

                                                        ( , )
x y

 
 =

 
                                                                                       (4.1) 

and: 

                                         

2
2

2

1
x

x x x y

  
 = +

  
                                                                                        (4.2) 

where x  is the radial, and y  the direction along the magnet’s principal axis. 
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4.7     Triangular Finite Elements 

In order to solve Poisson’s equation (2.32) in terms of the finite-element method, it is necessary 
to cover the investigated domain with a discrete mesh of nodes [108]. The mesh is constructed so 
that three neighboring nodes form a triangle. Each node i is associated with a so-called test 
function fi (x, y) [100][109], which is equal to one at the node i and zero at all other nodes.  Within 
each triangle, which includes the node i, it linearly drops from one to zero, forming a pyramid, 
shown in Figures 4.2 and 4.3. Each facet, defined by the nodes i, j and k, is described by the shape 
function:                                                                                                       

                                                      ( ),ijk ijk ijk ijkf x y a b x c y= + +                                                        (4.3) 

 

Figure 4.2:  Representation of the triangular element „e” 

     where ,ijk ijka b  and 
ijkc  are constant coefficients defined by the condition ( ), 1ijk i if x y =  at the 

node i and zero at the nodes j and k.     

The coefficients ,ijk ijka b  and 
ijkc  of the shape function ( ),ijkf x y  are determined by solving the 

system of linear equations [27]: 
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                                                                   (4.4) 

      yielding:                                                                                          
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     with: 

                                           
j k k j i k k i i j j iD x y x y x y x y x y x y= − + − + −                                               (4.8) 
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Figure 4.3:  Test function if  in the shape of a pyramid. 

       The area eS of the element „e” is the determinant: 

                                                             

1
1

1
2

1

i i

e j j

k k

x y

S x y

x y

=                                                                        (4.9)  

     The test function ( ),if x y  is constructed from the shape functions ( ),ijkf x y  for each triangle, 

which includes the node i . Any scalar field ( , )u x y defined in the considered domain ( ),x y is a 

linear combination: 

                                                              
( )

1

( , ) ( , )
n e

i i

i

u x y f x y A
=

=  ,                                                          (4.10) 

     where iA  are the expansion coefficients and n  are the number of nodes in the domain: 

4.8     FEM and Poisson’s Equation 

The Laplace, a second-order operator, of any linear shape function ( ),ijkf x y  is by default equal 

to zero. Hence, it is not possible to determine the coefficients iA  simply just by inserting (4.10) 

into (2.32) and setting a system of linear equations.  The workaround is to consider the relations: 

                        ( ) ( ) ( ) ( )2 , , , . , ,u x y v x y dS u x y v x y dS = −                                                     (4.11) 

     where ( ),v x y  is an arbitrary scalar field in the domain, vanishing at the boundary. The validity 

of the above equation can be   proved simply by integrating the divergence: 

                                               ( ) 2.v u u v v u  =  +                                                                         (4.12) 

 and taking into account Stokes’ theorem, which yields the left-hand zero due to the condition 

( ), 0v x y =  at the domain boundary. It is straightforward to proceed. The Poisson’s equation: 

                                                         ( )2 ,i i

i

f x y A f =                                                                     (4.13) 
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     multiplied by any ( ),jf x y  and integrated over domain 

                          ( ) ( ) ( )2 , , ,i j i j

i

f x y f x y AdS f f x y dS =                                                   (4.14) 

is transformed into: 
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     where,  

                                              ( ) ( ), . ,ij i jM f x y f x y dS= −                                                              (4.16) 

                                               ( )' . ,i i if f f x y dS=                                                                           (4.17) 

     The essential task is to diagonalize the equation (4.15) yielding the coefficients Ai. This task, 
along with the triangulation of the domain, was accomplished by applying the FEM software 
[110][107]. 

4.9  Application to the Simulation of a Self-Generation Electromag-
netic Harvester 

According to eq. (2.35) the induced voltage iU  is a time derivative of the magnetic flux and it is 

calculated as a sum of the surface S  integrals for each of the N  coil turns:  

                                                      
1

N

i A

BdS
=

=                                                                                        (4.18) 

  Here, B represents the magnet-flux-density component in the direction along the coil’s prin-
cipal axis.  

The magnet-modelling procedure is sketched in Figure 4.4. We utilize the magnetic properties 
of a modern sintered magnet (NdFeB-N50M) with the remanent magnetization value 1.435 T of 
the magnetic-flux density and the coercive value 988 kA/m of the magnetic field.  In fact, the co-
ercivity of the magnet is in this case not important as long as it is assumed that the generator 
operates in an absence of external magnetic fields. Furthermore, the specifications of the applied 
magnetics material are not essential for the investigations in the present thesis since the point is 
to compare the performance of the proposed solution with the performance obtained by applying 
standard magnets made of the same material. In this manner, a rather high value of the considered 
remanent magnetization (~1.4 T) does not affect the results of the simulations on different pat-
terns and shapes of magnetization with a fixed magnitude.  
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Figure 4.4:  Complete flow chart of the magnet-modeling procedure. 

     The novelty in the presented magnet design are the notches in the sides of cylindrically-shaped 
magnets   which contribute to the magnetic-field inhomogeneity and to a decreasing mass, and so 
less material being required. Their dimensions need to be optimized in order to gain the best re-
sults. Both primary magnet-coil-setup types- the OM and the SM- are sketched in Figure 4.5. The 
time dependence of the calculated magnetic flux was simulated using the finite-difference approx-
imation of the time derivative in Eq. (4.18) by considering a set of magnet displacements u  rela-

tive to the coil. A harmonic behavior ( )0 sinu u t= was taken into account, where 0u  denotes the 

maximum displacement, and   the angular frequency, set to 11s −=  for simplicity.   

   

Figure 4.5:  Two basic variants of the induction-based harvester: (left) a magnet oscillating within 
a static coil along its principle axis, (right) a coil oscillating within the hole of a static magnet. The 
notches engraved either in the outer (oscillating magnet) or in the inner (static magnet) side con-
tribute to the non-homogeneity of the resulting magnetic field, to less weight, and consequently 
to a smaller amount of material being required.  Note, the notches in the case of the static-magnet 
design (right) are not visible since they are inside the hole.    
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4.9.1     The oscillating magnet (OM) Modeling-Mesh Construction  

The triangular-mesh density was determined on the basis of convergence testing. The mesh of the 
considered magnets (OM1, OM2, OM3 and OM4), magnetized uniaxially along the principal axis, 
which corresponds to the vibration direction, are presented in Figures 4.6, 4.7, 4.8 and 4.9. The 
notches within the simplest geometries OM1 and OM2 resemble single and double rectan-gles, 
respectively, whereas more complicated considered notches are of trapezoidal (OM3) or triangu-
lar (OM4) shape. The triangulation of regions with more pronounced field gradients (closer to the 
notches) necessitate a finer mesh.   

 

Figure 4.6:  Mesh for the OM1 magnet. 

 

Figure 4.7:  Mesh for the OM2 magnet. 

 

Figure 4.8:  Mesh for the OM3 magnet. 

 

Figure 4.9:  Mesh for the OM4 magnet in the equilibrium position. 
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4.9.2     Static-Magnet (SM) Modeling-Mesh Construction 

Figures 4.10 to 4.13 display the meshes for the SM1, SM2, SM3, and SM4 magnets. The notches in 
the SM1 and SM2 geometry are rectangular, whereas they resemble trapezes and triangles in the 
SM3 and SM4, respectively.    

 

Figure 4.10:  Mesh for the SM1 magnet. 

 

Figure 4.11:  Mesh for the SM2 magnet. 

 

Figure 4.12: Mesh for the SM3. 

 

Figure 4.13:  Mesh for the SM4 magnet. 
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Chapter 5  

Results and Discussion 

This chapter presents the published and some non-published results. According to the main ob-
jective of the thesis, to propose the most efficient magnet design, the key performance indicator 
is the (average) induced voltage per volume of the used material, determined on the basis of finite-
element simulations. The comparison is carried out relative to the performance achieved with 
standard reference cylindrical-shaped magnets of the same outer dimensions made of the same 
material exhibiting Halbach or radial magnetization patterns. In order to prove the hypothesis 
that a proper design can result in a reduced material consumption without losing the performance 
the absolute values are not so important. Still, according to the literature the normalized voltage 
of 4 V/cm3 is set as a reasonable threshold value.  

 5.1     Oscillating Magnet (OM) 

The performance of four oscillating permanent magnets, denoted as OM1, OM2, OM3, and OM4, 
depicted in Figures 4.6-4.9, is analyzed. The magnets are considered to be magnetized uniaxially 
along the principal axis, which corresponds to the vibration direction, have the properties speci-
fied in Chapter 4 although the resulting patterns do not depend on the remanence and the coer-
civity values.  The magnetic-flux-density lines, calculated for the magnets in equilibrium with the 
coil, are illustrated in Figures 5.1, 5.2, 5.3, and 5.4.  By following the flux-density lines and by as-
suming that the notches in the OM1 design are the least and the OM4 design are the most complex  
, in terms of geometrical description, it is obvious that the resulting non-homogeneity of the field 
grows with the complexity of design. However, the non-homogeneity of the fields  (by considering 
a perfectly homogenous field described by parallel straight lines) in the OM4 as well as in the OM3 
design is most pronounced between the neighboring notches, where the magnetic-flux-density 
component along the principal axis (which only contributes to the flux) is small (since the flux-
density lines are dominantly in the transversal direction), , whereas the flux-density patterns 
around the magnets (in the figures, above and below the magnets) are more comparable.  Never-
theless, the results in Figures 5.1-5.4 clearly demonstrate the magnet-shape influence on the 
resulting magnetic fields which is the basic assumption for the investigations conducted in the 
present thesis.  
 

 

Figure 5.1:  Calculated flux-density lines around the OM1 magnet in the equilibrium position. 
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Figure 5.2:  Calculated flux-density lines around the OM2 magnet in the equilibrium position. 

 

Figure 5.3:  Calculated flux-density lines for the OM3 magnet in the equilibrium position. 

 

Figure 5.4:  Calculated flux-density lines for the OM4 magnet in the equilibrium position. 

5.1.1     Time-dependent Magnetic Flux and Induced Voltage for Oscillating 
Magnet 

In order to quantitatively asses the influence of the oscillating-magnet-notch shapes and dimen-

sions, , it is necessary to calculated the magnetic flux ( )t  as a function of time, presented in Fig-

ures 5.5–5.8. The time dependence was taken into account by calculating the along-the-axis com-

ponent of the magnetic-flux density B for a set of the  magnet displacements ( )0 sinu u t= , 

where 0u  is the amplitude and the angular frequency omega is set to 11s −=  for the sake of sim-

plicity. The same simultaneously display the resulting induced voltage, calculated numerically as 

the negative time derivative of ( )t . Visually, the calculated time-dependent flux nearly perfectly 

replicates sinusoidal curves (magenta) with the amplitudes of about 20 Tm2, proving the predic-
tion from the previous section that different levels of the field non-homogeneity between neigh-
boring notches do not play an important role, because they do not significantly contribute to the 
magnetic flux.  Note, the flux at the equilibrium coil position with 0u =  is set to zero since only 
the time derivative matters for the further discussion. More characteristic quantity is the induced 



39 

 

 
 

voltage. The respective green curves in Figures 5.1-5.4 are not perfect minus cosine graphs. In all 
four cases the biggest discrepancy is around zero voltages, which correspond to the largest abso-
lute flux values related to the maximum displacements of the oscillating magnet. This situation 
can be regarded as the end-point effect, where a part of the coil is a nearly-zero field as it follows 
from inspecting Figures 5.1-5.4, which qualitatively describes the deviation from the harmonic 
behavior. In all four cases the induced voltage amplitude is about 22 V (note, this quantity repre-
sents the output voltage and not the normalized voltage, which defines the set-up efficiency), fur-
ther proving that the strongest non-homogeneity induced by different shapes of the notches, as 
shown in Figures 5.1-5.4, does not have an essential impact on the varying flux and consequently 
on the induced voltage. The numerically-calculated average absolute values of the induced voltage 
are 15.83 V, 15.5V, 15.11V, and 15.65V for the magnets OM1, OM2, OM3, and OM4, which are 
closed to 22/√2 V =15.56 V as it follows analytically for an ideal harmonic function with the am-
plitude 22 V, reflected a certain inharmonicity in the calculated flux, discussed above.  

   

 

Figure 5.5:  Calculated time-dependent magnetic flux relative to the equilibrium position and the 
induced voltage for the OM1. 
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Figure 5.6:  Calculated time-dependent magnetic flux relative to the equilibrium position and the 
induced voltage for the OM2. 

 

Figure 5.7:  Calculated time-dependent magnetic flux relative to the equilibrium position and the 
induced voltage for the OM3. 

 

Figure 5.8:  Calculated time-dependent magnetic flux relative to the equilibrium position and the 
induced voltage for the OM4. 
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5.1.2     Oscillating-Magnet1 Optimization (OM1O) 

In order to determine the magnet design, which yields the highest average absolute voltage per 
volume (sometimes referred as the voltage normalized to volume or shortly normalized voltage) 
the considered geometries were optimized. The simplest method is to perform the optimization 
step by step for each of the parameters separately. In a particular step the normalized voltage is 
calculated as a function of a single parameter, whereas the other parameters are kept fixed either 
to values determined in the previous steps or to some arbitrary value. The value of the parameter 
considered at a certain step, for which the normalized voltage exhibits its peak is regarded as the 
optimized parameter. Since the four considered OM geometries yield very similar average abso-
lute voltages of about 15.5 V, it makes sense to optimize the one defined with the smallest number 
of parameters, namely the OM1, which can be regarded as made of segments, presented in Figure 
5.9, defined by the parameters:  

• L1 (height of the notch) 
• L2 (width of the notch) 
• D0 (outer diameter) 

 

Figure 5.9:  Oscillating magnet and the optimization parameters. 

     Figure 5.10 depicts the normalized voltage as a function of the notch height (L1) for four dif-
ferent notch widths (L2). Obviously, there is no significant influence of the L2 parameter, whereas 
the L1 dependence exhibits a pronounced peak at L1=3. the optimum combination is obtained for 
L2=2 and L1=3 in arbitrary units relative to the outer diameter D0 and the magnet length.  Finally, 
the outer diameter D0 is optimized.  

As it follows from Figure 5.11, the respective graph, presenting the normalized voltage vs. D0 
in cm does not exhibit any peak, which means that the normalized voltage simply decreases with 
an increasing magnet volume. Therefore, it makes sense to compare the normalized voltage as a 
function of D0 with the normalized voltage produced by a cylindrical-shaped magnet with the 
Halbach-like magnetization pattern of the same length and D0.  The normalized voltage of the 
Halbach-like magnet is below 1 V/cm3 for a wide range of the D0 parameters, whereas the opti-
mized OM magnet exhibits a pronounced D0 dependence, however, with the values well above.  
Assuming reasonable values of D0 between 1 and 2 cm for linear generators in portable devices, 
the normalized voltage of about 7 V/cm3 can be easily achieved, which is well-above the target 
value of 4 V/cm3. 
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Figure 5.10:  Normalized voltage for different values of the notch width L2 as a function of the 
notch height L1. 

 

Figure 5.11:  A comparison between the normalized voltages produced by the optimized OM and 
the classic Halbach magnet as functions of the diameter D0.  

5.2     Static Magnet (SM) 

Similarly, as in the case the oscillating magnets, the performance of four oscillating permanent 
magnets, denoted as SM1, SM2, SM3, and SM4, depicted in Figures 4.10-4.13, is analyzed. In this 
case, the notches are engraved in the outer surface, surrounding the hole, where the vibrating coil 
is located in a linear-generator set-up. The magnets are considered to be magnetized uniaxially 
along the principal axis, which corresponds to the vibration direction, have the properties 
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specified in Chapter 4 although the resulting patterns do not depend on the remanence and the 
coercivity values.  The magnetic-flux-density lines, calculated for the magnets SM1, SM2, SM3 and 
SM4 in equilibrium with the coil, are illustrated in Figures 5.12-5.15.   

By following the flux-density lines it is clear that the differences in design have a bigger influ-
ence on the resulting fields than in the case of the oscillating magnets.  However, it seems that the 
transversal components (those which are perpendicular to the principal axis) are dominant, 
which might not be beneficial for the resulting fluxes, their time derivatives and induced voltages. 
By all means, it is ever more obvious that the magnet shape strongly influences the resulting fields 
by keeping their magnetization uniform. 

 

Figure 5.12:  Calculated flux-density lines around SM1 for the equilibrium position. 

 

Figure 5.13:  Calculated flux-density lines around SM2 for the equilibrium position. 

 

Figure 5.14:  Calculated flux-density lines around SM3 for the equilibrium position. 

 

Figure 5.15:  Calculated flux-density lines around SM4 for equilibrium position. 
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5.2.1     Time-dependent Magnetic Flux and Induced Voltage for Static Magnet 

As in the case of the oscillating magnets, the qualitative assessment of the influence of static-mag-

net shape follows from the calculated time-dependent magnetic flux ( )t and induced voltage, 

presented in Figures 5.16-5.19.  The time dependence was taken into account by calculating the 
along-the-axis component of the magnetic-flux density B for a set of the magnet displacements 

( )0 sinu u t= , where 0u  is the amplitude and the angular frequency omega is set to 11s −=  for 

the sake of simplicity. Again, the calculated time-dependent flux visually nearly perfectly repli-
cates sinusoidal curves (magenta). However, the amplitudes are lower than in the OM case, and 
the shape dependence is more pronounced, reflecting in the amplitudes of about 15 Tm2 for the 
SM1 and SM2, and of about 12 Tm2 and 5 Tm2 for the SM3 and SM4, respectively as it is hinted 
from inspecting the flux-density-lines plots in Figures 5.12-5.15.  Note again, the flux at the equi-
librium coil position with 0u =  is set to zero since only the time derivative matters for the further 
discussion. The curves representing the induced voltage in Figures 5.16-5.19 are not perfect mi-
nus co-sinusoidal graphs, which might have a negative influence on the generator efficiency if the 
rectifier circuit contain active components like capacitors and coils. In all four cases the biggest 
discrepancy is around zero voltages, which correspond to the largest absolute flux values related 
to the maximum displacements of the oscillating magnet. This situation can be regarded as the 
end-point effect, where a part of the coil is a nearly-zero field as it follows from inspecting Figures 
5.12-5.15, which qualitatively describes the deviation from the harmonic behavior. Lower flux 
amplitudes obviously induce lower induced-voltage amplitude of about 17 V (SM1 and SM2), 15 
V (SM3), and 9 V (SM4). The numerically-calculated average absolute values are 12.81 V, 11.84 V, 
10.66 V, and 8.11 V for OM1, OM2, OM3, and OM4, which means that the analytically-predicted 
values for an ideal harmonic function (sine or cosine) are exceeded in the case of SM1 (12 V) and 
SM4 (6.36 V), nearly matched for SM3 (10.6 V), or slightly above for SM2 (12 V). The analytically-
predicted values are the induced voltage amplitudes divided by √2. That means that the inhar-
monicity is much more pronounced than in the case of the oscillating magnets, which is expected 
due to a higher level of non-homogeneity of the produced fields inside the static magnets in Fig-
ures 5.12-5.15.  

 

Figure 5.16:  Calculated time-dependent magnetic flux relative to the equilibrium position and 
the induced voltage for the SM1. 
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Figure 5.17:  The calculated time-dependent magnetic flux relative to the equilibrium position 
and the induced voltage for the SM2. 

 

Figure 5.18:  Calculated time-dependent magnetic flux relative to the equilibrium position and 
the induced voltage for the SM3. 
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Figure 5.19:  Calculated time-dependent magnetic flux relative to the equilibrium position and 
the induced voltage for the SM4. 

5.2.2     Static Magnet1 Optimization (SM1O) 

In order to determine the magnet design, which yields the highest average absolute voltage per 
volume (sometimes referred as the voltage normalized to volume or shortly normalized voltage) 
the considered geometries were optimized. The simplest method is to perform the optimization 
step by step for each of the parameters separately. In a particular step the normalized voltage is 
calculated as a function of a single parameter, whereas the other parameters are kept fixed either 
to values determined in the previous steps or to some arbitrary value. The value of the parameter 
considered at a certain step, for which the normalized voltage exhibits its peak is regarded as the 
optimized parameter. Since the SM1 geometry yields the highest average absolute voltage of 12.81 
V and since this geometry is defined by the smallest number of parameters, it makes sense to 
perform the SM1 optimization. The respective magnet can be regarded as made of segments, pre-
sented in Figure 5.20, defined by the parameters:  

• L1 (height of the notch) 
• L2 (width of the notch) 
• The inner diameter of the tube (D0) 

 

Figure 5.20:  The parameters that need to be optimized in the case of a static magnet. 

     First, the normalized voltage is plotted for four different notch heights (L1) as a function of the 
notch width (L2) while keeping the diameter (D0) fixed, as shown in Figure 5.21. Contrary to the 
case of the oscillating magnets, the respective curves exhibit two peaks, reflecting the complexity 
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in the flux-density-lines plots in Figure 5.12, particularly in the regions between neighboring 
notches. However, it is obvious that the optimal combination of L1 and L2 is 4 and 6, respectively. 
After the L1 and L2 optimization the highest normalized voltage is about 3.1 V/cm3 which is below 
the target value of at least 4 V/cm3. 
 

 

Figure 5.21:  Voltage per volume as a function of the notch width L2 for different values of the 
notch height L1 and a fixed value of D0 in the case of the SM magnets.  

     However, there is still one parameter to be optimized. In the second phase, the impact of the 
inner diameter D0 is investigated. Note that the D0 in the SM case is presented in arbitrary units 
since it is defined relative to the outer dimensions of the magnet. The L2 width is kept constant at 
six, whereas the results are presented for various L1 values exhibited in Figure 5.22.  These curves 
exhibit only one peak at D0=5 for all L1 values expect for the L1=4, for which the peak is shifted 
to D0=4, and which represents the optimized parameter associated with the normalized voltage 
of 5.2 V/cm3, above the target value of 4 V/cm3.  

 

Figure 5.22:  Calculated normalized voltage for L2 fixed to 6 for different values of L1 as func-
tions of the inner diameter D0 in the case of the SM magnet. 
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Figure 5.23:  Comparison between our SM proposal and conventionally magnetized solid mag-
nets with a tube-like shape.  

Figure 5.23 presents a comparison between the calculated normalized voltages as functions of 
the inner diameter D0 that result from applying the optimized magnet geometry and different 
conventional solid (without notches) magnets with the same outer dimensions, magnetized uni-
axially (Normal), axially (Axial) as a sequence of segments magnetized periodically in the left or 
right direction, and along the Halbach pattern (Halbach). Although solid magnets, particularly 
those magnetized along the Halbach pattern, can produce a higher absolute voltage, the advantage 
of notches is evident due to the reduced amount of material used, and even a non-optimal solution 
(where L1 equals 5) still yields a higher normalized voltage. Here L2 was kept to the optimum 
value of 6. 

5.2.3     Discussion 

The presence of optimized notches reduces the magnet volumes by about 30% compared to 
the cylindrical-shaped magnets of the same lengths and diameters, which act as the magnetic-field 
source in the state-of-the-art linear generators described in the available literature. The de-
creased volume is directly related to the reduced material consumption as it is one of the main 
motivations for the present thesis. The two considered concepts of the linear generator with ei-
ther an oscillating or a static magnet are equivalent according to the Maxwell’s equations, as stated 
in the hypothesis. However, static-magnet design is more complex due to the notches engraved in 
the inner wall surrounding the hole for the coil, which is reflected in a more pronounced non-
homogeneity of the resulting field (in agreement with the hypothesis that the field pattern can be 
controlled by confining a uniform magnetization in an oddly-shaped area). The respective non-
homogeneities favor the transversal flux-density-lines components; hence they do not contribute 
neither to the magnetic flux, nor to the induced voltage. The performance of the oscillating magnet 
is therefore better in terms of the calculated normalized voltage. Another advantage of the oscil-
lating-magnet design is that the production by means of, for example, 3D printing, is probably 
simpler since the notches are present in the outer surface, whereas making notches in the inner 
surface, in the case of the static magnet, might be tricky. Although the static-magnet design is orig-
inal and in the literature, there are no reports about comparable simulations, it probably repre-
sents a dead-end in development unless a certain application requires a sturdy housing, which 
might be represented by the magnet itself.  

On the other hand, the oscillating-magnet-based solution without notches is common and al-
ready considered by means of FEM simulations [20], [111]–[113].   In addition to the material 
savings, the single-step magnetization along the uniaxial direction is much simpler than, for 
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example,   complex Halbach arrangements, which require stacking of 12 [20], [112], 24 [112], 28 
[112], 32 [111], [112], or even 82 [113] standard magnets.   

The Table 5.2 presents a comparison between the normalized output voltage produced by the 
optimized OM1 magnet with the published, state-of-the-art results of FEM simulations for Hal-
bach-type arrangements of standard Nd-Fe-B magnets. The key-performance indicator is the 
output voltage, normalized to the magnet volume. According to the literature the target value is 4 
V/cm3. A superior performance of the optimized OM1 magnet is obvious and the advantage of the 
proposed solution with engraved notches is even more important since it consists of a single, uni-
formly magnetized magnet. A Halbach (or axial) type of the magnet would be preferential only in 
the cases when a custom production is not possible or there is any other good reason for using 
standard, cylindrical-shaped magnets.  

Table 5.2: A comparison between the maximum normalized voltage U/V for the optimized OM1 
magnet with the published results obtained by means of the FEM calculations. The considered 
magnets are assembled from N pieces. 

 [48] [123] [124] [125] OM1 

U/V[V/cm3] 2.5 3.9 4.2 5.1 6.6 

N 12 32 32 82 1 

As it follows from Figure 5.11, the normalized voltage exhibited by the optimized OM1 magnet 
can be even much higher by decreasing the diameter but this would imply technical problems 
related to the miniaturization of the respective coils, hence sticking to the diameters of about 1 
cm makes sense.  
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Chapter 6 

Conclusions  

The thesis is devoted to the design of permanent magnets for application in linear, magnetic-in-
duction-based generators as sustainable-energy sources for charging portable electronic devices.  
Several benefits of custom magnet design are demonstrated by means of the finite-element-
method simulations.  The magnetic field patterns, characterized by magnetic-flux-density lines, 
can substantially influenced by shaping a uniformly-magnetized magnet. It means that an oddly-
shaped magnet, magnetized in a single step along one direction, can in principle yield the same 
magnetic field as a complex arrangement of many magnets, magnetized in different directions, 
which might be very beneficial in contemporary technologies, like additive manufacturing. At the 
same time, properly-designed magnets can contain less material as it is the main central goal of 
the thesis. The novelty in the magnet design are notches of various shapes and dimensions, en-
graved either in the outer or in inner surface of the magnet. As the measure for the magnet per-
formance in the linear generator, the output induced voltage normalized to the magnet volume is 
considered. The target value is set to 4 V/cm3, and it is achieved after optimizing the geometry 
parameters. It is demonstrated that a magnet of a special design, which volume is about 70% of a 
standard, cylindrical-shaped magnet, performs equally or even better. Two different concepts are 
tested. Although there is no principle differences in magnetic induction between an oscillating 
magnet- static coil and an oscillating coil- static magnet, the magnetic fields in the latter case ex-
hibits the type of undesired non-homogeneities, which are not desired (with pronounced trans-
versal components, which do not contribute to the flux), reflected in a lower output normalized 
voltage, not proving the Hypothesis 4.  

The optimization curve for the oscillating magnet does not exhibit the peak with the highest 
normalized voltage as a function of outer diameter, which means that by decreasing the magnet 
size, the performance (in units of V/cm3) would grow, contrary to the case of the standard Halbach 
arrangement with a nearly no dependence, which is used for a comparison. In this case the limit 
is the minimum accessible coil dimension.  

Overall, the thesis goals are achieved, proposing alternative ways towards green-energy tran-
sition and reduced raw-material consumption.  

6.1     Future Scope 

The proposed magnets, designed and optimized in the frame of the thesis, will be produced by 
means of additive manufacturing and incorporated in a testing harvester.  Its performance will be 
investigated by charging various portable devices. The real application will reveal potential prob-
lems, and the results will quantitatively assess the magnet's performance; the information will 
serve for further design improvements.  
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